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Why is asolid foundation of probability theory necessary?

J a n u a r y 1 9 9 7

Colloquial language is not precice enough to treat many probabilistic problems. Paradoxons or difficulties
appear, when the definition of objects allows different interpretations. This leads to headache, to funny or
wrong conclusions even by smart people.

Answer Nr 1: take an arbitrary point Pin the disc. The
set of all lines passing through that point is parametrized
by an angle <f>. In order that the chord is longer than
\̂ , the line has to lie within an angle of 60° out of 180°.
The probability is thus 1/3.
Answer Nr 2: consider all lines perpendicular to afixed
diameter. The chord is longer than v/3, when the point
o f i n t e r s e c t i o n l i e s o n t h e m i d d l e h a l f o f t h e d i a m e t e r.

The probability is thus 1/2.
A n s w e r N r. 3 : i f t h e i n t e r s e c t i o n s o f t h e l i n e w i t h t h e

disc lies in the disc of radius 1/2 which has area 1/4
times the area of the whole disc, the chord is longer
than V3. The probability is thus 1/4.

BERTRAND’S PARADOX (Bertrand 1889)
We throw at random straight lines onto the unit
disc. What is the probability that the straight
line intersects the disc with alength >a/3, the
length of the equilateral triangle inscribed in
t h e c i r c l e ?

Fac t Nr. 1 : Fa i r wou ld be an en t rence fee o f

PETERSBURG PARADOX (D. Bernoulli
1738)
In this casino, you pay an entrence fee cdollars
and you get the prize 2^ dollars, where Tis the
number of times, one has to throw acoin until
’’head” appears.

O O o o

c=J2^>^P[T=k] =J2l = oo ,
ib =l k = l

which is the expected win.

Fact Nr. 2: Nobody would agree to pay c=10 dollars,
would you? Try it out!

THE THREE DOOR PROBLEM (1991)
Suppose you’re on agame show and you are
given achoice of three doors. Behind one door
is acar and behind the others are goats. You
pick adoor-say No. 1-and the host, who knows
what’s behind the doors, opens another door-
say, No. 3-which has agoat. (In all games, the
host opens adoor to reveal agoat). He then
says to you, ”Do you want to pick door No.
2?” (In all games he always offers an option to
switch). Is it to your advantage to switch your
c h o i c e ?

The paradox is that most people analyze this simple
problem in awrong way. The problem was discussed by
Marilyn vos Savant in a’’Parade” column in 1991 and
provoked abig controversy in the next months. Thouse-
nds of letters were written. The problem is that intuitive
argumentation can easily lead to the confusion.

What do you think? Check out the web links on the
course webs i tes .



Also real life problems can be
complicated: ”How to get my own

grandfather” (A joke)
Imarried awidow, who had an adult stepdaughter. My
father, awidow and who often visited us, fell in love
with my stepdoughter and married her. So, my father
became my son-in-law and my stepdaughter became my
stepmother. But my wife became the mother-in-law of
her father-in-law. My stepmother, stepdaughter of my
wife, became ason and Itherefore abrother, because he
is the son of my father and my stepmother. But since he
was in the same time the son of our stepdaughter, my wife
became his grandmother and Ibecame the grandfather
of my stepbrother. My wife gave me also ason. My
stepmother, the stepsister of my son, is in the same time
his grandmother, because he is the son of her stepson
and my father is the brother-in-law of my child, because
his sister is his wife. My wife, who is the mother of my
stepmother, is therefore my grandmother. My son, who
is the child of my grandmother, is the grandchild of my
father. But Fm the husband of my wife and in the same
time the grandson of my wife. This means: Fm my own
grandfather.

1
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Some History and Motivation
S O M E H I S T O R I C A L M A R K S I N P R O B A B I L I T Y .

!17’th century: Pascal and Ferat begin to discuss combinatorical problems connected with dice throwing.
!Inputs by J. Bernoulli A. de Moivre, T. Bayes, L. de Bufon, D. Bernoulli, A. Legendre and J. Lagrange.
!(1812) Laplace book ’’Theorie analytique des probabilites: new methods like difference equations or
generating functions.
!(1909) E. Borel: Strong law of large numbers.
!(1923) N. Wiener Rigorous definition of Brownian motion.
!(1933) A. Kolmogorov. Axiomatic foundation of probability theory.
!Until now, an explosion of results and new directions: stochastic processes, ergodic theory and dynamical
systems. Martingales, stochastic differential equations statistical mechanics, percolation, random walks,
game theory or quantum field theory.

W H E R E I S P R O B A B I L I T Y T H E O R Y U S E F U L ?

Probability theory has close relations with other fields like computer science, ergodic theory and dynamical
systems, cryptology, game theory, analysis, partial differential equation, mathematical physics, economical
s c i e n c e s o r s t a t i s t i c a l m e c h a n i c s .

1) Random walks (statistical mechanics, gambling, stock markets, quantum field theory).
We walk randomly through alattice by choosing at each vertex adirection at random. Aproblem is to
determine the probability that the walk returns back to the origin.
2) Percolation problems (model of aporous medium, statistical mechanics).
To each bond in alattice is attached the number 0(closed) with probability (1 —p) or 1(open) with
probability p. Two sites a:,y in the lattice are in the same cluster, if there is apath from xto ygoing
though closed bonds. One says that percolation occurs if there is apositive probability that an infinite
cluster appears. One problem is to find the critical probabily pc, which is the infimum over all p, for
which percolation occurs.
3) Random Schrodinger operators, (quantum mechanics, functional analysis, disordered systems,
solid state physics)
Consider the linear map Lu(n) = ^(”)**(’^)! where V(n) takes randomly values in {0,1}. The
problem is to determine the spectrum or spectral type of the infinite matrix L. The map Ldescribes an
electron in aone dimensional disordered crystal. The spectral properties of Lhave arelation with the
conductivity of the crystal.
4) Classical dynamical systems (celestial mechanics, fluid dynamics, population models)
The study of deterministic dynamical systems like the map
three body problem in celestial mechancs has shown that such systems can behave like random systems.
Many effects can be described by ergodic theory, which can be viewed as abrother of probability theory.
5) Cryptology (computer science, coding theory, data encryption)
Data encryption like the DES are used in most computers or phones. Coding theory tries to find good
codes which can repair loss of information due to bad channels. Public key systems use trapdoor algo¬
rithms like the problem to factor alarge integer N=■ pq with prime p, q. The number Ncan be public
but only the one, who knows the factorisation can read the mails. Many algorithms need pseudo
dom number generators like the sequence generated hy m + c{modp). Much probability theory is
involved in designing, investigating and attacking data encryption, codes or random number generators.

4ax(l -x) on the interval [0,1] or the

r a n -
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Kolmogorov axioms and the foundation of probability
J a n u a r y 1 9 9 7

DEFINITION: Set theoretical operations.

Qany set
A , B , A n C D
AC\ B={u ^0, \u) EAand wGB}
AUB={w gO|wGj4 o r wGB}
AAB ={wGl^|wGAorwGB but not in both }
A \ B = { u E Q \ u e A b u t n o t w G B }
A'^ ={w G0Iw^j4 }
n„ .^n ={w GQIwGA„, for all n}

E^\0} EAn, for at least one n}

’’The set of all experiments’
’ ’ E v e n t s ’

’’Both events Aand Bhappen’
’’Either Tor Bhappens’

One of the events Tor Bhappens’
”Abut not Bhappens’

”Adoes not happen’
’’All events A„ happen’

”At least one event A„ happens’

DEFINITION: Boolean algebra D E F I N I T I O N : o - - fi e I d

Acr-field or tr-algebra on Dis aset Aof
subsets of Qsatisfying

O b e a s e t . A s e t A o f s u b s e t s o f D i s a

Boolean algebra, if

D G A ,
A e A ^ A ^ E A ,
A , B g A = > A u B g A .

Q e A ,
A e A ^ A ' ^ E A ,
{ A i , A 2 , . . . } c A ^ i l i

O O

A i E A .1 = 1

PROPERTIES: ABoolean algebra (D,A) is closed under all set
theoretical operations: A,BeA, then

0 G A A n B G A .
A A B e A .A \ B e A

A(T-field (D, A) is closed under all set theoretical operations which
c a n b e e n u m e r a t e d .

DEFINITION: Probability measure

Afunction B:A—*! Mon acr-field (II, A) is aprobability measure if

P[A] >0,
B[0] =1,
^[U"=1 ̂ i] =Yh=i B[A,], if Ai nAj =0, for all i,j, (additivity)

(nonnegativity)
(normalisation)

P[A\ is the probability that the event Ahappens.’

P R O P E R T I E S :

A C B ^ P [ A ] < P [ B ] .
P[A^] =1-P[A],
P[B] =P[A nB] -h P[A'= nB]

B[0] =0

SWITCH ON, SWITCH OFF fo rmu la :

n n

Ek - 1 P [A i , nA i ,n . . . nA iJ
t = i *; =1 l < > i < i 2 < . . < ! f c < n
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K O L M O G O R O V A X I O M S

Aprobability space (Q,A,P) consists of aset fi (the set of exeriments), aa-
algebra A(the set of events) and afunction P;A[0,1] (the probability
measure).

Acr-field or cr-algebra on is aset Aof subsets of Cl satisfying

G A ,
A e A = > A ' = e A ,
{Ai ,A2, . . . }cA=^U:

o o

A i GA .2 = 1

DEFINITION: Probability measure

Afunction P:A—> Mon acr-field (D, A) is aprobability measure if

P[A] >0,
P[Cl] =1,
-P[ur=i -Z^r=i i f ^ 3 - f o r a l l h J , ( c r - a d d i t i v i t y )

(nonnegativity)
(normalisation)
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Two controversial examples
The Girl-Boy problem

QUESTION. ’’Dave has two childs. One child is aboy. What is the probability
that the other child is agirl”.

SOLUTION. Q, ={BG,GB,BB), A=set of subsets of Oand P[{BG]] =
P[{GS}] =P[{BB}] —1/3. Now A={BG, GS} is the event that the other
child is agirl. P[A] =2/3.

Solution with conditional probability. fi ={BG,GB, BB,GG} with
P[{BG}] =P[{GB}] =P[{BB}] =P[{GG}] =1/4. Let B={BG,GB,BB}
be the event that there is at least one boy and A—{GB,BG,GG} be the
event that there is at least one girl. We have B[A|B] =P[A 0B]/P[B] =
(l/2)/(3/4) =2/3.

C h e c k o u t ;

1
h t t p : / / H B H . w i s k i t . c o m / m a r i l y n . b o y s . h t m l
L

The Monty-Hall Problem

QUESTION. ’’Suppose you’re on agame show and you are given achoice of
three doors. Behind one door is acar and behind the others are goats. You
pick adoor-say No. 1-and the host, who knows what’s behind the doors,
opens another door-say. No. 3-which has agoat. (In all games, the host opens
adoor to reveal agoat). He then says to you, ”Do you want to pick door No.
2?” (In all games he always offers an option to switch). Is it to your advantage
to switch your choice?”

SOLUTION. The probabil i ty space is Q
P[{goatl}] =P[{goat2}] =P[{car}] =1/3.
First case: No switching: The winning event is A={car} which has probability
1/3.
Second case: Switching; The winning event is ={goatl, goat2} which has
probability 2/3.

{goatl, goat2, car} with

C h e c k o u t :

h t t p ; / /wHW.w isk i t . com/mar i l yn .gameshow.h tm l

I r e c o m m e n d t h e c i t e

r

h t t p : / / h t t p : / / w w w. c u t - t h e - k n o t . c o m
L J

for more Mathematics puzzles.



Math 464/564, O. Kni l l , February 1997

W h a t i s r a n d o m n e s s ?

R a n d o m n e s s i n t h e d i s t r i b u t i o n o f P r i m e n u m b e r s ?

The prime number theorem says that the n’th prime number is roughly
Pn ~nlog(n) in the sense that this becomes better and better for n^oo. So,

=Pn+i/log(pn) is roughly equally spaced.
What is the fine structure of the distribution of prime numbers? Experimets
suggest that nh->■—g„)/log(n) behaves asymptotically like an exponential
distributed random variable X. It is an unsolved mathematical problem if such
arelation can be proven asymptotically.

r 1

L i s t P l o t [ Ta b l e [ P r i m e [ n + 1 ] / L o g [ P r i m e [ n ] ] , { n , 1 0 0 0 } ] ]
L

r 1

q[n_] :=Prime [n+1]/Log [Prime [n]] ;
h [ n _ ] : = ( q [ n + l ] - q [ n ] ) / L o g [ n ] ;
L i s t P l o t [ Ta b l e [ h [ n ] , { n , 1 0 0 0 , 3 0 0 0 } ] ]

Randomness in the digits of tt ?

Consider the the numbers tt *10*^ modi, obtained by cutting away abunch
of digits in tt. We can define fi as the set of all numbers, which are limits
of numbers Do the tt* behave as independent random variables over the
probability space fi =[0,1],A =measurable sets, P[a, b] =b—a)?

r 1

I n t e g e r D i g i t s [ F l o o r [ 1 0 ' 1 0 0 0 * H [ P i , 1 0 0 0 ] ] ] ;
L
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B a s i c f o r m u l a s i n c o m b i n a t o r i c s

PERMUTATIONS. Let X={1,..n} be afinite set. Apermutation tt of Xis abijective function
7T ;X—>■ X. There are

p[n) =n! =n{n —1) !!!1

such permutations. Proof: by induction, if one of the npossible values 7r(l) is fixed, there are p(n —1)
possibilities to fix the other values w{k).
EXAMPLE: There are n! possible ways to redistribute ncoats of npeople.

PERMUTATIONS WITH IDENTIEICATION. Take X={li,...,l
Elements like 2s and 2s are identified. There are

. . , k ■ ■ )2 i , . . . , 2 1, ■n i , r i 2 ) !

p{n;ni,...,nk) =

permutations without distinguishing identified elements. Among all n\ permutations, there are «i!
which are distinguished only by apermutation of identified elements Ij, so that n\/ni\ permutations
have 1-elments not distinguished. Proceed inductively.
EXAMPLE: Erom the letters A, A, B, B, B, B, E, Uone can make p(8; 2,4,1,1) different words.

SAMPLING. We choose kelements from X={!,.. .,n). we look for kelements and do distinguish
the picking order.

v{n, k) = (n- fc) !

if the picking order is distinguished.
EXAMPLE. 6persons can in u(10,6) possible ways take place on 10 chairs. See also the birthday
paradox from class.

SAMPLING WITH REPLACEMENT. We choose kelements out of afinite set X={!,..., n} but
put the element back each time. The number of such elements is

v*{n, k) =n*

EXAMPLE: There are possible ways to throw 10 distinguishible dices.

COMBINATIONS. We pick kelements from nelements not distinguishing the picking order. We have
to divide v{n, k) by k\ to get

n \c{n,k) - {n -ky. k \

possibilities to choose kelements out of nelements.
EXAMPLE: We can choose in c(52,10) possible ways aset of 10 cards from 52 cards.

COMBINATIONS WITH REPETITIONS. If in the combinations, we allow to pick several times the
same elements, the number of possibilities is

f c ' ( n - l ) !c*{n,k) =
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Basic problems in combinatorics (II)
PERMUTATIONS. ! There are n! bijective maps on aset of nelements.

PERMUTATIONS WITH IDENTIFICATION. !Using the digits 1,1,2,5, one can form the
p(4; 2,1,1) =12 different numbers

1125,1152,1215,1251,1512,1521,2115,2151,2511,5112,5121,5211

! T h e r e l a t i o n

\ \ / \ \n n n — n \

\ n 2
n — n i — U 2 n k

\ n i , n 2 , . . . , r i k / n i n k /

holds because we can first choose ni elements from nslots, fill them with the ni elements of the frist
type, then choose ri2 elements from the remaining n—n\ slots, etc.

n z/ V /

SAMPLING. !6persons can in ?;(10,6) =10 !9!!-4possible ways take place on 10 chairs. (The first
person has 10 possibilites, the second person 9, the last one only 4).

0 9

!Birthday paradox: The probability
that amoung kpersons at least 2have
the birthday at the same day in the year
is l-i;(365,/fc)/365*.

y
1 0 0

SAMPLING WITH REPLACEMENT. !There are possible ways to throw 10 distinguishible dices.
!There are n" possible maps from aset Xwith nelements into itself.

COMBINATIONS. !Arizona Lotto. The probability to win the jackpot (choosing 6correct numbers
from 42 numbers) is one to

/ 4 2 \
= 5 ' 2 4 5 ' 7 8 66

If of nelements have some winning property and we choose kelements, the
probability to get mwinning elements is

f k \n — k
k — m m

!Arizona Lotto again. The probability to have 3numbers of the 6numbers right (and win 2dollars)

Arizona Power ball. Choose 5white balls from {1,.. .,45} and choose 1red ball from {1,.. .,45).
What is the probability to have 6right? Answer :1/124926.

i s :

C O M B I N A T I O N S W I T H R E P E T I T I O N S .

!The recursion c*(n, k) =c*(n, ^-l)+c*(n —1, k) proves the formula and can be seen as follows: mark
one element and divide the possible combinations into two classes. In the class with the distinguished
element, there are c*{n, k-\) elements. In the class without, there are c*(n -1, k) elements.
!Music accord. There are 12 different tunes in an octave. An accord is aset of tunes played
simultaneously. Ajazz music group having three saxophons wants to know, how many accords three
saxophons can plav. (It is allowed that two saxophons plav the same tune). There are c*Cl2, 3) =364
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C o m b i n a t o r i c s i n M u s i c

Are there combinatorical restrictions in creating new music? How come that one plays today also
music from say 200 years ago while in mathematics for example, it is unthinkable to read Gauss or
Eulers work? Maybe there are not so many melodies to invent and steahng of tunes is anecessity?
Evenso, we can not answer the above question, this brings us to combinatorial music theory.

Afirst interesting question is what are the choices to using frequencies, rythms etc? Let’s stick to
frequencies.
The western music divides the octave into 12 equal steps in the sense that going up one steps cor¬
responds to amultiplication of the frequency by afactor 2^^2 frequencies form ageometric
sequence. Why does one do that? The mulitplicative structure is because our ear listens logarith¬
mically (which is both physically and physiologically reasonable). Frequency relations, which are
r a t i o n a l a r e c o n s i d e r e d ’ ’ h a r m o n i c ” .

Euler defined in his music theory for afrequency ration pjq the ’’gradus suavitatis” (degree of
pleasure) T{pjq) =(1 -|- Y^i{Pi —1)), where pi are the prime factors oip*q (with multiplicity). For
example, the Uttle decime 12/5 has the degree of pleasure (l-|-(2-1)(2-1)(3 —1)(5-1)) =9. Now,
choosing ageometric scale of 12 tunes interpolating afrequency doubhng allows to approximate
quite well the most harmonic relations.

E(l/2)
T(l/3) =E(l/4)
r (2/3) =r( i /6) =r( i /8)
E( i /5) =r ( i /9) =r ( i / i2) =r (3/4) =r ( i / i6)

2

3

4

5

As amatter of fact, the square of 2“̂ A2 which is 2“̂ /® =1.122462048... is close to 9/8 =1.125. The
’’antique doric tune” is obtained by taking from c—dand d-e the frequency relation 9/8 and from
e- /the relation 128/117, (c- /has then arelation 4/3) then again 9/8 from f-g, g-a and a-h
and again 128/117 from hto c. Other tunes are the ’’diatonic tune”, 4/3 =(9/8) *(8/7) *(28/27)
the ’’chromatic tune” 4/3 =(32/27) *(36/35) *(28/27), or the ’’enharmonic tune” using 4/3 =
(5/4) *(36/35) *28/27). The frequency relation 2^^2 fQj. smaller steps has the advantage that
it is ’’translational invariant”, that is one can compose music pieces translated. This is changing
the possibilities for acomposer of piano muscic because the scale on apiano is not translational
invariant (black and white keys).
From the building block of 12 frequencies, one can choose sub scales, which have better ’’degrees
of pleasure”. Examples are the scale c—d—e-f,g,a,h of children songs consisting of 7elements.
Taking the same scale but starting with an other initial point gives so called ’’church-scales” or the
s c a l e ’ ’ m i n o r ” .

Our ear does not like frequency relations which large ’’degree of pleasure”. That’s why one has a
smaller set of frequencies 7instead of 12, with which one can play simpler melodies.
Now, we look at some problems to play accords (tunes played together), and melodies (tunes played
in asequence):
Question 1: Apiano has 88 tunes. How many accords consisting of 3tunes can one play? Answer:
c(88,3) =109736.



Some of the accords are translat ional invariant and the tunes have to be taken modulo 12.

Question 2: How many accords of 3tunes can one play modulo 12. Answer: put the first tune at
c. Now, can choose 2elements of 11. So, we have only 55 such accords.
Question 3(to combinations with symmetry): How many accords can one play on the stair of 7
tunes {c,d,e, f,g,a,h} ={1,2,3,4,5,6,7}? Answer 2^. To make the question more difficult, we
ask fo r t rans la t iona l invar ian t d i f fe ren t accords .

This question is now more difficult bug can be answered with the

LEMMA OF BURNSIDE: Let agroup Gact on aset H. Then the number of cycles of the
group action is

|G|-‘X:rix(s).
g€G

To apply this lemma to the problem of accords: let Gbe the group of translations consisting
of 7elements. The number of fixed points is 2^ for the identity, 2for every other element.
The answer is (2^ +2*6)/20. Most of these accords are used in music: {’’pause”,’’one —
tune",” second” quart”," second —quart”,” second —tertz”,” second —quint”,” three —
accord” ,”tertz—quart”,” quarte—ajoutee”,” second—tertz—quarte”,” second—quart—quint”,” sixth
ajoutee”,” second —ajoutee”,” second —quart —ajoutee”,” quart —sixth —ajoutee”,” second —
sith —ajoutee”, ”second —quart —sixth —ajoutee”, ”septime —second —quarte —sixth —ajoutee” }.

Question 4(to permutations): How many pieces can one play in the ”twelf-tone music”? Answer
1 2 ! = 4 7 9 ' 0 0 1 ' 6 0 0 .

Question 5(to sampling) Anton Webern’s Sinphonie op 21 the second ”satz” consisists of a’’theme”
with 8’’variations” and a’’coda”. Each, ’’theme”, ’’variation” and ’’coda” is a”twelf-tone music”
and they have to be different. How many ’’sinphonies” can one write like this? Answer: we have
to choose 11 permutations out of the 12! permutations. Therefore

c(12!, 11) =7630462054792415927705549450172273571842040394984563168904316741381986181085708708377600 '

Iremind you that our universe is aabout 10^^ seconds old! So even if we could play 10^° themes
in asecond (with future lOOOx CD playes using future 10 GHz Pentium processors!) and every
person of the soon 10^° people in the world would play with 10^° computers. One would stiU have to
play 10'*° ages of universes long to enjoy aU possibile sinphonies. Areason to switch the music taste?

Question 6(to sampling without replacement): How many melodies of length ncan one play on a
piano with 88 keys? 88’".

Question 7(to combinations with repetition): Assume three saxophones play together. How many
accords can one form in ascale of 12 frequencies? c*(12,3) =c(14,3) =364.
Question 8(to permutations with identification): an orchestra consists of 20 strings, 10 cellos and
5bass. We permute them randomly and let one after the other play the tune c. How many ’’songs”
can one hear like that? Answer: p(35; 20,10,5) =9753573309480.
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Large numbers and small probabilities

A’’myriad”. The largest numbers, the greeks were considering.10^

The largest number considered by the romans.10®

The age of the universe in years.1 01 0

Distance to our neighbour galaxie Andromeda in meters.1022

Number of atoms in two gram Carbon (Avogadro).2 31 0

Size of un iverse in meters .2 61 0

Mass of our home galaxy ’’milky way” in kg.4 11 0

Archimedes (300 A.D.) estimeate of the number of sand grains in the10®i u n i v e r s e .

5 2 Mass of our universe in kg.1 0

T h e n u m b e r o f a t o m s i n o u r u n i v e r s e .lOSo

One ’’googol”. (Name by 9year old nephew of the mathematician E. Kasner).1 0 01 0

Number mentiond in amyth about Buddha.1 5 31 0

Size of the ninth Fermat number (factored in 1990).1 5 510

2l'398'269 _I Largest known prime number (This Mersenne number was found in November 1996).

101“' Years for aparrot to write ’’the hound of Baskerville” by random typing.
3 3 The odds that acan of beer tips due to quantum fluctuations (Richard Crandall)1 : 1 0 i °

4 2 Probability that amouse survives on the the sun for aweek (John Littlewood).

Odds for finding yourself on Mars reassembled by quantum fluctuations (R. Crandall).

1 ; 1 0 1 “

5 1

1 : 1 0 1 “

1 0 0

One ’’gogoolplex”, does not exist in decimal expansion in our universe.1 01 0

See the recen t a r t i c l e o f R .E . C randa l l i n

r 1
Sc ien t i fic Amer i can , Februa ry 1997
L J
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Discrete probabi l i ty distr ibut ions
UNIFORM DISTRIBUTION. 0={1,..., n}.

P[{X{u;) =I:}] =

Equal districution on finite probability space.

1

o . o s

O -

0 . 0 2

- r r s - T s 1 5 2 0

BERNOULLI DISTRIBUTION. E! ={0,..., n}.

n — f cP[{X{w) =k}} =

Make nexperiments with success rate p. Have ktimes success.

0 . 2

O . S

0 . 1 5

0 . 0 5

r s -t o t o 1 0 1 5

HYPERGEOMETRIC DISTRIBUTION, fi := {0,1,..., n}.

r i r — r i
k = ± 1n

P[{X(c) =k}] =
r

n

Win kfrom ntries by choosing from relements amoung which r\ have winning property.
(Lotto),

r0 . 2

0 . 8

0 . 6

0 . 1
0 . 4

0 . 2

J I L
5■ r t o ¬ r s - - 2 0 1 5 2 0



GEOMETRIC DISTRIBUTION. D={0,1,2, ...,}= N.

P[{X{w) =k}]=p{l-p)>‘

Waiting time for failing of equipment.

0 . 2

0 . 8

O . «

0 . 1

o . «

0 . 0 5
0 2

T T T ol o I S 5

POISSON DISTRIBUTION. 0={0,1,2, ...,} =N.

P[{X{W) =k}] = jfe!

Used for counting pheneomena.

0 . 1 2

0 . 80 . 1

0 . 0 8
o . «

0 . 0 4

O 0 2

! r T o - T T l O 2 0

The illustrations for this page were done by running the following program.

1

« S t a t i s t i c s ‘ D i s c r e t e D i s t r i b u t i o n s ‘

PDFandCDF[d is t r_ ] :=ShoH[GraphicsArray[
{ L i s t P l o t [ Ta b l e [ P D F [ d i s t r , n ] , { n , 0 , 2 0 } ] ,

D i s p l a y F u n c t i o n - > I d e n t i t y ] ,
P l o t [ C D F [ d i s t r , x ] , { x , 0 , 2 0 } ,

D i s p l a y F u n c t i o n - > I d e n t i t y ,
A x e s 0 r i g i n - > { 0 . 0 , 0 . 0 } ] } ] ,

D i s p l a y F u n c t i o n - > $ D i s p l a y F u n c t i o n ] ;

D i s p l a y [ " ! p s fi x - l a n d A d i s t 0 1 . p s " , P D F a n d C D F [ D i s c r e t e U n i f o n n D i s t r i b u t i o n [ 1 5 ] ] ] ;
D i s p l a y [ " ! p s fi x - l a n d A d i s t 0 2 . p s " , P D F a n d C D F [ B i n o m i a l D i s t r i b u t i o n [ 1 5 , 0 . 4 ] ] ] ;
D i s p l a y [ " I p s fi x - l a n d A d i s t 0 3 . p s " , P D F a n d C D F [ G e o m e t r i c D i s t r i b u t i o n [ 0 . 2 ] ] ] ;
D i s p l a y [ " i p s fi x - l a n d A d i s t 0 4 . p s " , P D F a n d C D F [ P o i s s o n D i s t r i b u t i o n [ 1 0 . 0 ] ] ] ;
D isp lay [ " ipsfix - landAdis t05.ps" ,PDFandCDF[Hypergeometr icDis t r ibut ion[15,9,20] ] ] ;

L
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Discrete probability distributions (II)
ZETA DISTRIBUTION. D=N\{0} ={1,...,

For fun. Useful in number theory, where it gives an elegant proof of the Euler formula

nC(«)-^ =
p € N p i s a p r i m e

o . e

I

0 . 2

i

DEVILISH DISTRIBUTION, fi ={/fe/2”, 1< < 2", fe odd }.

P[{X{u) =/k2-"}] =2/4".

Such distributions occur in quantnm mechanics in crystallic alloys or random materials The
function Fis there called the density of states. The spikes of the density correspond to the
location of the possible energy values of the electron.

0 . 8

0 . 2

I
rJ . J .

NEGATIVE BINOMIAL DISTRIBUTION. D={0,1,. . . , } . Parameters 0<p<1, nGN.

n + k — 1
n — IP[{X{uj) =I;}] =

Distribution of number of failures that occur prior to the n’th success, when iterating experi¬
ments which succeed with probability p.

0 . 1

0 . 0 6 0 . 6

0 . 0 4 0 . 4

0 . 0 2 0 . 2

T r s - T T ■ 5 ^



EXAMPLE 3): ADEVILISH DISTRIBUTION. The random variable
1 1

2

^(j) =
X(5) =X(|) =X(I) =

11

4 8
11

^ ( o )8 3 2

1 2 " - 1 )=|r2 "

takes the values {2k —l)/2", A; =1,..., 2" ^which is adense set in the interval [0,1].

The distribution function of AT is adevilish stair case: you have to take in every time interval through
infinitely many steps.

1

D e v i l S k i n : = { L i n e [ { { 0 , 0 } , { 1 , 0 } } ] } ;
H a i r [ n _ ] : = Ta b l e [ L i n e [ { { ( 2 k - l ) / 2 - n , 0 } , { ( 2 k - l ) / 2 - n , 2 / 4 ‘ n } } ] , { k . 2 ‘ ( n - l ) } ] ;
D e v i l H a i r : = S h o H [ G r a p h i c s [ { D e v i l S k i n , Ta b l e [ H a i r [ n ] , { n , D e e p n e s L e v e l } ] } ] ,

P l o t R a n g e - > { { 0 , 1 } , { 0 . 0!5 5 } } . D i s p l a y F u n c t i o n - > I d e n t i t y ] ;
L e v e l Va l u e s [ n _ ] : = Ta b l e [ { ( 2 k - l ) / 2 " n , 2 / 4 " n } , { h . 2 ‘ ( n - l ) } ] ;
U p To L e v e l [ n n _ ] : = S o r t [ M o d u l e [ { s = { } } , D o [ s = U n i o n [ s , L e v e l Va l u e s [ n ] ] , { n > n n } ] ; s ] ] ;
DevilStair[x_] :=Hodule [{v= .0} ,Do [If [u[[k ,l]]<=x,v=v+u[ [k ,2]]] ,{k .Length[u]}] ;v] ;
D e v i l S t a i r C a s e ; = P l o t [ D e v i l S t a i r [ x ] , { x , 0 , 1 } , D i s p l a y F u n c t i o n - > I d e n t i t y ] ;
Hel lsBel ls [DL_] ;=Hodule[ { } , DeepnesLevel=DL; u=UpToLevel [DeepnesLevel ] ;

S h o H [ G r a p h i c s A r r a y [ { D e v i l H a i r, D e v i l S t a i r C a s e } ] ,
D i s p l a y F u n c t i o n - > $ D i s p l a y F u n c t i o n ] ] ;

D i s p l a y [ " I p s fi x - l a n d > d e v i l s t a i r . p s " . H e l l s B e l l s [ 6 ] ] ;

L J

1

0 . 8

0 . e

0 . 4

0 . 2

J
1 1 X 1 0 . 2 0 . 4 0 . 6 0 . 8 1
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Adrunken Sailor, Euler ’s formula and aDevilish staircase.

DEFINITION. Adiscrete random variable is afunction A:D—> Mwith adiscrete image, such that
=P[X =x] is an event. The function fx{x) -P[{X —a;}] is the discrete density function of X,

while Fxi^) =P[X <x] is the discrete distribution function of X.
INTERPRETATION. Random variables describe measurements. Every experiment u> GQgives the outcome
A(w), like the value of athrown dice.
MANIPULATION OF RANDOM VARIABLES. One can add, multiply and manipulate discrete random
variables; if X, Yare random variables and Ais areal number, then X+Y, XY, XX are discrete random
variables. Also, if /:M—*■ Mis afunction, then foX is arandom variable. For example sin(A) is arandom
v a r i a b l e .

EXAMPLE 1): RANDOM WALK (DRUNKEN SAILOR) The one-dimensional random walk models the
random motion of aparticle on the lattice h. The particle starts at 0and makes in each period atime step
-|-1 or —1 with probability 1/2. It is also used for discribing the balance development of agambler in a
fair game or the value of astock in the market or the steps of adrunken sailor.
THE PROBABILITY SPACE OF THE RANDOM WALK is the set of all possible steps

D={-1,= {(a; =(l.1, ..., | W i G { - 1 , 1 } }

the set of events A={A CD} and Pis the probability measure P[A] =|A|/|D|.
THE LOCATION OF THE WALKER. Consider the random variables Aj,(w) =wj, and S„ =
The value 5n(w) is the location of the walker at time nhaving done the sequence of steps w. In agambling
interpretation Xk is the win rsp. loss at the k'th step and 5„ is the total win until the n’th step. For each
wGD, one gets atrajectory {5n (‘^)}
T H E D I S T R I B U T I O N O F T H E R A N D O M VA R I A B L E S „ i s a B e r n o u l l i d i s t r i b u t i o n

N
f ! = l -

(i)p*(l-P)n — kP[Sn =k] =

for p=1/2. The walker can only reach places kat time n, if n-f fc is even.

EXAMPLE 2): AFORMULA OF EULER ABOUT PRIMES. Probability theory is useful in number theory.
THE ZETA DISTRIBUTION. Consider arandom variable with distribution P[X =tj] = w h e r e
Cis the Rieman zeta function

C O

as) =J2n-Xs H - » ■

n = l

The famous open Riemann Hypothesis predicts that all zeros of <((s) in the complex line are on
the line Re{s) =1/2. We know from theory that the random variable Xdefines aprobability space
n={1,2,...,},A ={A C0},R[{n}] =A(w)). We have only to check that P[0] ==
C(^)-^E ■
SOME INDEPENDENT EVENTS. The sets Ap ={n £Q\pdivides n}with prime pare independent: we
have P[Ap] —and \ipi,i= 1,.. ,,k are primes, then

P[Api nAp, n... nApJ = ■  ■ - p k )

- . 1 = 1 .n

^={P1---Pk) \{s)!

EULER’S FORMULA. Consider the event A={n
A={1}. And P[A] = On the other hand, Ais the interesection of all events A°
runs over the prime numbers: from A=Hp prime independence of A', we get the formula of Euler

nis not divisible by any prime number }. Clearly,
0\Ap, where p

1

nC(s) p€N p i s a p r i m e
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1) (5-10 minutes) Repetetion: Expectation, Variance, Properties.
Maybe compute the expectation and variance of the uniform distribution using the Probability gen¬
erating function.

2) (5-10 minutes) Reminder: Arandom variable does not need to have afinite Expectation or finite
variance (or other finite moments). See Petersburg paradox.
Example: P[X =k] =l/k —l/{k p\). Brick paradox, numerical convergence paradox.

3) (5-10 minutes) Definition of covariance. Formnlafor Var[X +Y] =Var\X]-\-‘^Cov[X ,Y\ +Var\Y],
W h a t i s a n n c o r r e l a t e d r a n d o m v a r i a b l e .

4) (10 minutes) Independent random variables are uncorrelated. Thm: E[XY] =E[X]E\Y] if X,Y
are independent. Direct proof.
Application: independent =?▶ uncorrelated.

Example. Binomial: Var[Xn,p] =nVar[Xi^p] =np{\ —p).
Example. Poisson: Var[Xx] is linear in A.

5) (5-10 minutes) Auseful formula for the expectation. If Xis integer valued, then E[X] =
hi¬

proof. E[X] =Efc=i — ^ ] - C h a n g e s u m m a t i o n .
Example. P[X >n] = = P(1/P“(1“(1~P)") /P) =(1—p)" for geometr ic d is t r ibut ion.
S o E [ X ] = E “ i ( l - p r = l / p - l -



6) (15 minutes) The Correlation coefficient. p{X,Y). Think of it as aCosine of an angle. It is zero
if the random variables are uncorrelated. They can be positively correlated or negatively correlated.

Schwartz inequality EIXY]"^ <E[X'^YE\YY. Proof; 0<
E[{X +AT)2] =EIX"̂ ] +A2£[y2] +2A ;̂[Xy]. The mini¬
mum of the RHS is achieved for A=E[XY]/E\Y'^] for the
RHS is £;[X2] -E[XYf!E[Y‘^].
Implies p{X, T) <1.

Example. Compute the Correlation coefficient of Xand 3X, where Xis the random variable of
throwing adice once. We have E[X] =3.5, Var[X] =35/12 (see table). Var[ZX] =9Var[X],
E[XY] =SE[X^] =3(yar[X] +E[X]2) =3(35/12 -f 70/100).

The correlation coefficient as well as the regression line is more useful in statistics.

The regression line of two random variables X, Yis the
line y=ax +b, where

Cov[X,Y] b=E[Y] -aE[X] .a =

Var[X]

If y=ax +bis the regression line of two random variables
Xand y, then the random variable Y=aX +bminimizes
Var[Y —y] under the constraint E\Y] =E\Y]. It is the
best guess for Y, when knowing only E\Y] and Cov[X,Y],
We check Cov[X, Y] =Cov[X, Y].

Example. If X,Y are independent, then a=0and b=^[y]. Then Y=E[Y]. We can not guess
better Ythan replacing it by the mean.

8) (15 minutes) The Chebychev inequality.
Ta k e a r a n d o m v a r i a b l e X a n d d e fi n e y = 0 i f X < t a s w e l l a s Y = t i f X > t . T h e n X > Y a n d s o
^[X] >E\Y]- That is E[X] >tP[X >t]. Applying this to (X -E[X]) and t=e, we get

E[(X -E[X]) >e] <Var[X]/e^

which is called the Chebychev inequality.

9) (15 minutes) The weak law of large numbers. Var[Sn/n] =Var[Xj]/'n? so that

E[{Snln -E[X]) >e] <Var[X]/{ne9 ^0.

Application: Bernoulli 1f[5„/n —p] >e] <p(l -p)/{nc^).
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D E F I N I T I O N ; L e t X b e a d i s c r e t e r a n d o m v a r i a b l e .

The expectation of Xis E[X] —Ylxex(a) ^ ~
The variance of Xis Var[X] =E[{X -E[X]f].

SOME PROPERTIES OF EXPECTATION AND VARIANCE For random variables X, Yand AGM

a) E[X +Y] =E[X] +E[Y]
c ) X < Y E [ X ] < E [ Y ]
e) £'[X] =cif X{u>) =cis constant
g) Var[X] >0
i) Car [AX] =X'^Var[X]

b) E[XX] =\E[X]
d ) X [ X 2 ] = 0 X = 0
/) E[X -E[X]] =0
h) Var[X] =E[X^] -X[X]2

P R O O F O F T H E A B O V E P R O P E R T I E S :

a) E[X +Y] =E.6(x+y)(n) z-P[X +Y=z] =E.ex(a).
=E.ex(n) ^P[X =x] Zyerm vPiY v] =
6) X[AX] =E.ex(n) ^P[^ = = E.ex(n) ^^P[^ =x] =XE[X]
c) X<Y=> X(ui) <Y(w) ^E[X] <E[Y]
d) E[X^] =0P[X2 =x] =0V:c 44>X=0
e) X(u;)
/) E[X -E[X]] =E[X] -E[E[X]] =E[X] -E[X] =0
g) (X -£’[X]) >0=>- Var[X] >0
h) E[{X -E[X]f] ^E[X^ -2XE[X] +E[Xf] =^[X^j -2£'[X]X[X] +E[X]^ =^[X^] -E[X]\
i) E[X^X^] =X^E[X^] and E[XX]^ =X^E[Xf

(x +y)P[X =x,Y =y]y€Y ( a )

cis constant =>■ E[X] c -P [X c] =c■1=c

EXPRESSIONS FROM THE DISCRETE DENSITY FUNCTION. Let fx{x) be the discrete density
function of X, then

E[X]= Y1 xP[X =x]^ f x ( x ) .
r e x ( n ) ® e x ( n )

Var[X]= Y, Y ■
x e x ( n ) x e x ( n )

EXPECTATION OF h(X) like for example h{X) =sin(X).

E[h{X)]= Yhix)P[hiX) =h{x)]= Y^P[X=^x]= YKx)fx(x).
x€X ( n ) x £ X { n ) x e x ( n )

E X A M P L E S O F D I S C R E T E D I S T R I B U T I O N S :

f x j k ) = P [ x = k ] =D i s t r i b u t i o n P a r a m e t e r s D o m a i n Expectation Va r i a n c e

7 n - k nGN, pG[0,1] {0 , . . . , n }B i n o m i a l n p { l - p )n p

(n" -1)/12U n i f o r m 1 /n {1,u G N (l +^)/2
P o i s s o n A > 0 A A

(1 -P)V ( 1 - P ) / Ep e ( Q , i )G e o m e t r i c (1 -P) /P



M a r c h 1 9 9 7Math 464/564, O. Knill,
Probabil i ty generating functions

Probability generating functions are useful for computing distributions of sums of independent random
variables as well as to compute expectation and variance or higher moments E[X"]. Useful are also
the moment generating function E[e~^ ]̂ or the characteristic function E[e^^ ]̂ which we will see later.

DEFINITION: Let Xbe adiscrete random variable taking values in N={0,1,..The probability
generating function of Xis </>x(<) =13^=0 = ”1^" =Y^n=o fx{n)t".

T H E S U M O F T W O I N D E P E N D E N T R A N D O M VA R I A B L E S .
If X,Y are independent, then (f>x+Y{'t) =

P R O O F O F T H I S F A C T .

-k] ^P[X =k]P[Y =n-k] =X^/x(^)/y(n-fe)
k k

]=^P[X =k,Y^
k

fx+Y{n) =P[X+Y =n n

a n d w e o b t a i n

<f>x{t)Mt) = frMn = - *)) = t n

kk n nm

C O M P U TAT I O N O F E X P E C TAT I O N A N D VA R I A N C E .

E[X] =.

Va r [ X ] = , ^ ^ ( l ) + ^ ^ ( l ) ( l - ^ ^ ( l ) ) .

P R O O F O F T H E S E F A C T S .

n

Differentiation gives
n — \

n

Evaluate at t=1gives the formula for the expectation.
Again differentiation gives

<i>'k{i) =Y.'^{ri-l)P[X =n] e-K
n

For t=1, we obtain
(1) =E[X^] -E[X] .

Adding E[X] —E[X]^ gives the variance.

P R O B A B I L I T Y G E N E R A T I N G F U N C T I O N S O F S O M E D I S C R E T E D I S T R I B U T I O N S :

fxjk) =P[X =k] =D i s t r i b u t i o n P a r a m e t e r s D o m a i n Probability generating functic n
Yn

p ’ ‘ ( l -p)n — k neN,pG [0,1] {0 , . . . ,n }B i n o m i a l (p t + l - p ) Y l

k

n ( l - t )1 / n { l , . . . , n }U n i f o r m n G N

k< ^ eA(t-i)A > 0P o i s s o n

( I - P ) VG e o m e t r i c p e ( o , i ) p / { i - { i - p ) t )
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D E F I N I T I O N .

Denote by C[0,1] the set of all continuous functions on the interval [0,1]. For two functions f,g in
C[0,1] we define the distance d(f,g) —sup^gjo ij |/(x) — The set C[0,1] with this distance
is ametric space. Given asequence /„ in C[0,1] satisfying d(/,
uniformly to /and writes fn ^f- Aset ACG[0,1] is called dense, if for every /GG[0,1] there
exists asequence /„ €Awith /«—>■/.

/) ^0, one says /„ convergesn ,

The weak law of large numbers provides an elegant and constructive proof of the theorem of Weier-
s t r a s s .

T H E O R E M O F W E I E R S T R A S S .

Polynomials are dense in C[0,1]: more precicely, given /GC[0,1], the Bernstein polynomials

ife=i ^

n - kx)

converge uniformly to /. If f{x) >0for all x, then also Bn{x) >0for all x.

P R O O F O F W E I E R S T R A S S .

For XG[0,1], let Xn be asequence of independent {0,1}- valued random variables with expectation
X. In other words, we take the probability space ({0,1}^,A, P) defined by P[u„ =1] =x. Since
P[Sn =k] =

n

has Bn{x) =E[f(Sn/n)]. Nowo n e
k

71 7 1

< 2\\f\\-P[\̂ -x\>S]+ sup \f(̂ )-f(y)\.p[\̂ -̂ \<6]
< 2\\f\\-P[\̂ -x\>6]+ sup \f{x)-f{y)\ .

\Bn {x ) - f { x ) \

The second term on the right hand side goes clearly to zero for 5—»! 0. By the weak law of large
numbers, the first term to the right is <2\\f\\Var[Xi\/{nS"^) which goes to zero with n-+ 00 because
Var[Xi] —x{\ —x) <1/4. Given e>0, we make 6so small that sup|j,. -y|<i\f{x)-fiy)\ <e/2 and
then so nlarge that ||/||/(2m5^) <e/2 so that \Bn{x) -f{x)\ <efor all xG[0,1].

W E A K L A W O F L A R G E N U M B E R S .

Assume A", have common expectation E[Xi\ =mand common variance M=Var[Xi] <00. If X,
are pairwise uncorrelated, then P[|5„/n —m| >e] ^0.

P R O O F O F T H E W E A K L A W .

Since Var[X +T] =Var[X] +Var[Y] +2!Cov[X, Y] and A„ are pairwise uncorrelated, we get
Var[XnAXm] =Var[Xn] +Var[Xm] and by induction Var[Sn] -Y!i=i Var[Xn]. Using the linearity
of expectation, we obtain £'[5„/n] =mand

71 n 71
t = i

With this and Chebychev’s inequality, we obtain

Var[Snln] _MP[|S -m| >e] < < 2 - 0 -e2n T i e
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The Banach -Ta rsky pa radox

QUESTION.
Let Abe the tr-algebra consisting of all subsets of acube CIs there afunction P:^^[0,1]
such that P) is aprobability space such that if two sets Y, ZC^which are congruent satisfy
P[Y] =P[Z]?

There is adramatic theorem showing that the answer to this question is no:

BANACH-TARSKY THEOREM (1924).
One can decompose aball YCinto 5disjoint pieces Yi,Y2,Ya,Yi,Y5 satisfying = Y a n d
rotate and move the 5pieces in 0in such away that two of the moved pieces Y/, Yj fit together to
aball with the same radius than the ball Yand that the remaining three moved pieces Yg, Y/, Y/ fit
together to asecond ball with the same radius than Y.

This gives the answer to the question because it follows from the axioms for Pthat P[Yi UYgjYg +
Yi +Ys] =P[Yi +Y2 +Ya +Y4 +Yg] =P[Y] and P[Yi UY2] =P[Yi] +P[Y2] =P[Y{] +P[Y^] =P[Y]
as well as P[Ya UY4 UY5] =P[Ya] +P[Y4] +P[Ys] =P[Yg'] +P[Yi] =P[Yi] =P[Y]. However
P[Y] +P[Y] =P[Y] implying P[Y] =0. Since Qcan be covered with finitely many translated pieces
Yor part of such pieces also 1=P[fl] =0. This contradiction shows and the assumption on the
e x i s t e n c e o f P c a n n o t h o l d .

Remark. Banach has proven in 1923 that in dimensions d<2, there exists afunction P:A—*
[0, 00] such that P[0] =0and P[U,”=i A] =IZr=i if disjoint sets in and such that
P[P(A)] =P[A] for any rotation or translation Rand P[nr=i^*]] = ~ “*)! So, there exists
no Banach-Tarsky paradox in one or two dimensions.

T O T H E P R O O F .

The proof uses the axiom of choice which is part of the axiom system ZFC (Zermelo-Fraenkel with
Axiom of Choice) all conventional mathematics relies on. (There is abranch of mathematical logic
where the game is to figure out, what one can do without the axiom of choice. However, since most
models for nature we have use heavily the axiom of choice in its foundations (for example in quantum
mechanics through probability theory or functional analysis) nobody would like to live without this
axiom.)

Aproof of the paradox can be found in the article K. Stromberg, Americ. Math. Mongthly 86
(1979) p. 151-161. There is also abook about the paradox: S. Wagon, The Banach-Tarski Paradox,
Cambridge 1985

VITALES EXAMPLE (1905).
Let f2 =[0,1]. Call x,y equivalent if i; —yis arational number. Let K. be the set of equivalence
classes with respect to this relation. The axiom of Choice assures that one can choose for each
equivalence class Kan element k. That is, there exists a’’choice function” f:K. ^with f{K) £K.
Define Y=/(/C). Let P={r„} be an enumeration of the rational numbers in Dand define Y„ =
(r„+Y). Then [0,1] =((J„ Y„) C[0,1].

Also this result shows that the cr-algebra has to be smaller. Vitali’s result is less spectacular because
of adecomposition into countabley many elements. Because the sets Y„ are all translations to each
other, P[Y„] =ais independent of a. J2n “— ^ i ^ n ] = E [ 1 J „ Y „ ] = P [ D ] = 1 i m p l i e s o = 0 i n
which case also 1=P[0] =0which is not possible.

C O N C L U S I O N .

In probability theory, if is uncountable, we have to take the rr-algebra smaller than the set of all
subsets .
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Aparadox in computing asurface integral
One might believe that one can compute the surface area by triangulating the surface into finer and
finer pieces and take the limit of these areas. This is wrong and there is afamous example of
S c h w a r z :

Take the cylinder Sof radius 1and height 1. Assume Sis parametrized by [0, 27t] x[0,1]. Asubdivision
of Binto squares Qi is obtained by subdividing for every nthe interval [0,1] by intervals and
the interval [0, 27t] into nintervals. Construct atriangulation with triangles by taking also the
images of the midpoints of Qi. The area of each triangle is >2sin(7r/n) sin^(7r/2n) >4/n^ and the
area of the triangulation goes to oo of the order n.



C A R A T H E O D O R Y E X T E N S I O N T H E O R E M

The construction of general probability spaces needs some measure theory. If you are interested into
the foundations of probability theory, here is the tool which is necessary for constructing general
probability spaces like the unit interval with the Lebesgue measure. The idea is to define the measure
first on aBoolean algebra one extend this to acr-algebra. For example, one first defines the Lebesgue
measure on sets which are finite unions of disjoint intervals [o,-,6j) by /r([ai,6j)) =6,- -a,. The
Caratheodory extension theorem (proven here) assures then that this can be extended consistently to
ao--algebra of sets containing these intervals.

R E P E T I T I O N D E F I N I T I O N .

Aset of subsets of Ais an Boolean algebra if 0GA,
A e A ^ A ' ^ e A ,
A , B e A ^ A U B e A .
If A„ GA=Y- UneN ^ called acr-algebra and the pair (0, A) is called ameasurable
s p a c e .

DEFINITION. Acr-additive map from aBoolean algebra Ato [0,oo) is called ameasure.

CARATHEODORY CONTINUATION THEOREM. Any measure on aBoolean algebra TZ can be
continued uniquely to ameasure on the smallest cr-algebra containing TZ.

DEFINITION. Let ^be aBoolean algebra and let A:Ai—> [0, oo] be ameasure with A(0) =0. Aset
AGAis called aA-set, if A(A OG) +A(A" OG) =A(G) for all GGA.

LEMMA. The set jC of A-sets of aBoolean algebra Ais again aBoolean algebra and satisfies
nG) =A(((Jj_j Aik) nG) for all finite disjoint families {Aj,}^_j and all GGA.

PROOF OF THE LEMMA. From the definition, it is clear that QGUand that if BE£, then
5' G£. Given B,C EC. Then A=Bf\C EC. Proof. Since GGU, we get

A(G nA" nG) +A(G'= nA" nG)u =A(A<^ nG)

T h i s c a n b e r e w r i t t e n w i t h G 0 A * ^ = G O a n d G * ^ D A ® = G * ^ a s

A(A<= nG) =A(G n5" nG) +A(G'= nG) . (1)

Since Bis aA-set, we get using ROG=A.

A(A nG) +A(R" nGnG) =A(G nG) . (2)

Since Gis aAset, we have
A(G nG) +A(G" nG) =A(G) . (3)

Adding up these three equations gives that ROGis aAset. We have shown that Ais aBoolean
algebra. If Rand Gare disjoint in Cwe get since Ris aAset

A(R n(R UG) nG) +X{B'^ n(R UG) nG) =: A((R UG) nG) .

This can be rewritten as A(R OG) -|- A(G OG) =A((R UG) OG). The analogue statement for finitely
many sets is obtained by induction.

DEFINITION. Let Abe acr-algebra. Amap A:A=> [0,oo] is called an outer measure, if

A(0) =1,
A, RGAwith ACB=> A(A) <A(R).
A„ GA=>> A(U„ An) <Yin {o- subadditivity)
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I n teg ra t ion
In order to define the expectation for general random variables, one needs integration E[X] =
f^X(u)dP(uj). For =M” and dP =f], dxi, this is the usual (multiple) integral in calculus.

DEFINITION. Let (II, P) be aproability space. Let Bbe a— algebra of all measurable sets on M.
Afunction A;Q—+ Mis called arandom variable if for all BEB, X~^{B) GA.

E X A M P L E .

1) If Ais the set of subsets of A, then every function Xis measurable.
2) Let =Mand A=Bthe Borel cr-algebra. Acontinuous function X:—*! Eis arandom variable.

DEFINITION. Astep function is arandom variable which is of the form X=!  I a ; w i t h
GEand where A,- GAare disjoint. Call Sthe set of such random variables. These functions can

alternatively be defined as random variables which take only finitely many values. For AG<S we can
define the integral

E[X]:= IXdP =j2»iP(Ai)= E
i=i a e x ( n )

■P[X =a].

DEFINITION. Define as the set of random variables A, for which

/ y d Ps u p

y€5 , y < | x |

is finite. For AGwe can define the integral or expectation

/ / /E[X] := X d P = s u p
ye<S,y<x+

Y d P - Y d Ps u p
y g S , y < x -

where A+ =AV0=max(A, 0) and A=—A V0=max(—A, 0). The vector space jC^ is called the
space of integrable random variables.

EXAMPLES. 1) If Qis afinite, then the expectation is the expectation we had considered in the first
Chapter.
2) If is acountable set, then

A[A]= ^ xP[X =x].
x€X ( n )

3) Let FI =[a, b] with a<b, Athe Borel aalgebra and P[(c, d)] =(d —c)/(6 -a).
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Absolutely continuous distr ibutions

REMINDER: The Distribution function of arandom variable Xis Fx{t) =P[X <t], Arandom
variable is absolutely continuous if the density F'^ =fx exists. The expectation, variance and
£'[£r(A)] for g{X) is in the continuous case

O O

E[X] =rxf{x) dx, Var[X] -H{x -m)̂  f{x) dx ,E[g{X)] =[g{x)f{x) dxJ—OO «/—OO j — O O
m —

UNIFORM DISTRIBUTION. Q=[a, 6].

/ (x) =(6-a)- i

The natural distribution on afinite interval [a, 6]. Example: angle of aweel of aparking bike on campus
is uniformly distributed on [0, 27t).

0 . 1

t- 2 2 - 2 2

EXPONENTIAL DISTRIBUTION, =[0,oo).
— \ xf{x) =Ae

The natural distribution on the positive real axes. Example: the decay times of radioactive isotopes is
exponent ia l ly d is t r ibuted

1

0 . 6

0 . 2

2 4



N O R M A L D I S T R I B U T I O N , fi = M

/(:c) =(27^^T2)-l/2e-("-^)'/2-^

The natural distribution on the real line. Example; measurement errors in scientific experiments.

. a

2 - 2 2

LOG-NORMAL DISTRIBUTION. II =[0,oo).

f{x) = (see HW 10)

The exponential of anormal distribued random variable is log-Normal distributed. (The terminology is
because the LOGarithm of alog-normal distribued random variable has aNORMAL distribution).

0 . 8

0 . 5

0 . 6
0 . 4

0 . 3

0 . 2

4

GAMMA DISTRIBUTION. Q=[0,oo). The function E(a) =fg°°
function. For integers E(n) =(n —1)!.

d x i s c a l l e d t h e G a m m a

a — 1f{x) = Xr ( a )

Useful in population statistics. The square of astandard normal distributed random variable is an
example of aGamma distributed random variable.

0 . 0 6

0 . 0 2

2



X^-DISTRIBUTION. Q=[0,oo).

/ ( ^ ) -

Special case of Gamma distribution. The sum of nsquares of independent standard normal distributed
random variable is x^-distributed. AFdistributed random variables with parameter a—n/2, A=1/2 is

d i s t r i b u t e d .

o . e

0 . 4
0 . 2

0 . 1

4

WEIBULL-DISTRIBUTION. Q=[0,oo).

f(x) —Aofa:“

Generalisation of the exponential distribution which is the special case a=1. Is useful to model life-times
o f i t e m s .

0 3

0 . 8

0 . 6

2

ERLANG-DISTRIBUTION. Q=[0,oo).

A ‘fi x ) = (¥3T)T J

Special case of Fdistribution for integer values of a. The sum of nindependent exponential distribued
random variables is Erlang distributed.

0 . 3

0 . 2 5 0 . 6

0 . 2

0 4
0 . 1 5

0 . 1
0 . 2

0 . 0 5

4



C A U C H Y D I S T R I B U T I O N , fi = M .

1f{x) =

The tangent of auniformly distributed angle is Cauchy distributed.

A R C - S I N D I S T R I B U T I O N , = M .

1f{x) = TT^yx(l-x)'

The spectral density of afree particle in apure crystal has the arc-sin distribution.

0 . 4

■o T T 0 . 2 0 . 4 o . e0 . 2 0 . 4

Mathematica program which generated all the pictures on these pages:
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Multidimensional distributions (Summary I)
Apr i l 1997

DEFINITION. Given nrandom variables The map X={Xi,... ,X„) :12 —>■ M" is called a
r a n d o m v e c t o r .

DEFINITION. The joint distribution function of A=(Ai, X2,..., X„) is the function Fon M":

F{xi, ...,Xn) =P[Xi <Xi,X2 <X2, ..■,X„ <Xn] .

DEFINITION. Like in the one dimensional case, adistribution function is called discrete if there exists
acountable set CCM'* such that P[X GG] =1. It is called absolutely continuous if there exists a
function /;M" —> M+ such that

/ ' r T« / — o o « / ~ 0 0 J — o c
F{h,.. . tn) = f{yi,y2,..-,yn) dy.

The function /:M" —> Mis called the joint density.

LEMMA. One can recover aprobability space P) given ajoint distribution function F. One has
for example in the case n=2the formula P[(a, b] x(c, d\] —F{b, d) +F{a, c) —F{a, d) -F{a, c).

LEMMA. If Fis aabsolutely continuous distribution function. The density is

d d
f{x) -Fi2,...,„{x) = F{x) .d x i ' d x .

For n=2one has especially f(x,y) =

DEFINITION. Given ajoint distribution function Fof the random vector, then Fxi{x) =
F{oo, 00,.. .,x,..00) is called the i'th marginal distribution of X. It is the distribution function of
the random variable Xi because P[Xi <x, Xj <oo,\fj i] =P[Xi <a;].

REMARK. Given an absolutely continuous random vector with joint density /, then the density of Xi is
0 0

fx,{-)=l !!!/■ IJ - o o J — o o J - 0 0
f{xi,X2, ■■-,Xi^i,x,Xi+i,.. ,,Xd) dxi,...dx„ .

(Integrate over all variables except over the variable Xi). For example, for n=2one has for the random
vector (A,y) the formulas Fx{x) =f{x,y) dy and Fy(y) =f(x,y) dx.

DEFINITION. Two random variables are called Independent if

( * ) P[X G[a, 6], yG[c, d\] =P[X G[a, 6]] !P[Y G[c, d\] .

THEOREM. Xand Yare independent if and only if

F{x,y) -Fx{x)FY{y) .

(**) follows from (*) for a=c=-00. Using F{a, b) =F{-oo, b) -F{-oo, a) and F(c, d) =F(-oo, d) -
F(—oo,c), one obtains the other direction {**) => {*).

COROLLARY. Assume Xand Yare absolutely continuous. By differentiation of (**), one obtains the
important fact:
Xand yare independent if and only if f{x, y) —/x(*)/y (y)-
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Stir l ing’s formula
The Stirling’s formula can be derived using the central limit theorem.

S T I R L I N G ’ S F O R M U L A :

!r v .

P R O O F O F S T I R L I N G ’ S F O R M U L A .

Let Xi be IID random variables, which are Poisson distributed with parameter A=1. That is
P[Xi =F] = We know that the sum 5„ = i ® P o i s s o n d i s t r i b u t e d w i t h p a r a m e t e r
\=k. That is P[Sn =k] =^e-".

Let guix) be the function on Mwhich is gM{^) —for xG[-M, 0] and 0else.

2- 2- 6 - 4

We compute

5 ^ i !n—My/n<j <n

— n

E[gM{ —
— nn

)]

n — j n - ’ e n

E j \
n ~ M ^ < j < n

V j -

\

E o - - i ) u

[n —M\/n +l] \
n - M y / n < j < n

/ n + 1— n
e n n

y/n I [n —My/n +1]n \
\

(The square bracket [r] for areal number detnotes the largest integer smaller or equal to r.).
We see that for M—> oo,

n + 1

F;[sm(5:)] =E[gM{-
— n 1— n n

= n " + 5 en - n (1)I ■y/n n\

The central limit theorem implies that E[gM{Sn)] —>■ E[gM(X)] for noo, where Ais astandard
n o r m a l d i s t r i b u t e d r a n d o m v a r i a b l e . B e c a u s e

y/n n \

E[gM{X)] =/x-̂ eJ - M V 2 t t

1
( l - e - l " " )- d t s =

y/Zn

we see that for M—^ oo,
1

E[gM(X)] (2)y / ^
Putting the facts (??) and (??) together with E[gM(Sn)] —>! E[gM{X)] gives the Stirling formula.
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C h a r a c t e r i s t i c f u n c t i o n s

DEFINITION. The characteristic function of arandom variable Xis defined as 4x(i) —
i t x dP{x). Mathematicians call it the Fourier transform of the measure P.

CASE: If Xtakes integer values, then (j>x{i) = ~ is a27r-per iod ic funct ion. The
numbers a„ =P[X =n] are the Fourier coefficients of the function (j>xit)-
CASE: If Xis absolutely continuous with density fx, then (f>x{t) =/.^ d x i s t h e
Fourier transform of the density function fx ■Outside probability theory, one uses the notation
fx for the Fourier transform.

FOURIER INVERSION: The characteristic function determines P: if a, bare continuity points of
Fx , t hen

1

Fx{b) -Fx{a) =^y®
- i t a

- .

CASE: If Xtakes integer values, then

1 fP[X =U=-/ .- i t k dt .

CASE: If Xis absolutely continuous with density fx, then

1 r ° ° - i t x4>x{t) dt .

P R O P E R T I E S :

SUM OF INDEPENDENT RANDOM VARIABLES: If Vand Yare independent, then </>x+y(<) =

(The Fourier transform renders convolutions into multiplications: f■g=f*g )
C A L C U L AT I O N O F M O M E N T S :

E[X>^] = .

L I N E A R C H A N G E O F V A R I A B L E S :

<i>ax+hii) =P 4̂)x{at) .

RIEMANN-LEBESGUE: If Ais absolutely continuous, then 4>x{t) 0 for lt| oo.
FOURIER-SERIES: If Xtakes integer values, then <j>x{t) is 27r-periodic.

E X A M P L E S .

C h a r a c t e r i s t i c f u n c t i o nD i s t r i b u t i o n P a r a m e t e r

m G M , > 0N o r m a l

7 ^S t a n d a r d n o r m a l m = 0 , ( T = 1
[-a, a sin{at)/(at)U n i f o r m
A > 0 A/(A -it)

XP/{X-it)P
Exponential

/ ? > 0 , AG a m m a

fx(a:) =1/7t(1 +x^)Cauchy e x p

neN,pe [0,1 ( l - p +pe “ ) "B i n o m i a l

A>0, AP o i s s o n

l - g - p ) e ' «PG(0,1)G e o m e t r i c

{1,2, . . . ,n}U n i f o r m n
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Proof of the CLT using characteristic functions

DEFINITIONS. Asequence of random variables converges in distribution to Xif P[X„ <t] —»■
P[X <t] for all tGM.

DEFINITION. Recall that the characteristic function of Xis defined as —E[e*‘^].
D isc re te case :

4>x{t)= EP*“P[A =a].
a e x ( n )

C o n t i n u o u s c a s e :

4>x{i)̂  rê ^̂ fx{x)dx.
J - O O

T H E C E N T R A L L I M I T T H E O R E M F O R I I D R A N D O M VA R I A B L E S . A s s u m e a r e I I D r a n d o m
variables with nonzero finite variance. Then 5* converges in distribution to astandard normal distributed
r a n d o m v a r i a b l e .

LEMMA. Xn converges in distribution to Xif <f>x„(t) 4x{t) for all t.

PROOF. This follows from the fact that the distribution function Fx is determined from <f>x by

- i t a _ ^ - i t bFx{b) -Fx{a) -̂ j- <t>x{t)dti t

and that most a, bare continuity points for all and X.

P R O O F O F T H E C E N T R A L L I M I T T H E O R E M .

After areplacement of X„ by X„ —P[X„] we can assume that have zero mean.

Because the characteristic function of 7V(0,1) is eand becaause of the above lemma, we have only
t o s h o w t h a t f o r a l l t G f fi

Denote by (j) the characteristic function of X„ (it is independent of nbecause of the IID assumption).
Since =iE[X] =0,<^"(t) =-P[X^] =—Var[X] —the Taylor expansion of <^{t) at t=0gives

<t2
- f +o{t ‘^) .

Using the two properties <j>{Sn){t) = and <j>ax{t) —<!>x{o.t) of characteristic functions, we have

m = 1

t
4>{ (Ty/n

( 1 - +

where we have used the fact from calculus that (1 +a/n +o(l/n))’ e“ for n—»■ oo.
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Some Inequalities

DEFINITION. Afunction h:K^Mis cal led convex, i f there exists for al l xq G®alinear map
l(x) =ax +bsuch that 1{xq) =h{xo) and for all a; GMthe inequality l{x) <h{x) holds.

DEFINITION. Let C’’ be the set of random variables which satisfy £'[|A|p] <oo for pG[1,oo) and
|X| <Kalmost everywhere for p=oo. On the vector space define ||Xl|p =E[\X\p]̂ ^p rsp. ||A||
inf{A GMI|X| <Aalmost everywhere }.

O O

JENSEN INEQUALITY. Given X€JC\ For any convex function h:K-> M, one has

E[h{X)] >h(E[X]) .

PROOF. Let Ibe the linear map at xq —E[X], By the linearity and monoticity of the expectation, we
get

h{E[X]) =/(E[X]) =E[l{X)] <E[h{X)] .

HOELDER INEQUALITY. Given p,q E[l,oo] with p~^ + = 1 a n d X G a n d Y G T h e n
XY GjC^ and

X O PPROOF. We can restrict to X, Y>0and ||X|lp >0. Define the probabilty measure Q=
define u—l{x>o)y/■ Jensen gives Q(u)« <Q(u«) so that

a n d

CAUCHY BUNYAKOWSKY-SCHWARZ INEQUALITY. ||XY|li <IIXII2IIYH2.

MINKOWSKI INEQUALITY. Given pG[1,00] X,Y EO’. Then ||X +Y||p <|lX||p +||Y||p.

PROOF. We use Holder’s inequality to get

X[|X +YH =X[|X||X +Yp-1] +X[|Y||X +Yr 1] <||X||pG +||Y||pC ,

where C—|||X +Y|P“ |̂|, =£'[|X +Y\̂ Y'I'̂  which leads to the claim.

PROOF. Given p<q. Define h(x) -\x\‘>Ip. Jensen’s inequality gives i?[|X|«] =E[h{\Xf)] <
h(E[\X\P] =X[|X|P]«/P. This implies that ||X||, := X[|X|«]i/« <E[|X|p]1/p =||X||p for p<q. In
other words, if is the set of random variables with £'[|X|p] <00, then Cfor p> q.

CHEBYCHEV-MARKOV INEQUALITY Let /i be amonotone function on Mwith h>0. For every
00, and h{X) Ewe have

h{c) ■P[X >c] <E[h(X)] .

PROOF. Integrate the inequality h{c)lx>c <h{X) using the monotonicity and linearity of the expecta¬
tion.
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T h e c e n t r a l l i m i t t h e o r e m

DEFINITIONS. Asequence of random variables X„ converges in distribution to Xif P[X„ <t] —< t]
for all <eM. Denote by Y* =(Y —E\Y])/a{Y) the normalized random variable to Y.

T H E C E N T R A L L I M I T T H E O R E M F O R I N D E P E N D E N T R A N D O M VA R I A B L E S . A s s u m e X „ a r e i n d e ¬
pendent random variables satisfying sup„ £'[|A„p] <oo, lim inf„_oo ^ Var[Xi] >0.Then 5* converges
i n d i s t r i b u t i o n t o a s t a n d a r d n o r m a l d i s t r i b u t e d r a n d o m v a r i a b l e . T h e s a m e c o n c l u s i o n h o l d s i f a r e I I D
w i t h n o n z e r o fi n i t e v a r i a n c e .

P R O O F. D e fi n e f o r fi x e d n > 1 t h e r a n d o m v a r i a b l e s

Vi ={Xi -E[Xi])/cT{Sn), l<i< n

so that 5* =Define N{0,(t'^ =Var[li])-distributed random variables Yi having the property that
{Yi,..., y„, Yi,... Yn} are independent. The distribution of 5„ = Y i s j u s t t h e n o r m a l d i s t r i b u t i o n
N{0,1). The convergence in distribution is equivalent to £'[/(S'^)] —^[/(Sn)] ^0for any smooth function /
w h i c h i s z e r o o u t s i d e s o m e i n t e r v a l . D e fi n e

Zk=Yi +... Yfe_i +Yfc+i +... -b Y„ .

Note that Zi +Yi =5* and -|- Y„ =5„. Using atelescopic sum and Taylor’s theorem, we write
n

f { s : ) - f { S n ) = ^ [ m + Y, ) - f { z , + Y, ) ]
k = l

=E[/'(̂ )̂(Y -Y) +h"{Zk){Yi -Y,2)
j f c = i

+RiZk,Yk) +R{Zk,Y,)]

with aTaylor rest term R{Z,Y) depending on /. We get therefore
n

<Y.E[\R{Z,,Y,)\] +E[\R{Z,,n)\] . (1)
k = l

Since Yj, are N{0, cr^)-distributed we get using the computation of the moments of normal random variables
and Jensen’s inequality

88 8
E[\Ykf] = -E[\Ykff/^< - E m f ] .

7T 7T 7T

The Taylor rest can be estimated as \R{Zk,Yk)\ <const ■|Yj,|^ so that
n n

Y,E[\R{Zk,Yk)\]+E[\R{Zk,Yk)\] <const ■E[\Ykf]
k = l

<const ■n■sup E[|Aip]/Uar[5„]^^^
i

sup, E\\Xi\f
(Yar[5„]/n)3/2 ^

k = i

1
0 .c o n s t ■

If we know only the finite nonzero variance of X„ but instead that the X„ are IID, we estimate the Taylor rest
as \R{z, j/)| <5{y) ■ , where 8{y) —»■ 0for |t/| —»■ 0. The IID property and the dominated convergence gives

nn

Y,E[\R{Zk,Yk)\] +E[\R{Zk,Yk)\] <^E[^(Y,)Y,2] +
i f c = i i t = i

Xl ,A?1 1T T i f C / T T ^ r c / A
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Multidimensional distributions (Summary II)
T h e d i s t r i b u t i o n o f a s u m

PROPOSITION. If Xand Yare independent and absolutely continuous, then
fx+Y{z) =/x */y(2/) := fZo /x(*;)/y(2/ -z:) dx.

E X A M P L E S .

1) The sum of independent P(ai, A) and P(a2, A) distributed random variables is r(ai +o:2, A) distributed.
2) If Xand Yare independent normal N{mi, cr^) and JV(m2, (t|) distributed random variables, then X-\-Y
is N{mi +m2, (Tj +a^) distributed.

T r a n s f o r m a t i o n s o f d e n s i t i e s

The usual transformation rule for volume integrals gives:

PROPOSITION: Given acontinuous random vector Xwith density /and adifferentiable invertible
function cf> : ^ with inverse rp. The random variable Y=4>{X) has the density

9{y) =my))\Det{DrP{y))\ ,

where [Dip{y)]ij =£-rpi{y) is the Jacobian matrix.

E X A M P L E S .

1) The formula generalizes the formula for n=1, where Dip{y) =ip'{y).
2) Given arandom vector (X,Y) with joint density /. Problem: determine the density of (U,V) —
<P(X,Y) =iX +Y,X-Y).
The inverse is (x,y) =ip{u, v) =({u +v)/2, {u —v)/2) which has the determinant —1/2 since Det(Dip) —
Det{D(i>-^) =l/Det{D<p). Therefore

1, , . 1 . u + v u - v
f{u,v){u,v) =:^f(x,Y){2

C o n d i t i o n a l d e n s i t i e s

DEFINITION. Given an absolutely continuous random vector (X,Y), The conditional probability
density function for Xgiven Yis defined as

f{x,Y){x,y)fx\Y(3:\y) = f Y { y ) !

It is adensity function of arandom variable.

EXAMPLE. If Xand Yare independent, then /x|y(*|j/) =fx{x) because then /(x,y)(^iJ/) =
fx(x) fYiy) .

C O N T I N U O U S B A Y E S R U L E .

fx{x)fY\x{y\x)
fZo fx(x)fYlx(y\x) dx

Proof. Plug in f{x,y) =fx{x)fY\x{y\x) into /y(a;) =f^^f{x,y) dx and put this into the formula
fx{x)fY\x{y\x) =fx\Y{x\y)fY{x).

fx\Y{x\y) =



A L M O S T E V E R Y W H E R E = > I N P R O B A B I L I T Y :

S i n c e

{X„-A} =f|U f]{\Xn-X\<l/k},
k m n > m

almost everywhere convergence” is equivalent to

1=^[U n^1^" -^1 ^i/fc}]=n -^1 ^1/^}]
n > mm n > m

f o r a l l k . T h e r e f o r e

P[\Xm -^1 >e] <n-^1 >4] -0
n > m

f o r a l l e > 0 .

C O N V E R G E N C E = > I N P R O B A B I L I T Y:

With Chebychev-Markov inequality for g{e) = , one obtains

P[ \Xn-X \>e ]<E[ \Xn-X \P ] /eP .

C O M P L E T E A L M O S T E V E R Y W H E R E :

The Borel-Cantelli lemma (see seperate page) implies that for all e>0

P[\X„ -V| >e, infinitely often] =0.

We get so for e„

-P[U “^1 ^infinitely often] <^-P[|A„ -A| >€k, infinitely often] =0

0

n

from which we obtain P[A„ —> V] =1.

I N P R O B A B I L I T Y = > I N D I S T R I B U T I O N :

Let tbe acontinuity point of Fx- For e>0and nGN, one has

= P [ X n < t ]
=P[Xn <t, \Xn -A| <e] +P[Xn <t, |V„ -Aj >c]
< P [ A < t + e ] + P [ | X „ - A | > e ]
= F x ( t + e ) + P [ X n - X ] > e ]

FxAt)

which implies lim sup„_oo < Fx{t +e) and using the cont inui ty of Pat ta lso
lim sup Px„{t) <Fx{t)- Similarly, one getsn - i - o o

P [ X < t - e ]
P[X <t- e, \Xn-X\<e] +P[X <t-e, |A„ -A| >e]

<P[Xn <t] +P[\Xn -A| >e]
= P x „ ( t ) + P [ | A „ - A | > e ] .

For n—> oo, one gets Fx(t —e) <liniinf„_oo Px„(t). Using the continuity of Pat <one has
Fx{t) <liminf„_»oo Fx^{t).

F x { t - e )
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Convergence of random variables
There are different definitions of convergence for random variables. Examples: The strong law
of large numbers assures almost everywhere convergence of 5„/n to E[X]. The weak law of
large numbers assures convergence in probability of Sn/n to E[X]. The central limit theorem
states the convergence in distribution of 5* to astandard normal distributed random variable.

DEFINITIONS: (only convergence in probability and in distribution occur in the book).

Asequence of random variables Xn converges almost everywhere to arandom variable X, if
P [ X n A ] = 1 .

Asequence of random variables A„ converges in probability to arandom variable X, if
P [ | A . - ^ l > e ]

Asequence of random variables Xn converges in distribution to arandom variable X, if
P[Xn <t]^ P[X <t] for all teM.

Asequence of random variables X„ converges in to arandom variable X, if £'[|A„ -A|] -+ 0.

Asequence of random variables A„ converges completely if T’[|A„ -A| >e] <oo for all
f > 0 .

0 f o r a l l e > 0 .

RELATIONS BETWEEN CONVERGENCE: (an arrow stands for ’’implies”)

I n d i s t r i b u t i o n

P [ A n < t ] - R [ A < t ] , V t €M .

T
In probability

P [ | A „ - A | > e ] ^ 0 , V c > 0 .

Almost everywhere
P [ X n X ] = 1

I n £

E [ \X„ -X | ] ^0

Complete
ZZ ,P [ \Xu -X \>e ]<cx> ,Ve>0

The convergence in distribution is the only type of convergence which does not assume that X„, X
defined on the same probability space. The convergence (and more generally conver¬

gence) is used especially in more advanced topics of probability theory like stochastic processes or
martingale theory. If the random variables are bounded X„ <M, the convergence is equivalent
to convergence in probability. The complete convergence can be useful to prove almost everywhere
convergence. For example, the Chebychev-Markov inequality with the function g{e) =allows
to prove that for asequence of IID random variables with finite forth moment, S„/n converges
completely to E[X], This implies then the strong law of large numbers.

a r e
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R e c u r r e n c e o f r a n d o m w a l k s

QUESTION. Awalker starts at the origin 0of the ddimensional lattice Z'* and makes each second a
random step into one of the 2d directions. Does the walker return back to the origin again and again?

THEOREM. The walker returns to the origin infinitely often with probability one in one or two dimen¬
sions. In dimensions d>3, the walker returns only finitely many times to zero and escapes to infinity
with probability one.

SETUP. Consider IID random vectors X„ taking values in {e GZ'* ||e| =J2i=i
distribution P[A„ =e] =(2d)“U The random vector S„ = X,- with So =0is the position of the
walker at time n. The random variable T„ =Ia„ with A„ = = 0} tells, whether the walker is at
the origin at time nor not. The sum B„ =Ya=o counts the number of visits of the walker up to time
nand B= random variable which gives the total number of visits during the evolution.
The expectation E[B] = P[5'n =0] is the expected number of returns to the origin.

\ci\ =1} with uniform

LEMMA OF POLYA. E[B] oo for d=1, 2and E[B] <oo for d>2.

P R O O F .

(i) For nGN, we know that P[S„ =k] for kGS'*, vanishes for large \k\ because the walker can only
reach afinite region in finite time. The characteristic function <f>s„ =P[Sn —k]e
smooth function on the torus T'* := M‘̂ /(27tZ'*) (each coordinate of (j>sS )̂ is a27r-periodic function).

cos(a;i). Becanse the S„ is asum of nIID random variables we

i x k i s t h e r e f o r e a

(ii) = = ^ E L
get 4>s^ = = ir(ELiCos(a;i))”.

(hi) By the Fourier inversion formula, we have P[5„ =0] =(27t)-'^d x i . . . d x ^ . T h e r e ¬
f o r e

E[B]= [I 1
dx .

1-( j )x{x)

With aTaylor expansion <f>Xk{x) =\ELi cos(:ci) =1-Ej ^|/(4d) -b .. .we can estimate <
1-(j>x{x) < . The lemma follows because dx is finite if and only if d>3. (For the
later fact see the Homework).

P R O O F O F T H E T H E O R E M .

(i) d>2: define A„ ={S„ =0}. The event Aoo =limsup„ A„ is the subset of for which the walker
returns to 0infinitely many times. Since by the lemma E[B] =^^=0 P[^n] < B o r e l - C a n t e l l i
lemma gives P[Aqo] =0for d>2. The walker returns therefore back to 0only finitely many times and
in the same way it visits each lattice point only finitely many times. The walker eventually leaves every
bounded set and escapes to infinity.

(ii) d=1or d=2: if p=P[1J„ A„] is the probability that the walker returns to 0at least once, then
(1 -p) is the

m - l is the probability that there are at least mvisits of the origin and p
probability that there are exactly mvisits. We can write

m — 1 m - lp

E[B] = m — 1

( i - p ) = i / ( i - p ) .
m > l

Since by Polya’s lemma E[B] =oo we see that p=1.
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ID walk (1): gamblers ruin, beating the system, Wald identities
DEFINITION; Consider IID {-1, l}-valued random variables Xk-

is the location of the random walker at time n. If Xk is the win or loss in agame at
time k, then is the total win or loss np to time n.

The random var iables S,

n

SIMPLE PROPERTIES: E[Xk] =0and so E[Sk] =0. If n+xeven, P[X„ =x] =2~
+Xodd then P[X„ =x] =0.

, i fn + g
2 /

n

DEFINITION: Agambling system or betting strategy to the random walk Xk is seqnence of random
variables 14 such that every event {14 =c} depends only on the values of Xj for j<k(one says Ris a
previsible process with respect to the ’’martingale” 5n). Define

t = l

the winning with this system. Remark. is also written as F!5or fVdS. You can also use the
fancy name like ’’martingale transform” or (totally impressive) ’’discrete stochastic integral”.

Y O U C A N ’ T B E A T T H E S Y S T E M .

If E[Xk] =0, then = 0. PROOF. Because V* is independent of Xk, we have E[VkXk] =E\VkXk] =
E[Vk\E[Xk\.

DEFINITION. Astopping time is arandom variable Ttaking values in N:= {0,1,..., oo} such that
the event {T <can be defined using the random variables Xi,... ,Xk- Examples are

Ta =min{n GN\{0} |5„ =a} .

o r

Ta^b =min{n GN15„ =6or 5„ =—a }.
Gambling interpretation: Ta is the time until aplayer gets broke or the time, when the player decides
to stop the game. Whether or not to stop immediatly after the n’th game depends only on the history
np to time n. For example, Tafi is the time until one of two competing players gets broke. P[Xt =—a]
is the probability that the first player with capital agets broke, P[Xt =b] is the probability that the
second player gets broke.

The proofs of the following theorems are in the book.

FIRST WALD’S IDENTITY. If Tbe astopping time, then

E[St] =E[T] ■E[X] .

Especially, for asymmetric random walk, where E[X] =0, one has £'[5t] =0.

SECOND WALD IDENTITY. If Tis astopping time, then

Var[ST] =E[T] ■Var[X] .

A P P L I C A T I O N O F F I R S T W A L D I D E N T I T Y : F O R M U L A F O R T H E R U I N P R O B A B I L I T Y .

=-a] =1- = 6 ] = b / ( a + b ) .

PROOF. 0=E[St] =-aP[XT =-a] +bP[XT =6] =-aP[Xr =-a] +6(1 -P[Xt =-a]).
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T h e B O r e l - C a n t e l l i l e m m a

The Borel-Cantelli lemma appeared in two places: in aproof of an advanced central limit theorem and
for establishing the recurrence or transience of the random walk.

DEFINITION; Given asequence of events An in aprobability space {Q,A,P). Define Aoo :=
l i m s u p „ ^ ^ : = fl
I N T E R P R E T A T I O N . T h e s e t A

An- We have Aoo ={w |cj is in infinitely many A,},
is is the event that infinitely many of the events A„ happen.

C O U n > mm = l

o o

B O R E L C A N T E L L I L E M M A :

(1) If E„ P[^n] <OO, then P[Aoo] =0.

independent and P[A„] =oo, then P[Aoo] =1.(2) If A a r en

P R O O F .

(1) P[Aoo] —lim„_^oo ■P[Uit>n —h™n->oo Eit>n P[A,] =0.

(2) For every n£N, we have

p[ n=n =n (f - ^ n ^ m - p i m ) = e x p ( - p i a ^ ] ) = o .
k > nk > nk > n k > nk > n

(We have used in the first equality the independence of the sets Ai and in the inequality step the
elementary estimate 1—x<for x>0.)

F r o m

p[A^j=p[[ j
n e N A ; > n n € N k > n

follows P[A%f\ =0and so P[Aoo] =1-

M O N K E Y T Y P I N G S H A K E S P E A R E :
Sit amonkey at atypewriter. The probability that he will write Shakespeares collected work is
one. Actually, according to the Borel-Cantelli lemma, he will write it infinitely often. The following
Mathematica procedures allow to simulate the typing of the Monkey typing Shakespeare: We let
him type 700 letters on the computer and save it in afile Sheakspeare. Enjoy reading.

A lphabe t= {a ,b , c ,d ,e , f , g ,h , i , j , k , l ,m ,n ,o ,p ,q , r, s , t , u , v,w,x , y, z } ;
Honkey[n_]:=Table[Alphabet[[Random[Integer,{1,26}]]],{n>]

Shakespeare=Honkey[700];
Save["Shakespeare".Shakespeare] ;

JL
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ID walk (2), Ballot and Arc Sin theorem.
REFLECTION PRINCIPLE. For a, 6eN\{0}, one has

P [ a + 5 „ = 6 I < n ] = P [ 5 „ = a + 6 ] .

PROOF. The number of paths from ato bpassing zero is equal to the number of paths from —a to b
which is the number of paths from zero to a+6.

DISTRIBUTION OF THE RUIN TIME. P[T_a <n] =P[5„ <-a] +P[5„ >a].
P[T^a =n] = = a ] .

PROOF, a) Use the reflection principle

P[T-a<n] =J2P[T^a<n\a +Sn =b]

Y,P[a+Sn =b] +J2P[Sn =a+b]
;^j h > o

P[Sn <-a] +P[Sn >a]
J < 0

/ n

b) From P[S„ =a] = we geta + n
V 2

y[Sn =a] =n I
= a - l ] - P [ 5 „ _ i = a + l ] ) .n — 1

P{Sn >a\- P[5„_i >a] P[Sn >a ISn- I <a ] +P[Sn >a1Sn- i >a ] -P [Sn- i >a ]

=a] -P[Sn-i =a+1])
1

= n - l

and analoguously

1
P[Sn <-a] -P[Sn-i <-a] =-(P[5, -1] -P[5„_i =a]) .n — 1 — ^

Therefore, using a)

= P[T_„ <n] -P[r_„ <n-1]
=P[Sn <-a] -P[Sn-i <-a] +P[S„ >a] -P[S,

=\iP[Sn-i =a] -P[5„_i =a+1]) +\{P[Sn-i =a-1] -P[5„_i =a])
= (̂P[5„-i =a-1] -P[S„_i =a+1]) =-P[Sn =a]Zi T l

P [T-a =n ]
1 > a ]n -

BALLOT THEOREM. P[S„ =a|5i >0,..., 5„_i >0] =f!P[S„ =a].
PROOF. Reverse time: the number of paths from 0to aof length nwhich do no more hit 0is the number
of paths of length nwhich start in aand for which T_ = n .

D I S T R I B U T I O N O F F I R S T R E T U R N T I M E .

P[To >2n] =P[S2n =0] .



P R O O F .

1 1
P[To>2n] = - P [ T _ i > 2 n - l ] + - P [ T , > 2 n - l ]

= P [ T _ i > 2 n - l ]
= F[52„-i >-1 and S^n-i <1]
= P[52„-i e{0,1}]
= P[52„-i =1] =P[52„ =0]

(by symmetry)

REMARK. We see that lim„^oo F’[?o >2n] =0which restates that the random walk is recurrent.
However, the expected return time is very long:

o o 0 0o o

E[To] = = " ] = E > ” ] = E = 0 ] = o o

n = 0n = 0 n = 0

since by Stirling’s formula
P[52„ =0]~(7m)-i/2

DEFINITION. The stopping time

L=max{0 <n<2N | = 0 }

is the last visit of the random walk in 0before time 2N. Interpretation. If the random walk
describes agame between two players, who play over atime 2N, then Lis the time when one of the two
players does no more give up his or her leadership.

ARC-SIN LAW. a) Lhas the discrete arc-sin distribution:

2 n \ 2 N - 2 n

N - n
- 2 NP[L =2n] =2

n
/

b) For A—»■ oo, we have
L 2

P[̂  <2] ̂ -arcsin(x/J) .

P R O O F .

P[L =2n] =P[S2n =0] ! P[To >2N -2n] =P[S2n =0] ! P[S2N-2n =0]
which gives a).
Stirling gives P[S2k =0] = s o t h a t

Virife

1 1 1
P[L =2)k] =- f { k /N )

^ /k{N -k) N7T

w i t h
1

fi x ) =

rfix)
Jo

I t f o l l o w s t h a t

—arcsin(\/z) .P[L/2N <z] d x =
7T

INTERPRETATION. From the shape of the arc-sin distribution. One has to expect that the winner takes
the final leading position either very early or very late.
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Definition and existence of Poisson processes

Bthe set of measurable sets and /r ameasure (called meanDEFINITION. Let 5be aregion of M
measure) on S. APoisson process on SN) is afamily of random variables Nb, B£Bsuch
t h a t

(i) Nb is Poisson distributed with parameter
(ii) li Bj,j =I,.. .k are disjoint, then Nb, are independent.

INTERPRETATION. The random variables Nb can be defined over aprobability space fi where each
point wis arandom collection of points in S. Nb{i^) is the number of points of wwhich ly in B.
EXAMPLES, a) If Sis asky region in sky and Nb is the number of stars in that region, b) If Bis a
region in the Arizona desert and Nb is the number of Saguari in that region, c) If Bis atime interval
then Nb, the number of cars passing acertain spot on the /lO is aPoisson process.

SUPERPOSITION LEMMA. If {S, N ^ ' ^ )
J2i N^̂ )̂ is aPoisson process on S.

P R O O F. W e c h e c k t h e c o n d i t i o n s .

independent Poisson processes on S, thena r e

(i) The sum of independent Poisson distributed random variables is Poisson distributed.
(u)lf Bk,k =1,..
random variables Nb,, —Y,

nare disjoint, then {Nĝ }î ĵ k̂=i,...n are all independent and so are therefore the' 5

O O
. . n .

DEFINITION. Ameasure /i is called nonatomic if /i({a:}) =0for all xeS. Ameasure ^is called
(T-finite if ^=Yn < O O .

EXISTENCE THEOREM. If /i is anonatomic rr-finite measure on S, then there is aPoisson process
(S, 12, N) with mean measure /i.

PROOF. Write n=Yn where are nonatomic measures with 0< < o o .
Take IID A„, n=1,2,... which are Poisson-(^("^(S)) distributed. Independent from them take IID
MAvalued random vectors Xnr, r=1,2,... which have joint distribution of avector X{x) =xon the
probability space (5,B,All these independent random variables A„,A„r are defined
on some probability space Awith elements 6. Define N \̂s) as the number of points in the finite set

!!!, A'„AT(i)(5)} nB. Claim: (S, N "̂'>) is aPoisson process with mean measure
(i) N^̂  is pS-"̂ {B) pO)(5)-Poisson distributed because P[N^̂  =k] =B[iV„ =k],
(ii) Let Bk,k =1,..., mbe disjoint. For /=/q +!!!+and Bq '■= S\Ur=i one has B[A^"^ =
h,...,N^^^ =lm\Nn =t=lo+Y nr=i(P "̂H ĵ)/P "̂HS'))'̂ . Therefore/!m

j=i h] —
O O m

i i
E -= I ;y(”) —/1 — b

1) ! 1! /o! !!!/„!
'=E,b j = i

e-'''“̂ (̂ “)p(")(Bo)O O ml o
e

- [ E i n/o! l j \i o = 0 j = l
m m

= n -
j = l j = l

The superposition lemma shows now that (S, p=Yi = Yi N '̂̂ ) is aPoisson process with mean
m e a s u r e / i .
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Summary and further directions
SUMMARY. Probability theory is the study of random variables (or random vectors) on aprobability
space. Adistribution of avariable is determined in the discrete case by P[X —a;] and in the contin-

by the (joint) density fx(x). The distribution is determined by the characteristic functionu o u s c a s e

$jf(a;) =E[exp{it ■X)]. It determines properties like the (vector) mean E[X] the covariance matrix
Cov[Xi, Xj] etc. For independent X,Y, one has /x+y(̂ ) =fx */y)(̂ ) and ̂ x+Y{t) =<Px(t)<î Y{i)-
Calculations for discrete distributions need some combinatorial tools, for continuous distributions, we
rely on analytic (calculus) tools. Combinatorics (e.g. the Monty-Hall problem) or problems using contin¬
uous distributions (e.g. the Bertrand paradox) can be puzzling without asolid foundation of probability
theory.
Abunch of distributions with their properties, characteristic functions (make acomprehensive list!) help
to model and solve practical problems.
Some important theorems in probability theory are the theorem of Caratheodory, the central limit theo¬
rem, the (weak) law of large numbers. The Chebychev-Markov inequalities as well as other inequalities
(Jensen, Holder, Cauchy-Schwartz) are useful for theory or practical estimate.
We have seen that probabilistic tools can give easy access to analytic results like the theorem of Weier-
strass or the Stirling formula.
Probability theory hits at several places the foundations of mathematics. Examples are the foundation
of integration (the Lebesgue integral) or the impossibility to define aprobability space on the interval
[0,1] using all subsets as cr-algebra (Banach-Tarsky paradox).
Studiing the sum of independent random variables (like the random walk) lead to interesting questions
and beautyful results (like e.g. limit theorems, Polya’s theorem) and applications (e.g. ruin problems,
Wald identities). Beside the random walk, other processes like the Poisson process or the Brownian
motion (not treated here) are important.

FURTHER DIRECTIONS. Acontinuation of the theory involves the study of stochastic processes. The
later is aset of random variables which are labeled by time. For continuous time, the setup needs
some care. An important study is the theory of Brownian motion or more general martingales. With
such processes, one can define stochastic integrals and therefore stochastic PdE’s. This is useful in
mathematical physics and some problems in quantum mechanics can be solved quite nicely using path
integrals. Stochastic differential equations appear also in Economics (e.g. the Black-Scholl option pricing
formula).
Some directions in mathematical physics like statistical physics, quantum mechanics or transport theory
involve and motivate research in probability theory. Examples are percolation problems, the statistical
theory of lattice gases, gauge theory in particle physics, the theory of random Schrodinger operators, the
statistical mechanics of hyperbolic dynamical systems or problems in nonequilibrium statistical mechanics
and fluid dynamics. Abranch of dynamical system theory called ergodic theory can be viewed as an
extension of probability theory: there, ameasure preserving map Ton the probability space and a
random variable Xdefine asequence of random variables u) i—»■ X„(o;) =X(T"w) which are in general
not independent.
An other direction important in applications is statistics which has arelation to probability theory
similar than numerical mathematics to analysis. The problem is to model data by distributions and
get information about the reliablity of these models. This is in applications mostly used in descriptive
statistics, where one wants to describe, illustrate and interpret data obtained for example in alaboratory,
determine correlations between different quantities, determine the parameters of the distributions, the
confidence intervals, the error probability etc.

FOR THE FINAL: we went through all relevant sections all except 6.5, 6.6 in the book. The compre¬
hensive final will be on topics, which we have treated in class and can include topics about distributed
material (not the proofs of theorems like Caratheodory or the advanced central limit theorem or Polya’s
theorem). Agood preparation includes apersonal summary of the material, especially to make areliable
list of all distributions with properties and alist of definitions and results as well as an organization of
the notes, areview of the homework and the midterms. As in the midterms, you can use all your notes
b u t n o b o o k .
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D e fi n i t i o n a n d e x i s t e n c e o f B r o w n i a n m o t i o n

Brownian motion is an important object in mathematics. Not part of the current course we give here as a
preview the definition and existence of Brownian motion.

DEFINITION. Acollection of random vectors A<, tGTCKis called astochastic process. If Tis a
discrete set then it is adiscrete time stochastic process. An example is the random walk, where T=N.
If Tis an interval, then it is acontinuous time stochastic process. The process is called continuous if
(t,w) Xt(w) is continuous for almost all u>.

RECALL. AM"-valued random variable Xis called Gaussian (= normal) if it has the characteristic
function E[e^*'^] = where Vis the covariance matrix and m=E[X] is the mean vector.
AGaussian processs is astochastic process such that (Xt„, Aj,,... At„) is aGaussian random vector
for any to <ti <... <tn- It is called centered, if m=0. The importance of the Gaussian distribution
is that two Gaussian random vectors X, Yare independent if and only if they are uncorrelated.

DEFINITION. Acontinuous Gaussian process Xt with values in having the mean vector m* =E[Xi\
and the covariance matrix V{s,t) =Cov[Xs,Xt] =E[{X, -ms){Xt -rrii)*] is called Brownian motion
if for any 0<<o < < !!!<the random variables - A t , a r e i n d e p e n d e n t a n d t h e
covariance matrix Vsatisfies V(s,t) =V(r,r), where r~min(s,t) and s>->■ V(s,s) is increasing. It is
called the standard Brownian motion if mt =0for all tand R(s,t) =min{s,f}.

LEMMA. AGaussian process with covariance V(s,t) =V{r, r) with r=min(s,t) is aBrownian motion.
PROOF. For independence it is enough to check that Cov[Xt^, Xt -At,] =0, C'ou[At.^,-At.,At,^,-
Xt-] =0which follows from Cou[At„, At -AtJ =V(to,tj+i) -V(to,ij) =V(to,to) ~V(to,to) =0
and Cov[Xti^^ -At^, At^^, -Xt-] =V{U+i,tj+i) -V{ti+i,tj) -V{ti,tj+i) +V{ti,tj) =V{ti+i,ti+i) -
R(tj+i)t*+i) - — 0 .

i + i

T H E O R E M . B r o w n i a n m o t i o n e x i s t s !

SOME HISTORY. Water under amicroscope contains little things moving around. One first thought that these
particles were ahve. Brown was studying the fertilization process in aspecies of flowers. Looking at the pollen in
water through amicroscope, he observed small particles in ’’rapid oscillatory motion”. Brown’s explanation to this
was that matter is composed of small particles, which he calls active molecules, which exhibit arapid, irregular
motion having its origin in the particles themselves and not in the surrounding fluid. Brown’s contribution
to establish Brownian motion as an important phenomenon, to demonstrate its presence in inorganic as well as
organic matter and to refute by experiment wrong explanations of the phenomenon.
The topic was neglected in the first part of the 19’th century but awareness of the pheomenon remained widespread.
From 1860 on, many scientists worked on the phenomenon. The first one, to express anotion close to the modern
theory of Brownian motion was N. Wiener in 1863. Careful experiments and arguments lead to the kinetic
theory that Brownian motion is caused by bombardment by the molecules of fluid. But the results failed the
theory by afactor of about lOO’OOO. The difficulty was the fact that the motion is very irregular composed of
translations and rotations and that the trajectory appears to have no tangent. So, any attempt to determine the
velocity of the particles failed. The success of Einstein’s theory of Brownian motion was largely due to his go
around this question.
Einstein himself was unaware of the phenomenon Brownian motion. He predicted it on theoretical grounds and
formulated acorrect quantitative theory of it. Einsteins’s arguments do not give adynamical theory of Brownian
motion. It only determines the nature of the motion and the value of the diffusion coefficients on the basis of
some assumptions.

Amodern probabilistic treatment of Brownian motion became possible in this century with
developed theory of probability and stochastic processes.

w a s

axiomaticaUya n



P R O O F . C O N S T R U C T I O N O F B R O W N I A N M O T I O N .

I) LEMMA. Given aHilbert space (H, || ! ||) that is avector space on which there is ascalar product.
There exists aprobability space (0, A, P) and afamily A(/i), h£Hof random variables such h>-)! X{h)
is linear, and X{h) is Gaussian with mean zero and E[X{hY] =||/i|p.
PROOF. Pick an orthonormal basis e„ in Hand attach to each e„ acentered Gaussian IID random vari¬
able gn satisfying ||ff„||2 =1- Given ageneral h= define X{h) = w h i c h c o n v e r g e s
in .Since gn are independent, they are orthonormal in so that ||A'(h)||| =h^llynllz =Yin ^n =

2
2 -

II) Take H=L^(IR+,da;). For ameasurable set ACM+, define X{A) =X{Ia)- The vector space
X{H) C is aHilbert space isomorphic to Hand in particular E[X{h)X{h')] =[h,h'). From
I), we know that hand h' are orthogonal if and only if X{h) and X{h') are independent and that
E[X[A)X{B)\ =Cov[X{A),X{B)] =(l^i. Is) =|AnB|. Especially X(A) and X(B) are independent if
and only if Aand Bare disjoint.

Ill) DEFINITION OF Bt. Define Bt =A([0,f]). This process has independent increments Bt^ —Bt,
and is aGaussian process. For each t, we have E[Bf] =tand for s<t, the increment Bt -B, has
variance t—sso that E[BgBt] =E[B^] +E[Bg(Bt —R,)] =E[Bg] =s. This model of Brownian motion
has therefore everything except continuity!

- 1

IV) KOLMOGOROV LEMMA. Given aprocess Xt,t 6[a, 6] for which there exists p>r,K such that
E[\Xt+h — < K■for every t,t +h£[a,b]. Then Xt has amodification Y< which is continuous:
\Yt{Lo) -y,(o;)| <C{oj) |t -s|“, where 0<a<r/p
PROOF. We can assume a=0,6 =1. Define €=r-ap. By Chebychev-Markov inequality P[\Xt+h ~
^t | ] >\hn <\h\--PE[\Xt+h-Xt\P] <K\h\
T h e r e f o r e

l + e that “ X k i 2 n \ > 2 n o i
S O

o o

X; EmG +l)/2n-^./2n|>2-"“]
n = l j f e = 0

< O O .

By Borel-Cantelli’s lemma, there exists n(w) <oo almost everywhere such that for all n>n{u>) and
Jfc =0,..., 2” -1

l^(ifc-|-l)/2’*(w) -Aj:/2n(w)| <2
Let n>n(w) and t£[fc/2", {k +l)/2"] of the form t=k/T^ A^7i/2"+' with 7,- G{0,1). Then
\Xt{w) -Xk2-^{w)\ <YT=i 7i2“"("+‘) <d2-"“ with d=(1 - S i m i l a r l y

- n a

\Xt-X^t.+i)2-A<d2 - n a

Given t,t +h£D={k2_
fe/2"+i <t<(k +l)/2"+U Then {k +l)/2"+i <t +h<{k +3)/2”+i and \Xt+h - < 2d2-("+0« <
2dh°‘. For almost all w, this holds for sufficiently small h. We know now that for almost all uj, the path
Xt{w) is uniformly continuous on the dense set of dyadic numbers D. Such afunction can be extended
to acontinuous function on [0,1] by defining

nGN,= 0,.. .n —1}. Take nso that 2 n - l- n < h < 2 ” a n d k s o t h a t

Yt{w)= l im
s ^ D ^ t

Since the inequality in the assumption of the theorem implies E[Xt{u) —lim,g£) t̂ Xj(w)] =0and
by Fatou’s lemma in measure theory E[Yt{uj) -lim^gD^i A,(w)] =0we know that Xt =V< almost
everywhere. Yis therefore amodification of X. Moreover, Ysatisfies for all s,t,

|Y(w)-y,H| <G(a;) | t -s | “ .

V) PROOF OF THE CLAIM. In one dimensions, take Bt from above. Since Xh =Bt+h ~Bt is centered
w i t h v a r i a n c e h

Kolmogorov’s lemma there is acontinuous modification of R. To define standard Brownian motion i~
n-dimension, we take the joint motion Bt =(Bt̂ \ ..., R("̂ ) of nindependent one- dimensional Brownian
m o t i o n s .

d *have E[X^] = exp{-x^h/2)\ =3/1^, so that E[{Bt+h -Rt)^] =36^. Byw e
d x * a ? = 0

i n
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Option pricing: Black-Scholes formula
The theory of stochastic processes both with discrete or continuous time can be applied to problems in
financial economics. Acelebrated example is the Black-Scholes option pricing formula (1973) which is
usually formulated in terms of continuous time stochastic processes.

Given a<r<b<oo, define p—(r —a)/{b —a). Let En be arandom walk, that is asequence of IID
random variables satisfying P[En =1] =p, P[En =—1] =1-p.

DEFINITION OF AN ECONOMY OF STOCKS AND BONDS. We define two processes w h e r e
Bstands for bonds with fixed interest rate r, and Sfor stocks with fluctuating interest rates
Rn ={a +6)/2 +En{a -b)/2. The definition is

(l +r)B„_i,So =l
( l + i ? „ )5 „_ i , 5o =1 .

R

S,

We see that satisfies the difference equations —R„_i =rBn and S„ satisfies the stochastic
difference equation S, S n - l = R „ S n - l -

DEFINITION OF APORTFOLIO AND FORTUNE. Awith respect to i?„ previsible sequence of pairs
of random variables A„, is called aportfolio. Just after time n, you have A„ units of stock and
units of bonds. (A negative value of A„ means ’’short selling” of stocks, anegative value of Vmeans
borrowing with afixed interest rate r.) We define our fortune b y A o = a : a n d A „ — A „ _ i =
A„(S'„ -S„-i) +Vn(B„ -B„_i). Using S„ -R„_i =rB„ and - 5„_i = w e h a v e t h e
r e c u r s i o n

A„ =(1 +r)A„_i + - r ) .
COMPARISON WITH THE GAMBLING SYSTEM MET EARLIER. To relate this with agambling
system, we write —r= - a)(A„ -A„_i) with Z„ = ~ 2 p - f 1 ) h a v i n g e x p e c t a t i o n
E[Zn] =0. The process Y„ := (1 +r)“”A„ satisfies then

(1 +r) A„Sn-i{Rfi ~

Cn{Zn -Z„_i)
- Z n - l )

showing that Y=fCdZ is your winning in afair random walk Z„ with gambling system Cn ■

DEFINITION OF THE EUROPEAN OPTION. The European option is acontract made at time 0
which will allow you to buy one unit of stock later at time Nwith prize K. If you buy such an option,
then you will make the buy of the stock if the value Sn of the stock at time Nsatisfies Sn >Kand not
if Sn <K. Your win is {Sn - .

DEFINITION OF AHEDGING STRATEGY. Ahedging strategy with initial fortune x, strike time
Nand prize Kis aportfolio management scheme {(A„, In)}i<n<jv defined above, where Xq =x,

> 0 ( y o u go bankrupt) and Xn —{Sn —AT)'*', where =max{0, z).n e v e r

BLACK-SCHOLES FORMULA. For x=^[(l -t- r) ̂ {Sn —A)“^], aunique hedging strategy exists.

PROOF. Define Y„ be the expectation of (1 —r) ̂ {Sn —K)'^ under the condition that Ri,.. .,R„ are
k n o w n . T h e r e c u r s i o n

- y „_ i = (1 - r ) - "A „5 „_ i (R „ - r )
defines the previsible process An- With A„ =(l +r)"Y„, define =(A„ —A„5'r,)/B„. One can actually
show A„ >0so that no short selling is necessary.
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Feynman path integrals
THE PROBLEM. In quantum mechanics, the Schrodinger equation ihu —Hu defines the evolution of
the wave function f{t) =U*f — in aHi lber t space .The opera tor H is the Hami l ton ian.
If H =Hq +V, where Ho =—A/2 is the Hamiltonian of afree part icle and V:
the potential the operator is called aSchrodinger operator. How do we compute (/, U^g)"?

I S

DEFINITION. Alinear operator A:D{A) C"R —>■ i s s y m m e t r i c i f ( A u , v ) = ( u , Av ) f o r a l l
u,v ED{A) and selfadjoint, if it is symmetric and D{A) =D{A*).

BACKGROUND. One has to restrict the opeator Rto avector space D{H) CHcalled domain con¬
taining the dense set of all smooth functions vanishing at infinity. Define D{A*) ={uEH\v ^
(Av,u) is ahounded linear functional on D{A)}. If mGD(A*), then there exists aunique function
w=A* uEH such that (Av, u) =(v, w) for all uGD(A). This defines the adjoint A* of Awith domain
D(A*).

FEYNMAN’S IDEA. Assume H=Hq +Vis selfadjoint. Then

2 i r i t )-m f
d(K.*)n

e = l i m (
nn — * - o o

w h e r e

at 4\ —^ ^ i - l |
Tl . . ̂

f-!t / n< = i

This is essentially aconsequence of the following formula which generalizes the Lie product formula

lim (exp(A/n) exp(B/n))’" =exp(A -t- B)
n — * o o

for finite dimensional matrices A, B. One says A„ converges strongly to Xif A„/ —> Xf for all /G
a n d w r i t e s X = s — l i m „ ^ o o A’ „ .

TROTTER PRODUCT FORMULA. Given selfadjoint operators A,B defined on D{A),D{B) CTi.
Assume A+Ris selfadjoint on D=D{A) 0D{B), then s - l im„_.oo(e‘ '^ / "e* ‘^ / ” ) ” . I f A, B
are bounded from below, then = s —

Unfortunately, there are problems to perform this summation in general over all paths in the limit when
the time intervals [x
be computed using Brownian motion Bt defined over aprobability space (G,A, F). If UGC^(M"), the
integral f* V(Bs(w)) ds can be taken for each was alimit of Rieman sums. Then, f* V(Bg) ds is arandom
variable. The existence of Brownian motion defines aprobability measure on the space of all continuous
paths on M". Integration with respect to this measures is denoted by fdB.

- t H_i] goes to zero. However, when replacing tby t/i, one gets (/, e g) which canX ,n j

F E Y N M A N - K A C F O R M U L A .

g) =jf{Bo)g{Bt)e- t Hi f ,e dB .

This is an integral over all continuous paths Bg starting at zero.

The Feynman-Kac formula is useful in mathematical physics: it allows to treat operators with magnetic fields or
to compute groundstates and groundstate energies perturbatively. The concept of functional integration is away
of quantisation which generalizes to more situations, where canonical quantisation (replacing classiccd variables
by operators) is not available.



1) PROBLEM.

We model aphysical system which can be in different energy states
and which is in contact with aheat reservoir of inverse tem¬
perature p. If the energies take discrete values ei, 62,..., then
the system will be in the Bolzman distribution which is given
by Pi3[{j}] =where Z{P) = 1 i s t h e n o r ¬
malization factor called partition function. The probabilities

are called the Bolzmann-factors. The energy of the
state jis ej =X{j). The case ej =jis essentally the situation
of the quantum mechanical oscillator. The formula, you will
compute in c) is Planck’s formula for the total energy of a
quantum mechanical oscillator. In suitable physical units, this
is Planck’s blackbody radiation formula, giving the average
energy of the oscillator in dependence of the temperature.
It is important to note that probability theory has its roots partly
in the foundations of thermodynamics but the vocabulary is dif¬
ferent Q=phasespace, P)= thermodynamic system, random
variable=observable, probability density=thermodynamic state.

p m ]

Given for every real number /? >0the discrete probability space (Q,.4, Pp)
e-/3e,

w i t h

n = n = { o , i , 2 , . . . } , A = { A c n } , P p [ { j } ] = m
w h e r e

C O

j = 0

and the real numbers Cj are such that the sum Z{P) is finite. Consider the
random variable Xon Pp) defined by X{j) =Cj .

a) (4) Show that

Ep[X] =- m
where Ep is the expectation with respect to {Q,,A,Pp).
b) (4) Compute Z{P) in the case, when Cj =jfor all j=0,1,....
c) (4) Compute, using a) and 6), the value of Ep[X], in the case ej =j.

Additional information: Planck’s law of black body radiation was crucial
for the development of quantum mechanics. No continnous energy distribution
could explain this law. So, the first time, it was established that for some
systems, the energy can only take discrete ("quantized”) valnes.
The assumption ej —jin this exercice should in aphysical situation be replaced
by Cj =eo +jtko, where wis the frequency of the oscillator, eo is the ground

1



state energy and his the Planck constant. The inverse temperature /? stands
for (kT)~^, where kis the Bolzman factor and Tis the temperature.

SOLUTION a) (4) We compute
I ° °

e-^«i

a n d s o

o o o o

=Eo- ! = m ] ■m j = o j = 0

b) (4) We have
O O O O

1

l - e - / 5 ■
j = o j = 0

c) (4) From b), we get
e - ^4zm = { i - e - p yd(3

a n d
e-P 1

Ep[X] =- l - e - P e / 5 - 1 ■Z{P)
2 . P R O B L E M .

In many tables of physical constants and statistical data, the lead¬
ing digit of the data is not uniformly distributed among the dig¬
its (as might naivly be expected). Rather, the lower digits appear
much more frequently than the higher ones. Benford’s law says
that the probability that the first significant digit is kis given
by logio(l +k~^). Benford derived this law in 1938 from some
statistics he did from twenty different tables. It is today quite
evident that Benford manipulated the round off errors to obtain a
better fit. Dispite this fraud, the law is called after him. Apropos
fraud: since the IRS is considering doing Bedford tests on the data
obtained from the taxpayer and to audit the worst fits, one can
now alrady read advises (seen in 1995) that a’’creative” taxpayer
w h o w a n t s t o o u t f o x t h e IR S sh o u l d f a b r i ca te h i s d a ta s w i t h fi r s t

significant digits satisfying Benford’s distribution ...

Consider the finite set D={1,2,..., 9} and the Boolean algebra M={A Cfi}.
a) (6) Show that P:A—> [0,1]

^ + 1
P[A] =5^1ogio( k

k e A

2



is aprobability measure, where log^o is the logarithm with respect to the base
10.

b) (6) Let Xbe the random variable, which gives the first digit X{k) =k. Com¬
pute E[X], (Simplify the result as much as possible. No numerical evaluation
of the result is required).

SOLUTION, a) (6) Since P[{j}] >0, we have also P[A] >0for all A£A.
The additivity is clear from the fact that we know the masses of the atoms, so
that Pis ameasure. What have also to check is that Pis normalized:

999

P[̂ ] = l̂ogio(̂ )̂ =l̂ logio(fc+1)-̂ logio(fc)
t=l k =l k = 0

=logio(lO) -logio(l) =1■
If such cancellations as in the above calculation occurs, one says, the sum is
telescoping.

b) (6) W e h a v e

f2k-PlX =k] =f̂ k-log,o(̂ )E[X]
k = lk = l

9

^̂ logio(Ir-hl)*̂  -logiô *=
k = l

9

logio(^ +1) -logiol̂ogio(^ +1)k + 1

k = l
1 01 0

logio(10'“) -logio(l') -logio(10!) =10 -logio(10!) =logio( 10! ’■

Again, we had atelescopic snm in the second last step. Numerically, we get
(this computation was not required) for the average: E[X] =3.44024.

3
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H o m e w o r k 1

Due: Tuesday, January 28, 1997 in class

Topics: Boolean algebras. Probability spaces. Modelling of probability
s p a c e s .

Remark. This HW contains 5questions. Each question can give 10 points, so that
you can get amaximal credit of 50 points for this HW.

1) (10 points) Topic: Boolean algebras: agroup. Let .A be aBoolean algebra.
Define = (AU5)\(AnR). Show that (^, A) is acommutative group (this
means the following properties hold:)
& ) A , B ^ A A A B G A .
b) For all A,B,C the associativity law (AAB)AC =AA{BAC) holds.

= A f o r a l l A ^ A .G A s u c h t h a t A A Ac) There exists azero element A
d) For all A, there exists an inverse Bsuch that AAB =A
e) For all A, Bthe commutativity law holds AAB —BAA.

z e r oz e r o

z e r o '

2) (10 points) Topic: Probability spaces: internet. Consider apart of the in¬
ternet computer network consisting of 3nodes (computers). Assume that two of
the three computers are connected with probability pand that with probability
5=1—p, the connection is broken,
a) Construct the probability space (D,A, P) and find the event that all nodes
have connection to all other nodes,

b) What is the probability that one can reach from any of the computers any
other computer.

3) (10 points) Topic: Probability spaces: dices. Suppose two dice are rolled
once and that each of the 36 possible outcomes are equally likely. What is the
probability that the product of the two numbers on the two faces is even?

4) (10 points) Topic: Probability spaces: darts. We are throwing darts onto a
disc of radius 1and assume that the dart hits each region in the disc equally
likely. What is the probability that two darts hit both apoint in distance <1/2
f r o m t h e c e n t e r .

5) (10 points) Topic: Probability spaces: roulette. Aweel of circumferecne 27t is
made into aprobability space by assigning the probability that aball lands in an
arc of length sis s/27T. The weel is divided into 37 zones numbered 0,... 36. The
zones with even numbers except are painted black, while the odd numbers are
painted red. The zone with number 0is painted green. What is the probability
that in two games, both red and black occur?
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Homework 2
Due: Tuesday, February 4, 1997 in class

Topics: Modelling of probability spaces, conditional probability,
independence.

Remark. This HW contains 5questions. Each question can give 10 points, so that
you can get amaximal credit of 50 points for this HW.

1) (10 points) Topic: Modeling probability spaces, apolitical problem,
country comes from afamily of two children. What is theThe president of

probability that the other child is his sister?

2) (10 points) Topic: Conditional probability spaces, Polya’s urn scheme.
An urn has 16 balls, 12 red and 4black balls. Without putting the balls back, one
draws two balls, one after the other mixing the balls in urn before each drawing.
Assume the second ball is red. What is the probability that the first ball is red.

3) (10 points) Topic: Independence, the complement events.
Let Aand Bbe two independent events,
a) (5 points) Prove that Aand are independent,
b) (5 points) Prove that A "̂ and are independent.

4) (10 points) Topic: Independence, overbooking of flights
Experience shows that 5%of the people reserving flights do not show up. Airlines
therefore decide to overbook the flights and take the risk to pay out people with
no seat. Assume aplane has 230 seats and that the airline sells 233 tickets. What
is the probability that all people will be accommodated?

5) Topic: (10 points) Topic: Probability spaces, combinatorics, the wardrobe
problem.
We distribute randomly nGNcoats of npeople and wonder what is the proba-
bilihy that no person gets his or her coat,
a) (2 poits) Set up the probability space (H, A, P) for the situation,
b) (2 points) Define for 1<i<nthe event Ai that at least person number i
gets his (or her) coat. What is the probability of the event Aq fl fl ... fl Ai
w h e r e 1 < H < * 2 <!!!<
c) (3 points) What is the probability p(n) that no person gets his (or her)
coat? Hint: Consider the event that at least one person gets his (or her) coat
and use the formula proven in class

o w n

f c - i E F l A i , n n . . . n A i , .C [ U =
l < t l < i 2 < — < i k < nk - 1i = l

d) (3 points) What happens with the probability p{n) for n o o ?
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Homework 3

Due: Tuesday, February 11, 1997 in class

Topics: Combinatorics and finite probabil i ty spaces.

Remark. This HW contains 5questions. Each question can give 10 points, so that you can get a
maximal credit of 50 points for this HW.

1) (10 points) Topic: Permutations and maps.
Apermutation of aset X—{1,2,.. .,n} is amap on this set which is bijective. Ageneral
map from Xto Ais not apermutation. What is the probability that arandom map on Xis
apermutation?

2) (10 points) Topic: Combinations. Random walk.
Arandom walker on the line moves in each step with probability 1/2 to the right and with
probability 1/2 to the left. Assume the walker starts at 0.
a) What is the probability that the walker is returning back to the origin after nsteps,
b) Each step has length 1. What is the probability that the walker is in distance fc 6Nfrom
the origin after nsteps.

3) (10 points) Topic: Scrabble.
While playing scrabble, you get the letters F, E, R, I, T, R, C, F, I. How many words can you
write with these letters? An example is TERRIFFIC.

4) (10 points) Topic: Amino acids.
The genetic code of all living cells is built by nucleotides. There are four kind of those
T(hymine),A(denine),C(ytosine),G(uanine) which are used to build up the DNA (Deoxyri-
boNucleicAcid). An amino acid is specified by asequence of three nucleotides. How many
amino ac i ds can be coded i n t h i s manne r?

5) (10 points) Topic: RSA and factoring integers by aprobabilistic method. Let nbe a
number and pafactor of n. Given mrandom numbers out of the set X={1,.. .,n}. What
is the probability that two of them are congruent modulo p? Hint: the number nis irrelevant,
you can as well take random numbers modulo p.

MOTIVATING STORY FOR PROBLEM 5) The RSA scheme is awidely used encryption
scheme for example used on the internet. Its security is based on the fact that it is hard
to factor integers with large prime factors and that this problem is considered by so many
people that nobody could resist publishing abetter method. The best current factoring
algorithms can handle numbers with say up 150 integers (currently nobody is able to factor
200 digit numbers which are products of two 100 digit primes). There are current challenges
on the internet where prizes are given out for successes (this is also politically motivated,
the last week aprize was won, see the article below).
One method for factoring integers is the Pollard pmethod. This method was used in 1980
to factor the first time the eight’s Fermat number n=Fs =20“) +1. The idea to find
prime factor plike here p=1238926361552897 of n=Fg is to produce randomly numbers
1<xj: <nfor example with apseudo random number generator Xk+i = + 3 m o d n a n d
to check whether any pair Xk -x; has acommon prime factor with nby forming the product
Qm =n î(2;2i -Xj) mod nfinding occasionally the greatest common divisor GCD{Qm, n).
If two numbers Xk,xi have acommon prime factor pamong the melements xi,..., Xm, then
it shows up in GCD{Qm,n).

a

(*) If you have time and if you are interested in the extremely fascinating story of computa¬
tional number theory (which has alot of probabilistic stuff inside), try this:
How big does mhave to be, in order to factor n=2^^*^ -|- 1with probability 1/2 with the



Pollard rho method?

Here is my Mathematica implementation of the simplest Pollard -p method (you can find the
source code on the web site of the course). The six’th Fermat number has already 20 digits and
ausual ’’Baby method” =”trying out all possible factors” up to y/n would be hopeless already.
So, this primitive algorithm is already quite effective. One can improve the method.

1
r

FactorHithPollard[n_] := Hodule[{a=3, x=17, y=17, q=l}.
Wh i l e [ q<2 ,

Do[x=Hod[x*x-a,n] ;

y=Hod[y*y-a,n];
y=Hod[y*y-a,n];
q=Hod[q*(x-y),n],{i,20}] ;

q=Hod[GCD[n,x-y] ,n] ];q] ;

Fe rmatHumber [n_ ] ;=2" (2 "n )+ l ;

Example=Fact orUithPollard[FermatHumber[6]]

Bonus question: Why is the method called pi Hint: look at the form of the letter pand relate
it with what the algorithm does.

See the ci te:

r

http://hwh.cim.com/TECH/9701/30/encryption.reut/index.html J

about the story of the ”California student unscrambling the internet code” (January 30, 1997
in CNN) from last week!

id the In te rne t commun i t y ba t t l e ove r U .S . enc ryp t ion lawe , a
: ryp t ion tha t U .S . lawBERKELEY, California (Reuters) -As the White House

la graduate student said he broke acode said to have the strongest e
allows to be exported without restrictions,

t h r e e a n d a h a l f h o u r s , h e s a i d ,

silly the export restrictions are because 40-bit key length is ridiculously weak,
eat the University of California at Berkeley, told Reuters,

ublished Tuesday morning by RSA Data Security Inc., asoftware firm in Redwood City,
achal lenge to code breakers.

RSA owned by Security Dynnmic, Technolosie. Inc., i. one ol dozen, of compnnie, trying to get the U.S. governroofen rt.Uiction, ?n export of encryption, which currently prohibit U.S. fir», or citizen, from pntt.ng e,
code of more then 40-bit, of length on the Internet nnle„ the government i, zupplied »code key.

U n i v e r s i t y o f C a l i f o

I t t o o k h i m a m e r e

I a n G o l d b e r g , a g r a d u a t e
” I t s h o w s h i
s tudent o f computer sc ie i

T h e 4 0 - b i t e n c r y p t e d m e s s a g e w a s p
Cal i fornia, which developed encr;^ _ypt ion w ide ly used on the In ternet ,

l e n t t o

: r y p t e d

key to the code, which it will hold in escrow i n
ryptions of up to 56-bits if the government i

ana t iona l secur i t y need a r i ses .
g i v e n aU . S . l a w a l l o w s e

c a s e

ipede i ts ab i l i ty tots ide of the Uni ted States would id e siment has argued that distribution of encryption
trnfficking nnd politicnl ferrorizm. Congress i, considering bill, to loosen these restrictions.T h e g o v e r n

fi g h t d r u g !
l e r c e a n d w i d e s p r e a dtusers end Internet technology compnnie, nrgue thnt the restrictions impede electronic com

s a c t i o n s .
B u t I n t e

o f the In ternet for many pr ivate bus iness t
it by aU.S. based company would be considered exporting,

l a k t h e

Because the Internet has no national borders, anything posted

G o l d b e r g u s e d a b o u t 2 6 0 c o m p u t e r
code. The un ivers i ty sa id those resonre

rkstations netvworked together to test various computations to bi
lonly available to people in university settings,

.p ie said Goldberg’s break

w o u l d b e p r e t t y c o m :

ebeing held here this week by RSA Data Security, pA t a d a t a s e c u r i t y a n d e n c r y p t i o n c o n f e r
of the code is proof that U.S. laws need changing.

going to trust 40-bit (cryptogrnphy) nny more,” snid Peter Trei, senior softwnre 'hg'”'" «!* Process® ® he nodded toward the San Francisco auditorium where 2,500 people were’ ’Nobody i n t ha t r oom ’s
Sof tware Corp. , o f Framingham, Massachuset ts . , as
attending the cryptography conference.

cryptography, and anumber of panelists in presentationsThe gathering included some of the world’s leading experts
were openly critical of the ’White House policy of prohibiting export of strong cryptography.
Cryptography experts said the government policy must enable busi
ers, but that current standards do not allow this to be exported, ^

to stay ahead of the capabilities of computer hack-. e s s e s

h i ch a l so can l im i t I n te rne t d i s t r i bu t i on .

Copyright 1997 Reuters Limited. All rights reserved.
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Homework 4

Due: Tuesday, February 18, 1997 in class

Topics: Discrete random variables, discrete densities, distribution functions,
independence, geometric densities.

Remark. This HW contains 5questions. Each question can give 10 points, so that you can get a
maximal credit of 50 points for this HW.

R E M I N D E R O F S O M E D E F I N I T I O N S :
Adiscrete random variable is areal-valued function Xon aprobabil ity
space (D, A, P), which has the property that X(f2) is adiscrete set {xi,X2,..., }
in the real line Mand such that the sets Aj =X~^{xj) ={w G|X(w) =
a;j} are in A- If we replace Mby M'*, we speak of arandom vector X=
(Xi , . . . ,Xd) .
The discrete density function /of arandom variable Xis the function on
Mgiven by f{x) =P[X =a;]. For arandom vector X=(Xi,... ,Xd) the
discrete density function is the function f{xi,..., Xd) =P[X, =a:,] on
The distribution function of arandom variable Xis the function Fx :M—> IR
given by Fx{y) =P[X <y]. For arandom vector, the distribution function is
the function Fx{x\,..Xd) —P[Xi <a;,] on M'*.
Two random variables or random vectors X, Yare independent if the sets
Ai =X“^(xt) and Bj =Y~^{yj) are independent events for all pairs i^j.

1) (10 points) Topic: Definition of discrete random variables .
a) How many random variables do there exist on the probability space

(fi ={1,..., 37}, A={A CD}, P[A] =|A|/|flO).

b) Find all random variables on the probability space (D ={1,2,..., 1000}, A={0, D}, P[0] =
0 , P [ fi ] = l ) .
c) Is it true that on every finite probability space, where Ais the set of subsets of SI, and Pis
an arbitrary probability measure, every real function is arandom variable?
d) Let (fi =[0,1], A={measurable sets}, P[[a, 6]] =6-a).
Is X(x) —Xadiscrete random variable?
e) Find adiscrete random variable Xon (Q =[0,1], A={measurable sets}, P[[a, 6]] =6—a)
such that X(D) =N.

2) (10 points) Topic: Density and distribution functions. Let D={w =(wi,W2, W3, W4) |u, G
{0,1} }be the probability space of throwing adime 4times. Let X(w) = w , - . D r a w t h e
discrete density function and the distribution function of X.

3) (10 points) Topic: Independent random variables. Let D={w =(wi,W2) |Wi,W2 G
{1,...,6}},A ={A CD},P[A] =|A|/1D1} be the probability space of throwing two dices.
Consider the two random variables X(w) =uii,Y(ui) =W2- Determine explicitely the events
X“^(3) ={the first dice is 3}and Y“^(5) ={the second dice is 5}and verify that they are
indeed independent events.

4) (10 points) Topic: Indendent random variables Show that if two random varables X,Y are
independent, then also X^ and are independent.

5) (10 points) Topic: Geometric density. Let X,Y be independent random variables having
geometric densities with parameters pand q. Find
a) P[X >Y].
c) The density of X-|- Y.



F e b r u a r y 1 9 9 7Math464 /564 O. Kn i l l ,

Homework 5
Due: Tuesday, February 25, 1997 in class

Topics: Discrete random variables, independence of random variables, discrete random
v e c t o r s .

Remark. This HW contains 3questions. The number of questions is reduced because of possible midterm
stress this week. You can here get amaximal credit of 30 points.

1) (10 points) Topic: Independent random variables .What is the distribution of the sum of two
independent random variables X, Ywhere Xis Poisson distributed with parameter A=2and Yis
Poisson distributed with parameter A=3?

2) (10 points) Topic: Poisson approximation of Bernoulli. The production of microchips becomes
more and more delicate. What is the probability that 2chips of asilicon waffer containing 1000 chips

defect, if achip is defect with probability 0.01. Approximate the Bernoulli distribution by asuitable
P o i s s o n d i s t r i b u t i o n .

3) (10 points) Topic: Random vectors, multinomial distribution. If X—(Ai,.. .,Xr) is arandom
vector, then the distribution of Xi is called amarginal distribution of X. What is the marginal
distribution of Xi of the random vector X=(Xi,X2,X3), if Xhas the multinomial distribution

if ki +k2 +ks =10 and P[X =Ar] =0if fei +^2 +^3 ^10.

a r e

10 - 1 0P [ X = k ] ^ ki,k2,kz ĵ
C h e c k l i s t f o r fi r s t m i d t e r m .

The material is about the topics of the first three chapters of the book which we covered as weill as the
material which appeared in class. There will be ashort theory part (multiple choice) and some problems
in the style of the homework. You will be allowed to use all your notes, all in class distributed material,
all homwork, but no printed books (the later restriction is to prevent you from ’’reading ”and losing time
during the exam and to encourage to do aprivate collection of notes. My suggestion for apreparation:
look again at the homework problems HW1-HW4 (can Isolve all problems now ?), make ashort private
list of important definitions, formulas, results and examples. Topics,

P R O B A B I L I T Y S P A C E S .

!Definition of cr-algebra, probability measure, probability spaces.

!Examples of probability spaces.

!Working in the algebra of sets.

!Basic formulas like P[A] =1—P[A'^] or the switch on switch off Formula of Sylvester.

C O M B I N A T O R I C S .

!Knowledge of all basic formulas in combinatorics.
!Some formula deduced from basic formulas like Bernoulli or the formula in lotto.

!Know at least one example for each basic formula.

D I S C R E T E R A N D O M VA R I A B L E S .

!D e fi n i t i o n o f a d i s c r e t e r a n d o m v a r i a b l e .

!Definition of density and distribution function.

!Know from the basic distributions what is set of values, what are the parameters and an example and
where i t is used.
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Homework 6

Due: Tuesday, March 4, 1997 in class

Topic: Expectation and Variance of discrete random variables.
Remark. This HW contains 5questions with 50 points.

11 (10 points) Topic Expectation and Variance Consider the probability space of throwing adice once,
that is O={1,2, 3,4,5,6} and P[A] =|Al/lfil. a) What is the expectation and variance of the random
variable X{uj) =w?!  u i v c \ _b) What is the expectation and variance of the random variable X(u) -

2) (20 points) Topic: Expectation of discrete random variables.
w2?

states and which is in contact with aheat reservoir ofAphysical system can be in different energy d i
temperature If the energies take discrete values ei,e2,..., the system will be mthe Bolzinan

distribution Pp[{}}] = IZ{P), where Z{P) = partition function. The
probabilities P [̂{j]] are called the Bolzmann-factors. The energy of the state jis = (̂j)- The ĉ e(! is the situation of the quantum mechanical oscillator. The formula defined in d) is Planck s

mechanical oscillator. In suitable physical units, this is
of the oscillator in dependence

i n v e r s e

ej =yis
formula for the total energy of aquantum
Planck’s blackbody radiation formula, which gives the average energy
of the temperature.

Given for every real number ^8 >0the discrete probability space P/j) with

fi=:N ={l,2,...},yl= {Ac fi},P/3[{i}] = ZW)

and the real numbers ej are such that the sum Z{̂ ) is finite. Consider thewhere Z{0) =
random variable Xon {Cl,A,Pp) defined by X{j) =ej .

= 1

a) (5 points) Verify that Pis aprobability measure. (In the midterm, the contained 0).
b) (5 points) Show that

jZ{l3)Ep[X] =- ZW) ’
where Eb is the expectation with respect to (Q, A, Pft).
c) (5 points) Compute Z{0) in the case, when Cj =jfor j=1,.... Simplify as much as possible,
d) (5 points) Compute, using h) and c), the value of Ep[X], in the case Cj -j.

3) Topic: Expectation of discrete random variables. (10 points)
In many tables of physical constants and statistical data, the leading digit of the data is not uniformly
distributed among the digits (as might naivly be expected). Rather, the lower digits appear much more
frequently than the higher ones. Benford’s law says that the probability that the first significant digit
is kis given by logio(l +k~'̂ ). Benford derived this law in 1938 from some statistics he did from twenty
different tables. It is today quite evident that Benford manipulated the round off errors to obtain abetter
fit. Dispite this fraud, the law is called after him. The IRS is considering doing Bedford tests on the data
obtained from the taxpayer.

Consider the finite set ={1,2,..., 9} and the Boolean algebra A={A Cfi).
a) (5) Show that P:A—>■ [0,1]

k € A

is aprobability measure, where logio is the logarithm with respect to the base 10. ^ ^
b) (5) Let Xbe the random variable, which gives the first digit X{k) =k. Compute E[X\. (Simplify
the result as much as possible).

4) (10 points). Assume Vis geometrically distributed with parameter Aand Yis Poisson distributed with
parameter //.

+ r \ - T - L V ' ?



REMINDER OF SOME DEFINITIONS
Arandom variable on aprobability space {Q,A,P) is afunction X:Q-®such that for all
XeM, the event {X =x} is in A. The random variable Xis discrete if A(0) is adiscrete set.
The expectation of arandom variable Xis defined as

E [ X ] =
x e x { n )

The variance of arandom variable Xis defined as

Var[X] =E[{X- E[X]f ].

Convenient is the formula Var[X] =E[X ]̂~ E[Xf.
The standard deviation of Xis

a[A] =y/y^] ■

The covariance of two random variables X,Y is defined as
Cov[x, y] =E[{X -E[X]) ■(y -e[y])] .

We know Cov[X,Y] =E[XY\ —E[X]E\Y], ^
random variables X,Y with Var[X] >0, Var[Y] >0, the correlation between AandG i v e n t w o

y is defined as Cov[X,Y]
Corr[X,y] =

If Corr[X, y] =0, then X,Y are called uncorrelated.
The correlation coefficient p{X,Y) of two random variables with Var[X] >0, Ear[y] >0is

^[x](T[y] !

d e fi n e d a s Cov{X,Y)
p{X,Y) = <T[x]a[y] !

Two random variables X, Yare independent if for all a, 6GK

P[X=^x-Y =y] =P[X =x]-P[Y =y\.

line of two random variables X, Yis the line y-ax +b, where

^̂ ,6 =£[yl-airm.
The regression

a =

REMINDER OF SOME FACTS
JE;[Xy] =E[X]E[Y] if Xand Xare independent.
If Xand yare independent, then Coi;[X,y] =0-

Schwartz inequality E[XYf <E[X^]E[Y^]. It implies that |K^,y)| <1-
Chebychev inequality. P[\X —E[X]| >e] <yar[X]/e
If n=ax +6is the regression line of two random variables Xand Y, then the random vanaWe
Y=aX +bminimizes Var\Y -Y] under the constraint E\Y] =E\Y]. It is the best guess for Y,
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Homework 7

Due: Tuesday, March 11, 1997 in class

Topic: Expectation and Variance, Correlation Probability generating function.
C o r r e l a t i o n c o e f fi c i e n t .

Remark. This HW contains 5questions. Each question can give 10 points, so that you can get amaximal
credit of 50 points for this HW.

1) (10 points) Topic: Probability generating function, a) (5 points) Compute the expectation and
variance of a(n,p)-Bernoulli distributed random variable using the probability generating function,
b) (5 points) Compute the expectation and variance of aPoisson distributed random variable using the
probability generating function.

2) (10 points) Topic: Covariance and independence. Given two independent random variables X,Y
satisfying Var[X] =Var\Y] —1.

a) Compute Var[3V +5y].

b) Compute the correlation coefficient p{2X +Y,X).

3) (10 points) Topic: Expectation and Variance. The probability space in roulette is defined by
(Q ={0,1,2,..., 36},>1 ={A c — 1/37). Anew house in Las Vegas offers to play the
following option: as usually you bet 1dollar. If the ball hits anumber different from zero which is
divisible by 5then you get back 5dollars, (you win then 4=5-1 dollars). In any other case, you
loose your dollar.

a) (5 points) Determine E[X], which is the expected win or loss.

b) (5 points) Compute Var[X] which is ameasure for the risk of this option.

4) (10 points) Topic: Correlation. Given two discrete random variables X,Y which have both positive
v a r i a n c e ,

a) For each 6€[0, 27t], define

Xcos(0) —Ysin(0) ,
Xsin(0) +Ycos(0) .Ye

Verify that there exists avalue of 0for which Xg,Ye are uncorrelated.

5) (10 points) Topic: Cbebycbev inequality. We throw adime 100 times. Let Xbe the number of heads.

Give with Chebychev’s inequality an upper bound for the probability that [A -50| >10.
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Homework 8

Due: Tuesday, March 25, 1997 in class

Topic: Review of the first half of the course.

Remark. This HW contains 5questions. Each question can give 10 points, so that you can get amaximal
credit of 50 points for this HW. This problem set is areview and covers also older topics. The aim is to
improve your routine before we go into the next half of the course after the spring break.

1) (10 points) Topic; Probability space.

a) Prove P[A] =P[A nB] +P[A HB%
b) Prove P[A\A\ —0.
c) Find P[An B] if Aand Bare independent events of probability 1/4.
d) Fiove 1=P[B\A] +P[B'^\A\.
e) Prove the formula P[AC[B] >P{A\-\- P[B] —1.

2) (10 points) Topic: Combinatorics.

a) What is the probability to have 4kings in apoker hand. (5 cards out of 52)?
b) Afamily has three childs. What is the probability that two of the childs are boys?
c) AMorse code consists of asequence of dots and dashes. Aletter is encoded by asequence of dots
and dashes with length 1to 5. (Repetitions are allowed). How many letters can be encoded with 1to
5symbols?
(See http://www.soton.ac.uk/ scp93ch/refer/alphabet.html for the Morse code alphabet on the web.)

3) (10 points) Topic: Probability distributions Let Xand Ybe independent random variables with
P o i s s o n d i s t r i b u t i o n A = 1 a n d p = 5 .

a) Find P[X >Y].
b) Find P[X =Y].

4) (10 points) Topic; Expectation, Variance etc. .

a) Compute the probability generating function 4>x of aN-valued random variable Xwith probability
density function /x(n) =2"", n=1,2,.... (there should be no sum in the end),
b) Use a) to compute E[X\.
c) Use a) to compute Var[X].
d) Assume Xand Yare independent. We know E[X] —2,E\Y] =S,Var[X] =4, Uar[Y] =2. Find
Va r [ 7 X - 2 Y ] .
e) Let A,y be as in d). Find p[X +Y, Y] =Corr[X +Y, Y].

5) (10 points) Topic: Chebychev-Mru^kov inequality. Prove Cantelli’s inequality

Have arelaxing spring break!
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Homework 9
Due: Tuesday, April 1, 1997 in class

Topic: Absolutely continuous random variables.

Remark, This HW contains 5questions. Each question can give 10 points, so that you can get amaximal
credit of 50 points for this HW.

1) (10 points) Topic: Discrete and continuous random variables.Decide from each of the following random variables on [0,1] whether it is discrete or absolutely contin¬
u o u s :

a) X(w) =sin(w).

c) X{u) =[1000-w], where [x] is the largest integer smaller or equal to x(for example [3.1415926...] =3)
d) A(w) =lo,=o.5, where 1a(w) =1if wGAand U(w) =0if w^A.
e) A(w) =l[o.2,o.3](«)-

2) (10 points) Topic: Normal distribution. Consider the normal distribution with probability density
f{x) = e

A
3 ^

a) Show that f{x) is maximal for
b) For X=m±a, the second derivative of /is vanishing.

X = m .

3) (10 points) Topic: The Erlang distribution. Consider arandom variable Xwith probability density
\ k ^ k - l

= ( i r i ) ! '
where A, kare parameters. This is called the Erlang distribution. It arises naturally because as we will
see later the sum of independent exponential distributed random variables is Erlang distributed.

f u n c t i o n
—Aar 1j:>0 )

a) Show that the exponential distribution is aspecial case. ^
b) Verify that /is indeed adensity functions, that means, verify that f{t) dt =1.
c) Compute E[X\.
d) Compute Var{X],

4) (10 points) Topic: The Exponential distribution. Aradioactive sample containing Lutetium (Lu)
1emits arays {Hê  nuclei). Assume the waiting time A(measured in seconds) for adecay is expo¬
nentially distributed with parameter A=3.

a) What is the probability to get adecay in 1second?
b) How long does one have to wait in average to measure adecay?

5) (10 points) Topic: General probability spaces.
It might surprise that there exist open dense sets on the interval [0,1] which have not full probabiliy.
Enumate the rational numbers xi, X2,.. !and define A=[Jni® 1|a: -ainl <4"}. The set Ais dense
because it contains the rational numbers. The set Ais open because it is aunion of open intervals.
What is the measure of A?
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Homework 10

Due: Tuesday, April 8, 1997 in class

Topic: Transformation of absolutely continuous random variables.

Remark. This HW contains 4questions. Two questions give 10 points, the other two 15 points. You can
get amaximal credit of 50 points for this HW.

1) (15 points) Topic: The Arc-Sin distribution. Background: Aquantum mechanical particle mov¬
ing freely in aone-dimensional discrete crystal has an energy density in [-2,2] given by f{x) =
i(4 — This is called the density of states of the system. The probability that aparticle has
its energy in an interval [a, 6] is f{x) dx. The probability distribution function F{t) —f{s) ds
is called the integrated density of states and is accessible to measurements in solid state physics.

Consider arandom variable Xwith probability density function fx which vanishes outside (—2,2) and
which is /x(*) =l/(7rV4 —x"^) for xG(-2,2).
a) (5 points) Verify that /is aprobability density function and compute the distribution function
Fx(t) =f{s) ds. Hint: remember the name of the distribution,
b) (5 points) Compute E[X], the average energy of aparticle,
c) (5 points) Compute Var[X]. (Hint: your symbolic computing software tells you that /x /̂y/A —dx =
2arcsin(a;/2) —a;\/4^^^/2.)

2) (10 points) Topic: The Log-Normal distribution. It appears often in applied statistics that loga¬
rithms of observed datas are normal distributed. In this case, one deals with log-Normal distributed
r a n d o m v a r i a b l e s .

Assume Xis normal distributed with mean mand variance .Compute the density of the random
variable Y= . This is called the log-Normal density.

3) (10 points) Topic: Exponential distributed random variable. The time Xwith which an isotop
decays is an exponential distribued random variable with parameter A=10. You look up Ain atable
where it is given in the case, when atime unit is 1second. For some reason, you want to know A, when
the time unit is 1year =31’536’000 seconds. In other words, determine the density of the random
variable cA for c=1/31'536'000.

4) (15 points) Topic: Bertrand paradox revisited. Remember the Bertrand paradox? There was
the set of all possible ways with which one can put aline intersecting the unit disc D= < ! }!
We considered the random variable A(w)=”length of the segment cut by arandom line in f2”. The
problem was to determine P[X <\/3]. The probability measure Pon and so the distribution of X
w a s n o t d e t e r m i n e d a n d l e a d t o d i f f e r e n t a n s w e r s ,

a) (5 points) In the first case, wGHwas represented by the distance of the line to the origin, assuming
P[{u; G[0,1]
variable X:[0,1] ^Min this case and compute E[X].
b) (5 points) In the second case, was represented by the angle it hits the circle assuming G
[0, 7t] wG[a, 6]}] =6—a. Determine the proability density function fx random variable A:[0, tt] —»■ M
in this case and compute E[X].
c) (5 points) In the third case, wGHwas represented by that point in the disc, which is the center
of the segment cut by the line and Pwas the normalized area measure on the disc D. Determine the
probability density function of the random variable A:D^M} and compute £'[A].

G[a ,6 ] } } ] =6- Determine the probability density function fx of the randomU J a .
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Homework 11

Due: Tuesday, April 15, 1997 in class

Topic: Random vectors, joint distributions, marginal density, distributions of
asum of two independent random variables, transformation of densities,

conditional density, Bayes rule.

Remark. This HW contains 5questions each giving 10 points so that you can get a
maximal credit of 50 points for this HW.

1) (10 points) Topic: Marginal density. Let X,Y be absolutely continous with density
f{x,y) = for 0<a; <?/ and f{x,y) =0else.

a) Sketch the level curves of /.
b) Find the marginal density of X.
c) Find the marginal density of Y.

2) (10 points) Topic: Covariance matrix, normal distribution. Assume Xand Y
A(0, l)-distributed random variables satisfying Cov[X,Y] =2. Find the density of
the random vector {X +2T, A+T).

a r e

Hint: you can use the fact that aGaussian random vector X=(Ai,...,A„) with
covariance matrix I<ij =Cov{Xi,Yj) and vector mean m=(mi,...,m„) with
E[Xi] has the density

r t i i =

f{x) =(27r)-"/2|detA|-i/2g-|(x-mHK-H^-m) _

Compute first the 2x2 covariance matrix Kof {X +2Y,X +Y).

3) (10 points) Topic: Distribution of asum of independent random variables. Let X,Y be
independent random variables both with continuous distribution /. What is the density
o f t h e r a n d o m v a r i a b l e Z = X — Y.

4) (10 points) Topic: Transformation of joint densities. Let (A, Y) be arandom vector with
density /(x, y) = What is the joint density of the random vector (3A —Y, A).

5) (10 points) Topic: Conditional density, Bayes rule.
Suppose you know that fY\x{x\y) is A(0,4)-distributed (normal distributed with
m=0and variance =4) and that Ais A(0, l)-distributed. Compute fx\Y{x\y).

m e a n
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H o m e w o r k 1 2

Due: Tuesday, April 22, 1997 in class

Topic: Convergence of random variables. The central limit theorem.

Remark. This HW contains aquestion with 20 points and three questions giving 10 points
that you can get amaximal credit of 50 points for this HW.

1) (20 points) Topic: Convergence of random variables. Recall that converges in distri-
P[X <t] for all t. Find in each of the following

cases arandom variable Xto which converges in distribution.

s o

bution to Xif and only if< t

a) (4 points) A„ is Normal distributed with parameters N{1/{1 +n^), 1+l/n).
b) (4 points) A„ is Binomial distributed with parameter P(n, l/n).
c) (4 points) Xn ={Sn -np)lyjnp{l -p), where Sn is asum of nindependent B{n,p)-
dist r ibuted random var iab les,

d) (4 points) has aexponential distribution with parameter A=n.
e) (4 points) is uniformly distributed on the interval [—n, n.

2) (10 points) Topic: Convergence of random variables. Assume is uniformly dis¬
tributed on {0,1,..., n} satisfying P[Xn =k/n] =l/(n -f- 1). Prove that Xn converges
in distribution to the uniform distribution on [0,1 .

3) (10 points) Topic: Convergence of random variables. Assume is asequence of pair¬
wise uncorrelated random variables with mean E[Xn] =0and Var[Xn] <5.

a) Prove that Snln°‘ converges to 0in distribution for all o>1/2.

b) Under the additional condition that Var[Xn] >1, prove that S'n/n" does not converge
in distribution to arandom variable with finite variance if a<1/2.

4) (10 points) Topic: Central limit theorem. Let Xn be asequence of independent random
variables and let $(t) is the distribution function of astandard normal distributed ran¬
dom variable. The central limit theorem implies that P[Sn <t] is for large nclose to

X - g [ 5 n ] )!$ (

Denote by the number of strokes, agolf player has to do in order to drive the ball
into one hole and assume X,
and the performance of agolf player called Tiger Woods is E[Xn] =3and Var[Xn] =2.
What is the probability that Woods needs more than 50 strokes in order to finish a
course having 18 holes.

independent. Assume the course has 18 teeing areasa r e

Hint. If the function $is not on your computer, there is atable on page 252 in the
b o o k .
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Homework 13

Due: Tuesday, April 29, 1997 in class

Topic: Characteristic functions, moment generating functions.

Remark. This HW contains 5questions with 10 points giving atotal of 50 points.

1) (10 points) Topic: Characteristic functions.
Reminder: The Gamma distribution is useful to model things like the time needed for adiagnose and
repair of acar engine or to find and repair abug in acomputer program. The Erlang and exponential
distribution are both special cases. The density of ar(A,/?)-distributed random variable is

r(/?) '
- A xfix) = ,a; >0

where A>0, /? >0are fixed parameters.

a) (4) What is the characteristic function = E[e'*^] of ar(A,/?) distributed random variable?
b) (3) Determine, using a), E[X].
c) (3) Determine, using a), Var[X].

2) (10 points) Topic: Characteristic functions
Find the characteristic function of asum S„ — + . . . +of n independent A-exponent ia l ly
distributed random variables X,. Compare this function with the characteristic function of the (k, A)-
Erlang distribution which has the density

— A xfix) = f o r X > 0

and for which the characteristic function has been determined in the previous problem already.

3) (10 points) Topic: Characteristic functions
In class, we have computed the characteristic function of adiscrete Poisson distributed random variable

P[X ^k] = .

Find E[X^] using this characteristic function.

4) (10 points) Topic: Characteristic functions
Arandom variable is called symmetric if Xand —X have the same distribution.

a) (5 points) Prove that Xis symmetric if and only if the characteristic function is real,
b) (5 points) Assume Xand Yare IID random variables. Show that 0x-y(f) =\<i>x\'^ and conclude
that X—yis symmetric,
c) (*) What would it mean that (f>x is purely imaginary. Is it possible?

5) (10 points) Topic: Moment generating functions Let Xbe arandom variable such that Mx(t) is
fi n i t e f o r a l l t . P r o v e t h a t

P[X >x]< e-‘*Mx(t)
for t>0, where Mxit) is the moment generating function of X. Hint: Scan backwards for atheorem
which appeared in the theory.
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H o m e w o r k 1 4

Due: Tuesday, May 6, 1997 in class

Topic: Random walks, gambling

Remark. This HW contains 5questions with 10 points giving atotal of 50 points.

1) (10 points) Topic: Polya’s theorem .
You have seen that the reason why the random walk in two or less dimensions returns
and not in higher dimensions is that

/. X j d x
I p | < r

is finite if and only if d>3. Verify this fact.

2) (10 points) Topic: Can you beat the system with insider information? .
We have proven that for agambling system Vand afair random walk Sn-, one can not
beat the system. That is, the expectation for the winning E[S]^] =0. It was assumed
that Vk was previsible that is it depends only on Xi,... Xk-i ■Assume you drop this
information and you allow Vk to depend also on Xk (you have some insider information).
Design aconcrete gambling system, which provides awin.

3) (10 points) Topic: Gambling system for random walk with drift.
Assume you have arandom walk Sn with drift, that is Xk are IID random variables
with expectation E[Xk] =p. Assume you have agambling system Vk- Give aformula
for the expected win E[S^] after time n.

4) (10 points) Topic: Breaking the bank.
Assume you play in afair casino which is arandom walk with E[Xk] =0. Assume
the bank has a=1000 dollars available and you have b=2000 dollars available. If
Sn =Xi Xn =—a, then you broke the bank, if S', 6, then you lost all your
money and you are broke. What is the probability that you break the bank?

5) (10 points) Topic: The variance of the winning.
You play the game as in the previous question but this time, the casino is no more fair;
E[X] =const. The bank knows empirically E[St], the average win in the game, where
the bank has initially adollars and aplayer has bdollars and T=Ta,h is the ruin time
for one of the players. What is the variance of St^.
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F i r s t M i d t e r m

Time: Thursday, February 20, 1997, 14:00-15:15

Topics: Probability spaces (chapter 1), Combinatorics (chapter 2), Discrete
random variables (chapter 3).

Material: you can use all your notes (as many as you have), your homework,
distributed text. During this midterm, we don’t consult the text book nor

any other book.

Points: There are maximal 100 points. Points for each questions and sub¬
question are indicated. —

m y

Form: The answer to question 1has to be answered on this page. Use seperate
for the rest of the questions. Please sign these additional pages andp a g e s

indicate the problem number on each of the seperate pages.

N A M E :

1) (20 points) Random (true/false) questions which are not necessarily sorted according to
topics. Acorrect answer gives 2points. Check the true boxes with across.

In acr-algebra, the union of an arbitrary number of sets is also in the cr-algebra.01)

The set of all subsets of aset is act-algebra.02)

The probability of aunion of two events is always the sum of the probabilies of03)
the single events.

P[AAB] =P[A UB]- P[A nB].04)

If Ac 5, then P[A]<P[B].05)

Five people can sit in 32 different ways on five chairs.06)

Throw adime 5times. There are 10 different possibilities to have excatly 207)
t imes head .

Adiscrete random variable takes only finitely many values.08)

It is always true that P[A\B] <P[A] if P[J5] >0.09)

. . s i 1 1



2) (10 points) Consider Q. ={0,1,2,..>1 ={A Cand P[{n}] =e-^"(l -6“^), where ^is
a r e a l c o n s t a n t ,

a) (5 points) Check the axioms of Kolmogorov to verify that (fi, A,P) is aprobabiUty space,
b) (5 points) What is the probabihty of the event A={2,4,6,...} of all even numbers?

(’’This probability space is important for Planck’s law of black body radiation which was
crucial for the development of quantum mechanics.”)

3) (10 points) Topic: Conditional probabihty. In the book ’’uniformity in the world”, the ger¬
man philosopher Marbe expresses the beUeve that in arepeated toss of afair coins, arun of
heads makes atail more hkely in the next toss. He thinks that this is imphed by the ’’law of
averages”.
For four tosses of afair coin, find the conditional probabihty that the fourth toss comes up
is tail, given that the first three tosses give heads. Solve this problem carefuhy along the
foUowing steps:

a) (3 points) Construct the probabihty space (fl,A, P).
b) (3 points) Find the event Bthat the first three tosses give head and the event Athat the
fourth toss gives tail,
c) (4 points) Determine the conditional probabihty using the definition.

4) (10 points) Topic: Probabihty spaces, independence of events,
a) (5 points) Prove that two events Aand Bwith P[B] >0are independent if and only if
P[A|P] =P[A].
b) (5 points) You know that P[A|P] =0.1 and P[P|A] =0.3. What is P[A]/P[B]1

5) (10 points) Topic: Combinatorics. In the ’’Cahfornia super lotto”, there is this February a
jackpot of 33 Mhhons. In this game, one chooses 6numbers out of 51 numbers (The Ari¬
zona lotto analyzed in class has asmaher Jackpot however better chances to win the jackpot).

a) (5 points) What is the probabihty to have 6right in this game?
b) (5 points) What is the probabihty to have 2right?

6) (10 points) Topic: Combinatorics. Astandard piano has 88 keys. Acommon figure for a
pianist is to play two accords in sequence where the first accord consists of three tunes (the
pianist presses three different keys simultaneously) and the second accord of two tunes (the
pianist presses two different keys simultanously). The two accords are played after each other
and do not need to be different. Ajazz pianist wonders how many such figures can be played.
(Actuahy, the pianist wih need both hands and anose to play some of those accords, but as
mathematicians we do not care).

7) (10 points) Topic: Independence. The chances of having rain during aday in the summer in
Tucson is 1/100. Assume the events to have rain at different mondays are independent.

a) (5 points) What is the probabihy to have no rain during 15 mondays in summer?
b) (5 points) What is the probabilty to have no rain during 13 of 15 mondays in summer?

8) (10 points) Topic: Discrete random variables. The desert laboratory (located on the nearby
hiU with the httle telescope and the antennas in Tucson at a10 minute drive from the
university) measures that the number Xof Saguaros in one acre is Poisson distributed with
parameter A=2. Assume, you want to buy an acre of beautyful land on anearby hiU. What
is the probabiUty to become with this buy the owner of maximal 5Saguaros (that is you wiU
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Second M id te rm

Time: Thursday, March 28, 1997, 14:00-15:15

Topics: Chapter 3-4: Discrete random variables, expectation and variance.

Material: your notes (as much you have), homework, distributed text, no books (to
prevent loosing time with reading and encourage good personal summaries of the material)

super-choice type'Points: There are 100 points for 5questions of 20 points. There is
question on the fourth page with 20 points. The points achieved in this six’th problem will
replace the lowest score of the first five questions. You have the choice to either replace
one of the first five questions with the six’th, or (if your time permits) to do aU 6questions
and have the minimal number among the 6subtotals cancelled.

Form: The answer to the first question has to be answered on this page, the answer to the
six’th question, (if you make use of it) on the fonrth page. You can use the space in the
boxes on these pages as well as additional pages for the rest of the questions. Please sign
those additional pages and indicate the problem number on each of them. For Problems
2-5, the derivations for the result must be provided.

N A M E :

1) (20 points) Not necessarily sorted (True/False) questions. Each correct answer gives two
points.

The variance of arandom variable which is not identically zero is positive.01)

Chebychev’s inequality allows to give an upper bound on probabilities P[|X —02)
E[X] \>e] .

The probability generating fnnction of arandom variable is apolynomial if and
only if the random variable takes only finitely many values.

The covariance of two independent random variables vanishes.

03)

04)

The sum of two independent Poisson distributed random variables is Poisson05)
d i s t r i b u t e d .

If Xtakes the value 6with probabihty 1/3 and the value 3with probability 2/3,06)
then E[X] =4.

If Var[X -|- y] =Var[X\ -f- Var\Y\, then Xand Yare uncorrelated.07)

There are random variables taking finitely many values for which the expectation
is not defined even so the variance is finite.

Given asequence of random variables, then (Xj -f X2 X„)/n converges.

08)

09)

E[{X -E[X])Y] =0if Xand yare independent10)



2) (20 points) Topic: The Cramer-Bernoulli solution to the Petersburg paradox by
the idea of utility.
Recall the Petersburg paradox (suggested by Daniel Bernoulli in 1713): you enter the game
with an entrance fee of cdollars. Then asequence of dimes are thrown and you win in
that game X=2^ dollars if Ysubsequent heads occur. For example, for the outcome

={HHHT..you would win X{oj) =2^("^ =2® =8dollars. The total profit per
game is 2^ —cand the game is fair if the expectation of 2^ —cis zero. The paradox was
that no matter which entrance fee cyou pay, the game wiU be favorable to you because
the expectation of X=2^ is infinite. This contradicts the the fact that after having done
some games, nobody would agree to pay an entrance fee of say c=20. Gabriel Cramers
suggested in 1728 (similarly than James Bernoulli (an oncle of acousin of Daniel Bernoulli)
the following ’’solution” to the problem. Because for ”a person with alot of money adollar
is less worth), the effective win in agame should be replaced by E[\/XY. (This suggestion
makes sense because for example awin of say one gogool (which is more than the number of
atoms in the universe) dollars is certainly useless).
Problem: Compute E[^/XY which is the value of anew fair entrance fee c. (You should get
anumber).

u

3) (20 points) Topic: The Lotka model for population statistics.
Based on experimental data, Lotka proposed the following model for the number Xof children

random family: P[X =fc] =(ipq’^ li k^Qand P[X =fc] =1-if A; =0, wherei n a

qz= 1—p. The case A: =0is teated as aspecial case because by biological or personal reasons
some fami l ies are not ab le or do not want to have ch i ld ren. Based on data f rom 1930 fo r

American families, one obtains agood fit for (3 =9/10 and p=1/4 (and therefore q=3/4).
Problem. Compute the expected number E[X] of children with these parameters. (The
answer which is anumber).



4) (20 points) Topic: Acasino buys an assurance.
In roulette, while betting on one number, acustomer wins 70'000 dollars with aprobabihty
1/37 and loses 2'000 dollars with probability 36/37. To soften the loss in the case of awin of
the customer, the manager of the casino plans to sign acontract with an assurance company
which proposes the following option: if the casino loses to acustomer, then assurance pays
40'000 dollars to the casino, each time, the casino wins, it has to pay the assurance company
I'OOO dollars,

a) What is the expected win of the casino in one game with assurance. Compare it with the
expected win in one game without assurance,
b) What is the expected win of the assurance company in one game?

5) (20 points) Topic: Chevalier de Mere’s problem with mathematics.
Let Xbe the number of I’s in 4rolls of afair dice and Ythe number of double I’s in 24 rolls
of two fair dice.

b) Find the probabihty that Yis positive.a) Find the probabihty that Xis positive.
(Hint to a) and b): compute the probabihty of the complementary event).

Chevaher de Mere was ahigh roUer who thought that the answers to part a) and b) should
be the same. Accordingly, he usually bet on Ybeing positive and blamed mathematics when
he lost money over along sequence of bets.

What might have led Mere to think wrongly? Maybe the answers to the foUowing question
c) and d) explain:

d) What is the expectation of Y?c) What is the expectation of X?



N A M E :

6) (20 points) The points in this question will replace the lowest score of the previous 5questions.
Each correct gives 5points and you can choose 4of the five following questions (or do all
and get the lowest of the scores in a)-e) dropped. Write the answers into the boxes.

a) (5 points)

If Xis a(5, l/3)-BernouUi distributed random variable, find using Chebychev’s inequality a
number Csuch that P[\X -E[X]\ >2]<C.

b) (5 points)

What is the probability generating function of X+E, where Xand Yare independent and
Xis A=3has ageometric distribution and Eis A=5Poisson distributed.

c) (5 points)

Compute E[(X +E)^], where Xand Eindependent random variables with E[X^] =E[E^] =
1,E[X^] =E[Y^] =0and E[X^] =^[E^] =2.

d) (5 points)

Write down Ear[X] for arandom variable, for which you know that the probability generat¬
ing function is 4>xii) =(t^ +t+l)/3.

e) (5 points)
Surely, everybody of you has seen the Hale-Bopp comet which is now nicely visible even in
alighted street near campus. There is an understandable concern of humans to calculate the
risk that acomet of this size would hit the earth (remember the dino-doom 65 million years
ago). One knows of about 100 ring structures which earth which come from meteorites. An
example is the Arizona crater which was created 50’000 years ago. One thinks that impact of
such a60 meter meteorite occurs in average every 500-1000 years. One believes that impacts
with considerable change of the earth climate can occur several times per million years. Even
so this sounds pretty scary, no human in the past 1000 years is known to have been killed by
ameteorite or by the effects of an impact. (For more information on comets or meteorites
surf the site http ://www.jpl.nasa.gov/.)

Problem. Assume, the number of years one has to wait until a~60 meter meteorite impacts
the earth is aPoisson distributed random variable, with an expected value of 700 years.
What is the probability to get ahit in the next 2years? (Hint: the probability in the answer
is smaller than l/{lgogool).)



M a r c h 1 9 9 7Math464/564 O. Knill,

Te s t :

Time: Thuesday, March 11, 1997, 14:00-14:45

Material: This test will be discussed during the second part of class
and eventually during part of the next class. This test is on working
techniques and will not be part of your grade

1) Old mistakes The following questions appeared in the first Midterm of this course
and are only slightly changed. Do not look up the answer if you want to profit from
this question.

The union of acountable number of sets in acr-algebra is in the cr-algebra.

The set of all subsets of aset is acr-algebra.

Adiscrete random variable takes only finitely many values.

It is always true that P[A|B] <P[A\ if P[P] >0.

01)

02)

03)

04)

Having one or more mistakes here indicates that you should learn more from old mis¬
t a k e s .

2) In class The following things were mentioned only aside during class.

a) How old is probability theory?
b) What is the Banach-Tarsky paradox?
c) Why is the number 10^°° called a’’gogool”?
d) How does probability theory enter in quantum mechanics?
e) How did Euler define the ’’gradus suavitatis” for afrequency ratio,
f) Where do random variables with devilish distribution function appear in nature?
g) In which sense can one say that the harmonic series X)
h) What is the geometric interpretation of the correlation coefficient?
i) Who found Chebychev’s inequality before Chebychev?

- 1 converges?O O
nn = l

If you should feel weak in this group of questions, try to do more careful notes during
class (even if you know the topic already) or ask more questions during class. Aquire
atechnique to write fast and review each class for at least ahalf an hour before the
n e x t c l a s s .

3) Intuition Intuition helps to grasp formal definitions much easier. Having the right
’’picture” of an object in the mind allows you to figure out the definition without re¬
membering it. That’s one reason why computers are not yet good mathematicians.

How do you think about the following objects intuitively?
O



c ) P
d) Arandom variable X
e) E[X]
f) <t(X)
g) The covariance of two random variables Xand Y.
h) The correlation coefficient
i) Independence,
k) Uncorrelated.

Feeling uncomfortable with this question might mean that you can improve your un¬
derstanding by more thinking about the material or discussing the topics.

4) Routine.

a) 20 people are in anew year party. At midnight, they wish each other ahappy good
year. How many times, does one hear the clink of glasses?
b) Let Xbe the random variable which takes the value nwith probability 2
pute the expectation of X.
c) Let Xand Ybe independent random variables. Express E[{X -f F)^] in terms of
m o m e n t s o f X a n d Y.

d) Let Xbe arandom variable which takes the value 1with probability 1/4 and the
value —2 with probability 3/4. Compute its expectation.

. C o m -— n

If you are slow with answering these questions, you need more routine for solving
easier problems. Agood series of books to improve routine are ’’Schaum’s outlines”,
where many problems with solutions are provided. Usually however, routine comes
automatically.

5) Yahoo. In this question, your look-up performance is addressed.

a) Write down Bayes formula,
b) Find the probability generating function of the geometric distribution,
c) What is the switch on-switch off formula of Sylvester?
d) List the properties of the distribution function Uv?
e) What is the expectation of X+Y+Z, where Xis Bernoulli(n=5,p=0.3) distributed,
Yhas geometric distribution with parameter 2and Zis Poisson distributed with
parameter 5?
If you are slow here, you can better organize the course material for example by con¬
centrating the material onto afew pages, putting things into an organized binder.

6) Big picture.

a) Describe in three sentences what is ’’probability theory”,
b) Which branches of mathematics do you know which are used in probability theory?
c) Which branches of science do you know which rely on probability theory?
d) Explain in three sentences to ainterested layman what you are learning in proba-

i-1



Looking for the ”big picture” is not everything and does not replace adetailed under¬
standing. However, having the subject in the right ’’folder” helps considerably learning
it. So it is agood idea to think from time to time about the big picture.

7) Solving techniques. Of how many of the following points are you aware of.

Can Isolve aspecific case of the problem (for example, if aproblem has01)
to be solved for general n, can Ireformulate or solve it for n=1,2,3?

Can Isolve amore general problem? (Often, aspecific case is psychologi¬
cally harder than the general case, which might occur in the theory already).

Ican reformulate the problem in my own words. (It might be that the
obstacle is that the problem is not properly understood.

Iask myself actively: did Isee asimilar problem before? (This process
usually runs automatically passively. It is worth giving it some more priority for a
s e c o n d .

02)

03)

04)

Iaks myself actively: to which topic does the problem belong? (Knowing
where the problem belongs to is extremely helpful.).

Did Imake at least two attempts to solve the problem? (If the problem
not be solved immediately, asecond look after doing something else or sleeping

over it can help.)

05)

06)
c a n

Did Isit over the problem long enough? Sometimes, it needs awhile (a half
an hour ̂ ybe) until the right ’’flash” of idea comes. Sitting over aproblem without
beeing able to solve it is an extremely important exercice (this actually happens most
of the time when doing research).

Do Ineed ahint? Can Ifind the answer in abook or my notes? Can I

07)

08)
formulate the question (for asking in an e-mail or in an office hour or in class). Can I
guess ahint?

Are my working conditions good for me? (Light, table, enough sleep, cof-
feine, distraction by TV or Newspaper or background noise, enough paper and scratch
paper for trying out ideas. Finding ideal working conditons need experimentation be¬
cause because it is individual. It is worth to experiment with it.

Did Istart early to think about the problem set. Starting late produces

09)

10)
stress and can make it difficult to find the solution (starting an hour before having to
turn in the problem set is too late for most people. Abetter idea is to solve aproblem
set early but with awatch. The later can help to improve performance under test
c o n d i t i o n s .

Do Ithink from time to time about improving my learning and solving
techniques? For example, having bad physical working conditions can be an obstacle
to find asolution. Evenso trivial, most people actually are not aware that techniques
exist or that not being able to solve aproblem immediately is very natural.

11)



Final word: If you have spotted apoint (or several points) which you
feel needs improvement, try to work on this during the next weeks as
well as in other classes. More stuff and material about problem solving
techniques can be found in the library. Agood book for mathematicians
i s

H o w t o

solve it; anew aspect of mathematical
method”, Princeton University Press,
1971

Polya, George, 1887-1985.

If you are short of time: most people have actually alot of free CPU
time awailable. One can think about mathematics (and other things)
for example while biking or walking, trying to sleep, eating lunch, doing
dishes, waiting in aline etc. So, keep always one or two ’’batch jobs”
ready for processing during such ’’dead times”.


