7/26/2018 SECOND HOURLY PRACTICE IV Maths 21a, O.Knill, Summer 2018

Name:

Start by printing your name in the above box.

Try to answer each question on the same page as the question is asked. If needed, use
the back or the next empty page for work. If you need additional paper, write your name
on it.

Do not detach pages from this exam packet or unstaple the packet.

Provide details to all computations except for problems 1-3.
e Please write neatly. Answers which are illegible for the grader can not be given credit.
e No notes, books, calculators, computers, or other electronic aids can be allowed.

e You have 90 minutes time to complete your work.

1 20
2 10
3 10
4 10
5 10
6 10
7 10
8 10
9 10
10 10
Total: 110




‘Problem 1) True/False questions (20 points). No justifications needed.

Mark for each of the 20 questions the correct letter. No justifications are needed.

The chain rule tells that £ f(7(t)) = Vf(7(t)) - 7' ().

The point (1,—1) is a critical point of f(z,y) = = + v.

The point (0,1) is a critical point of f(z,y) = z under the constraint
g(z,y) =2 +y* = 1.

The equation u,(z,y) = uy,(z,y) is an example of an ordinary differential
equation.

A point (z¢,y0) at which the Dy yyrj91/2(,y) is zero, is called a critical
point.

The relation firyyer = fryayay holds everywhere for f(z,y) = sin(z +
cos(zy)).

The tangent plane to a surface z = z* + y* at the point (1,1,2) is given by
20 4+ 2y = 2.

Fubini’s ~ theorem  and Clairot’s  theorem  together  imply

Jo I3 foy(@,y) dydx = [g J3 fye(2,y) dady.

A Monkey saddle point (z, o) of a function f(z,y) has a negative discrim-
inant D.

[ [r2* + y?* dzdy is the surface area of the paraboloid z = z* + y? located
over the region R in the xy-plane.

If £(0,0) =0 and the discriminant D = 0, then the linearization L(x,y) of
f at a point (0,0) is constant zero.

The directional derivative in the direction of the gradient is negative as it
is the direction of steepest decent).

If 7(t) is a curve on the circle g(z,y) = x> +y? = 1, then Vg (7(t))-7 (t) = 0.

A point (0,0), where the discriminant D of f is maximal is a local minimum

of f.

If f.. > 0, then the discriminant is always positive.

To maximize f(z,y,z) under the constraint g(x,y, z) = 1, we have to solve
the Lagrange equations V f(x,y, z) = AVyg(x,y, ), g(x,y, z) = 1.

If f(x,y) = sin(z —y) then the discriminant D is zero at every critical point
of f.

The gradient vector V f(xg,y0) is a vector which is perpendicular to the
normal vector of the surface z = f(z,y).

If [V£(0,0)] = 10, then there is a unit vector ¢ such that Dzf(0,0) = —11.

Assume f(z,y) = 2% + y* and a curve 7(t) satisfies /() = V f(r(t)), then

#f(F(t) = 0.



Problem 2) (10 points) No justifications are needed

a) (6 points) Match the regions with the integrals. If no region matches, enter O.

A
S

C

F
Enter A-F or O | Integral

ﬁl f|31/| f(@,y)
f—ll Jos [z, )
f—11 S5 f(z,y)
Jh S f ()
017 (o) dyde
21 Jp2 f (2, y) dydz
J2 J2 £, y) dyde
S5 5 fay) dyde

b) (4 points) Name the partial differential equations correctly. Each equation matches one name.

Fill in 1-4 | Name
Wave
Laplace
Burgers

Heat

Equation Number | PDE

1 Jee + fan =0

2 Jo+ [fn— fee=0
3 Jee = fon =10

4 fe=fm=0

Problem 3) (10 points) (No justifications are needed.)




a) (5 points) You see a contour map of a function f(x,y). Draw the gradient at each of the 5
points A-E. If the gradient should be zero, just mark the point with a bubble.

b) (5 points) Check the boxes which apply. It is in principle possible that more than one box
has to be checked in a row or column or that no box needs to be checked in a row or column.

AIB|C/D|IE|FIGIH|T|J|K|L

Local maxima

Local minima

Saddle points

Maximal steepness among A-L
fm =0, fy 7& 0

fy - O, fx 7& 0

D[l,—uT g12f =0

D[Ll]T 21/2f =0

Problem 4) (10 points)




Claypit pond near Belmont high school is a nice pond to run around. It has the shape
g(z,y) = (x —2)? + (y — 3)®> < 1. Find the minimal and maximal distance of the “Orchard
center” at (0,0) to the pond. To do so, we find the maxima and minima of f(z,y) = z* + y*
using Lagrange.

Problem 5) (10 points)

Graph theorists look at the Tutte polynomial f(z,y)
of a network. We work with the Tutte polynomial

T <>
<<

of the Kite network.

a) (4 points) Find the equations for the critical points
an check that (—2/3,1/6), (0,—1/2) are solutions.

b) (6 points) Classify the two critical using the second Remark. The polynomial is useful: «7(1 — 2.0) tells in
derlvatlve test how many ways one can color the nodes of the network

with x colors and f(1,1) tells how many spanning trees
there are. This picture illustrates that the number of
spanning trees of the kite graph is f(1,1) = 8 as you see

the 8 possible trees.

Problem 6) (10 points)




At the Harvard graduate school of design, a student
constructs a wall parametrized by

7(t, s) = [sin(t?), cos(t?), ts*]"

with 0 < ¢ <3 and 0 < s < 1. Find its surface area.

Remark: The upper figure shows the wall from the problem. Below you see an ac-
tual wall design from GSD photographed by Oliver in 2009 near GSD. By the way, the school
is close to Memorial Hall. In the garden behind the school near the church, you can find still

this interesting wall design.

Problem 7) (10 points)

a) (6 points) Find the linearization L(x,y) of
f(xay) = (‘rQ + y)1/5 at (x07 yO) = (327 0) “

b) (4 points) Use this to estimate (33% 4 1)%/°.

Problem 8) (10 points)

In the science fiction movie Elysium of 2013,
humans have built a “paradise” for the rich
in space. Inspired by this, we imagine an
exact copy of the earth glued onto the surface
2?2 —y* + 22 = 7. Find the tangent plane at
the point (2, 1,2) called “New-Boston”. Our
new hyperbolic world is for everybody. And
imagine to see the North and South pole on
the horizon! Great place to go climbing and
skiing.




Problem 9) (10 points)

a) (b points) We become typographer and
design new mathematically defined type- s
face of the alphabet. The new letter ”e” in A0

this 721a” design is given by a polar region
r(t) < tY7 with 0 < t < 27. Find the area

of this region.

b) (5 points) Integrate

1 parccos(y) 1
/ / . dady.
0 Jo cos(x)

Remark: Computer scientist Donald Knuth once wrote an entire article

about " The Letter S”.

Problem 10) (10 points)

Compute the weighted surface area

// (u? + 0|7, X 7| dudv
R

of the monkey saddle parametrized by 7(u,v) =
[u, v, u® — 3uv?]" over the domain R : u* +v* < 1. This
quantity is also known as the moment of inertia of the
surface. Spin that monkey!




