
Lecture 35
Integral

∬G curl(F) dA = ∫C F ⋅ dr
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The Theorems



Geometries and Fields
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On every Dollar bill
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And mountain
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Which Theorem? 
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Orientation





Objects in Last Part



Curves

Surfaces

Solids

Grad

Curl

Div

Scalar Field

Plane    Field

Space Fields

Objects

Line integrals

Flux integrals

Triple integrals

Derivatives

Fields

Vector Integrals Theorems
FTLI

GREEN,Stokes

Divergence

Scalar Integrals
Scalar Line

Scalar Surface

Volume integral



Top Mistakes in 21a





1)  Nonlinear  Linearization
2)  Division by Zero in Lagrange
3)  Not Trying an Integral Theorem

4)  Lack of Figure in Integration
5)  Mixup of DImension for Graphs
6)  Forgetting the -1  in cross product
7)  Use Pdx+Qdy for Line integrals                
8)  Forgetting integration Factor
9)  Wrong Orientation 
10) Final Result is not written
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Used in Relativity



Archibald wheeler



Oliver

Academic family





Memorabilia



A) Stamps
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B) Tatoos 







C) Posters 



21a



C) Wine Bottles
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E) Car Sticker



MATH21
I



F) TV Show 







G) Twitter





Beyond Calculus
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Other ways for Calculus?



Are there 
completely different 
ways to do math?

Contact





Fractal Calculus



8: Calculus on Fractals



Mandelbrot Zoom

Source: tthsqe12 Youtube, 8 times sped up, added music by Angelis



In the discrete



Internet





Discrete Calculus
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Notions

G=(V,E) is a graph. V are vertices = nodes,

E are edges = connections. Also important: 

triangles, tetrahedra etc (complete subgraphs)



Gradient 

Gradient

f(a) f(b)
df(a,b)

df(a,b) = f(b)-f(a) = 4
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Curl
Curl dF(a,b,c) = F(a,b)+F(b,c)+F(c,a)
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dF(x)=4+3-5=2 dF(x)=5-3-4=-2
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Dual gradient

Dual Gradient

outgoing

d*F(x) = ∑ F(e)  - 
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Sums to zero

F is a 1-form
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DualCurl: 2-forms -> 1-forms
Dual Curl dH(x) = 

x
dH(x)=-5+3

∑
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H(t)-

7
y dH(y)=7+5



Laplacian

f1

2

4 7

5
L=d*d

1

2

4 7

5
1

3 6

4
2

3

3

-2 F=df

1

2

4 7

5

g=d*df = Lf

5

11
-14

-4

2

=div(grad)



Form Laplacian
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Fundamental theorem Line integrals
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integral  ∫ F ds
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Stokes Theorem

∫ ∫ curl(F)dS
= ∫ F dr
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Your Turn: first line integral
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Sum of curl
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Higher dimensions



120 cell



Polyteron

hypercube



Infinite dimensions



Euler thought like this

Image Credit: Tim Hoffmann, 

TU Berlin



Generalized Functions



4: Generalized Calculus



Finally: Thanks to 
our CAs! 

Tali Wong Marco Hansel 
 Carol Zhang




THE END

MATH21
IOffice hours: usual 

lecture time and usual 
OH time. 


