LINEAR ALGEBRA

\ “r ‘ MATH 21B

PARSEVAL’S THEOREM Joseph Fourier 1768-1830

31.1. Remember that a piecewise smooth function f on [—7, 7] has the Fourier coef-
ficients ag = (f, L) = 1f7r f(x) dx, aj; = (f,cos (kx)) = L [T f(x)cos(kx) dx, by =
(f,sin(kx)) = L f f ) sin kx) dx. The series 42 +Zk L ag cos(kx)+> 77 by sin(kx)
is called the Fourler series of f. Dirichlet’s theorem on Fourier series assures
that at every point x € [0, 27, one has: ' ?

Theorem: f(x)= aO\/i5 + > e agcos(kx) + Y02 by sin(kx)

31.2. Example 1: We have seen f(z) = = which was an odd function having therefore
a sin-series. We have computed b, = = [*_xsin(nz) dz = 2(—1)"" /n and obtained

f(z) = 3 2(_1)n+1 sin(nzx) .
k=1
Written out, this was
f(2) = %(sin(x) B sin(2231;) N sinf:{;) — )

31.3. Example 2: We then saw f(z) which is 1 on [—7/2,7/2] and 0 else. Because
this has been an even function it has a cos series. We have computed aq = 1/v/2
2sin(nw/2)

/2 . . .
and a, = % [™ cos(nz) dr = which is zero for even n and changes sign
wJ—m/2

depending on n. This is

1 2 3 )
() = £+ 2 (cos(a) cos(3x) N cos(bz) )
2 3 )
31.4. Because B = (\[ sin(x), cos(z), sin(2x), cos(2x), ... ) is an orthonormal set, we

have for every finite sum f = 377, ap7s + 2o, a cos(kx) + 377, by sin(kz)

117 = ag+ D llaxll* + D llbell? -
k=1 k=1
When we take the limit n — co, we get the Parseval’s theorem

Theorem: ||f|> = a2+ > 00, |laxl* + D ey [10k]?

LAt discontinuities replace f(z) with (f(z—)+ f(z+))/2 and f(0), f(2r) with (f(04) + f(27—)/2.
2Bretscher writes ¢, = aj but it is common to use ¢ in the case of complex Fourier series



Math 21b Section Knill

31.5. In Example 1, we have ||f|| = L [ 22 do = T. Parseval’s theorem gives

?2 =2(1+ }l + é + % + ...). This solves the Basel problem, first asked by Pietro
Mengoli in 1650 and solved by Leonhard Euler
1 2
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31.6. In Example 2, we have ||f|| = 1. The coefficients satisfy af = 5

: : ) : _ 1 2 1 :
if n is odd. Parseval’s Theorem gives 1 = 5 + = >, 44 72. This means
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31.7. Example 3: The function f(z) = 3cos(z) + 2sin(z) has norm ||f|| = 5. Can
you see why Perceval’s theorem generalizes the Pythagorean theorem?

72

2 _ 72
and a; = 7

31.8. Example 4: The function f(z) = & has norm ||f|| = 2 [(£)? do = ’f—g and
the Fourier expansion
2
3vV2

+i2 , cos(n )

n=1

fx) =

&IH

Parseval’s theorem gives

0 4

1 T

nt 90"
n=1

This number is {(5), the value of the Riemann Zeta function at s = 4.

31.9. Example 5: The function g(z) = 2® — 72z has the Fourier series

o0

g(z) = Z 12(71;31)" sin(nz) .

Perceval’s theorem ||g||> = 3200 b2 gives 3°, b2 = 2 [7(2® — 7%2)? dv = 2 50 that

1 1 9 1 167° 7#°

né 144 - " 144 105 945

n
This number is the Riemann Zeta function at s = 6. Fourier allows to get explicit
expressions of ((s) = >~ n~*® for every even integer s. For odd positive integers, ((s)
there are no explicit expressions.

31.10. Fourier developed the theory in the context of partial differential equations.
It was historically important also because the concept of “function” got redefined.
Before Fourier, functions were always thought of given by analytic expressions. A
Heavyside function like in example 2 would not work. There is no Taylor series which
approximates the function because all derivatives at 0 are zero. Fourier’s claim of the
convergence of the series was confirmed in the 19’th century by Cauchy and Dirichlet.
For continuous functions, the sum does not need to converge everywhere. It was only
shown by Fejér in his PhD theses in 1900 that the Fourier coefficients still determine
a continuous function function f on [—m, 7] provided that f(—m) = f(r).
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