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PREFACE

The first version of ON-SETS was designed
in 1965-66 by the writer, then a faculty member
at Yale Law School, in collaboration with Peter
Kugel and Martin F. Owens, then on the staff of
Technical Operations Incorporated, Burl ington,
Mass., and the original ON-SETS kit was first
published in 1966. Since then it has been played
in hundreds of schools and thousands of homes
throughout the United States and the rest of the
world, and as should be expected, there have been
many useful suggestions for improving the game
during the three years of experience with it.

One of the unanticipated benefits of moving
to the University of Michigan has been the dis
covery of a now-treasured colleague to whom
there is a special indebtedness in the preparation
of this revised manual for ON-SETS—Joan Ross,
Research Associate at the Mental Health Research
Institute, University of Michigan. For her efforts in
coaching the team from Ann Arbor, Mich., that
won the Junior High School Championship at the
1969 National Academic Games Olympics, Mrs.
Ross was nicknamed "Mother Superior" by the
imaginative Michigan contingent. She is also a
"Colleague Suprema" as many discernible traces
spread throughout this manual will confirm.

Although the ON-SETS games have profited
from the contributions of many persons, I alone
should be saddled with responsibility for any im-
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perfections in what appears here. It is too much
to hope that this entire manual is free of error.
I shall be grateful to any readers who are kind
enough to send to me at the Mental Health Re
search Institute, University of Michigan, Ann Arbor,
Mich. 48104, any suggestions for corrections that
need to be made or any suggestions for improving
the next version of the ON-SETS games.

Layman E. Allen*
Ann Arbor, Mich.
July, 1969

* Associate Professor of Law, Law School; Research Social Scien
tist, Mental Health Research Institute, University of Michigan.



1. Introduction

ON-SETS is a game that teaches some of the
basic ideas of set theory. Set theory is a branch of
mathematics that underlies the other branches of
mathematics. Hence understanding set-theoretic
ideas is necessary for understanding much of mod
ern mathematics. Because of this, many math
courses and books begin with a short introduction
to set theory, but this introduction is seldom suffi
cient for an understanding of the rest of the course
or book if one has not had some previous acquaint
ance with set theory. The use of the set theoretic
approach to modern mathematics is not mere win
dow dressing; it makes modern mathematics both
simpler and more powerful.

To learn a branch of mathematics, it is not
enough merely to learn a series of facts. One must
also learn how to use these facts. Mathematics is
like a language (it is the language of science) and
learning a branch of mathematics is, in at least one
respect, like learning French. In learning French, it
is not enough to know the grammar and to memo
rize the dictionary. One must learn to use the facts
that are described in the grammar and dictionary.
The same is true in learning mathematics; and in
particular, set theory.

All the ideas of set theory that are used in
ON-SETS are explained in this manual. The game
provides a medium for practicing the use of these
ideas. Although one might want to play ON-SETS

1
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in order to master the ideas of set theory, we hope
that the main reason people will play it is because
it is fun, and that it remains fun long after the sub
ject has been mastered.

This manual contains various sections that
are intended to serve various purposes for differ
ent people who want to learn to play ON-SETS.
You should read only those parts that suit your
needs.

Section 2 contains a brief description of the
Basic ON-SETS game, while section 3 sets forth the
rules for playing both Basic ON-SETS and Ad
vanced ON-SETS. In addition, section 3 is intended
for reference after the game has been learned.
Somebody who already knows the subject of set
theory may find enough in this section and section
2 to learn the game. A person who knows nothing
about either the game or the subject of set theory
may want to read these sections through quickly
before reading the other sections in order to get a
general idea of how the game is played.

Sections 2 and 3 in combination with 4, 5, 6,
and 7 describe both the form of the game and
enough about set theory to enable a person to
play either Basic ON-SETS or Advanced ON-SETS.
The game-rule ideas and the set-theoretic ideas
are illustrated in the context of play by examples
of challenges, puzzles, and sample games.

By no means should you feel that this man
ual has to be read from cover to cover. Skip to the
part that makes sense to you. If you find sections
3-7 too complicated to start with right away, you
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may wish to try some of the simpler games de
scribed in section 8. These games are much simpler
than Basic ON-SETS, but they still give practice in
handling some of the ideas of set theory.

You may find it helpful to work through the
exercises that are sprinkled throughout the manual
(most readers probably will). On the other hand,
some readers will undoubtedly not need to do so.

If you wonder what set theory is all about,
you might start out with section 9 which contains a
brief summary of that part of set theory that is
involved in playing Basic ON-SETS and Advanced
ON-SETS.

Finally, if you wonder what the point of
learning set theory at all might be, you should turn
first to section 10 where you will find a brief an
swer to this question.

If you are a teacher and want to consider
the classroom use of ON-SETS, section 8 describes
a sequence of games, each introducing some new
material or providing practice with familiar ma
terial in a new form. Some of these games are
simple enough to play in kindergarten with little
preparation. But even an adult, with no classroom
commitment at all, may find it easier to learn both
the game and the subject with the sequence of
simpler games described in section 8.



2. Description of Basic ON-SETS
Game

2.1 Number o f P laye rs : two o r more
ON-SETS may be played by as few

as two players. On the other hand, it may be
played by as many players as can comfortably
gather around the table to see the cards and
cubes. A three-player game is recommended for
classroom use.

2.2 Levels of Play
ON-SETS may be played at many

levels of difficulty. The level of game is determined
by the cubes used, the number of cards in the
Universe, the rules, and how well the players un
derstand the ideas involved in the game. Basic ON
SETS is played with three red-symbol cubes, three
green numeral cubes and four multi-color cubes.
The blue-symbol cubes are not used. The Universe
(of cards) must contain at least six cards. In gen
eral a larger Universe will give rise to a more
complex game.

There is also a programmed series of
28 simpler games which introduce various features
of ON-SETS. They can be used for learning parts
of the game rules as well as some set-theoretic
ideas used in the game. These simpler games are
discussed in section 8. Some of these introductory
games are simple enough to be used in kinder
garten. The Basic Game, however, frequently re-

4
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quires careful thought, and, there is an Advanced
ON-SETS game that is challenging even for intel
ligent adults. In Advanced ON-SETS, all the cubes
are used (including the blue-symbol cubes). The
rules of Advanced ON-SETS are exactly the same
as the rules for Basic ON-SETS except that Rule
3.4' is substituted for Rule 3.4.

2.3 Explanation of the Symbols on
the Cubes
Before the cubes are shaken in the

beginning of an ON-SETS game, the player to the
right of the first player shuffles the deck of cards
and deals out (face-up) at least six cards. The
cards are the Universe for that play of the game.
The sets named in the play are always sets of cards
from that Universe.

The color cubes are the names of sets
of cards. A cube showing a red dot is the name of
the set of cards (in the Universe) that have red
dots. A cube showing a green dot is the name of
the set of cards bearing green dots. For example
if the Universe looks like this:

<E>

©

®
®

©

®
<8>
®

©
®

©
Card 1 Card 2 Card 3 Card 4 Card 5 Card 6
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a color cube with green showing names the set
consisting of exactly two cards: card 1 and card 5.

The red-symbol cubes display symbols for

operations on sets. The [Q]/ which stands for the

operation of set-union, is called "cup". The [Ql,
which stands for the operation of set-intersection,
is called "cap". The 0, which stands for the

operation of set-difference, is called "minus".
These three represent binary operations on sets.
That means that when they are placed between
the names of two sets, the resulting expression is
the name of a set. The other symbol on the red-
symbol cubes, the \J}, stands for the operation
of complementation; it is called "prime". It is not a
binary operation but a unary operation. When it is
placed after the name of a set, the result is also
the name of a set.

The blue-symbol cubes display both Set-
Names and symbols for relations between sets.
The [V] is a Set-Name and stands for the Universe
—the set of cards turned face up on the table.
The \£\ is a name of the empty set—the set which
has no elements. The \=\ represents the relation
of set-identity between sets; and the |c]# the rela
tion of set-inclusion. When \=' (or xc') is placed
between the names of two sets, the result is not a
set but a statement about sets. The {=] and the

|c] can not be used in building Set-Names.
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The meanings of these operations and rela
tions are explained in section 4.

2 .4 A im in P lay ing: to win by correct
ly challenging or
by being incor
rectly challenged

In ON-SETS you can win either (a) by
correctly challenging a Flub that another player
has made or (b) by being incorrectly challenged
by another player. An important feature of ON
SETS is that you can win by challenging at any
time (if somebody has Flubbed). You do not have
to wait until it is your turn to play to make a chal
lenge. Consequently, because in a three-player
game two players are competing to challenge
first, the play is more exciting than in a two-player
game, where such competition is absent.

2.5 Start of Play
A player is chosen to be the first

player or Shaker. The player to his right builds a
Universe. He does so by shuffling the deck of cards
and turning at least six cards face up on the table.
The Shaker then rolls out a shaking set of cubes
consisting of the three green numeral cubes, three
of the red-symbol cubes, and four of the color
cubes. The resulting symbols facing upward on the
cubes are the Resources for that play of the game.
In Basic ON-SETS> no blue-symbol cubes are used.
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In Advanced ON-SETS, all cubes are used. The
Shaker must decide whether to set a Goal or say
"No Goal". If he does set a Goal, he places in the
Goal section of the playing mat numeral cubes as
the Goal and places any unused numeral cubes in
the Forbidden section of the playing mat.

2.6 Play
After a Goal has been set, the play

ers take turns moving cubes from Resources to the
Forbidden, Permitted or Required sections of the
playing mat.

2.7 End of Play
Play ends when there is a challenge,

when a player asserts that a Solution can be built
with one more cube from Resources, or when a
player says "No Goal".

2.8 Summary of Play
When it is the first player's turn to

play, he does one of the following:
(a) declares "No Goal", or
(b) sets a Goal.
After the first play when it is a

player's turn, he does one of the following:
(a) declares that a Solution is

poss ib le w i th j us t one more cube f rom
Resources,

(b) challenges the previous move
as being a Flub, or



Description of ON-SETS Game

(c) moves a cube from the Re
sources to either Forbidden, Permitted, or
Required.

Resources

0BH ••

J

Forbidden

Any cube moved
here must not be
used in building
the Solution.

Restriction

Permitted

Any cube
moved here
may be, but
does not have
to be, used
in building
the Solution.

Required

Any cube
moved here
must be used
in building the
Solution.



3. Rules of ON-SETS1

3.1 Goa l Ru le
On your shake, you must either

set a Goal in the Goal section of the
playing mat or say "No Goal". The
Goal must consist only of numbers.
The sum of two numbers is indicated
by placing the cubes in a horizontal
line. The product of two numbers is
indicated by placing the cubes in a
vertical line. The negative of a num
ber is indicated by placing the cube so
that its numeral is upside down. After
setting a Goal, all left-over numeral
cubes are put into the Forbidden
section.

Comments
(1) The Goal is the right side of an Equa

tion. When it is possible to set a Goal for which a
Solution (see 3.4 below) can be built from the
remaining Resources, then in order to avoid Flub
bing you must set such a Goal and you must not
say "No Goal".

'Two other games in the WFF 'N PROOF series have essentially
the same game rules as ON-SETS. They are EQUATIONS (about
mathematics) and the PROOF games of WFF 'N PROOF (about
mathematical logic). Because of this similarity, once you have
learned to play ON-SETS you will also be well down the road
toward learning these other two games.

10
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(2) Examples of Goals:
[2][3] means 2 + 3 [or 5].a

ryi means 2 x 3 [or 6].

\ 2 \ \ Z \ m e a n s 2 + ~ 2 [ o r 0 ] .m
mnjn means 2 X (1 + 3) [or 8J.

(3) The Goal is not changed after it has
been set.

3.2 Move Rule
Af te r t he Goa l has been se t ,

play progresses in a clockwise direc
tion. When it is your turn to play, you
must either challenge, assert (without
cha l leng ing) tha t a So lu t ion can be
bu i l t w i t h one more cube f rom Re
sources, or make one of the following
moves:

(A) move a cube from Resources to
the Forbidden section, or

(B) move a cube from Resources to
the Permitted section, or

(C) move a cube from Resources to
the Required section.

When it is your turn you are not per
mitted to pass.
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Comment
By their moves, the players shape the Solu

tion. Cubes are never moved after they have been
moved from the Resources area.

3 . 3 B o n u s R u l e
On your turn to play you may

take a bonus move before making a
regular move (before sett ing a Goal
or moving a cube to the Forbidden,
Permi t ted, or Requi red sect ions) . A
bonus move consists of saying "Bo
nus" and moving one cube from Re
sources to the Forbidden sect ion. I f
you do not say "Bonus" before mov
ing the cube to the Forbidden section,
the move does not count as a bonus
m o v e b u t a s a r e g u l a r m o v e t o
Forbidden.

C o m m e n t
The Bonus Rule has the effect of allowing a

Mover to move two cubes from the Resources, but
one of them must go into the Forbidden section.
Both of them may go into Forbidden.

3.4 Solution Rule
The Solution is the name of a

set. The number of cards in that set
must be equal to the Goal. In attempt
ing to build a Solution
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(A) you must not use any of the
cubes in the Forbidden section;

(B) you may use as many of the
cubes in the Permitted section
as you like;

(C) you must use all of the cubes in
the Required section;

(D) you may always use at least
one cube from Resources: you
may use at most one cube from
Resources when there has
been an A-claim challenge or a
C-claim challenge that stems
from a previous A-claim viola
tion (see the Flubbing Rule in
section 3.5 below), and you
may use as many Resources as
you like when there has been
a P-claim challenge, a C-claim
challenge that stems from a
previous P-claim violation, or a
No-Goal challenge (note that
on a No-Goal challenge you
must set a Goal as well as
build a Solution); and

(E) you may insert parentheses
wherever you want to put
them (to show in which order
the operations are to be per
formed).
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C o m m e n t
Since several Resource cubes may show the

same symbol, it is possible to have a [U] in For
bidden which must not be used in the Solution at
the same time that there is a [U] in Required which
must be used.

3 . 5 F l u b b i n g R u l e
If you do either of the follow

ing, you have Flubbed:
(A) you dec lare "No Goal " when,

in fact, you could have set a
G o a l f o r w h i c h t h e r e w a s a
Solution;

(B) by your move you violate one
of the following C-A-P claims:

C On this turn I Cannot correctly
challenge the previous move.

A I f p o s s i b l e , I a m A v o i d i n g b y
this move al lowing a Solution
to be bu i l t w i th a t most one
more cube from Resources.

P I t i s s t i l l Poss i b l e f o r t he r e
ma in i ng Resou rces t o be so
played that a Solution can be
bu i l t .

C o m m e n t s
(1) The P-claim means that you Flub if you

make a move that destroys all possibilities for
building a Solution.



R u l e s o f O N - S E T S 1 5

(2) The A-claim means that you Flub if you
make a move that permits a Solution to be built
with just one more cube from Resources when you
could have made a move that both avoided doing
so and at the same time fulfilled the P-claim. Of
course, when only two cubes are left in Resources,
you may have to move one of them into the Per
mitted or the Required section and permit a Solu
tion to be built with just one more cube from the
Resources, because Forbidding either cube violates
the P-claim. This is not an A-claim violation be
cause in such circumstances it is not possible to
avoid allowing a Solution to be built with just one
more cube from the Resources without violating the
P-claim.

(3) The C-claim means that once a Flub is
made, every subsequent move is a Flub because
every subsequent Mover could have correctly chal
lenged. Since only the most recent Flub may be
challenged, the C-claim makes it possible to win
by laying a trap: make a deliberate Flub, and as
soon as the next player moves, challenge him for
failing to challenge you.

3 . 6 C h a l l e n g e R u l e
Whether or not it is your turn,

you may a t any t ime cha l lenge the
other player who has just completed a
move or has just said "No Goal". You
do so by saying "Challenge" and spe
ci fy ing which k ind of Flub you think
the Mover has made. The move of set-
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t ing a Goa l i s comple ted when the
Mover touches a mat wi th the th i rd
numeral cube. The move of a cube to
Forbidden, Permitted, or Required is
completed when the Mover touches a
mat with the cube. Prior Flubs are in
sulated by later ones; therefore you
cannot cha l lenge any p layer except
the one who has just completed his
p lay.

C o m m e n t s
(1) A challenge cannot be retracted once a

player has said "Challenge".
(2) To determine priority in those rare cases

where two players say "Challenge" simultaneous
ly, a coin should be placed in the center of the
table when the cubes are first rolled. The first of
the simultaneously-challenging players to pick up
the coin shall be the Challenger; the other player
shall be the Third Party.

3 . 7 B u r d e n - o f - P r o o f R u l e
After a challenge, the burden of

proof is cast upon the player who, in
the par t i cu la r s i tua t ion , i s c la im ing
that a Solution can be built. The bur
den of proof is sustained by writing a
Solution on a sheet of paper.

C o m m e n t s
(1) A Solution must, of course, satisfy the

conditions imposed by the Solution rule and the
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previous plays of the cubes into the Forbidden,
Permitted, or Required sections.

(2) Sometimes the burden of proof will be
upon the Challenger—namely, when the Chal
lenger alleges that there has been a Flub by virtue
of a false No-Goal declaration, an A-claim viola
tion, or a C-claim violation that stems from a
previous A-claim violation. On the other hand,
sometimes the burden will be upon the Mover—
namely, when the Challenger alleges that there
has been a Flub by virtue of a P-claim violation
or a C-claim violation that stems from a previous
P-claim violation.

(3) When a Challenger has alleged an A-
claim violation or a C-claim violation that stems
from a previous A-claim violation, he also has the
burden of proving that there was an alternative
move that (a) did not allow a Solution to be built
with at most one more cube from the Resources,
and (b) did not violate the P-claim.

(4) If there has been a challenge of a No-
Goal declaration, the burden of proof is upon the
challenger, who, from the Resources, must not only
build a Solution but also set a Goal.

3 . 8 C o r r e c t n e s s R u l e
Af ter a cha l lenge, a p layer is

Correct if and only if
(A) he has the burden of prov ing

the existence of a Solution and
he sustains it (by writing one),
or
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(B) he does not have the burden of
proving the existence of a Solu
tion (somebody else has the
burden), and nobody sustains
that burden of proof.

3.9 Chal lenge-Scoring Rule
If there has been a challenge,

then
(A) the Third Party (T) must join

either the Challenger (C) or
the Mover (M), and

(B) if the player that T joins has
the burden of proving the exis
tence of a Solution, then T
must sustain the same burden
of proof by independently writ
ing a Solution, and

(C) if T is Correct, then T scores 1
point if he has joined C and 2 if
he has joined M, and

(D) C scores 2 if C is Correct, and
(E) M scores 2 if M is Correct, and
(F) if anyone is Incorrect, then he

scores 0.

Comments
(1) If the game involves four or more play

ers, then all of the players other than the Mover
and the Challenger are Third Parties.
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(2) The effect of this scoring rule is usually
(although not always) that one of the two players
involved in a challenge scores 2 and the other 0.
In some circumstances they both may wind up
with 0.

(3) T can score 2 when he joins M. However,
T can score at most 1 by joining C. This places a
premium upon being the first player to challenge
another's Flub.

3 . 1 0 N o n - C h a l l e n g e - S c o r i n g R u l e
I f there has no t been a cha l

lenge, then
(A) if a player has asserted that a

Solution can be built with one
more cube from Resources, but
that there is no Flub, then
(1) each p layer who wr i tes a

Solu t ion wi th in the spec i
fi e d t i m e l i m i t ( u s u a l l y
from one to two minutes)
scores 1, and

(2) i f the p layer who has as
serted that a Solution can
be bui l t cannot bui ld one,
he scores ~ 1, and

(3) a l l o ther p layers score 0,
a n d

(B) if the first player has said that
No Goal can be set, then each
player scores 1.
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Comment
The situation described in (A) will generally

arise when (1) there is only one cube left in Re
sources or (2) the only Goals for which a Solution
is possible can be satisfied by a single-cube Set-
Name. When deciding whether to challenge in this
situation, players should remember that the Goal-
Setter can place a cube in Forbidden as a bonus
play before setting the Goal.

3.11 Stalling Rule
At any time any other player

can call "stall" on the player who is
(A) deciding whether to set a Goal

or to declare "No Goal", or
(B) deciding whether to move a

cube, to challenge, or to assert
that a Solution can be built
with one more cube from the
Resources, or

(C) deciding whom to join after a
challenge, or

(D) trying to build a Solution.
The stalling player then has some spe
cified time (usually one to two min
utes) tc complete what he is doing. If
he fails to meet the deadline, he loses
one point, and another limited time
period begins. If he fails to meet the
second deadline, he loses another
point; and so on.
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Advanced ON-SETS
All the rules are the same except that 3.4'

replaces 3.4 and the shaking set contains all the
cubes, including those imprinted with blue symbols.

3.4 ' Solut ion Rule for Advanced
ON-SETS
The Solution is either the name

of a set or the combination of both the
name of a set and a set of one or more
statements about sets.

The first type of Solution is
called a Simple Set-Name Solution (S-
Solution), and the second type is
called a Combination Set-Name and
Restriction-Statement Solution (C-
Solution).

(A) If one or more \=\ cubes or [Cl]
cubes are played in Required,
then you must build a C-Solu-
tion that contains a Restriction
Statement for every 0 cube
and for every [c] cube played
in Required.

(B) If no [=] cubes or |c] cubes are
played in Required but some
are played in Permitted, then
you may build either an S-
Solution or a C-Solution.
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(C) If no [=) cubes or |cj cubes are
played in either Permitted or
Required and none are left in
Resources, then you must build
an S-Solution.

(D) If you attempt to build an S-
Solution, then it must satisfy
all the requirements of Rule
3.4 of the Basic ON-SETS game.

(E) If you attempt to build a C-
Solution, then
(1) you must use every cube

played in the Required
section in building the set
of Restriction Statements,
and

(2) you must use every cube
played in the Required
sect ion except the [=}
cubes and the |l] cubes in
building the Set-Name,
and

(3) of the cubes played in the
Permitted section,
(a) you may use as many

as you like in building
the Set-Name and

(b) you may use as many
as you like in building
the set of Restriction
Statements, and
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(4) you must not use any of
the cubes played in the
Forbidden section either in
building the Set-Name or
in building the set of Re
striction Statements, and

(5) you may always use one
cube from Resources, but
(a) if there has been an

A-claim challenge, a
C-claim challenge that
stems from a previous
A-claim violation, or
an assertion (without
cha l leng ing) that a
Solution can be built
with one more cube
from Resources, then
you may use only one
more cube from Re
sources and it may be
used in building either
the Set-Name, the set
of Restriction State
ments, or both, and

(b) if there has been a P-
claim challenge, a C-
claim challenge that
stems from a previous
P-claim violation, or
a No-Goal challenge,
then you may use as
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many Resources as
you like in either the
Set-Name, the set of
R e s t r i c t i o n S t a t e
ments, or both, and

(6) you may insert parenthe
ses wherever you want to
put them, and

(7) every card that makes a
Restriction Statement un
true must be removed
from the Universe,

(8) within the restricted Uni
verse that remains, the
number of cards in the set
named by the Set-Name
must be equal to the Goal.



4. Ideas of ON-SETS

4.1 Set
A set may be named by a row of one

or more cubes such as:

H E] Sj 0 ^.
In general, a Set-Name tells us what

properties a card must have to be included in a
given set or collection. How many cards are actual
ly in a set will depend on which cards have been
turned up in the Universe for the game. Thus, the
same Set-Name can be the name of different sized
sets in different games.

The simplest kind of Set-Name con
sists of one cube only. A one-cube Set-Name can
be made only with the color cubes.1 The symbols
on the red-symbol cubes ([5] [0] Q H ) can
be used only in longer Set-Names.

The single-cube Set-Name is the
name of the collection of all the cards that have
the color showing (face-up) on the cube. Thus, for
example, if we had the following sample Universe
of cards on the table:

'This is the case in Basic ONSETS. In Advanced ONSETS, how
ever, one-cube Set-Names can be made from [y] and [6],, also.

25
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Sample Universe
1 2 3 4 5

(D
® ®

O

<B>

©
© ©

<B>

the Set-Name consisting of the red cube only, §§,
would be Ihe name of the collection that contained
three cards, namely the first two and the last. The
orange cube would be the name of a different
collection, namely the collection of all the orange
cards. This collection contains the middle three
cards. Note that although both collections are the
same size (they have the same number of cards)
they do not contain the same cards. The blue cube
would be the name of a collection that contains
only two cards (Which two?)

In playing ON-SETS, a Solution is a
Set-Name that names a collection that contains
exactly the number of cards stated in the Goal.

All other Set-Names in Basic ON
SETS are built by combining the color cubes with
the red-symbol cubes. The way a one-cube expres
sion names a set of cards is similar to the way that
the name "George" called in a room, may name a
set of people. If we call "George" we may get
more than one person responding. In order to be
more specific we might call "George Jones" or if
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we wanted more replies we might call "George or

Mary". In both cases we have added something to
the word "George" to call on what might be a
different collection of people. Similarly, when we
use more cubes we may form a more specific or a
less specific Set-Name from a set of cubes.1

Exercises

The situations that follow are simpli
fied for purposes of illustration by having less
than six cards in the Universe. In playing ON-SETS,
however, the dealer will always turn up at least
six cards.

Universe
1 2 3

If only one player has the burden of proof, it can be sustained by
physically building the Solution from the cubes. We shall continue
in this section to show Solutions as made from the actual cubes.
However if more than one player has the burden of proof (See
Burden of Proof and Challenge Scoring rules, 3.7 and 3.9.), each
player who has it must independently write a Solution.
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Playing Mats

mN / \ = L U
\ S o l u t i o n / G o a l

RESOURCES FORBIDDEN

an m [I;- - a
KS JI]
^'

RESTRICTION

The player to the right of the first player has
turned up the color cards. The Shaker has tossed
the shaking set of cubes with the result shown
above. He has set a Goal of 7. There are at
least two ways of fishing out one color card. The
first way is by constructing a Solution consisting of
the green cube alone, which would draw out
Card 2.

A. What is another Solution?
B. Which card will it fish out?
With this Universe and with the Re

sources given, if the Goal is 1, there are two
Solutions.

A. The blue cube alone.
B. Card 1.
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4.2 Operations on Sets (the red-
symbol cubes)
4.2-A Union of Sets
The connect ive [U] is cal led the

"cup".* It can be placed between any two Set-
Names to form a single new Set-Name. This new
Set-Name names what is called the "union" of the
two sets. The cup is a symbol that is used in very
much the same way that the addition sign ( + ) is
used in arithmetic. We place the addition sign
between the names of two numbers (as in 4 + 5, or
in (3 - 1) -I- (5 - 2)) to form the name of a single
new number. Similarly, we place the cup between
the names of two sets to form the name of a new
set. The result of using the addition sign is calied
the "sum" of two numbers. The result of using the
cup is called the "union" of two sets.

For example, we already know that a
single color cube is a Set-Name so tha* we can use
a cup between two such Set-Names, say £|j| and

W\ to f°rm a single Set-Name:

This Set-Name is the name of a collection of cards,
and this collection or set contains all the cards that
are red or that are blue (as well as all that are

*The lines underneath cup and other symbols on the cubes do not
appear in mathemat ics texts. They are used here to ind icate
which direction the cubes should be turned when used in forming
a Set-Name.
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both). It will usually be larger than the set that is
denoted by either [Ij) or 3§ alone. Notice that

although there are three red cards and two blue
cards in the sample Universe on page 26, there are
only four cards in the union (even though 2 + 3
= 5). The reason for this, of course, is that there
is one card that is both red and blue. As an exer
cise, determine how many cards the expression

J2) 0 E§ names in the sample Universe.)
We can represent sets by the space

enclosed by circles

The rectangle represents the Universe. The space in
each circle represents each set, and the overlap
ping part represents the set that contains the things
that are in both sets. Set A contains the things in
area 1 and the things in area 2. Set B contains the
things in area 2 and the things in area 3. The union
of Set A and Set B (that is, AyB) contains the
things in area 1, the things in area 2, and the
things in area 3. Alternatively, we can represent
the union of two sets (represented by circles) by the
area shaded in the following diagram:
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We will use this kind of diagram (called a Venn

diagram) to indicate what the other symbols ([0],
[^], and Q] ) mean.

Note that more than one cup can be
used in constructing an expression. Thus,

1 1 1 0 ®
is an expression that is constructed by placing a
cup between the two expressions:

and

The written version of this Solution is \GuB) UR'.
The cards that are in this set are all the cards that
are in the set named by the first Set-Name and all
the cards that are in the set named by the second
Set-Name (Which ones are they in the sample
Universe?)
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Exercises

PI (Problem ?)—Universe
1 2 3 4

<B>
®
©

®
©

©

The expression gg El K wil1 fish
out all the cards that have either red or blue or
both on them (Cards 1 and 2 above).

A. What is a Set-Name that will fish
out just cards 1 and 4 above?

B. What is a Set-Name that will fish
out just cards 1 and 3 from the set
above?

P l - A . 1 0 1 .
P1-B. 13, 1 @ | . (You have probably al

ready discovered that to
many of the questions
asked there will be more
than one appropriate
response. This is such a
question. There will fre
quently be other appro
priate responses that are
not listed.)
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P2 (Problem 2)—Universe
1 2 3 4

Assume that all four colors are in the
Resources on this roll and also a [U].

A. Construct a Solution that will fish
out all four cards.

B. Construct a Solution that will fish
out two cards only.

C. Is it possible to construct a Solu
tion that will draw out only one of
the above cards?

P 2 - A . 1 0 1 ,
P 2 - B . K 8 . 1 ,
P2-C. Yes. W-

m 0 m.
1 0 1 .
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P3 (Problem 3)—Universe
1 2 3

Playing Mat

RESOURCES

ffl ei a
FORBIDDEN

RESTRICTION

You are the Shaker in the situation
shown above. You must now set a Goal. There are
at least two possibilities. A Goal of 3 would be sat
isfied by fishing out all three cards with the Solution

M
A. If you were to set a Goal of 2,

what expressions would satisfy
that Goal as Solutions?

P 3 - A . B , 1 0 1 , 1 0 1 .
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P4 (Problem 4)—Universe
1 2 3 4

Playing Mats

\ Solut ion /
turn
Goal

RESOURCES FORBIDDEN

SB EI Hi
IB EI 123 HI -
8 8 [ l i

RESTRICTION

Situation as shown above. You as the Shaker are
now required to set a Goal. You have set a Goal
of 4 by placing the [T| and the \T\ on the Goal
line (3 + 1 = 4). One Solution that would fish out
all four cards is D [Uj @0 y g§.

A. What Goals of smaller numbers
could you have set and what ex
pressions would satisfy them as
Solutions? List two.

P4-A. Num (3 8) = g], Num (1) = g].
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Remember that the GOAL

Num

represents the NUMBER
of cards that are fished out by the SOLUTION
constructed.

P5 (Problem 5)—Universe
1 2 3 4 5

Playing Mat

RESOURCES

ag y s
H 0 H
e i m

FORBIDDEN

RESTRICTION

You are faced with the situation
shown above and must set a Goal. After examin-
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ing the cards and cubes it becomes apparent to
you that all of the multi-cube expressions possible
fish out the same number of cards.

A. So you set a Goal of
B. One expression that will name

that many cards is @ [U] §g.
What is another?

P6 (Problem 6)—Universe
1 2 3 4 5

©

®
©

®
<B>

© ©

RESOURCES

m m m
sa m

FORBIDDEN

RESTRICTION

P5-A. 4.
P5-B. 1 0 M 0 M or |
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List one multi-cube Solution that will
fish out the appropriate number of cards to satisfy
each of the following Goals for the situation shown
above.

G o a l S o l u t i o n

A . 5
B . 4
C . 3
4.2-B Intersection of Sets

The symbol [Q] is called the "cap".
It is used like the cup in that it is placed between
two Set-Names to make a single new Set-Name
as in:

1 1 1
However, the meaning of the resulting Set-Name
is quite different from the Set-Name formed with a
cup. The Set-Name formed by placing the cap
between two Set-Names is called the "intersection"
of the two other sets. The intersection of two sets
contains only the things that are in both of the sets.
Thus in the sample Universe (see page 26), the
above Set-Name names a set that contains only a
single card, namely the card that is both blue and
red. We can represent the intersection of two sets
by the shaded portion of the following diagram:

P 6 - A . 1 0 | .
P6-B . 1 0 P.
P 6 - C . 1 0 1 .
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The part that is common to both sets is the inter
section. The idea of an intersection is very much
like the idea of an intersection of two streets. The
intersection is that part of the pavement that be
longs to both streets.

One way of remembering the dif
ference between cap and cup is to think of a cap
as an upside down cup that holds as little as pos
sible, while the cup held right side up contains as
much as possible.

Notice that the order in which these
connectives are used now makes a difference. Thus,
there is a difference between what the Set-Name:1

means (where \Q\ is placed between the Set-

Names H [U] gg and H) and what the Set-
Name:

M E l B 0 H
means (where [Q] is placed between the Set-

Names [ ]§ and | | [Q ] 0 ) .

xThis would be written (RUG)PlO.
2 This would be written RU(GPlO).
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What the first Set-Name names can
be illustrated like this:

i l l © h

while what the second Set-Name names can be
illustrated like this:

M M M El KB
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Exercises

PI (Problem 7j—Universe
1 2 3 4

T h e S e t - N a m e ^ \ Q \ ^ w i l l fi s h
out cards 1 and 2 of the above because each of
them is both red and blue.

A. Which cards will the Set-Name

I0H ^sh out?

P2 (Problem 2)—Universe
1 2 3 4

Pl-A. 2 and 3.
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N u m / \ = J L L J _
y S o l u t i o n / G o a l

RESOURCES FORBIDDEN

KB EI [?i a
^ 0 [ ? J a
M [ l i

RESTRICTION

As the Shaker you have set a Goal of 1 in the situa
tion shown above. There are many Solutions that
will fish out just one card. One such Solution is

30 [Q] U] which will fish out only card 1 since
it is the only card that is both blue and orange.

A. Can you construct a Solut ion
which will fish out just card 2?
(Hereafter, construct only multi-
cube Solutions in response to the
questions asked—even though in
playing ON-SETS single-cube So
lutions are permitted. This will
provide more practice with multi-
cube Solutions.)

B. Can you construct a Solution that
will fish out just card 3?

p2-a. 10 ei e i m.
P2-B. No. It is impossible with the given Resources.
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P3 (Problem 3)—Universe
1 2 3 4 5

®
®

©

®
©
©

®
© ©

©

®

\ Solution /
a

Goal

RESOURCES FORBIDDEN

H (3 [4] a
^ 0 [?] a
m m i\]
m

RESTRICTION

In the situation shown above, a Goal
of 1 has been set. One Solution that would satisfy
that Goal is [gj| [D] 0|j) [U] g§. It wil l draw
out just card 1.

A. Construct a Solut ion that wi l l
draw out just card 2.

P 3 - A . 1 0 1 0 1 .
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P4 (Problem 4)—Universe
1 2 3 4

Num ( Solution ) " a
Goal

RESOURCES FORBIDDEN

IB 0 [4] a
m o [|]
8 8 L i ] m

RESTRICTION

You are the Shaker and have set a
Goal of 3 in the situation above. Player three
exclaims: "Challenge—Goal impossible". Indeed,
you Flubbed—you set a Goal that could not be
satisfied with the cubes available and thus allowed
player three to make a correct challenge. He wins
and ends the round.

A. What Goal could you have set
and what Solution would satisfy
that Goal?

P4-A. l, | B l o r l S l .
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P5 (Problem 5)—Universe
1 2 3 4

RESOURCES

I P S

1 0 E

FORBIDDEN

RESTRICTION

As the Shaker you are faced with the situation
shown above. After examining the cards and cube
faces, you conclude that no Goal can be set. You
announce your finding to the other players by
exclaiming "No Goal". However, another player
challenges you and claims that it is possible to set
a Goal.

A. Is the Challenger correct? Why?

P 5 - A . Ye s . N u m ( 1 0 1 ) = 1 .
N u m ( 1 0 1 0 1 ) = ! .
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P6 (Problem 6)—Universe
1 2 3 4

RESOURCES

IB El 13
H El El
1 0 0

FORBIDDEN

RESTRICTION

You are the Shaker in the situation shown above.
You could set a Goal of 1 (\J\ \l]), 2, 3, or 4.
List one more-than-one-cube Solution that could be
constructed from this toss that would satisfy each
of the following Goals and list the cards each
Solution would draw out.
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G o a l s S o l u t i o n C a r d s

A . 2
B . 3
C . 4

From this point on parentheses will
sometimes be used in Set-Names when their use
prevents ambiguity. There are, of course, no pa
rentheses in the game kit, so when cubes are
played in an expression which may be interpreted
in several different ways, separation of cubes may
be used to indicate parentheses. Thus parentheses
will be implied by spacing in the actual play of the

game. E.g., the expression (® 0 ff i j | ) El BS
requires parentheses because the expression

M E 3 ( B B E l S B ) m e a n s s o m e t h i n g e l s e .
When playing the cubes to construct the first
expression above, larger spaces would be left
around the [U] than around the [D]—that is,

m ® m m H-
A. What would be the spacing to

construct the second expression?

P 6 - A . 1 0 1 ( 1 , 2 ) ; 1 0 M 0 H < 1 . 2 ) .
P 6 - B . 1 0 B ( l , 2 . 3 ) ; 1 0 I S H d . 2 . 3 ) .
P6-C 1 E] B(1,2,3,4);E] 0 11(1,2,3,4);

1010 Bl (1,2,3,4) .
A . 1 0 1 0 | .
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P7 (Problem 7)—Universe
1 2 3 4

Expressions may contain more than
two color cubes and one connective, and in deter
mining which cards such expressions fish out atten
tion may need to be paid to more than just two

colors. For example, the expression (||j] [Q] |Q|)

E] El will fish out all the cards that are BOTH
red and orange and also those that are blue
(Cards 1 and 3 above).

A. Construct an expression that will
fish out, from the cards above, all
those cards that are both red and
green and also those that are
orange.

B. Which of the above cards would
such an expression fish out?

When a cube is placed in the Re
quired section of the playing mat, that cube must
be used in constructing the Solution. If he wants to
avoid Flubbing, the player who moves a cube to
the Required section must make sure that it is pos-

P7-A. (1 0
P7-B. 1,2,4.

3 )0
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sible to construct a Solution that includes all the
cubes in the Required section after his play.

P8 (Problem 8)—Universe
1 2 3 4 5

®
®
©

®
©
o

©
©

® ®
©

\ So lu t i on /
am
Goal

RESOURCES

m m
so

FORBIDDEN

RESTRICTION

The Shaker has set a Goal of 3. You
are the next player, and you have just moved the
red cube to the Required section. You detected
three d i f ferent Solut ions: E l [U] gg,® \0 \ H,

andffl 0(10 H).
A. Which of the possible Solutions

has your move eliminated?

P8-A. 0 0 (m 0 m).
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When a player moves a cube to the
Forbidden section, he is forbidding the use of that
cube in constructing the Solution. He is not, how
ever, prohibiting the use of other cubes bearing
the same color or symbol. If a player wishes to
avoid Flubbing, he must not forbid a cube unless it
is possible to build a Solution that does not use
that (or any other) Forbidden cube.

B. If the next player wishes to move
a color cube to the Forbidden sec
tion, which cube (or cubes) may
he move there without Flubbing?

C. Is there any other cube that he
can safely move to the Forbidden
section? If so, which one?

We now know that a player may
either require or forbid the use of a particular cube
but in making either move he must observe one
very important precaution if he wants to avoid
Flubbing (by violating the P-claim).

A. What is it that he must be so sure
of?

When a player moves a cube on his
turn from the Resources section to the Permitted
section of the playing mat, he is permitting (but
not requiring) the use of that cube in the Solution.
Since a cube played into the Permitted section may

P 8 - B . 1 o r l .
P8-C. Yes. 0.
A. That a Solution ccn still be constructed by an appropriate

allocation of the remaining resources.
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be used in the Solution, a player to be safe must be
careful that he does not inadvertently play a cube
that will permit a Solution to be built with just one
more cube from the Resources.

P9 (Problem 9)—Universe
1 2 3 4 5

®
®
©

®

©
©
©

®
©
©

®
®
©
©

' V Solution ) am
Goal

RESOURCES FORBIDDEN

EE EI m
m M H
3 Ej

RESTRICTION

In the three-p layer game above,
player 1 set a Goal of 3, player 2 required flf)],
player 3 forbade £§)], and player 1 is now con

sidering |®] [0] [©) as a Solution. However, he
believes that he cannot make a move to further his
Solution without violating the A-claim by allowing
a Solution to be built with one more cube from the
Resources. Furthermore, he feels unsure of what the
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other players have planned. So, thinking it to be a
noncommittal move, he moves 5§ to the Permitted
section. The second player challenges, claiming
that player 1 has unnecessarily made it possible to
build a Solution with one more cube from Re
sources. The Challenger is correct and wins the
game.

A. How can a Solution be built with
one cube from Resources?

B. What moves could player 1 have
made which would not be Flubs?

A player who, when it is his turn to
play, fails to challenge when it is possible for him
to do so correctly, has made a Flub and may be
correctly challenged by one of the other players.
Thus, if it is player 2's turn in the following
situation:

P10 (Problem 10)—Universe
1 2 3 4 5 6

P9-A . Use 0 t o bu i l d 10 1
P9-B. 1, S, 0, or H to Forbidden.

1 Or 0 to Permitted or Required.
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PERMITTED

m
REQUIRED

EQUATION

M u m ( \ ^
y S o l u t i o n J G o a l

RESOURCES FORBIDDEN

D [Q] m m
SS B
SS B

RESTRICTION

any play by him other than a challenge would be
a Flub.

A. The Solution player 2 would then
f o r m i s .

Suppose that play in another game
has proceeded as follows:

Play Player Goal Forbidden Permitted Required
a 1 @ a @
b 2 m
resulting in the following situation:

PI 1 (Problem 11)—Universe
1 2 3 4 5 6

P 1 0 - A . 1 0 l o r 1 0 1 .
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ENum / \ = _L|J_
\ S o l u t i o n / G o a l

RESOURCES FORBIDDEN

M B H 0
IB B m
H B
m

RESTRICTION

Player 3 challenges, claiming that
player 2 by forbidding the blue cube, has made
construction of a Solution impossible.

A. Is player 3 correct in his conten
tion that a Solution is impossible?
Why?

B. Would a move of the green cube,
instead of the blue cube, to the
Forbidden section have been a
Flub?

C. Indicate a possible Solution even
after a ^1 —♦ F move (green to
Forbidden move).

D. Which of the following moves
would be Flubs as move b after
the Goal of [T] had been set?

Why?

Pll-A. No.
PI IB. No.
Pl l -C.

is a possible Solution.

I or 10 n.
PU-D. b2. Building a Solution is made impossible, so it violates

the P-claim.
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Move

b l M — p ( g r e e n t o

Permitted)

b2 [y] -+ f ([g to
Forbidden)

b3 [Q] -* R ([U] to Required)

b4 S§ — R

4.2-C Complement of a Set
The two symbols discussed

above connected two Set-Names to form a new
Set-Name. The symbol Q] relates to only a single

Set-Name, and it is placed to the right of that
Set-Name. Thus, we can use it as follows:

m □
or like this:

ffl 0 B Q
where it is placed to the right of the Set-Name

m M S3-
The sign Q] added to the end of a •

given Set-Name forms a new Set-Name. The result
is the name of a set that contains all the things
that are in the Universe but are not in the set
named by the given Set-Name. The new set is
called the "complement" of the old set, and we can
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represent it by the shaded portion of ths following
diagram:

indicating that the complement of the set repre
sented by the circle is everything outside the circle.
Thus, the Set-Name

M B
is the name of the set of all cards in the Universe
that are not red.

Exercises

PI (Problem 1)
The set named ^| Q] is the comple

ment of the set named by |(|j|.
A . S i m i l a r l y, t h e s e t n a m e d b y

1 0 1 Q i s t h e
of the set named by Qg [Q] g|.
For short, we will say that (BuG)'
is the complement of BuG.

B. Likewise, (RnO)' is the comple
m e n t o f .

PI-A. complement.
Pl-B. RplO.



Ideas of ON-SETS 5 7

N o t e t h a t 1 0 S □ i s t h e n a m e o f a d i f

ferent set than that named by @) [U] §5) Q.

T h e c a r d s fi s h e d o u t b y ^ [ W ] ^ Q a r e
all those that are not either blue or green, while

1 0 H 0 fi s h e s o u t a l l t h o s e t h a t a r e
either blue or not green.

C. Write a Set-Name that would fish
out all those cards that are red
and not blue.

D. Write a Set-Name that would fish
out all those cards that are not
both red and blue.

Consider the following set of cards:

P2 (Problem 2)—Universe
1 2 3 4 5 6

□T h e S e t - N a m e 0 0 [ U ]
would fish out cards 1, 2, 3, 5, and 6.

Which cards would the following Set-
Names fish out?

P l - C 1 0
P l - D . 1 0 1 □ .

□ .
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S e t - N a m e C a r d s

a. m m m □ •
b . m 0 BB El-
C J 0 1 El-
d. Q M M □ -

E . 1 H □ -
f. m m 0 0-
g . M B M1 SI-
h. m o HE]
j . fflm E m 0 m -
K - i i i El El M-
Consider the following situation:

P2-A. 2,3,4,5,6.
P2-B. 4.
P2-C. 1,4,5,6.
P2-D. 5,6.
P2-E. 5,6.
P2-F. 1,2,3,5,6.
P2-G. 2, 3, 4, 5,6.
P2-H. 4.
P2-J. 1,4.
P2-K. 1,2,4,5,6.



Ideas of ON-SETS 5 9

P3 (Problem 3)—Universe
2 3 4 5 6

®
®

©

®

©
©

®

©
©
©

®
©

®

PERMITTED REQUIRED

\ Solution J

RESOURCES FORBIDDEN

I P S
fflEHU
e s s
m

RESTRICTION

If 2 is set as the Goal, there are at least 6 different
Set-Names that will fish out cards 1 and 2 only to

s a t i s f y t h e G o a l : | E | 0 ] H . H B | Q ] g g E l E .

m 0 ieeieih. m 0 iya
I O 1 0 1 , o n d | 0 | Q | | .
There are, of course, many others also, which are
simple variations of the 6 above, obtained by
varying the order of the colors—for example:

E8 S3 EE • There are 20 other pairs of cards that
will satisfy the Goal, if a Set-Name for them only
can be constructed.
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For which of the following pairs of
cards is a Set-Name possible? Give one example
of a Set-Name for each pair for which a Set-Name
is possible.

Pairs of Cards Possible? Example Expression
A. 1,3
B. 1,4
C. 1,5
D. 1,6
E. 2 ,3
F. 2 ,4
G. 2 ,5
H.
1.

2 ,6
3,4

J. 3 ,5
K. 3 ,6
L. 4 ,5
M. 4 , 6
N. 5 ,6

P3-A. Yes. ffl[3)E§.
P3-B. No.
P3-C. Ye s . 1 E l M i
P3-D. No.
P3-E. No.
P3-F. Yes. BO Bl.
P3-G. No.
P3-H. No.
P3-I. Y e s . B Q S B
P3-J. Y e s . I l l □ -
P3-K. No.
P3-L. No.
P3-M. Yes. 1 El 1 0.
P3-N. Y e s . 1 H 0.
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4.2-D Difference of Sets
The connective Q both looks

like, and has a meaning that is similar to the mean
ing of, the minus sign in arithmetic. Like the cup
and cap it is placed between two Set-Names to
form a new Se^t-Name as in:

1 Q 1

M B
We can represent the difference of two sets, A
by the shaded portion of the following:

The minus sign is used to form the name of a set
that contains all the things that are in the set
named on its left except for those that are in the set
named on its right. Thus, the Set-Name:

1 0 1
names a set that contains all the red cards except
for those red cards that are also blue. (How many
cards are in this set in the sample Universe shown
on page 26?)

Notice that this time the order in
which the Set-Names are placed around the con-
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nective is significant. When we used the cap, it
didn't make any difference whether we played:

This is also true of the cup. However, with the minus
sign, the set named by

1 E 1
is usually different from the set named by

I B i
The set named by one of these two contains more
cards than the other in the sample Universe. (Which
one is larger?)

Exercises

From the following set of cards:

PI (Problem 1)—Universe
1 2 3 4 5
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t h e S e t - N a m e | 0 1 w o u l d fi s h o u t t h e s e t

containing cards 2 and 4—that is, those blue cards
that are not red (or alternatively expressed, the set
of blue cards minus the set of red cards).

Which cards would the following Set-
Names fish out?

CardsSet-Name

a J E I
B . i g i
c H B m b
d. MMM E M B
e. M B M B

4 . 2 - E S u m m a r y
The meanings of the various

symbols are summarized in the diagrams on the
following page.

IA. 1, 5
IB. 4
IC. 1, 4
ID. 1, 3,4, 5
IE 2, 3 ,4
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Meaning of Symbols

A B
AUB
Union

A B
A - B

Difference
A'

Complement

4.3 The Blue-Symbol Cubes
4.3-A Tfie Set-Names, v and A

Two of the symbols on the
blue-symbol cubes are the names of particular sets.
They have the same role as the dots on the color
cubes. They can stand alone as Set-Names or be
used in combination with the operations, [U], [0],

p~l, and 0, to form new Set-Names.
The [y] denotes the universal set. This

set contains every card in the Universe. If the first
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player has turned up six cards, then Num \JV\)
= 6. The [V] combines in interesting ways with

other Set-Names; for example the set named by

^] \Q\ \V\ is always exactly the same as the set
named by EB)].

A. What is a shorter name for the set

named by g j | 0 [ y ]?

The \^\ denotes the empty set (often
called the null set). This set has no cards in it. No
matter what cards are in the Universe Num ([5])
= 0.

One way to remember the difference
between these symbols is to think of [Y] as another
kind of a cup that holds as much as possible and

[5] as a kind of upside-down cup that holds as
little as possible because everything has poured
out.

Of course, [5] can be used in com
bination with other Set-Names and operations. For

example the set named by ^| — [5] is always the
the same as the set named by ^j.

B. What is another (shorter) name
f o r [ 5 ] □?

A. EI.
B.@0 = a
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4.3-B Relations Between Sets
On the blue-symbol cubes ap

pear two symbols that denote relations between
sets: one of these is 0 and the other is [c]. When

one of these relations is placed between the names
of two sets, the result is a statement about the sets.

In the advanced game (called Ad
vanced ON-SETS), such a statement is called a
Restriction and may serve as part of a Solution.
When a Restriction Statement is made the Solution
always has two parts: a Set-Name and one or
more Restriction Statements. Such a Solution is
called a C-Solution. (C stands for Combination
Set-Name and Restriction Statement.)

Both Set-Names and Restrictions are
rows of cubes, but Set-Names are names of sets of
cards, while Restrictions are statements about sets.
Set-Names are like the names "George" or "Mary"
(which are names of people) while restrictions are
like the sentences "George is fat" and "Mary is
happy" (which are statements about people just as
Restrictions are statements about sets of cards).
Unlike names, Restrictions can be true or false.

Which of the fo l lowing are Set -
Names and which are statements?
a. m b ei m m m
b. m b m m h is

A. Set-Name
B. statement
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d. m iQi 151

When a player builds a C-Solution all
the cards in the Universe that make the Restriction
Statement(s) false must be removed from the Uni
verse. The Universe thus formed is called the re
stricted Universe. The Set-Name part of the C-
Solution must then name a set which fishes out of
the restricted Universe the number of cards equal
to the Goal.

4 . 3 - fi J I d e n t i t y
One of the symbols used in

making Restriction Statements is the [=]. Its use in
expressing a relation between sets is similar to its
use in expressing a relation between numbers.
Statements about numbers that use this symbol are
called "equations".

For instance, we may write:

5 + 2 = 3 + 4

to indicate that x5 + 2' and x3 + 4' are really dif
ferent names of the same number. We might even
write:

C. statement
D. Set-Name
E. statement
F. statement
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Shakespeare = The author of Hamlet

to indicate that ^Shakespeare' and xThe author of
Hamlet' are names of the same person. It is some
thing like the latter that the 0 means in ON-SETS.

In building a Restriction, the \=\ goes

between two Set-Names* like this:

HHEI
and it says that the two Set-Names on either side
of the equal sign are names for the same set of
cards; that the set named by ||)] is identical to the
set named by §ji). This statement may or may not
be true for a given Universe. To make it true, one
must remove all the cards that are in either one of
the sets but not in the other. In the case of the
above Restriction, one has to remove all the cards
that are blue but not green or green but not blue,
because the Restriction Statement would not be
true about a Universe that contained such cards.

Remember that the expression [5)] is
not the name of a color but the name of a set of

*ln the EQUATION section the * = ' is placed between the names
of numbers rather than between the names of sets of cards. The
number on the right side of the * = ' is named in the familiar way
(that is, with a numeral), but the name of the number of the left
side is formed by placing a Set-Name in the blank space of
'Num ( ) ' . The number named by 'Num (Set-Nome)'
is the number of cards in the set named by the Set-Name that are
contained in the Universe. An equation in the EQUATION section
is true if and only if the names on both sides of the * =' name the
same number.
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cards. To say that ^| 0 0 is not to say that
blue is the same color as green. As a matter of
fact, this statement is not about colors at all. It is
about sets of cards that are identified by the colors
the cards have on them. Thus, this statement says
that the two sets of cards named by ^| and §5)
are the same set. We say that two sets are identical
if they have exactly the same objects (cards) in
them. In talking about sets we usually ignore the
differences between the various names that we
called the same sets (U and ^] in this case) and

pay attention only to the things that are in the sets.
This is why ||)] [=] ^©J is true when both ^] and

EDl are names of the same set of cards. This is just
like saying:

3 + 4 = 5 + 2

because both '3 + 4' and "5 -I- 2' name the num
ber 7, even though the expressions x3 + 4' and
"5 + 2' are not exactly the same expressions.

Exercises

PI (Problem 1)
A. Of the Universe below, which

cards must be removed to make
the statement 20 Q H] true?

Pl-A. 2,3,6.



70 ON-SETS: The Game of Set Theory

1 2 3 4 5 6 7

<B>
®

®

o
®
©
©

®

©

®

© ©

P2 (Problem 2)
From the following Universe:

list those cards that must be removed to make the
following statements true:

A . 1 Q I
b. m bm
c i a i

P2-A. 1,3,4,8.
P2-B. 1,2,4,6.
P2-C. 3,5,6.
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4.3-B2 Inclusion
The [c] also goes between

two Set-Names like this:

This statement says that the set named on the left is
included in the one named on the right, which we
might represent pictorially like this:

@ = :

For this to be true we have to remove
all the cards that are in the first set but not in the
second. In this case we remove all cards that are
blue but not green because these are the cards that
would make the Restriction Statement false about
the Universe.

S|j) EH H is read as "Blue is in
cluded in Green" or as "Blue is a subset of Green."
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Exercises

PI (Problem 1)
Which of the following cards:

<B>

©
©

®
®
©

®
©

®
®

©

®

©
©
©

®
®
©
0

©

must be removed to make the following statements
true?

A . 1 H
B . 1 E I
c. m^m
o.mmm

Pl-A. 4, 5.
Pl-B. 2, 5,6.
Pl-C. 4.
Pl-D. 3, 6,8.
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P2 (Problem 2)
Which of the following cards:

1 2 3 4 5 6

®
®

0

®
©

®

©
©

®

©

®

©
©

must be removed to make the following statements
true?

a. B B 11
' • 1 0 1 H E l
c - 1 0 1 B B
o. m b b m
e. m B B B

P2-A. 2,5,6.
P2-B. 5.
P2-C. 2,3,4.6.
P2-D. 2,3,6.
P2-E. 1,2,5.
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P3 (Problem 3)
Which of the following cards:

®

©
©

®
® ®

©
©

®

©

®

©
must be removed to make the following statements
true?

A . 1 S 0
b . 1 0 1 B B
c E 0 B E l B

e . M B B B B

P3-A. 2,3,5.
P3-B. 1,2,3,6.
P3-C. 3.
P3-D. 3,4,5.
P3-E. 2,3,5.
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P4 (Problem 4)
Consider the following situation:

Universe
2 3 4 5 6 7

®
®

©

®
©
0

®

©

®

0

®
®

©

®

©

PERMITTED

D M
1 0 0

V Solution / Goal

RESOURCES

m m
FORBIDDEN

turn

RESTRICTION

A challenge of the last move can correctly be
made. That move violated either the A-claim or the
C-claim, because it is now possible to build a C-
Solution with one more cube from the Resources.
The C-Solution Restriction is

1 = 001
Notice that this Restriction uses every cube from
Required (as it must by game Rule 3.4'). This Re
striction eliminates cards
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and
from the Universe. The Set-Name
part of the C-Solution is

B - □ □ □ □ □ w h i c h f i s h e s
out cards

C . a n d
The Set-Name (as it must by Rule 3.4') uses every
cube in Required except the | = |-

P4-A. 1,2,3,4.
p4-b. ffl El (E] 0 H).
P4-C. 5,7.



5. Types of Challenges with
Examples of Each
a . U n i v e r s e

R e s o u r c e s . - R R R R R u u ' ' 2 2 4
Shaker says "No Goal".
Challenger says Shaker has Flubbed.
Burden of Proof: on Challenger; sus

tained by
Goal: [4] {2} ( = 6) and
Solution: R'j R'

Results: Challenger wins; Shaker loses.

b . Un ive rse

®
®

®

©

®

©
©

®
©

®

R e s o u r c e s : B B R G O n
1 2 4

Shaker sets 1 as a Goal.

77

n
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Challenger says Shaker has violated
the A-claim.

Burden of Proof: on Challenger; not
sustained.

The Challenger not only must build a
Solution with one Resource cube (which he does
with the orange cube), he must also prove that
there was a possible Goal for which no one-cube
Solution could be built. Since the Challenger can
not show such an alternative Goal, he has not
sustained the burden of proof.

Result: Mover wins; Challenger loses.

c. Universe

®
©
©

®
© ©

®
®
©

®
©
©

R e s o u r c e s : O O R B G U U U O
1 5 1

Shaker sets Q] \T\ (= 0) as Goal. Chal

lenger says Shaker has violated the
P-claim.

Burden of Proof: On Mover; not sus
tained.

Result: Challenger wins; Mover loses.
In the remaining examples a game is in

progress and the summary shows how the cubes
have been placed on the mats. The most recently
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moved cube is circled. After the move shown by
the circled cube, a challenge has been made. The
type of challenge and its result are shown.

d. Universe: Same as in c.
Resources: B ' U
Forbidden: B
P e r m i t t e d : R fl Q
Requi red: — G
Equation: Num ( ) = [3] [4] (= 7)
Challenge: A-claim violation.
Burden of Proof: on Challenger; sus

tained by (O - G)'.
Result: Challenger wins; Mover loses.

e. Universe Same as in c.
Resources: O B U
Forbidden: B Q
Permitted: R '
Requi red: G U
Equation: Num ( ) = [T| \t] ( = 0)
Challenge: P-claim violation.
Burden of Proof: On Mover; not sus

tained.
Result: Challenger wins; Mover loses.
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f. Universe

Resources: G G B R 0
Forbidden: 2 u n
Permitted:
Required: - 0
Equation: Num( ).- H E( = 0)

Challenge: P-claim violation.
Burden of Proof: on Mover; sustained

b y ( G - 0 ) - G .
Result: Mover wins; Challenger oses.

Universe Same as in f.
Resources: ' n
Forbidden: 3 2 - B
Permitted: O G
Required:

' u R®
Equation: Num ( ) = 5
Challenge: C-claim violation stemming

from an A-claim violation on some
previous move.

Burden of Proof: on Challenger; sus
tained by (RUG)".

Result: Challenger wins; Mover loses.



6. Some Sample Games of
ON-SETS
a. Sample Game 1 (Basic)

Universe

©

<H>

©

®
©

®
©
©

<B>

©

<B>
(D

PERMITTED REQUIRED

y Solution )

RESOURCES

i l i a
mm u a
1 0 0 a

RESTRICTION

Player A has turned up a Universe of
six cards. Player B has rolled the cubes. The sym
bols facing up are shown in Resources. Player B
sets a Goal of 6 by placing the [T| and [4] side

by side in the Goal section. He also puts the |jj
into Forbidden since it can no longer be used.

Player B is thinking of the Solution g|] [U] ||].

81
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Player C has the next turn and he
puts a [U] into Required. The Solution he has in
mind is gg [U] gg.

The playing mats now look like this:

REQUIRED

El

\ Solution / Goal

RESOURCES FORBIDDEN

| | @ m
1 1 0
m 0

RESTRICTION

Player A puts a [Q) into Permitted.
He also is thinking of H [U] gg as a Solution.

Player B puts a 30 into Required.

He i s now th i nk ing o f Q | M M M M as a
Solution.

The mats now look like this.

PERMITTED

El
REQUIRED

1 1
RESOURCES

1 1 1
1 1 0

FORBIDDEN

m

EQUATION

N u m / \ E H
RESTRICTION
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Player A challenges because he thinks
Player B has violated the P-claim. Player C joins
Player B. Players B and C have the burden of proof.
Player B sustains it with the Solution (GuB)uR
and Player C sustains it with (GuB)u(RPlR). Play
ers B and C score 2 points each and Player A
scores 0.

The above game can be described by
the following summary:

R e s o u r c e s : R R R B G u u n n
1 2 4

Play that
M o v e S o l u t i o n e l i m i n a t e s

Play Player Forbidden Permitted Required in Mind Solution
a B 1 G o a l = g ] [ I ] G u B d
b c u b u g d
c a n b u g d
d B R ( G u B ) u R
e A Challenges: P-claim violation.

C Joins B.
B's Solution: (GuB)uR.
C's Solution: (Gu B)u (Rn R).
A scores 0, B scores 2, and C scores 2.

The rest of the sample games will be
presented in summary form. You will follow them
more easily if you set up the game with cubes,
cards and mats, and make the moves indicated.



84 ON-SETS: The Game of Set Theory

b. Sample Game 2 (Basic)
Universe

o

® ®
®
©

(D
®

O

®
®
©
©

®

©
R e s o u r c e s : R R B B O n U

3 5 5
U -

Play that
M o v e S o l u t i o n e l i m i n a t e s

Play Player Forbidden Permitted Required in Mind Solution
a A 3 G o a l : [ ! ] [ ! ] ( = O ) B - O b
b B n ( b o n u s ) R R - R c
c C U ( b o n u s ) U R - ( R u B ) e
d A B ( b o n u s ) O R - ( R u O )
e B R B - ( R u O )
f C B B - ( R u O )

Player A now announces that a Solu
tion can be built with one more cube from Re
sources. He correctly does not challenge Player C
for violating the A-claim on move f, since Player C
had no alternative move that would avoid allow
ing a Solution to be built with one more cube from
the Resources and that did not violate the P-claim.
All the players write down correct Solutions and
each scores 1 point.
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c. Sample Game 3 (Basic)
Universe

85

®
®
©
©

®
©

®

0

®
®

©
®
©
©

R e s o u r c e s : B B B R R n u " 1 4 5

Play that
M o v e S o l u t i o n e l i m i n a t e s

Play Player Forbidden Permitted Required in Mind Solution
A 4 , 5 G o a l : 1
B R
C Challenges: A-claim violation.
A Joins C.
C's Solution: R'.
A's Solution: R".
A scores 1, B scores 0, and C scores 2.

BnR
BnR

d. Sample Game 4 (Advanced)
Universe

©

®
®
© ©

®
®

©
©
©

®
©
©

®

©
R e s o u r c e s : R B B B O O O G a

c - n U ' 1 3 4 ~
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May that
M o v e S o l u t i o n i n M i n d e l i m i n a t e s

Play Player Forbidden Permitted Required Restrictions) Set-Name Solution
a A 3,4 Goal: 1 B - R b
b B C B C G B d
c C A O C a B d
d A a c b - r B - R

A revises his original Solution by
building a Restriction that does not
restrict.

e
f

B
C

o
o

B - A C G B - A
O C a - B B - O
B and C revise their original Solu
tions. C makes a deliberate Flub.
He hopes to trap A.

g A n A C B - R B - R
h C Challenges:; C-claim violation that jitems from an A-claim violation.

B Joins A.
C's Solution: O C A - B; B - O .
A scores 0, B iscores 0, andC scores 2.

Sample Game 5 (Advanced)
Same Universe as in d.
R e s o u r c e s : R R O O B B G G

u n n , c v = i 4 5
Play that

M o v e S o l u t i o n i n M i n d e l i m i n a t e s
Play Player Forbidden Permitted Required Restrictions) Set-Name Solution
a A 4 G o a l = " ~ "

ed Requh

B
C B
A C R
B U
C Challenges: A-claim violation.
A Joins B.
C's Solution: BuO.
A scores 0, B scores 0, and C scores 2.

R C v RUO
B = R V

BuO
B= B bug
B = R Vu B

In this game both A and B seem to have forgotten
that as long as neither = nor C is in Required, a
Simple (Set-Name) Solution can be built.



7. Puzzles

7.1 One-Cube-Solution Puzzles
In these puzzles a summary is pre

sented of an ON-SETS game in progress. The puz
zle is to find a Solution which uses all the cubes in
Required, any of those in Permitted that are need
ed, none from Forbidden, and at most one cube
from Resources.

Universe

®
©

®
®
©
©

®

©

®

©

®
®
©

<B>

©
0

®
®

0

A. Basic ON-SETS
Resources: G O
Forbidden
Permitted:
Required:

G n
R B
' - U

E rE q u a t i o n : N u m ( ) = Q ] ( = 7 )
@L

B. Advanced ON-SETS
Resources:
Forbidden:
Permitted:
Required:
Equation:

n n u b r o
2 3 B u R
v B R G
= A
Num ( ) = Q]
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Suggested Solutions:
A . ( G - ( R U B ) ) '
B . B = A ; A U V

7.2 CAP-Claim Puzzles
A summary is presented of an ON

SETS game in progress. The most-recently-moved
cube is circled. The puzzle is to indicate a claim
that is violated by the move of the circled cube and
sustain the burden of proof if Challenger has it.

Universe

©

®
®

®

©

®

© ©

®
®

0

®

A. Basic ON-SETS
Resources: G B n
Forbidden: 3 2 n
Permitted: O R ®
Required: - n
Equation: N u m ( ) = [ 5 \

Advanced ON-SETS
Resources: B B R G U
Forbidden: R - ©
Permitted: 4 3 v B R O
Required: c n -
Equation: Num ( ) = [0]



Puzzles 8 9

Suggested Solutions:
A. The move violates the P-claim. The

Goal was impossible and hence
every subsequent move was a
Flub. The move also violates the
C-claim stemming from a P-claim
violation.

B. The move violates the C-claim
stemming from an A-claim viola
tion. The C-Solution that could
have been built was: (BnR) - O
C G ; ( B n R ) - o .

7.3 Taboo-Move Puzzles
An ON-SETS game is shown in prog

ress. The puzzle is to list all the moves that are
Flubs, to tell which claim they violate, and to give
Solutions for A-claim violations.

Universe

A. Basic ON-SETS
Resources: B R -
Forbidden: 3 2 G
Permitted: U G
Required:

' O

Equation: Num(

n

) - S
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B. Advanced ON-SETS
Resources: u R G B O n
Forbidden:: Bn O R 4 3
Permitted: v c
Required: = - G
Equation: Num( )-[T|

Suggested Solutions:
A. Taboo Move Claim Violated Solution

Pi to Permitted A ( B O O ) 7
or Required

B to Permitted A ( B n O ) '
or Required

- to Permitted A . [ O - ( G U R ) ] '
or Required

R to Permitted A [ O - ( G u R ) ] '
or Required

Claim Solution
B. Taboo Move Violated Restriction Set-Name

G to Permitted A G = R - G V - G
R to Permitted A G-R = 0 G-R

or Required
B to Permitted A B - G = R B - G

or Required
O to Permitted A 0 - G = R O - G

or Required
U to Permitted A G = R-v v-(GuR)
H to Permitted A R = G - V V - G
G , R , B , 0 , U , C stem R = G - V V - G

or n to For ming
bidden, Per from
mitted or A
Required



8. Introductory Games

This section describes some games that can
be used to introduce the fundamental ideas of set
theory more slowly, using games that are some
what simpler to play than the Basic and Advanced
Games. These simpler games may be useful for
those who have difficulty with the Basic or Ad
vanced Games or they may be useful for the class
room use of ON-SETS. Beginning at a level simple
enough for kindergarten students, these introduc
tory games gradually increase in complexity. At
the end of this section a few games of solitaire are
also described.

The games described in this section fit into
four basic categories, the FISH games, the OUT
games, the SQUAD games and the SETS games.
All the games in each of these categories have
similar structures as games, but they deal with
different parts of set theory. Thus, there is a FISH
game that gives practice with single-cube Set-
Names, a FISH game that gives practice with each
o f the connec t i ves \Q\ , [D ] , 0 and Q] , and

finally, FISH games that give practice in making
statements. These are given the natural names:
CUBE FISH, CUP FISH, CAP FISH,. . ..

In all of these games except for those that
use |2]/ the blank card should be left out of the
deck.
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8.1 Cube Games
8.1-A CUBE FISH

Aim of game: To teach the notion of a set (of
cards) defined by a property (color).

Number of players: 2 or more.
Equipment: The deck of cards with the blank card

left out and one of the color cubes.
Aim of players: To get the largest number of cards.
Method of play: The first player places six cards

face up on the table so that all the other
players can see them. The player to the left
of the first player then rolls the cube and
takes out all the cards that have that color
on them that shows face-up on the cube.
These are the cards that the cube "fishes
out", and he places these cards face down in
front of him. The first player now deals out
enough additional cards face up on the
table so that there are again six cards show
ing. The player to the left of the last cube-
thrower now throws the cube and each
player proceeds in turn and in the same
manner until the dealer no longer has any
more cards left to deal out. At this point
play proceeds until there are no more cards
left on the table.

Scoring: Each player counts up the number of
cards that he has face down in front of him
at the end of play. The player with the
largest number of cards in front of him wins.
If there is a tie, the players with the highest
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score may throw a numeral cube to break
it.

Alternate method of scoring: Each player counts
up the number of cards that he has fished
out for that round and that is his score for
that round. The deal moves to the player to
the left of the player who dealt in the pre
ceding round. The first player to get a score
of 31 points at the end of a round wins.
Again, in the case of a tie, a numeral cube
can be used to break it.

8.1-B OUT CUBE
Aim of the game: To give further practice with the

notion of a set as defined by a property.
Number of players: 2.
Equipment: The deck of cards with the blank card

left out and one of the color cubes.
Aim of the player: To get rid of all the cards in

front of him.
Method of play: One of the players mixes up the

cards and turns up seven cards in front of
his opponent and then seven cards (also
face up) in front of himself. The extra card
is placed face down in front of the dealer.

The players then proceed to throw the
color cube in turn, starting with the player
who did not deal. After each throw, the
player who made the throw removes all his
cards that have the color showing on the top
face of the cube and turns them face down
in a pile to the side.
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The first player who has turned all of his
cards face down wins.

8.J-C CUBE SQUAD
Aim of the game: To give more practice with the

notion of a set as defined by a property.
Number of players: Any number can play, but

there should be one deck of cards for each
team (or squad) of players/

The blank card should be left out of all
decks.

Equipment: As many decks of cards as there are
teams and one color cube.

Aim of the team: To get rid of all its cards.
Method of play: Each team places six cards face

up in front of it. The teacher (or a non-
playing student) throws the color cube and
announces the color that comes face up.
Each team of players removes those cards
from its piles that have that color on them
and places them face down to the side. They
then deal out enough cards so that there are
again six cards face up in front of them, and
the cube is thrown again. When they no
longer have any cards to deal out, they
proceed without dealing out new cards. The
first team that gets rid of all the cards in
front of it, either because its whole deck of
cards has been used up or because all six
cards in front of it were removed by one

*This game is intended mainly for a classroom that has several
game kits.
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throw, wins that round. In case of a tie, the
winning teams can have a "sudden-death"
play-off round with six cards each. The first
team to get more cards out on a roll is the
winner.

8.1-D CUBE SETS
Aim of the game: To introduce the basic structure

of the game ON-SETS and give further
practice with the notion of a set (of cards) as
defined by a property (color on the face of
the cube).

Number of players: 2 or more.
Equipment: A playing mat, three color cubes, three

numeral cubes and a deck of cards with the
blank card left out.

Aim of the players: To get the largest number of
cards.

Method of play: The first player deals out six cards
face up on the table. The player to his left
throws the numeral cubes and the color
cubes. If he can find a color cube that fishes
out precisely the number of cards that ap
pears on one of the numeral cubes, he
places the numeral cube in the EQUATION
section over the word GOAL and the color
cube on the line to the left of the * = ' sign.
(If there is more than one such combination
he may play any correct combination.) If the
player is correct, he gets those cards fished
out by the expression and turns them face
down in front of him. Play then proceeds
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with this player dealing out new cards to
replace the ones he fished out and the play
er to his left rolling the cubes. Play ends
when there are no more cards on the table
and no more cards left to deal out. The
winner is the player with the largest number
of cards at the end. Again, ties can be set
tled by six-card sudden-death play-offs be
tween the winners with each one rolling a
cube.

8 .2 Cup Games
8.2-A CUP FISH

Aim of the game: To give practice with the use of
the cup [U].

Number of players: 2 or more.
Equipment: The deck of cards with the blank card

left out, one of the red-symbol cubes, and
two of the color cubes.

Aim of the players: To get the largest number of
cards.

Method of play. The red-symbol cube is placed on
the table with the cup face up. Play pro
ceeds as in CUBE FISH except that two
cubes are rolled and cards are now fished
out by a Set-Name made by placing one
color cube on either side of the cup. This Set-
Name is interpreted as described in section
4.2-A.

8.2-B OUT CUP
Aim of the game: To give further practice with the

use of the cup.
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Number of Players: 2.
Equipment: The deck of cards with the blank card

left out, two color cubes and one red-symbol
cube.

Aim of the players: To get rid of all the cards in
front of them.

Method of play: The red-symbol cube is placed on
the table with the cup face up. Play pro
ceeds as in OUT CUBE except that two cubes
are rolled and cards are now fished out by
a Set-Name made by placing one color
cube on either side of the cup. The resulting
Set-Name is interpreted as described in sec
tion 4.2-A.

8.2-C CUP SQUAD
Aim of the game: To give further practice with the

use of the cup.
Number of players: 2 or more.
Equipment: A deck of cards for each team, two

color cubes and one red-symbol cube. The
blank card should be left out of all decks.

Method of play: Play proceeds as in CUBE SQUAD
except that the red-symbol cube is placed
with the cup face up by the Shaker who then
throws only the two color cubes. He places
these cubes on either side of the cup (without
turning them over) and announces this Set-
Name. The Set-Name is interpreted as de
scribed in section 4.2-A. The cards fished out
by the Set-Name are turned face down by
each team, and play proceeds as in CUBE
SQUAD.
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8.2-D CUP SETS
Aim of the game: To introduce several new fea

tures of the Basic Game; and to give further
practice with the use of the cup.

Equipment: Four color cubes, three numeral cubes,
one red-symbol cube and the deck of cards
with the blank card left out.

Method of play: Same as CUBE SETS except that
now a red-symbol cube is placed into the
EQUATION section of the playing mat on
the line to the left of the * = ' sign with the
cup face up. The player to left of the dealer
throws the numeral and color cubes. If he
can find two color cubes that when placed
around the cup fish out exactly the number
of cards that appears on one of the numeral
cubes, he places the numeral cube in the
Goal section and the color cubes around the
cup in the Solution Section. (If there is more
than one such combination he may play any
correct combination.) If the player is correct,
he gets those cards fished out by the Set-
Name and turns them face down in front of
him. Play then proceeds with this player
dealing out new cards to replace the ones
he fished out and the player to his left roll
ing the cubes. Play ends when there are no
more cards on the table and no more cards
left to deal out. The winner is the player with
the largest number of cards at the end.
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8.3 The Cap, Diff, and Comp
Games
Each o f the Cup games can be

played with the red-symbol cubes placed with a
different face up. If the cap is played face-up, the
games are called CAP FISH, OUT CAP, CAP
SQUAD and CAP SETS; if the set-difference sign
is placed face-up, the games are called DIFF FISH,
OUT DIFF, DIFF SQUAD and DIFF SETS; if the Q
is placed face-up, the games are called COMP
FISH, OUT COMP, COMP SQUAD, and COMP
SETS. In the Comp games the blank card should
be left in the deck.

8.4 The Statement Games
The statement games are played just

like the cup games except:
1. Either [=] or [c] is placed face

up and a shaking set (three red-symbol cubes and
four color cubes) is thrown.

2. The cards that belong to the larg
est set of cards for which the statement formed by
one of the players is true are the cards fished
out. These sets are called the "truth sets" of the
statements.

3. The games are called EQ (pro
nounced "eke") FISH, EQ OUT, EQ SQUAD and
EQ SETS if the equal sign is used and INC (pro
nounced "ink") FISH, INC OUT, INC SQUAD and
INK SETS if the His used.



100 ON-SETS: The Game of Set Theory

4. In the SQUAD games, the Shaker
may build any statement that he or she wishes to
build.

8.5 Solitaire Games for the Lone
Player
8 .5 -A ONE

Aim of the player: To devise a Set-Name that fishes
out exactly one card.

Materials: All the cards and a shaking set from
either the Basic or Advanced Games, with
out the numeral cubes.

Method of play: The player deals out all the cards
face up in front of him. He then throws the
cubes. He wins if he can devise a Set-Name,
or a Set-Name together with statements,
that fishes out exactly one card.

8.5-B GO-THROUGH
Aim of the player: To "go through" the whole deck

of cards.
Materials: A deck of cards, three numeral cubes,

three color cubes and two red-symbol cubes.
Method of play. The player deals out six cards

face up in front of him, and places the re
maining cards off to one side. He then
throws all eight cubes. He places the numer
al cubes off to one side and attempts to
construct a Set-Name using the symbol and
color cubes (he need not use all of them)
that fishes out exactly the number of cards
indicated on the fqce of one of the numeral
cubes. He places the cards that are fished
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out face down in front of him. He deals out
enough cards from the stack he placed to
one side to replace the cards that have been
removed, tosses the cubes, and forms a Set-
Name. He continues in this manner until the
deck he is dealing from is exhausted. Play
terminates either when an appropriate Set-
Name cannot be formed or when the player
has "gone through" the whole deck of cards
so that all of them are now lying face down
in front of him. He wins only in the latter
case.

8.5-C A-B
Aim of the player: To devise a given number of

Set-Names that satisfy a given goal.
Materials: All the cards, all the cubes except for

one of the numeral cubes.
Method of play: The player deals out all the cards

face up on the table and throws the cubes.
Let us call the numerals showing face up on
the numeral cubes "A" and "B". If the player
can make A Set-Names that extract B cards
or B Set-Names that extract A cards, all at
the same time, he wins.



9. The Idea of a Set
The idea of a set is one of the basic ideas of

mathematics. A set is any collection of objects. For
example, the set of all the states in the United
States is a set, and among the things that are in
this set are Hawaii, New York and Tennessee.
There are small sets such as the set that contains
only William Shakespeare; larger sets such as the
set that contains all the automobiles in the United
States, and even larger sets such as the set that
contains all the positive whole numbers (1, 2, 3,
and so forth).

Bringing things together into a set is a men
tal operation and it does not necessarily imply that
these things have to have anything in common or
that they have to be near each other. The Eiffel
Tower, the Queen of Spain's nose and the planet
Pluto can make up a set, while Mickey Mouse and
Miami Beach can make up another.

We speak of the things that are in a set as
the elements or members of that set. A set is not the
same as its elements. Thus, although Memphis is in
Tennessee, it is not in the set of all the states in the
United States. (If it were, that set would have 51
members rather than 50 because it would contain
the fifty states and the city of Memphis.)

We can specify a set in two different ways.
We can name each of the things in it. We did this
when we talked about the set that contained Wil
liam Shakespeare, and we could have done this

102



T h e I d e a o f a S e t 1 0 3

when we talked about the set of the states in the
U.S. although that would have been a long list.
However, we could not have done this, even in
principle, when we wanted to talk about the set
that contained all the positive whole numbers be
cause the list would be infinitely long, so that we
would never finish writing it out.

The second way of specifying a set is to state
a property that things have to have to be members
of it.* This is how we defined the set of all the
states in the U.S. and it is how we have to specify
an infinite set. A property can be looked at as a
sentence with a hole in it, like:

... is a state in the U.S.

where the three dots indicate the hole.
We can tell whether or not something is a

member of the set of things that has this property
by putting the name of the thing we want to check
into the hole and seeing if the resulting sentence is

*We said above that things do not have to have a property in
common to be in a set. This is true if you think of a property as
we usually think of it, but if we permit "artificial" properties, then
every two things have at least one property in common that no
other thing has. The property that Mickey Mouse and Miami
Beach have in common is the property that we say a thing has by:

. . . is either Mickey Mouse or Miami Beach.
This is not as "natural" as the property that we say a thing has
by.

... is red.
But it is a property nevertheless.
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true. Thus, we put the word 'Tennessee' into the
above and get:

Tennessee is a state in the U.S.

The sentence is true, so Tennessee is in that set.
However, if we put the word 'Memphis' in that
hole, we get:

Memphis is a state in the U.S.

and that sentence is not true, so Memphis is not in
that set.

Two sets can be the same set even if they are
defined differently. Thus, the set that has William
Shakespeare as its only element is the same as the
set that has the author of Hamlet as its only
element.

Notice what this implies. Suppose that we
write the name of a set by putting the names of the
things in it between braces like this:

(C ,A ,T l

with commas in between the different names (so
that we know that we have a set with three ele
ments and not the set with a single cat in it). This is
the set, in other words, that has as its only three
members the letters C, A and T. This is the same as
the set:

l A , C , T l

or the set

It,c,a)
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because, although the order of the elements is
different, these three sets contain exactly the same
elements and therefore are the same set.

There are differences between the name of a
set, its elements and the set itself. In ON-SETS, the
names of sets are formed with the cubes, and the
members of these sets are cards. The sets them
selves never really appear on the table at all, since
they are abstractions. You may think about them,
but you never really see them (although you may
see all their elements).

ON-SETS is largely concerned with the rela
tionship between the name of a set and the number
of things that are in the set named. The color cubes
name sets in terms of the property that a thing
must have to be in the set. These properties, how
ever, are not properties of the set. They are prop
erties of the elements in the set. The set of red cards
is named by the red cube-face, but that set has no
color at all (since it is an abstraction). If no red
cards are turned up on the table, the set of all red
cards still exists, but in this game it has no ele
ments. The color cubes, in other words, are names
of collections (or sets) of cards, just as 'The Citi
zens of Memphis' and 'The Citizens of Atlantis'

may be the names of collections of people. Just as
there is a difference between the name 'Sam'
(which begins with an S) and the person Sam (who
begins at the top of his head), so there is a dif
ference between a set (a collection of cards) and
its name (a row of cubes).

In constructing expressions in ON-SETS, one '
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takes the names of sets and puts them together,
using symbols like cup (U) and cap (n) to form
new names of sets. If one places a cup between
the names of two sets, say,

the set of all even numbers

and

the set of all odd numbers

one gets the name of the set that contains every
thing that is in either or both of these sets. Thus the
expression

t h e s e t o f i i t h e s e t o f
a l l even numbers a l l odd numbers

is the name of the set of all whole numbers.* And
the expression

t h e s e t o f i i t h e s e t o f
a l l even numbers a l l who le numbers

is another name of the same set.
The cap (n) is placed between the names of

two sets to form the name of a new set that con
tains only the elements that are in both of the sets
named by the expressions written on either of its
sides. Thus,

t h e s e t o f > p , t h e s e t o f
al l even numbers ' al l odd numbers

*We are assuming that 0 is an even number since it is divisible by
two without a remainder.
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names the set that has no members at all (since no
number is both odd and even), while the expression

t h e s e t o f ^ t h e s e t o f
a l l even numbers a l l who le numbers

names the set of all even numbers.
We use the minus sign (-) to form the name

of the set created by taking away the members of
one set from another. Thus,

t h e s e t o f _ t h e s e t o f
a l l who le numbers a l l even numbers

is the name of the set of all odd numbers, while

t h e s e t o f _ t h e s e t o f
a l l even numbers a l l who le numbers

is the name of the set that has no members at all.
As a matter of fact, it is another name for the set
that we previously called

t h e s e t o f ^ t h e s e t o f
a l l even numbers a l l odd numbers .

This set has a lot of names, but no members. To say
that this set is only one set is a convention agreed
upon because it makes the theory simpler. Our
definition of what it means for two sets to be alike
really only covers the case where sets have mem
bers, but it would be easy to rephrase it so that it
covered this case too. We could say that two sets
are not identical only if one of them has a member
that the other does not.

Because this set without any members ap-
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pears so often, it is given several special names. It
is called "the empty set" or "the null set", or it is
called "A", which is a name for it just as 'Sam' can
be the name of a man.*

Just like the null set, Sam, the man, can have
several names. We may refer to him as

the man who lives in the gray house

or as
my bald uncle

or by a variety of other names. But he is always
the same man.

There is another set that has a particular
name. It is called "the universal set" or "v". This
is the set that has everything in the Universe of
Discourse as a member of it.

The prime sign (') can be placed to the right
of the name of any set to form the name of the set
that contains everything that is not in the set
named. Thus by placing a prime sign to the right
of the name

the set of all numbers

we get

(the set of all numbers/

which names the set of all things that are not num
bers, and by placing it to the right of

V

*The empty set is frequently denoted by the symboJ >/ or by
other names.
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we get

V '

which names the set of all things that are not in the
universal set. (This set has a special name. What
is it?)

Using only this vocabulary, all we can do is
call sets by their names. It is as though our vocabu
lary consisted only of words like 'George', 'Sam',
'Mary', and other names. The symbols ' = ' and
'C' serve as verbs and permit us to make state
ments about sets, just as adding verbs like 'loves'
permits us to make statements about people such as

George loves Mary.

You are probably familiar with the ' = ' sign
from arithmetic. When we write

2 + 2 = 4,

we are saying that

2 + 2

and

are names of the same number.
When we write

T h e s e t t h e s e t t h e s e t
o f e v e n U o f o d d = o f w h o l e
n u m b e r s n u m b e r s n u m b e r s ,

we are saying that



110 ON-SETS: The Game of Set Theory

t h e s e t o f i i t h e s e t o f
e v e n n u m b e r s o d d n u m b e r s

and

the set of all whole numbers

are really names of the same set. This is very much
like the phrases

The author of "Hamlet"

and

The author of "Macbeth"

which name the same person.
The symbol 'C' might be read as "is in

cluded in" or "is a subset of". When we place this
sign between the names of two sets we make the
statement that one set is included in the other. Thus

T h e s e t o f / — t h e s e t o f
all even numbers — all whole numbers

says that the set of all even numbers is included in
the set of all whole numbers. This is true because
everything that is in the first set (even numbers) is
also in the second set.

Sets are always included in themselves; so
the following is true:

T h e s e t o f r — t h e s e t o f
all even numbers — all even numbers.

Statements need not be true, of course. It is
perfectly all right to write
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T h e s e t o f £ - t h e s e t o f
all whole numbers — all even numbers

even though the statement is false. It is false be
cause there are numbers in the first of these sets
(1, 3, 5, 7, . . .) that are not in the second set.
Statements can be true or false. Names of sets,
although they are used in making statements
about sets, are neither true nor false.



10. The Uses of Sets
So what is the point of all this?
It is probably not an exaggeration to say

that all of mathematics is the study of sets of one
kind or another (though it is usually not the study
of sets of cards). Because of this, the language of
set theory (or the theory of sets) is the basic lan
guage of mathematics and mathematics, in turn, is
the basic language of science.

Numbers, for example, are properties of
sets, not of things. For instance, consider the fol
lowing picture:

f)
What number does it represent? Does it represent
the number 1 (since there is one hand there) or
does it represent the number 5 (because there are
five fingers there)?

This example suggests that numbers are not
properties of physical things. What then are they?
Perhaps they are marks on paper like

2 , 4 , 5

and the like. But that is not plausible either. Where
was the symbol '5' in the drawing above (and yet
there were five fingers)? When the Romans wanted
\o say that there were six things they used the
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symbol 'VI', and yet it is hard to imagine that they
were talking about a different number just because
the symbol 'VI' is different from the symbol '6'.

Actually symbols like '2', '3', '4', etc., are not
numbers, but the names of numbers. Numbers are
sets whose members are themselves sets. It is these
sets of sets that the numerals like '6' and 'VI' name
(just as cubes name sets of cards). It is not fingers,
but the set of all fingers on a hand, to which we
attribute the number five. It is the set of all hands,
and not the hand itself, in that picture above to
which we attribute the number one.

Numbers are special kinds of sets. They are
sets whose elements are themselves sets. Thus the
number five is a set, one of whose members is the
set of all fingers in that picture. However, a full
explanation of what kinds of sets numbers really
are is beyond the scope of this introduction, and
the reader who wants to pursue this matter should
turn elsewhere (say to an introductory book on set
theory).

Other things that mathematicians study are
also sets. Euclidean space (the kind one studies in
geometry) is a set, and so are the triangles, the
lines, and other things that one finds in this space.
The addition sign in arithmetic is the name of a set,
and so is the integration sign in calculus.

Because mathematics is a study of sets, the
language of set theory has become the basic lan
guage of modern mathematics. Those in different
branches of mathematics study different kinds of
sets, but they all use the same underlying language
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to talk about the sets they study. Some of the basic
terms of this language are what ON-SETS is in
tended to teach. In other words, ON-SETS can be
looked at as an introductory course in how to
"speak mathematics". It is a long step from
"speaking basic mathematics" to doing mathemat
ics (although what one does in playing ON-SETS
more nearly resembles what mathematicians do
than memorizing the multiplication table does),
just as speaking Japanese is a long way from
writing (good) poetry in Japanese. But it is a first
step.



GAMES for
THINKERS

The kits in the WFF 'N PROOF series are authored by university
professors and other subject matter specialists, who take re
sponsibility for the educational content of the games. Included
among the authors are:

Professor Layman E. Allen Peter Kugel
U n i v e r s i t y o f M i c h i g a n M . I . T.Robert W. Allen, Director Professor George N. Moulds
National Academic Games Program Kent State University
Professor Harold L. Dorwart James R. O'Neil
T r i n i t y C o l l e g e U . S . T r e a s u r y D e p a r t m e n t
Professor Bruce L. Hicks Martin F. Owens
U n i v e r s i t y o f I l l i n o i s M i t r e C o r p o r a t i o n
Professor Hervey C. Hicks Joan K. Ross
Carnegie-Mellon University University of Michigan
L o m e G r e e n e P r o f e s s o r H a r r y D . R u d e r m a n
NBC — Paramount Studios Hunter College High School

LOOK AT THE ACCLAIM THESE GAMES HAVE RECEIVED!
Introduction of the first WFF 'N PROOF game,, *, wOs„ in our esti
mation, a significant 6vent in the teaching of lctgk~*0$ significant in
its field as the hunchina pf the first satellite in ifcfc Space race field.
If this seems a bit extravagant, let us point out ifiat challenging, com
petitive games capable of teaching with unadulterated enjoyment still
are a rarity.... therefore, we enthusiastically remmmend the new
WFF 'N PROOF games WFF 'N f»*OOF can be fAe first exhila
rating challenge to children of 6 and, at the game* progress,' stimulate
the intellect of people of awjr age or capability.

DATA PkOCBSStNG DIGEST
.... nothing has excited nor stimulated the students more fhan WFF 'N
PROOF. This h evidenced by the outside time spent by the students in
playing the games, their purchasing of their personal sets, students
volunteering fo take a course during their free time, and the general
conversation concerning the game which has resulted.

GOVERNOR'S SCHOOL OF NORTH CAROLINA
.... excellent contribution to mathematical education.

THE MATHEMATICS TEACHER
.... fun, challenging, and stimulating....

THE ARITHMETIC TEACHER
.... amuses school children and challenges veteran logicians. .. .

REVIEW OF METAPHYSICS



THE PROPAGANDA GAME, By Lome Greene (N.B.C., Para
mount Studios), and Robert Allen (Director of Academic Games,
Nova University). Students learn the fascinating techniques
used by professionals to influence public opinion by learning to
recognize "bandwagon" appeals, faulty analogy, out-of-context
quotes, rationalization, technical jargon, emotional appeals, and
many more. Particularly fascinating for social studies classes,
English, problems of democracy, debate.
2 t o 4 p l a y e r s $ 6 . 0 0

In a democratic society such as ours, it is the
role of every citizen to make decisions after
evaluating many ideas It is especially impor
tant then that a citizen be able to analyze and
distinguish between the emotional aura sur
rounding the idea and the actual content of the
idea. It is to this goal of clear thinking that
THE PROPAGANDA GAME addresses itself.

LORNE GREENE

UNIVERSITY PROFESSORS



A N E W D I M E N S I O N I N E D U C A T I O N !

from WFF 'N PROOF publishers

For the Classroom - For the Club
These unique instructional games are being played at intra-school,
city-wide and statewide tournaments to make FUN the motivating
factor in learning!
They have been specially designed by university professors to encourage more favorable
attitudes towards mathematics and related fields. Just as with chess, the equipment
of each kit can be used over a wide spectrum of grade levels—from first grade through
college.

The AUTOTELIC (self motivating)
LEARNING CENTER: For the class
room and the LIBRARY. These unique
educational tools emphasize discovery,
chal lenge, peer-group learning and
individually-paced learning for

• UNDER ACHIEVERS
• THE GIFTED
• SLOW LEARNERS

4 W F F ' N P R O O F a t $ 8 . 7 5 e a . *
4 QUERIES 'N THEORIES at . $8.75 ea.*
4 E Q U A T I O N S a t $ 5 . 5 0 e a . *
4 O N - S E T S a t $ 5 . 5 0 e a . *
4 P R O P A G A N D A a t $ 6 . 5 0 e a . *
4 CONFIGURATIONS at . . . $5.50 ea.*
1 TEACHERS MANUAL. ... $1.25 *
Complete 24-game Center With

THINKERS Bookends .... $150.00*
Without THINKERS Bookends $140.00*

'includes postage & handling

QWIK-SANE, By James R. O'Neil, U. S.
Treasury Depar tment ( re t i red) . An in
triguing topological puzzle that will chal
lenge and delight those of all ages who
like solitaire games that call for careful
reasoning.
1 P l a y e r $ 1 . 5 0

THE REAL NUMBERS GAME,
By Layman E. Allen. A five-game kit, handy
and easy-to-play, that prepares beginners
for playing EQUATIONS. Equipment comes
clipped on a ball-point pen and ready for
play. Solitaire or with a partner, anytime
that two or three minutes are available.

2 to 4 players



TRI-NIM: The Game for Compleat Strafe-
gysts, By Bruce and Hervey Hicks, (Profes
sor of Physics, University of Illinois, and
Professor of Mathematics, Carnegie Insti
tute of Technology). More than a decade
of experience in exploring the mathemati
cal strategic implications of nim-like games
have gone into the design of this mind-
massaging kit. It will stretch you—whoever
you are.
2 t o 3 p l a y e r s $ 4 . 0 0

TAC-TICKLE: a Challenging Game of
Pure Strategy, By Harry D. Ruderman
(Professor of Mathematics, Hunter College).
A game of pure strategy. Eight-game kit
that sharpens the wits and stimulates learn
ing. Elementary through high school levels.
It has been used to stimulate thinking of
retarded youths as well as a practice aid in
computer programming by sophisticated
students of mathematics:
2 p l a y e r s $ 1 . 0 0



EQUATIONS: The Game of Creative Mathematics,
By Layman E. Allen. Our most popular game of math
ematics. Five-game kit for use in intermediate grades
through high school. Provides creative opportunity
to practice arithmetic operations such as addition,
subtraction, multiplication, division, exponents and
radicals in a variety of number bases (decimal, octal,
binary, etc.) Like chess, the game can be as simple or
as complex as the players make it, depending on their
understanding of the mathematical ideas involved.
2 t o 4 p l a y e r s . . . . $ 5 . 0 0
T e a c h e r ' s M a n u a l $ 1 . 0 0

CONFIGURATIONS: Number Puzzles and
Patterns for All Ages, By Harold L. Dorwart (Pro
fessor of Mathematics, Trinity College). A series
of ingenious geometric and mathematical prob
lems that will delight and challenge those who
enjoy careful reasoning. Suitable for Jr. and Sr.
high school levels. If you prefer solitaire, this
one is for you.
1 P l a y e r $ 5 . 0 0
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Additional kits of educational materials can be obtained by
writing to:

WFF 'N PROOF
1111 Maple Avenue

Turtle Creek, Pa 15145
Please make checks payoble to: WFF 'N PROOF.

WFF 'N PROOF: The Game of Modern Logic by Layman E.
Allen (University of Michigan), $8.00 plus $.75 postage
□ nd handling.

ON-SETS: The Game of Set Theory by Layman E. Allen,
Peter Kugel (M.I.T.), and Martin F. Owens (Mitre Corp.),
$5.00 plus $.50 postage and handling.

The PROPAGANDA Gome by Robert W. Allen (Nova Univer
sity) and Lome Greene (NBC Paramount Studios) , $6.00
plus $.50 postage and handling.

CONFIGURATIONS: Number Puzzles and Patterns for all
Ages by Harold L. Dorwart (Trinity College, Hartford),
$5.00 plus $.50 postage and handling.

TAC-TICKLE: A Challenging Game of Pure Strategy by Harry
D. Ruderman (Hunter College) , $1.00 plus $.25 postage and
handling.

WFF: The Beginner's Game of Modern Logic by Loyman E.
Allen, $1.50 plus $.25 postage and handling.

The REAL Numbers Game by Layman E. Allen, $2.00 plus
$.25 postage and handling.

EQUATIONS: The Game of Creative Mathematics by Layman
E. Allen, $5.00 plus $.50 postage and handling.

TRI-NIM: The Game for Compleot Strategysts by Bruce L.
Hicks (University of Illinois) and Hervey C. Hicks (Carnegie
Institute of Technology), $4.00 plus $.50 postage and
handling.

QUERIES 'N THEORIES: The Game of Science &- Language
(A Simulation of Scientific Method and Generative Grammars)
by Layman E. Allen, Peter Kugel, and Joan Ross (University
of Michigan) , $8.00 plus $.75 postage and handling.

QWIK-SANE: A Topological Puzzle for Thinkers by James
R. O'Neil (U. S. Treasury Dept., retired). $1.50 plus
$.25 postage and handling.

Games
for

Thinkers

ONSETS
The Game of Set Theory

by
Layman E. Allen, Peter Kugel,

Martin F. Owens


