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Apropos Curves



knots



Peano Curve



Dartmouth Electron Microscope Facility, Dartmouth College

Brownian motion



youtube



Einstein





Zeno





Democritus





490 – c. 430 BC
Fresco in the Library of El Escorial, Madrid.

Zeno of Elea



Zeno Paradox



Paradox



Arrow Paradox

Zeno ca. 490 - 430 BC

If everything when it occupies an equal space is 
at rest, and if that which is in locomotion is 
always occupying such a space at any moment, 
the flying arrow is therefore motionless.
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7KH� /HWWHU� 6�
'RQDOG� (�� .QXWK�

6�(9(5$/� <($56� $*2� ZKHQ� ,� EHJDQ� WR� ORRN� DW�WKH� SUREOHP� RI�GHVLJQLQJ� VXLWDEOH� DOSKDEHWV� IRU� XVH�
ZLWK� PRGHUQ� SULQWLQJ� HTXLSPHQW�� ,� IRXQG� WKDW � ��� RI�
WKH� OHWWHUV� ZHUH� FRPSDUDWLYHO\� HDV\� WR� GHDO� ZLWK�� 7KH�
RWKHU� OHWWHU� ZDV� 
6
�� )RU� WKUHH� GD\V� DQG� QLJKWV� ,� KDG�
D� WHUULEOH� WLPH� WU\LQJ� WR� XQGHUVWDQG� KRZ� D� SURSHU� 
6
�
FRXOG� UHDOO\� EH� GHILQHG�� 7KH� VROXWLRQ� ,� ILQDOO\� FDPH�
XS� ZLWK� WXUQHG� RXW� WR� LQYROYH� VRPH� LQWHUHVWLQJ� PDWK� �
HPDWLFV�� DQG� ,� EHOLHYH� WKD W � VWXGHQWV� RI�FDOFXOXV� DQG�
DQDO\WLF� JHRPHWU\�PD\� HQMR\� ORRNLQJ� LQWR� WKH� TXHVWLRQ�
DV� ,� GLG�� 7KH� SXUSRVH� RI� WKLV� SDSHU � LV� WR� H[SODLQ� ZKDW � ,�
QRZ� FRQVLGHU� WR� EH� WKH� 
 U LJKW 
 � PDWKHPDWLFV � XQGHUO\LQJ�
SULQWHG� 6
V�� DQG� DOVR� WR� JLYH� DQ� H[DPSOH� RI� WKH�0(7$��
)217� ODQJXDJH� ,� KDYH� UHFHQWO\� EHHQ� GHYHORSLQJ�� �$�
FRPSOHWH� GHVFULSWLRQ� RI�0a
7$)217��ZKLFK� LV� D� FRP��
SXWHU � V\VWHP� DQG� ODQJXDJH� LQWHQGHG� WR� DLG� LQ� WKH� GHVLJQ�
RI� OHWWHU� VKDSHV�� DSSHDUV� LQ� >��� SDUW � �@��

%HIRUH� JHWWLQJ� LQWR� D� WHFKQLFDO� GLVFXVVLRQ�� ,� VKRXOG�
SUREDEO\� PHQWLRQ� ZK\� ,� VWDUWHG� ZRUU\LQJ� DERXW � VXFK�
WKLQJV� LQ� WKH� ILUVW� SODFH�� 7KH� FHQWUDO� UHDVRQ� LV� WKD W �
WRGD\ 
V � SULQWLQJ� WHFKQRORJ\� LV� HVVHQWLDOO\� EDVHG� RQ�
GLVFUHWH� PDWKHPDWLFV � DQG� FRPSXWHU � VFLHQFH�� QRW� RQ�
SURSHUWLHV� RI�PHWDOV� RU� RI�PRYDEOH� W\SH�� 7KH� WDVN� RI�
PDNLQJ� D� SODWH� IRU� D� SULQWHG� SDJH� LV� QRZ� HVVHQWLDOO\�
WKD W � RI�FRQVWUXFWLQJ� D� JLJDQWLF� PDWU L[ � RI�2
V� DQG� O 
V � �
ZKHUH� WKH� 2
V� VSHFLI\�ZKLWH� VSDFH� DQG� WKH� O 
 V � VSHFLI\�
LQN�� ,� ZDQWHG� WKH� VHFRQG� HGLWLRQ� RI�RQH� RI�P\� ERRNV�
WR� ORRN� OLNH� WKH� ILUVW� HGLWLRQ�� DOWKRXJK� WKH� ILUVW� HGLWLRQ�
KDG� EHHQ� W\SHVHW�ZLWK� WKH� ROG� KRW�OHDG� WHFKQRORJ\�� DQG�
ZKHQ� ,� UHDOL]HG� WKDW � WKLV� SUREOHP� FRXOG� EH� VROYHG� E\�
XVLQJ� DSSURSULDWH� WHFKQLTXHV� RI�GLVFUHWH� PDWKHPDW LFV �
DQG� FRPSXWHU � VFLHQFH�� ,� FRXOGQ
 W � UHVLVW� WU\LQJ� WR� ILQG�
P\� RZQ� VROXWLRQ��

5HIHUHQFH� >�@� H[SODLQV� PRUH� RI� WKH� EDFNJURXQG� RI�
P\�ZRUN�� DQG� LW� DOVR� GLVFXVVHV� WKH� HDUO\� KLVWRU\� RI�PDWK� �
HPDWLFDO� DSSURDFKHV� WR� W\SH� GHVLJQ�� ,Q� SDUWLFXODU�� LW�
LOOXVWUDWHV� KRZ� VHYHUDO� SHRSOH� SURSRVHG� WR� FRQVWUXFW� 6
V�
JHRPHWULFDOO\� ZLWK� UXOHU� DQG� FRPSDVV� GXULQJ� WKH� VL[��
WHHQWK� DQG� VHYHQWHHQWK� FHQWXULHV��

)UDQFHVFR� 7RUQLHOOR� SXEOLVKHG� D� JHRPHWULF� DOSKD��
EHW� LQ� ����� WKDW � LV� W\SLFDO� RI� WKHVH� HDUO\� DSSURDFKHV��
/HW 
 V � ORRN� DW� KLV� FRQVWUXFWLRQ� RI� D Q 
 6 
 � �FI�� )LJ�� ����

7KH�SUHSDUDWLRQ�RI�WKLV�DUWLFOH�ZDV�VXSSRUWHG� LQ�SDUW�E\�1DWLRQDO�
6FLHQFH�)RXQGDWLRQ� JUDQWV� 0&6���������DQG� ,67���������� E\�
2IILFH�RI�1DYDO�5HVHDUFK� JUDQW� 1���������&�������DQG� E\� WKH�
,%0�&RUSRUDWLRQ�� 7KH�DXWKRU� JUDWHIXOO\� DFNQRZOHGJHV�WKH� KHOS�
RI;HUR[�3DOR�$OWR�5HVHDUFK�/DERUDWRU\�IDFLOLWLHV�IRU�WKH�SUHSDUD��
WLRQ� RI�VHYHUDO�LOOXVWUDWLRQV�� $OO�RI�WKH�OHWWHUV� DQG�V\PEROV�LQ� WKLV�
UHSRUW�ZHUH�GHVLJQHG�PDWKHPDWLFDOO\��XVLQJ�0)=7$)217��

�,���FRQ�TXHOOR�URQGR�TXDOH�KD�OR�VXR�SXQFWR�GH�PH]R�IRUD�GHO�
TXDGUR��ORQJH�GD�OD�LQIHULRUF�OLQHQ�GFO�TXDGUR�SXQFWR�PH]R��
3RL�ODUJR� ,R�FLUFLQR�SXQFWL� �]��� SRQHQGR� XQD� SXQFWD� GRYH�IL��
QLVWL�OD�LQIHULRUH�SDUWH�GHO� �6��TXDO� IX�IDFWD�D�GULWD� OLQHD��FLRK�
ORQJH�GD� OD� OLQHD� GHO� VSDFLR�GD�SDUWH� GULWD� SXQFWL� �]��� H� DOWUL�

SXQFWL� ����GD� OD� >OLQHD@� LQIHULRUH� GHO� TXDGUR�� /
DOWUD�SXQFWD�
ORQJH�GD�TXHOOD�GHO�VSDFLR�GD�SDUWH�VLQLVWUD�SXQFWL�]��GHVFHQ��
GHUDL�LQ�WRQGR�YHUVR�PDQ�GULWD�WDQWR�FKH�JLRQJL�VRSUD�OD�PH��
GLD� OLQHQ�� 3RL� FRQ� GLFWD� ODUJKH]D� GH� FLUFLQR� SRQHQGR� O 
XQD�
SXQFWD�GRYH�DO�SUHVFQWH�ILQLVWL�� O 
DOWUD�SXQFWD� ORQJH�GD�OD�OL��
QHD�GHO�VSDFLR�GD�SDUWH� VLQLVWUD�SXQFWL��]���YHQHQGR�GDO�GLFWR�
XOWLPR�ORFR�GHO��6��WDQWR�FKH�VLQ�ORQWDQR� GD�OD�LQIHULRUH� OLQHD�
GHO� TXDGUR� SXQFWL� �]��3RL� GD� TXHVWD� XOWLPD� SDUWH� LQ� WRQGR�
YHQJDVL� D� GULWD� OLQHQ� D� FRQJLXQJHUH� FRQ� �R�LQIHULRUH� URQGR�
ORQJH�GD�OD�OLQHQ�GD�SDUWH�VLQLVWUD�GHO�TXDGUR�SXQFWL � L �H� V H W W H �
RFWDYL��a� VDUD�ILQLWD�OD�OLWWHUD��6���FRPH�DSHUWDPHQWH�VL�YHGH��

)LJ�� ��� )UDQHHVFR� 7RUQLHOOR
V�PHWKRG� RI� �VTXDULQJ� WKH� 6�� LQ�
������ �7KLV� LV� SDJH���� RI� >����UHSURGXFHG� E\�NLQG� SHUPLVVLRQ�
RI�2IILFLQD�%RGRQL� LQ�9HURQD�� ,WDO\���

LQ� RUGHU� WR� JHW� VRPH� IHHOLQJ� IRU� WKH� SUREOHPV� LQYROYHG��
3DUDSKUDVLQJ� KLV� ZRUGV� LQWR� PRGHUQ� PDWKHPDWLFDO � WHU��
PLQRORJ\�� ZH� FDQ� VWDWH� WKH� PHWKRG� DV� IROORZV��

$Q 
 6 
 � LV� GUDZQ� LQ� D� �� ;� �� VTXDUH� WKD W � ZH� FDQ�
UHSUHVHQW� E\� &DUWHVLDQ� FRRUGLQDWHV� �[��\�� IRU�
�� a� [� a� � D QG�B� � \� a� ��� :H� VKDOO� GHILQH�
IRXUWHHQ� SRLQWV� RQ� WKH� ERXQGDU\� RI� WKH� OHWWHU��
FDOOLQJ� WKHP� �;O��<O��� �;���<���� � � � � � �;����<�����
3RLQW� �� LV� ���������� DQG� D� FLUFXODU� DUF� LV� GUDZQ�
IURP� WKLV� SRLQW� ZLWK� FHQWHU� DW� ����������� DQG�
UDGLXV� ���� HQGLQJ� DW� SRLQW� ��ZKHUH� [�� ]� ���

����
RXU� SUHYLRXV� GLVFXVVLRQ�� :H� NQRZ� D� SRLQW� WKD W � LV� VXS��
SRVHG� WR� EH� WKH� WRS� RI� WKH� 6� FXUYH�� DQG� ZH� DOVR� NQRZ�
KRZ� IDU� WKH� FXUYH� VKRXOG� H[WHQG� WR� WKH� OHIW�� IXUWKHU��
PRUH � ZH� KDYH� D� VWUDLJKW� OLQH� LQ� PLQG� WKD W � ZLOO� IRUP� WKH�
PLGGOH� OLQN� RI� WKH� VWURNH��

7KH � SUREOHP� VWDWHG� LQ� WKH� SUHFHGLQJ� SDUDJUDSK � LV�
LQWHUHVWLQJ� WR� PH� IRU� VHYHUDO� UHDVRQV�� ,Q� WKH� ILUVW� SODFH��
LW� KDV� D� QLFH� DQVZHU� �DV� ZH� ZLOO� VHH��� ,Q� WKH� VHFRQG� SODFH��
WKH� DQVZHU� GRHV� LQ� IDFW � OHDG� WR� VDWLVIDFWRU\� 6� FXUYHV��
,Q� WKH� WKLUG� SODFH�� WKH� DQVZHU� LVQ 
 W � FRPSOHWHO\� WULYLDO��
GXULQJ� D� SHULRG� RI� WZR� \HDUV� RU� VR� ,� FDPH� DFURVV� WKLV�
SUREOHP� IRXU� GLIIHUHQW� W LPHV� DQG� HDFK� WLPH� ,� ZDV� XQDEOH�
WR� ILQG� P\� QRWHV� DERXW � KRZ� WR� VROYH� LW�� VR� ,� VSHQW� VHYHUDO�
KRXUV� GHULYLQJ� DQG� UHGHULYLQJ� WKH� IRUPXODV� ZKHQHYHU� ,�
QHHGHG� WKHP�� )LQDOO\� ,� GHFLGHG� WR� ZULWH� WKLV� SDSHU � VR�
WKD W � ,� ZRXOGQ 
 W � KDYH� WR� GHULYH� WKH� DQVZHU� DJDLQ��

�]W�� \W��

�;O��<O�� ����]W�� <W��

U � <��

)LJ�� ��� 3UREOHP�� )LQG� [�� \�� DQG� \]�ZKHQ� [W�� <W�� []�� R�� [a��
DQG� \a�DUH� JLYHQ��

7KH� SRLQW� �[W�� \]�� LV� WKH� FHQWHU� RI� WKH� HOOLSVH� ZH�
VHHN�� /H W � �[��\�� EH� WKH� SRLQW � ZKHUH� WKH� GHVLUHG� HOOLSVH� LV�
W DQJHQW � WR� WKH� OLQH� RI� VORSH� R� WKURXJK� �]a��\a��� DV� VKRZQ�
LQ� )LJ�� ��� 2XU� SUREOHP� ERLOV� GRZQ� WR� VROYLQJ� WKUHH�
HTXDWLRQV� LQ� WKH� WKUHH� XQNQRZQV � [�� \�� DQG� <O��

;� � � � ;W� �� �a��

\F�� � � \�
� �2 � �

;F � � � � ;�

��< W � � < O � ] � � [ W � B BR � �
[ ] � � [ W � � \ � � \ ] �

� � � �

7KH� ILUVW� RI� WKHVH� LV� WKH� V WDQGDUG � HTXDWLRQ� IRU� DQ� HOOLSVH��
DQG� WKH� VHFRQG� LV� WKH� V WDQGDUG � HTXDWLRQ� IRU� D� OLQH�� WKH�
WKLUG � LV� REWDLQHG� E\� GLIIHUHQWLDWLQJ� WKH� ILUVW��

[ � � � ] W � < � � � <a � � � � 2��
��G[ � �[]� � � � [W� ��� ]U�� ��G\ � �<W� � � � <O����

DQG� VHWW LQJ� G\ � G [ � HTXDO� WR� R��

%HIRUH� D W W HPSW LQJ � WR� VROYH� HTXDW LRQV� ����� ,� ZRXOG�
OLNH� WR� LQWURGXFH� D� QRWD W LRQ� WKD W � KDV� WXUQHG � RXW � WR�
EH� H[WUHPHO\� XVHIXO� LQ� P\� ZRUN� RQ� PDWKHPDW LFD O � IRQW�
GHVLJQ�� /HW � D>[�� \@� EH� DQ� DEEUHYLDW LRQ� IRU�

[� �)� D�\ � � � � [�� �

ZKLFK� PD\ � EH� XQGHUV WRRG� DV� �WKH� IUDFW LRQ� D� RI� WKH� ZD\�
IURP� [� WR� \��� 7KXV � 2>[�\@�  � [�� O >[�\@ �  � \�� ����
LV� WKH� PLGSRLQW � EHWZHHQ� ]� DQG� \�� a�>[��\@� LV� KDOIZD\� EH��
WZHHQ� \� DQG� WKLV� PLGSRLQW� � DQG� �,[�� \@� OLHV� RQ� WKH� RS��
SRVLWH� VLGH� RI�\� I URP� [�� DW � WKH� VDPH� GLVWDQFH� DV� \� LV� I URP�
[�� ,GHQWLWLHV� OLNH� D>[�� [@�  � [� DQG� D>[�� \@�  � ��� � � � D�>\�� ]@�
DUH� HDVLO\� GHULYHG�� :KHQ � PDNLQJ� VRPH� JHRPHWULF� FRQ��
VWUXFWLRQ� LW� LV� FRPPRQ � WR� UHIHU� WR� WKLQJV� OLNH� WKH� SRLQW�
RQH� WKLUG� RI� WKH� ZD\� IURP�$� WR� %�� WKH� QRWD W LRQ � ��>$��%@�
PHDQV� MXV W � WKDW � �

2QH� RI� WKH� XVHV� RI� WKLV� EUDFNHW � QR WD W LRQ � LV� WR� ILQG�
WKH� LQWHUVHFWLRQ� �]��\�� RI� WZR� JLYHQ� OLQHV�� ZKHUH� WKH� OLQHV�
JR� UHVSHFWLYHO\� I URP� U � <O�� WR� �[��� <��� DQG� IURP� U � <���
WR� U � <����:H� FDQ� VROYH� WKH� LQWHUVHFWLRQ� SUREOHP� E\�
QRW LQJ� WKD W � WKHUH� LV� VRPH� QXPEHU � D� VXFK� WKD W �

 � D >; O � � =�@�� \�  � D > \ O � � <�@�

DQG� VRPH� QXPEHU � �� VXFK� WKD W �

[�  � �>[��� [�@�� \�  � �>\���<����

7KHVH� IRXU� VLPXOWDQHRXV� OLQHDU� HTXDWLRQV� LQ� [�� \�� D�� ���
DUH� HDVLO\� VROYHG�� DQG� LQ� IDFW� 0(7$J217� ZLOO� DXWRPDW L � �
FDOO\� VROYH� VLPXOWDQHRXV� OLQHDU� HTXDWLRQV�� VR� LW� LV� HDV\� WR�
FRPSXWH � WKH� LQWHUVHFWLRQ� RI� OLQHV� LQ� 0(7$,� 217�SUR��
JUDPV��

7KH� EUDFNHW � QRWD W LRQ� DOVR� DSSOLHV� WR� HOOLSVHV� LQ� DQ�
LQWHUHVWLQJ� ZD\�� :H� FDQ� ZULWH� [�  � D>[R��;PD[@�DQG�
<� � a><R��<PD[@�LQ� WKH� JHQHUDO� HTXDWLRQ�

���
;PD[ � � ;R�@� <� � Y R � ��

UHGXFLQJ� LW� WR� WKH� PXFK� VLPSOHU� HTXDWLRQ�

D����>������ � ���

5H WX UQ LQJ � WR � RXU� SUREOHP� RI� WKH� HOOLSVH�� OHW� XV� VHW�

[�  � D F W � � aW@�� \�  � �>\]�� \W@��
;�  � [� � � � [W�� <� a� <O� � � � <W��
D�  � [O� � � � [W�� E�  � �<F� � � � D[H� � � � � �<W� � � � 2;W���

7KH� WKUHH� HTXDWLRQV� ���� FDU�� QRZ� EH� UHZUL W WHQ� DV� IROORZV��

D���#� ���� � ���

E� ]�U��R; � �a� ��� � � � IL�<�� �

��

D< � a� DRIO��
; �DD � �

7KLV� JLYHV� XV� IRXU� HTXDWLRQV� LQ� WKH� IRXU� XQNQRZQV �
�D�����; � � <��� VR� LW� PD\ � VHHP� WKD W � ZH� KDYH� WDNHQ� D� VWHS�



THE END


