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This text is a short two hour introduction into the theory of several complex variables. These
lectures were given in May 1996 at Caltech to the class Ma 108 substituting for someone else. As
prerequisite, the topic requires some familiarity with complex analysis in one dimension.

1 Motivation and Plan

The higher dimensional generalization of complex analysis in one variables is an important part of
mathematics. Our short visit of this theory will allow us to repeat some facts of the theory in one
complex variable.

A motivating example, where multi-dimensional complex analysis can occur in mathematical
research, is the iteration of multi-dimensional analytic maps like for example the Hénon map
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where a, ¢ are complex parameters. If a = 0, one obtains, by restriction to the first coordinate, the
iteration of a one dimensional map z — 22 + c.

A theorem in dynamical system theory assures that
the fixed point (z.,w.) near the center is stable: if
we start iterating with an initial condition near that
point, we stay near that point. This stability does
no more hold in C2. The theory to understand the
iteration of the Hénon map in C? heavily needs the
theory of complex variables in several dimensions.

The aim of this two hour introduction is

to show that part of complex analysis in several variables can be obtained from the one-
dimensional theory essentially by replacing indices with multi-indices. Examples of results which
extend are Cauchy’s theorem, the Taylor expansion, the open mapping theorem or the maximum
theorem.

to show in two examples that there are new features in several dimensions. For example,
a multi-dimensional Riemann mapping theorem or a multi-dimensional Piccard theorem does no



more hold. The theory becomes richer in higher dimensions.

2 Holomorphic functions

Notation. C™ denotes the n-dimensional complex vector space. A point in C™ is written as
z=(21,22,...,%n—1,2n), Where z; = x; + iy; are complex numbers. We write

for the complex partial derivatives of a function f: C* — C.
We also use the notation for n € N*,z € C*
amf gm gm
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Definition. Let D C C™ be an open set. A continuous function f: D — C is called holomorphic
in D or analytic in D, if for all z € D and 1 < j < n, the complex partial derivatives % exist
J

and are finite.

Remark. In other words, a function D — C is holomorphic if it is continuous and holomorphic in
each of its variables.

Proposition 2.1 (Basic properties of holomorphic maps)
If f,g are holomorphic in D, then f+ g, f — g, f - g are holomorphic in D. If
g(2) #£0 for all z € D, then also f/g is holomorphic in D.
If f.. is a sequence of holomorphic maps in D which converges uniformly on
compact subsets of D to f, then f is holomorphic in D.

Proof. These facts follow directly from the one-dimensional theory: if f is holomorphic in D, then

it is holomorphic in each of the variables separately. That is, if we fix z1,...,2j-1, 2j41,. -+ 2n,
then the map z; — f(z1,...,2;,...,2,) is holomorphic as a map from D; — C, where D; =
{Zj|(Zl,...,Zj,...,Zn)€D}. |
Examples.

1) The function f : (21,22) + 2z} + sin(z;) — 23 is holomorphic on D = C2.

2) The function f : (21, 22) — €% 7% is holomorphic in C2. We will see in a moment that it can

) 201 zk2
be written as f(z1,22) = ¢, r,—0 Frer-

3) The function f : (21,22) = > pey 2227 is holomorphic in D = {|z1| < 1} x C.

4) The function f : (21, 2z2) = 22~ is holomorphic in C\ {1} x C. It is the analytic continuation
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of 3) from D to C\ {1} x C.

Short exercise. Find the region in C2?, where the sum

(oo}
flz1,20) = > 228
k=0



is analytic. Find an explicit analytic continuation of f to a larger domain.

Remark. It is actually not necessary to assume that f is continuous: a theorem of Hartogs assures
that the continuity assumption is redundant in the definition of analyticity. Note the difference
between the real and the complex multi-dimensional case, because as you well know, a real function
f:R™ = R for which all partial derivatives exist, needs not to be continuous:

Definition. Let K C C™ be any set. A function f: K — C is called holomorphic on K if each
point @ € K has an open neighborhood D such that D N K is closed and such that there exists a
function fp which is holomorphic on D such that fp = f on DN K.

Example. If f is holomorphic on D and K is a closed subset of D then f is holomorphic on K.
Proof. Take for any point @ € K the open set D.

3 Cauchy, Taylor and Co.

Definition. A closed polydisc D(a,r) = D"(a,r) with center « € C™ and radius r is the set
{z€ C"||zj—a;] <rj,j=1,...,n}. The interior D(a,r) is called the open polydisc or simply
polydisc.

The boundary of the polydisc is the topological boundary. It consists of the set of points in the
closed polydisc which satisfy |z — a;| = r; for some 7.

The distinguished boundary T"(a,r) of the polydisc is the set {z|z; = a +re?%,0 < 0; < 27}.
If a = 0,7; =1, we use also the notation D™ or T".

We denote by B”(a,r) = {z € C* | 311, |7 = r? } the ball with radius 7 € R* around a.

Figure 3a) The polydisc D ¢ C2 Figure 3b) The ball B C C2
shown in the the coordinates |21, |22]. shown in the the coordinates |21, |22].

Remark. Note that the distinguished boundary of the polydisc is topologically a real n-dimensional
torus T™, whereas the boundary has real dimension 2n — 1.

Theorem 3.1 (Cauchy Formula)
Let f be holomorphic on the closed polydisc ﬁn(a, r). Then, for all z € D™(a,r)

one has ) Fw)
w
fz)= - /Fn( dw
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We used the notation dw = dwidws . .. dw, and = = H?Zl ﬁ

Proof.  The proof goes by induction on the dimensions. For n = 1, it is the usual Cauchy
formula. Assume the formula has been proven in dimension n — 1. Define the analytic function
9(z) = f(z,22,...,2,). By the one dimensional Cauchy formula applied to the function g on the
disc {]z1 — a1]| < r1}, one has

1 f(wlaZQV"aZn)
21,22,y 2n) = - — = dw . 1
ferzaom) = g | L T, 1)
If we fix wq, the function (za,...,2,) = f(w1,22,...,2,) is a function of n — 1 variables. By the

induction assumption, we have

1 flwr, za, ..oy 2n)
e Bp) = ————— a2 T dws .. dw,y, . 2
flwn, 22, 2n) (2mi)n—t /I‘"—l(am) w—=z . v 2

If we plug in Equation ?? into the right hand side of Equation 7?7, we obtain the Cauchy’s formula
in n dimensions. u

Corollary 3.2 (Holomorphic maps are smooth)

If f is holomorphic, then (0/0z;)f is holomorphic. Moreover, all partial deriva-
tives O™ f/(0z)™ ewist.

Proof. Differentiate on the right hand side of the Cauchy formula gives

®)(5) = N (C) R
() (QWi)"/n(a,r> (w_z)k+1k!d . (3)

More notation. We use the notation k = (k1,ks,...,k,) and say k > 0 if all coordinates of the

multi-index k satisfy k; > 0. We also use the abbreviation (z — a)* = H’C

j=1(zi — a;)* and

k
F¥(0) = 7535 (@

as well as k! = kylky! - k)

Corollary 3.3 (Cauchy estimates)

Assume f is holomorphic in D(a,r) and that |f(2)|] < M for all z € D(a,r).
Then, for a € D(a,r), we have

ME!
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Proof. This follows directly from the Cauchy formula by majorizing the integral: replace f inside
the integral by M and do the estimate! ]

Corollary 3.4 (Taylor Series Expansion)

If f is holomorphic in the open polydisc D(a,r), then

£2) =32 P @)z~ a)t

k>0




Proof. The proof is the same as in one variable: expand z — ﬁ into a power series
1 2, 2k
w—z Z whktl
k=0

(Remind the notation 2% = H?:I zjkf also in the following).
By Cauchy’s formula and the Cauchy formula for the derivative, one has

9@, 1 S N A0 L
Xk: n (z—a)" = G /I‘"(a,r) f( )Z(w_a)k-i—l d
_ 1 F@) o
, /T - f(2)
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Corollary 3.5 (Principle of analytic continuation)

Assume f is holomorphic in an open connected subset (=domain) of C™. If f
vanishes on an open subset of D, then f =0 on D.

Proof. The same proof as in one variable shows that the set £ = {z € D | f(™(2) =0,Vn € N® }
is closed as a countable intersection of closed sets E,, = {z € D | f(")(2) = 0 }. On the other hand,
if z € FE, and U is a neighborhood of z in which the Taylor series expansion holds, then f(z) =0
in U so that E is also open. As a both open and closed set, £ = D or E = {). ]

Corollary 3.6 (Open mapping theorem)

If D is a domain in C and f: D — C is not constant and holomorphic on D,
then f is open (=it maps open sets into open sets).

Proof. Given a € D and let B(a,r) C D. By the principle of analytic continuation, f is not
constant on U (because it were then also on D). There exists b € B(a,r) with f(b) # f(a). Define
the function in one variable g(z) = f(a+ 2(b—a)) for z € U ={z € C|a+z(b —a) € D}. This
function ¢ is not constant and by the open mapping theorem in one dimensions, we know that
g(U) is open in C. Since g(U) C g(D), the result follows. ]

Corollary 3.7 (Maximum principle)

Let D be a domain in C™ and let f be holomorphic on D. Then |f(z)| takes
its mazimum on the boundary 6D of D.

Proof. Assume f is not constant on D. Define M = sup,c5p |f(2)|. By the open mapping theorem
and the boundedness of f, we know that f(D) is a bounded open domain in C. Since f~' maps
the boundary of f(D) into the boundary of D the maximum is attained at the boundary. remarx:

The last sentence was modified April 22, 2021. Thanks to Mingjie Wang from the National University of Singapore for the correction. | ]
The proof of the following theorem is left as an exercise.

Corollary 3.8 (Montel’s theorem)

Let F = {fi}ier be a family of holomorphic functions on a domain D C C™.
Assume, for every compact K C D, there exists a constant Mg such that
|f(2)| < Mg forallz € K and f € F. Then, for every sequence f, in F, there
s a subsequence, which converges uniformly on compact subsets.

Proof. Use Cauchy estimates to give bounds on the Taylor coefficients. [ |

In the next hour, we will consider two situations, where the theory of complex variables differs
from the one dimensional theory (and gets so more interesting!).



4 A theorem of Poincaré

Definition Given D C C®. Amap f = (f1,..., fm) : D — C™ is called holomorphic, if each of the
coordinate functions fx : D — C is holomorphic. A map f : D; — D, is called biholomorphic,
if it is holomorphic and if there is an inverse which is holomorphic. If there exists a biholomorphic
map f : D; — Do, then D; is called biholomorphic to Ds.

The group of biholomorphic maps from a domain onto itself is called Aut(D). (Convince yourself
that Aut(D) is indeed a group!) Given a € D, one can form the subgroups Aut, (D) of biholomor-
phic maps on D which leave a invariant.

Remember that the Rieman mapping theorem in one complex variable assures that every
smoothly bounded, simply connected open domain D in C is biholomorphic to the unit disc.

There is no analogue of such a result in higher dimensions. Our aim is to prove the following
theorem of Poincaré which shows that the analysis of holomorphic functions in several complex
variables depends in general on the domain in question.

Proposition 4.1 (Poincaré)
The ball B™ is not biholomorphic to the polydisc D™ for n > 2. ‘

Definition. For bounded D, the group Aut(D) becomes a topological group by defining a distance
between two automorphisms d(oy,02) = sup,¢p |01(2) — 02(z)|. Denote by Aut!?(D) the group of
automorphism which are connected to the identity.

The proof will need some preparation. The basic idea of Poincaré was to look at the groups Aut(D)
of biholomorphic maps of D and to realize:

If Dy is biholomorphic to Ds, then the groups Aut(D;) and Aut(Ds) are iso-
morphic groups. Given a; € Dy and as € Dy for which there exists a biholo-
Lemma 4.2 | morphic map f : D1 — Dy with f(a1) = f(az2), then Aut,, (D1) and Aut,,(D3)
are isomorphic groups. Also Aut'®(D1) and Aut'®(Ds) are isomorphic as well
as Autld(Dy) and Autl?(Ds).

Proof. Let f: Di — Dy be a biholomorphic map from D; to Dy, then
o fooof!

is a group homomorphism from Aut(Ds) to Aut(D;). Because it is invertible, it is a group isomor-
phism. [ ]

Definition. Denote with SU(n) the group of all n x n matrices A which are unitary AA* =1 and
which have determinant 1. It is called the special unitary group.

Proposition 4.3

Aut)?(B™) is nonabelian.

Proof. The nonabelian special unitary group SU(n) is a subgroup of Auté”l(B“)7 because a matrix
A € SU(n) defines the biholomorphic map z — Az on B™ which leaves 0 invariant. ]

Proposition 4.4

For every a € D™, the group Aut’?(D®) is abelian.

Postponing the proof of Proposition 7?7, we can understand Poincaré’s result:



Proof. Assume D; = B"(0,1) is biholomorphic to Dy = D™(0,1). From Lemma ?? and the
transitivity of Aut(Ds), we conclude that Aut)®(D;) and Autff(lo)(DQ) are isomorphic groups. But

Proposition ?? says that Aut{®(D;) is nonabelian while Proposition ?? states that Autfc”(lo)(Dg) is
abelian. This is a contradiction. |

In order to prove of Proposition ?? we need to know more about biholomorphic maps of bounded
domains.

Definition. If & is a multi-index, define |[k| = 377_; k;. A function f(2) = 37, _x arz* is called a
homogeneous polynomial of degree N.

Proposition 4.5 (Cartan uniqueness theorem)

Let D be a bounded domain in C™ and given a € D. If f € Aut,(D) satisfies
f'(a) =1, then f(2) =z for all z € D.

Proof. By a translation of coordinates (replace D with D —a), we can assume a = 0. Because D is
bounded, one has D C D®(0, R) for some R > 0. Every f € Autg(D) has a Taylor expansion at the
origin f(z) =), a,z". Cauchy’s estimates give |a,| < Mr~", where r is such that D*(0,r) C D
and M = sup, 5 |f(2)|. By assumption, f has a Taylor expansion

fE)=z+ fnGz)+...

where fj, are n tuples of homogeneous polynomials of degree k and N is chosen to be the smallest
possible. The k’th iterate f¥ = fo---o f of f has then the Taylor expansion

fk(z) =z+4+k- fn(2)

which violates the above Cauchy estimate for large k unless fy = 0. But if f(z) = z in D(0,r),
then also f(z) = z in D by the principle of analytic continuation. [ ]

Definition A bounded domain D C C™ is called a circular domain, if z € D implies that
ko(z) = € for all z € D and all § € R.

Corollary 4.6 (Cartan)

Let D be a bounded circular domain in C™ and assume 0 € D and f € Auty(D).
Then f is linear.

Proof. Because D is a circular domain and 0 € D, we have kg € Autg(D). Define
g=kgof toksof.

We have ¢’'(0) = k" ,(0) o f/=1(0) o kj o f'(0) = Id so that by the previous proposition g(z) = z.
This implies
kgolf=foke.
If f=(f1,....fa), then f;(e?2) = e f;(2). Let f;(z) = >, arz*. Then
eieak = eilkwak .

This implies a;, = 0 for all |k| > 1. n

Proposition ?? follows immediately from



Every f = (f1,..., fn) € Aut(D™) has the form

L Zo(a) — G
fj(z):ewi p(j) J 7 (4)

Corollary 4.7 L —a;zp;)

where 0; € R,a € D™ and where p is a permutation of the multi-index j =
(jla 7]71)

Proof. The map defined in Equation (??) is clearly an automorphism. Denote such an automor-
phism by o, if ; = 0 and p = Id. Given f € Aut(D"), the automorphism o, o0 f leaves 0 invariant.
We can therefore assume that f € Autg(D™). Because D™ is a circular domain, the previous corol-
lary assures that f is linear: f(z) = Y Ay;z;. Because f(D™) C D®, we have Y ,_, |Ag;| < 1.
However, by choosing sequences z(™ = 0,...,0,1— %70, ...,0) converging to the distinguished
boundary T™ of D™, also f(2(") = (1— %)(Alj, ..., Ap;) converges to the distinguished boundary
of D™ and so [Ay;);| := maxg—1,. . |Ax;| = 1. Because >or_q Akl < 1, we know that A is a
permutation matrix which has non-vanishing entries of norm 1 only at places Ay;;. If p is the
inverse permutation of g, then fi(2) = Ay pk)2p(k) With |Ag | = 1. [ |

5 Fatou-Biberbach domains

Definition A subset U C C? such that U is biholomorphic to C? and such that C? \ U contains
an open subset in C? is called a Fatou-Biberbach domain.

Picard theorem in one complex variable states that a map which is analytic in C and which
omits two values must be constant. Consequently, there exists no proper subset U C C which is
biholomorphic to C and such that C\ U contains an open subset. For a proof, see see Alfors, p.
307. In other words, there exist no analogues of Fatou-Biberbach domains in C.

Proposition 5.1
’ There ezist Fatou-Biberbach domains D C C2.

Proof. (i) Set-up of a class of dynamical systems.
Let p(z) be a polynomial which satisfies p(0) = p/(0) = 0 like for example p(z) = z3. Let A > 1 be
a real number. Consider the analytic map

s (2) (e )

This map is invertible and has the inverse

g1, ( 2 ) . ( —/\_2(2214-1?(22)) ) _

(Note that for p(z) = A222 + cA\?, @ = A~2, this is the Hénon map mentioned at the beginning of
these notes).

(ii) Definition of a domain D.
The Jacobean DS(0,0) is the linear map

0 1
wepson=( % 1)
It has the eigenvalues =\. We see that S~! is a contraction near 0. The basin of attraction is

defined as the set _
D = {(21,2’2) ‘ Sij(Zl,ZQ) — 0} .



(iii) D is biholomorphic to C2.
There exists an analytic function u defined in a neighborhood of (0,0), which conjugates there S

to its linear part:
Sou=wuoA.

The construction of w is a nice exercise. wu is explicitly given as the limit of functions u(z) =
lim; 00 S~¢ OAl(z). One has to show that this limit exists and that it indeed satisfies Sou = uoA.
By the formula

w(z1,22) = S™ouo AT (21, 22)

we can define u on the whole C? and D is the image of u. Since u is invertible near (0,0), we can
also invert u on D.

(iv) Find p such that D omits an open subset of C2.
If the polynomial p is such that p(1) = A2 — 1,p/(1) = 0, then (1,1) is a fixed point and

DS(1,1) = < RV ) .

This shows that S~! is also a contraction near (1,1) and a neighborhood of (1,1) is attracted to
(1,1) and not to (0,0).

[ Alternatively for (iv), one could also consider domains E = {(21,22) | |21] > R, |22| < |21] }. If
(21, 22) is in E, then the norm of S™(z1, z2) diverges.] |
6 Domains of holomorphy

Definition An open set U in C™ is a domain of holomorphy, if one can not find two nonempty
open sets U; C Us such that U, is connected and not contained in U, U; C Us NU and so that
for every holomorphic function i on U, there is a holomorphic function he on Uy, which coincides
with A on Uj.

Proposition 6.1

’ In one complex variable, every open set is a domain of holomorphy,

Proof.
(i) The unit disc D = {|z| < 1} is a domain of holomorphy.

The function o
flz) = Z 277,%
n

is analytic in D and continuous in D. However, on the boundary function on T of D

e .
03 20
Jj=0

is nowhere differentiable. One can therefore not extend f to a larger domain. This proves that D
is a domain of holomorphy.

(ii) Every simply connected smoothly bounded domain D is a domain of holomorphy.

By the Riemann mapping theorem, there are analytic maps ¢ : D — D, ¢~ : D — D, which are
continuously differentiable on the closure of the domains. The function fo ¢ : D — C is now an
analytic map on D which can not be extended to a larger domain.



(iii) Every open set is a domain of holomorphy.

Take a sequence of points z; which have no accumulation point in D but such that every boundary
poet of D is an accumulation points. There is an analytic function which is vanishing on each of
the points z; and nowhere else. This function has no analytic continuation on a strictly larger set,
because such a function would have a zero set with accumulation points in the interior of D and
f would therefore vanish. ]

In higher dimensions, this is different:

Proposition 6.2 (Example of Hartogs extension phenomenon)
Every holomorphic function f on D = D?(0,3)\ D2(0,1) C C2? extends to a
holomorphic function on D?(0,3). Especially, D is not a domain of holomor-
phy.

Proof. Let f be holomorphic on D. For fixed z1, we can write f(z1, 22) in a Laurent expansion

o

flz,2) = ) aj(21)7

j=—o00

_ 1 f(zlvw)
“j“l)m/lzz,_zwmdw

which depends analytically on z;. Because f is analytic in D, we have

with

Clj(Z1) ZO,j <0,1 < ‘Zl| <3

We make an analytic continuation of a; by defining a;(z;) = 0 for j < 0 and all z;. The function

h(z1,22) = Y aj(z1)23
§=0
defines an analytic function on D?(0,3) which coincides with f on D. [ |

A basic problem is to characterize domains of holomorphy. Part of the problem is Levi’s
problem, the characterization of such domains with respect to geometric properties of the bound-
ary.

10



Problems

1)

a) Find the region in C2, where the sum

o0
fz1,20) =) 22b

k=0

is analytic.

b) Find an explicit analytic continuation of f to a larger domain and show that g is unique.
c) Find the region in C?, where the sum

o0

g(z) =Y 2

k=0

is analytic. (Notice that k = (k1, k2) is a multi-index.)
d) Find an explicit analytic continuation of g to a larger domain and show that g is unique.

Purpose: work with multi-dimensional Taylor series and multi indices. Also a reminder what
analytic continuation means in a simple situation.

More hints:

a) |2122| < 1.

b) 1/(1 — 2122) defined on D = C?\ {z122 = 1}. Because D is connected, one has uniqueness
by the principle of analytic continuation.

c) D2

d) (1 —-2)7t =(1—-2)"11—2)""! defined on D = C2\ {z; = 1,22 = 1}. Because D is
connected, one has uniqueness by the principle of analytic continuation.

Prove Montel’s theorem:

Let F = {fi}ier be a family of holomorphic functions on a domain D C C®. Assume, for
every compact K C D, there exists a constant My such that |f(z)| < Mk for all z € K and
f € F. Then, for every sequence f, in F, there is a subsequence, which converges uniformly
on compact subsets.

Hint: Use Cauchy estimates to give bounds on the Taylor coefficients.

Purpose: many one-dimensional theorems immediately generalize to higher dimensions.
If the proof of the one dimensional theorem is known, a hint would not be necessary.

More hints: see Narasimhan p.8 )

Show that for all a,b € C*, r € (RT)",p € RT, the domains D(a,r) and B(b, p) are not
biholomorphic.

Purpose: understand Poincaré’s result and the definition of biholomorphisms.

More hints: show that all polydiscs are biholomorphic and that all balls are biholomorphic.
Use Poincaré’s result.
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