MULTIVARIABLE CALCULUS

OLIVER KNILL, MATH 21A

Lecture 21: Green’s Theorem

THE THEOREM

Let G be a region in the plane bounded by a closed curve 7(t) = (z(t), y(t)). Given also

F(z,y) = (P(z,y),Q(z,y)) a vector field. Green’s theorem relates the line integral
b
/ Fdr= / F(7(t)) - 7'(t) dt
C a

with the double integral [[,, curl(ﬁ ) dA of the curl. Remember that Curl(ﬁ ) =Q,—P,.

o

F1GURE 1. Green’s theorem relates the integral of the curl of F over the
region with the line integral of the field over the boundary.

EXAMPLE

Let #(t) = (cos(t),sin(t)) wit 0 < ¢ < 27 be a circle and F = (y, z%) be a vector field.
We have already computed f02ﬂ<sin(t), cos(t)?) - (—sin(t),cos(t)) dt = fo% —sin?(t) +
cos?(t) dt = —m. The vector field has curl Q, — P, = 2z — 1. Integrated over the disc
gives also —r.
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AREA

The field F(z,y = (0,z) has constant curl 1. If a region is bound by a curve 7(t) =
(acos(t),bsin(t)), then Green’s theorem assures that

2 2
/ Fdr = / (0,acos(t)) - (—asin(t),bcos(t)) dt = / abcos®(t) dt = mwab .
c 0 0
We have computed the area of an ellipse of width a and height b.

HisTORY

George Green 1893-1841) was a British mathematician who first described a math-
ematical framework for electricity and magnetism paving the way for Clerk Maxwell
and Lord Kelvin.
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FIGURE 2. From a biography about Green.

THE PLANIMETER

The planimeter is a device that can compute the area of regions using Green’s theo-
rem. The vector F'(x,y) is a unit vector perpendicular to the second leg (a,b) — (z,y)
if (0,0) — (a, b) is the second leg. Given (z,y) we find (a, b) by intersecting two circles.
The magic is that the curl of F' is constant 1.

F1GURE 3. The planimeter can compute area.
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