LINEAR ALGEBRA AND VECTOR ANALYSIS

MATH 22B

Unit 8: The orthogonal group

LECTURE

8.1. The transpose of a matrix A is A;[j = Aj;, the matrix A in which rows and
columns are interchanged. The transpose operation A — A7 is a linear map from
M (n,m) to M(m,n). Here are some properties of this operation:

a) (AB)T = BTAT
b) x- Ay = ATz - y.
c) (AN)YT = A

&) (A7) = (AT

e) (A+ B)T = AT + BT

Proof: a) (AB){Z = (AB)lk = Zz Alszk; = Zz B]Z;Az; = (BTAT)M.
b) x- Ay = 2T Ay = (ATz)Ty = ATz - y.

c) ((AT)1)y = (AT);i = Ayj.

d) 1, =17 = (AA™HT = (AH)T AT using a).

e) (A+ B)z; = (A+ B)ji = Aji+ Bji = A;fg- + Bg

8.2. An n x n matrix A is called orthogonal if ATA = 1. The identity ATA =1
encodes the information that the columns of A are all perpendicular to each other and
have length 1. In other words, the columns of A form an orthonormal basis. !

8.3. Examples of orthogonal matrices are rotation matrices and reflection matrices.
These two types are the only 2 x 2 matrices which are orthogonal: the first column
vector has as a unit vector have the form [cos(t),sin(¢)]’. The second one, being
orthogonal has then two possible directions. One is a rotation, the other is a reflection.
In three dimensions, a reflection at a plane, or a reflection at a line or a rotation
about an axis are orthogonal transformations. For 4 x 4 matrices, there are already

transformations which are neither rotations nor reflections.

8.4. Here are some properties of orthogonal matrices:

"Why not call it orthonormal matrix? It would make sense, but orthogonal matrix is already
strongly entrenched terminology.
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a) If A is orthogonal, A=1 = AT,
b) If A is orthogonal, then not only ATA =1 but also AAT = 1.

Theorem: A transformation is orthogonal if and only if it preserves
length and angle.

Proof. Let us first show that an orthogonal transformation preserves length and angles.
So, let us assume that AT A = 1 first. Now, using the properties of the transpose as well
as the definition ATA =1, we get |Az|? = Az - Az = ATAz-x = 1oz =22 = |z|* for
all vectors . Let a be the angle between = and y and let 5 denote the angle between
Az and Ay and « the angle between x and y. Using Ax - Ay = z - y again, we get
|Az||Ay|cos(B) = Az - Ay = x -y = |x||y| cos(a). Because |Az| = |z|, |Ay| = |y|, this
means cos(a) = cos(f). As we have defined the angle between two vectors to be a
number in [0, 7] and cos is monotone on this interval, it follows that o = f.

To the converse: if A preserves angles and length, then v; = Aeq, - -- v, = Ae,, form an
orthonormal basis. By looking at B = AT A this shows off diagonal entries of B are 0
and diagonal entries of B are 1. The matrix A is orthogonal. OJ

8.5. Orthogonal transformations form a group with multiplication:

Theorem: The composition and the inverse of two orthogonal transfor-
mations is orthogonal.

Proof. The properties of the transpose give (AB)TAB = BTATAB = BTB =1 so
that AB is orthogonal if A and B are. The statement about the inverse follows from
(ADHTA = (AT) 1A = (AAT) L = 1. OJ

8.6. Orthogonal transformations are important because they are natural symmetries.
Many coordinate transformations are orthogonal transformations. We will also see that
the Fourier expansion is a type of orthogonal transformation.

EXAMPLES

8.7. Here is an orthogonal matrix, which is neither a rotation, nor a reflection. it is
an example of a partitioned matrix, a matrix made of matrices. This is a nice way
to generate larger matrices with desired properties. The matrix

cos(l) —sin(1) 0 0
. sin(1)  cos(1) 0 0
N 0 0 cos(3)  sin(3)
0 0 sin(3) —sin(3)

produces a rotation in the zy-plane and a reflection in the zw-plane. It is not a
reflection because A? is not the identity. It is not a rotation either as the determinant
is not 1 nor —1. We will look at determinants later.

8.8. What is the most general rotation in three dimensional space? How many param-
eters does it need? You can see this when making a photograph. You use two angles
to place the camera direction, but then we can also turn the camera.



8.9. What is the most general rotation matrix in three dimensions? We can realize
that as

cos(f) —sin(d) 0 cos(¢) 0 —sin(¢) cos(y) —sin(y) 0
A= | sin(f) cos(d) O 0 1 0 sin(y) cos(y) O
0 0 1 sin(¢) 0  cos(¢) 0 0 1

8.10. Problem: Find a rotation which rotates the earth (latitude,longitude)=(ay,b;)

to a point with (latitude,longitude)=(as, b2)? Solution: The matrix which rotates the

point (0,0) to (a,b) is a composition of two rotations. The first rotation brings the

point into the right latitude, the second brings the point into the right longitude.
cos(b) —sin(b) 0 cos(a) 0 —sin(a)

R.p = | sin(b) cos(b) 0 0 1 0 . To bring a point (a1, b;) to a
0 0 1 sin(a) 0 cos(a)
point (as, by), we form A = Ra%bQR;ll,bl.

With Cambridge (USA): (aq,b1) = (42.366944, 288.893889)7 /180 and Ziirich (Switzer-
land): (ag,by) = (47.377778,8.551111)7w /180, we get the matrix

0.178313 —0.980176 —0.0863732
A= | 0983567 0.180074 —0.0129873
0.028284 —0.082638  0.996178

Z Z
xﬁ. xz ﬁ oY
Y
FIGURE 1. The rotation group SO(3) is three dimensional. There are
three angles which determine a general rotation matrix.
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HOMEWORK

This homework is due on Tuesday, 2/20/2019.

1 1 1 1
. . 1 -1 1 -1
Problem 8.1: Which matrices are orthogonal? a) 1 1 -1 -1 |’
1 -1 -1 1
10 0 10 R
b) |0 =1 1 |,¢) |0 1]|. d)[-1], e) , 1)
0 0 -1 00 R
0 0 01
cos(7) —sin(7) 0 0
sin(7)  cos(7) 0 0 10|
0 0 cos(1) sin(1) |’® |0 0
0 0 sin(1) —cos(1)

Problem 8.2: If A, B are orthogonal, then
a) Is AT orthogonal? b) Is B~! orthogonal? ¢) Is A — B orthogonal? d)
Is A/2 orthogonal? e) Is B~'AB orthogonal? f) Is BABT orthogonal?

Problem 8.3: Rotation-Dilation matrices { “ 4 } form an algebra

b
in which the multiplication (a + ib)(c + id) corresponds to the matrix
multiplication Z _ab ; — . Draw the vectors z = /3 + 1, W=

1 — 4 in the complex plane, then draw its product. Find the angles «,
and lengths r,s so that z = re’®, w = se”” and verify that zw = rse’(@+h).

p —q —r —s

Problem 8.4: Matrices of the form A(p,q,r,s) = g _ps ; —qr
s r —q p

are called quaternions. a) Find a basis for the set of quaternion matrices.
b) Under which condition is A(p, q,r, s) orthogonal?

Problem 8.5: a) Explain why the identity matrix is the only n x n
matrix that is orthogonal, upper triangular and has positive entries on the
diagonal. b) Conclude, using a) that the QR factorization of an invertible
n X n matrix A is unique. That is, if A = Q1 R; and A = Q2R are two
factorizations, argue why ()1 = (2 and R; = R..
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