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Gradient Theorem



Gradient Theorem

∇f is perpendicular to the 

level surface {f = c}



∇f(x, y, z)
{f(x, y, z) = c} ⃗r(t)

0 =
d
dt

f( ⃗r(t)) = ∇f( ⃗r(t)) ⋅ ⃗r′￼(t)

Proof



Steapest ascent



Steapest Ascent

∇f is the direction in which 

f increases most



d
dt

f( ⃗r(t)) = ∇f( ⃗r(t)) ⋅ ⃗r′￼(t) = |∇f( ⃗r(t)) | ⋅ | ⃗r′￼(t) |cos(θ)

Proof

is maximal for cos(θ) = 1







Contours



Contours





Contours



f(x, y) = x3y

(x0, y0) = (1,2)

L(x, y) = 2 + 6(x − 1) + (y − 2)

∇f(1,2) = [6
1]

d
dt

f(x) = ∇f(x) ⋅ ∇f(x)

r(t) = x + t∇f(x)







f = c

∇f

From D. Perkins: The Eureka Effect, the Art and Logic of Breakthrough Thinking , 2000



Quadratic Approximation



fxx(x0, y0)(x − x0)2 + fyy(x0, y0)(y − y2
0)+

Q(x,y) =

2fxy(x0, y0)(x − x0)(y − y0)

f(x0, y0) + fx(x0, y0)(x − x0) + fy(x0, y0)(y − y0)

2

Quadratic Approximation

The best quadratic function near the

point (x0, y0)



f=C
L=C

Q=C

2D



f(x, y) = x3y

(x0, y0) = (1,2)

L(x, y) = 2 + 6(x − 1) + (y − 2)

∇f(1,2) = [6
1]

d
dt

f(x) = ∇f(x) ⋅ ∇f(x)

r(t) = x + t∇f(x)
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THE END


