Math 21b: Linear Algebra Spring 2018

Homework 12: Orthogonality

This homework is due on Monday, February 26, respectively on Tuesday, February 27, 2018.
Advise for Tue-Thu sections: try to do it earlier due to the exam.

1 a) There exists exactly one vector o = [a,b,¢,d]T in B* with
integer entries 1 < a < b < ¢ < d < 10 so that the length is an
integer. Hunt it down!

b) Find the angle between v = | —1 | and & =

_ = W = O

C) Wha)t j.s the length Of the Vector . ? Remark: By a theorem of Watson, this is

24

the only vector of the form [1,..., n] with n > 1 and non-negative integer length_ The ide: here is to simply add up the numbers. If you cite

the formula for the sum of the first n squares, please give a reference. If you should compute the sum using a computer program, add the source

code.

Solution:
a) [2,4,5,6]1. It has length 9. b) It is arccos(—1/4).

2
¢) The square of its length is Z4k2 = 4900. Therefore, its

k=1
length is 70.

Iy
2 A vector ¥ = | : | encodes data (x1,...,x,). The expecta-

xn
tion E[z] of z is defined as the average m = (z1 + -+ - + x,,)/n.



r1 —m
The vector X = : is called the centered form of z.

Ty — M
Its expectation is zero. If X, Y are the centered versions of x,y
then (X -Y')/n is called the covariance of X and Y and Var|X] =
(X - X)/n the variance of X and o(x) = | X|/+/n the standard de-
viation. The correlation coefficient is C'ov[X]/(o|X]o[Y]) which
simplifies to X - Y/(|X||Y]), the cosine of the angle between X

1 4

2 3
and Y. Working withx = | 3 | andy= | 5

4 7

5 |11

a) Find the expectations of Z, 7.
b) Find the variance and standard deviation of & and .
¢) Find the correlation coefficient of Z, /.

Solution:

a) We have E[x] = 3 and E[y] = 6. b) The variance of x is
the expectation of (z — 3)% It is 10/5 = 2. The standard
deviation of z is v/2. The variance of y is the expectation of
(y — 6)? it is 40/5 = 8. The standard deviation of y is v/8. ¢)
The covariance is X - Y/5 = 18/5. The correlation coefficient is

(18/5)/v/2+/8 = 9/10.

If Z, if are two vectors, we get data points (z1, y1), (T2, Y2), .. (Tn, Yn)
in the plane. The line y = ax+bis called the best linear fit. We
have b = Ely|] — aE[z], where a = Cov| X, Y]|/Var|X]. Draw the
5 data points from problem 2 and find the best fit y = ax + 0.



Solution:
We have Cov[X,Y] = 18 and Var[X] = |X|*/n = 10 so that
22 _

the slope is 15 = 1.8. Fixing the expectations with E|x] = 3

and Ely] = 6 gives b = Ely| — aF[z] = 6 — (22/10)3 = 3/5.
The best linear fit is y = 1.8x + 0.6.

4 An orthogonal basis in R" for which every vector has either entries
—1 or 1 is called a Walsh basis. and the corresponding matrix a

1 1 1 1
. 1 —1 1 -1
Walsh matrix. Check that the columns of W = L1 1 /2
1 —1 —1 1
form an orthonormal basis. Use W to build a 8 x 8 matrix en-
w W

coding an orthonormal basis in R® by scaling A =

].n the rlght \;V a)y. (Joseph Walsh graduated from Harvard in 1916 and also taught here from 1935-1966. Here is an

open problem: nobody knows whether there is an orthogonal basis of vectors with entries —1,1 in RY68 The corresponding matrices are called

Hadamard matrices. The Walsh matrices above allow to construct examples for n = 2™.)



Solution:
a) Directly compute all dot products. They are all zero.
b) We get the matrix

i1 1 1 1 1 1
-1 1 -1 1 -1 1 -1
L=l =1 1 1 =I =1
-1 -1 1 1 -1 -1 1

b = =l = =1 /\/g
-1 1 -1 -1 1 -1 1
L= =1 —L =1 1 °
-1 -1 1 -1 1 1 -1

We can check again that all dot products are zero. This con-
struction shows that we can get 2" x 2" Walsh matrices for every
n.

5 Use an orthonormal basis of the plane z + y + z = 0 to find the
matrix of the projection onto that plane. The formula for that
projection matrix is given below: it is QQ7, where Q contains
the orthogonal basis in the columns and Q! is the transpose,
containing the orthogonal basis in the rows.



Solution:

Build an orthonormal basis in the plane and stick it into a matrix

TN
Q=] 1/vV2 1/v6
0 —2/v6 |

Wl

wlno
Wl W

Now form QQ7T =

Wl W~
wlno

W
wino

Orthogonality



—

Two vectors are orthogonal if ¢ - w =
wq

[Ul,vz,...,?}n] = nw; + - + vw, = 0.

Wp
The length of a vector is is || = Vo' -¢. The vector
v/|v| is called a unit vector. The Cauchy-Schwarz

inequality |v - w| < |v]|w]| allows to define the angle
by cos(a) = (v - @)/(|v] - |@]). The number cos(a) is
called the correlation coefficient. If it is positive,
the vectors are positively correlated, if it is negative
they are negatively correlated. Orthogonal vectors
are uncorrelated. A basis is an orthonormal basis, if all
vectors are perpendicular and have length 1. If they are
just orthogonal, they form an orthogonal basis. If we have
an orthonormal basis of V', and () be the matrix containing
the basis vectors as column vectors. then the projection
onto the space V is given by the matrix P = QQ”, where
Q" is the transpose matrix.




Here is a run through for some of the statistics terms. We

4 0
: 0 4
work with the vectors z = ol Y= 1|
0 0
Expectation E|x] 1
Expectation Ely] 3
3
—1
Centered r — Elz] i
—1
—3
1
Centered y — Ely] :
—3
Variance Var[X| = X - X/4 3
Variance VarlY|=Y - Y/4 11
Standard deviation | o[z] V3
Standard deviation | o[y] V11
Covariance Covlz,y] =X -Y/4 -3
Correlation Cor[z,y] = X - Y/(|X]||Y]) | =3/+/33

We just did geometry in four dimensions computed the cosine of
the angle between two vectors. This has an interpretation as a
correlation. If the angle between X and Y is obtuse, the data
are negatively correlated. If the angle is acute, then the date are
positively correlated. If the angle is a 90 degree angle, the data are
uncorrelated. In our example, the data were negatively correlated.
Yes, the original vectors x,y were orthogonal but we first center
the random variables before doing geometry. You can check that
the correlation is invariant if we scale or translate x, y together.



