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Cross Product
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Dot Product Review



Angles
⃗v ⋅ ⃗w = ∥ ⃗v ∥ ∥ ⃗w∥ cos(α)

cos(α) =
⃗v ⋅ ⃗w

∥ ⃗v ∥∥ ⃗w∥



Gravity and Quantum

div(F) = ρ ihψ’ =Eψ



Einstein Notation
viwi

Aj
i x

i = bj



Einstein and Rheinfalls



Dirac Notation
⟨ψ |ϕ⟩
BRA               KET 

|ϕ⟩⟨ψ |



Quantum Gravity



Cross Product
 = ?⟨3,4,1⟩ × ⟨1,2,1⟩

 ⟨3, 4, 1⟩
 ⟨1, 2, 1⟩

 = ?⟨4 − 2,1 − 3,6 − 4⟩



Perpendicular
⃗v ⋅ ( ⃗v × ⃗w ) = 0
⃗w ⋅ ( ⃗v × ⃗w ) = 0



Magnitude

| ⃗v × ⃗w | = ∥ ⃗v ∥ ∥ ⃗w∥ sin(α)



Area

| ⃗v × ⃗w | = ∥ ⃗v ∥ ∥ ⃗w∥ sin(α)
heightbase



Cauchy-Binet

∥ ⃗v × ⃗w∥2+ | ⃗v × ⃗w |2 = ∥ ⃗v ∥2∥ ⃗w∥2

v = {v1, v2, v3}; w = {w1, w2, w3}; u = Cross[v, w]; 

Simplify[(v . w)^2 + u . u == v . v*w . w]



History





William
Rowan

Hamilton
1805-1865



Quaternion
Discovery

1843

i2 = j2 = k2 = ijk = − 1





Applications



Angular momentum

Torque
Lorentz force

Centrifugal force

Coriolis force

mr × v

2mv × ω
mω × (r × ω)

r × F
qv × B



Coriolis Force

Credit: McDougal Littel Exploring Earth visualization



Coriolis 
Force



Lorentz force

qv × B



Lorentz force

qv × B



Torquer × F



Cow Tipping  problem
Is it possible  for a human


to push over a cow?



Apropos Bulls



|v|  |w| - (v.w)  = |v x w| 

1-cos(x) = sin(x)
2 222

2
2

Pythagoras

Lagrange

Cauchy-Binet| v.v w.wv.wv.w |det = v   wv| | 2

 ∑ det(F )T
P P

2
det(1+F F)= Knill

Apropos Cauchy-Binet 



Cow Tipping  problem
Is it possible  for a human


to push over a cow?



Lets Try!



But then...



........





Homework due Wednesday



THE END


