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V 1s perpendicular to the
level surtace {f = c}
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f iIncreases most
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Algorithm 1: Gradient ascent with backtracking line search

1 initialize A = Ag, 0,14 = 0y, define €, ¢, f(0)
while | f/(8,14)| > € do

2
(6.14) (Function value)
= X l.:l]"... ?
3 compute e " . .y
f(fa1a) (1%* derivative)
4 compute # e = 0oia+ Af (f1a)
- e, e
5 if .i‘r[(.ll}-‘nr:rr-':| < f{ﬂr:,lfr.l'.} TC: ':f!{ﬂufr.l'} then
i assign A= \/2 (Backtracking)
7 Goto 4
8 assign A = Ao, Oold = Onew

g §*= ﬁll_]m

-

Figure 5.4 presents the first two steps of the application of
algorithm 1 to a non-convex/non-concave function with an initial
ralue flg = 3.5 and a scaling factor Ap = 3. For the second step,
the scaling factor A has to be reduced twice in order to satisfy the
Armijo rule. One of the difficulties with gradient ascent is that the
convergence speed depends on the choice of Ag. If Ay is too small,
several steps will be wasted and convergence will be slow. If A, is
too large, the algorithm may not converge.

Figure 5.5 presents a limitation common to all convex optimiza-
tion methods when applied to functions involving local maxima: if
the starting location #; is not located on the slope segment leading
to the global maximum, the algorithm will most likely miss it and

converge to a local maximum. The task of selecting a proper value

6, is nontrivial because in most cases, it is not possible to visualize

f(@). This issue can be tackled by attempting multiple starting
locations 8, and by using domain knowledge to identify proper
starting locations.

(radient ascent can be applied to search for the maximum of a
multivariate function by replacing the univariate derivative by the

eradient so that
9]]{.‘“‘ — Buh] =T A vﬁf{ﬂ.ﬂti}-

As illustrated in figure 5.6, because gradient ascent follows the
direction where the gradient is maximal, it often displays an os-

cillatory pattern. This issue can be mitigated by introducing a
3

momentum term in the calculation of @ ...,

Vinew = Y-Vad T A ?ﬂ f[:gult]]'

Hlu'w — &uld T Vinew

where v can be interpreted as a velocity that carries the momentum

from the previous iterations.
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loop #1
ot =3.50, Ao =3
f(0q) =021
F(Quq) =0.32
. = 8o+ Af (8
=4 4T
(O pow) =0.82 ,

loop #2
0 gy =4 47, Ag =3
f (Bt ) =082
f(Gua) =0.72
Boew = Qg +Aaf (Qua
=3 Gd
J(8 0 =0.03 &
Doew = Qo +227 (0,14
=3} )
F(0 1o =0.70 &
B = Qua +7F (0ot
5.01
_-*"-I:J i) =1.01 2

Figure 5.4: Example of application of
gradient ascent with backtracking for
finding the maximum of a function.

Figure 5.5: Example of application of
gradient ascent converging to a local
maximum for a function.
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Figure 5.6: Comparison of gradient ascent
with and without momentum.

* Rumelhart, D. E., G. E. Hinton, and R. J.
Williams (1986). Learning representations
by back-propagating errors. Nature 323,
033536



5.1 Gradient Ascent

A gradient is a vector containing the partial derivatives of a func-
tion with respect to its variables. For a continuous function. the
maximum is located at the point where its gradient equals zero.

Gradient ascent 1s based on the principle that as long as we movwe
p p 2

in the direction of the gradient. we are moving toward a maximum.

For the unidimensional case. we choose to move to a new position
frnew defined as the old value 6,9 plus a search direction d defined
by a scaling factor \ times the derivative estimated at 6,4.

anew — gold + A- f, (Hold) .
d

A common practice for setting A is to employ backiracking line
search where a new position is accepted if the Armaijo rule? is
satisfied so that

~

f(Brew) = f(Bora) + ¢ - df (Boa), with ¢ € (0,1). (5.2)

Figure 5.3 presents a comparison of the application of equation
5.2 with the two extreme cases. c =0 and ¢c= 1. For e =1, 0, 18

-
- a - ™ M4y on S - - . A - - P .- =

Derivatiye
3 df(o)
"(9) =

foy==

Gradient

Vi(6) = Vef(0)
[«mm 0/<0> - agey)T

o

Maximum of a concave function
df(e”)

={)
df

" = arg max f(G) :
f

A 1s also known as the learning rate or step

length.

“ Armijo, L. (1966). Minimization of
functions having Lipschitz continuous first
partial derivatives. Pacific Journal of

Mathematics 16(1), 1-3
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ALCOHOL

& CALCULUS
DON'T MIX.

NEVER DRINK

& DERIVE.

r(t) =x+tVfi(x) -

d
Ef () = Vj(x) - Vi(x)









From D. Perkins: The Eureka Effect, the Art and Logic of Breakthrough Thinking , 2000

-~
S ——

The Eureka Effect
The Art and Logrc of Breakehrough Thinking

Search in a Homing Space: 1. Clueless regions.
2. Large clued regions leading to the target.

Search in a Klondike Space: 1. A large space wtih few solutions
(a wilderness trap). 2. Regions with no clues pointing direction
(plateau traps). 3. A barrier isolates the solution (creating a
canyon trap). 4. An area of high promise but no solution (an

oasis trap).






Qxy) = f(Xp, Yo) + /(X0 Yo) (X — Xp) +.fy(x()9 Yo)(y — Yo)

Jix(Xos Yo) (X — ?Co)2 ‘|‘fyy(x()a Vo)V — y(? )+ 2 (X0, Yo) (X — Xp)(¥ — Yp)
2

The best quadratic function near the
p()int (.XO, y())















