7/20/2023 SECOND HOURLY Practice 3 Maths 21a, O.Knill, Summer 2023

7”1 affirm my awareness of the standards of the Harvard College Honor Code.”

Name:

Start by writing your name in the above box.

Try to answer each question on the same page as the question is asked. If needed, use
the back or the next empty page for work. If you need additional paper, write your name
on it.

Do not detach pages from this exam packet or unstaple the packet.

Please write neatly. Answers which are illegible for the grader can not be given credit.

No notes, books, calculators, computers, or other electronic aids can be allowed.

You have exactly 90 minutes to complete your work.
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Total: 100




‘Problem 1) (20 points) No justifications are needed. ‘

12)
13)
14)
15)
16)
17)
18)
19)

20)

If & = V£(0,0)/|V£(0,0)], then Dzf(0,0) = |V £(0,0)|.

If

<y

= 7/(0) is a unit vector and 7(0) = 0, then LF(F(t))|i=0 = Dzf(0,0).
If f(z,y,z) =1 defines a surface z = g(x,y) with g(1,1) = 2 near (z,y) =
(1,1) then g, (1, 1) = — f2(1, 1,2)/£2(1,1,2).

If Dy f(1,1) is zero, then (1,1) is a critical point of f(x,y).

There exists a function f(x,y) for which all points = = y are critical points.

The function f(z,y) = y? on the constraint g(z,y) = x = 0 has a global
minimum.

If (0,0) is a critical point of f(z,y) satistying f,,(0,0) > 0 and f,,(0,0) > 0
and f,,(0,0) = 0 then f has a minimum at (0, 0).

The function f(z,y) = x*y — y has only one critical point.

If 7(u,v) parametrizes a surface, then 27, + 37, is tangent to the surface.

The surface area of a surface parametrized by 7(u,v) over a domain R in
the wv-plane is smaller or equal than [ [ |7, - 7| dudv.

If o, =0 and f,, =1 for all (z,y) in the plane, then all critical points of
f are saddle points.

For @ = [0,1] and ¥ = [1,0] the discriminant D in the second derivative
test satisfies D = (Dg(Dgf))(Ds(Dyf)) — (DgDysf)?, where Dg, Dy are di-
rectional derivatives.

If #(t) parametrizes f(x,y) = 1, then the velocity vector 7'(t) is perpendic-

ular to Vf(7(t)) for all t.
The function f(z,y) = 23y* + 2*y® solves the PDE fyyzy0y = 0.

If fo(z,y) = —fy(x,y) for all z,y, then f,.(z,y) + fy(z,y) = 0 for all
(z,y).

The linearization of f(z,y) = xy at (3,4) is L(x,y) = 12+4(z—3)+3(y—4).

If f(x,t) solves the partial differential equation f; = f., , then g(x,t) =
f(t, x) solves the partial differential equation g, = gy.

There is a function f such that Dgzf(0,0) is negative for all unit vectors .

The surface area of the unit sphere does not depend on the parametrization.

There is an f with a critical point with discriminant D = 0 and f,, > 0
and f,, = 0.

Problem 2) (10 points) No justifications are needed in this problem.




a) (4 points) Match the regions with their area formulas. A-D are used exactly once.

y

rvd

Enter A-D | Area integral
Jo Jp 1 dzdy

fol Jo 1 dydx
fol fo\/g 1 dxdy
fol f\l/i 1 dydx

b) (4 points) Match the regions with their area integrals. A-D are used exactly once.

@68 6

Enter A-D | Area integral

fo fsm2(9 r drdf
O fsm(@ 2) r drdf
I

fjj;‘ge r drdf

¢) (2 points) Name all the four PDE’s for a function ¢(B, C) of variables B and C.
| Vs =vc | e+ e =0 | ¥p+ihe = oo | ¥ =Y — Che — C*ec |

Problem 3) (10 points) No justifications are needed in this problem.

(10 points) We see the contours of an unknown smooth function, f(z,y). The thick red curve

is g(x,y) = y —sin(x) = 1. Use each of the labels A-M only once. There are three labels which
do not match.




Enter A-M

A point, where f, >0, f, = 0.

A point, where f, >0, f, = 0.

A point, where f, <0, f, = 0.

A saddle point of f.

A local minimum of f(z,y).

A local but not global maximum of f(z,y).

A global maximum of f(x,y).

The point among A-M with maximal |V f].

A local maximum of f(z,y) on {g(z,y) = 0}.

A local minimum of f(z,y) on {g(z,y) = 0}.

Problem 4) (10 points)

a) (8 points) Classify the critical points of the function
fz,y) = 4a® — 4y — 22" 4 8y

using the second derivative test.




Point D fox nature

b) (2 points) Is there a global maximumn or minimum of f(x,y)? (No explanation necessary
for this part b).)

Yes | No

There is a global max for f

There is a global min for f

b) Global Max but no global min.

Problem 5) (10 points)

Find the minimum of the function
flz,y) = 54 22 +y° + 2y

under the constraint z 4+ 2y = 5. You need to use the Lagrange method.

(z,y) =

Problem 6) (10 points)

a) b points) Find the equation ax + by + cz = d of the tangent
plane to the surface

f(xa?J»Z)=$4+y4+z2+x2y2—x2z2+y2—z2:3

at the point (1,1,1).

Ice cream sponsored by math-candy.com.



Plane

b) (5 points) Estimate f(1.01,1.02,0.97) using linearization.

Estimate

Problem 7) (10 points)

Find the surface area of the surface

~ v? u? uv
T(U/U) = [? _3a5 +3vﬁ] :

for which the parameters satisfy u? + v? < 4.

Surface area

Problem 8) (10 points)

Assume we know [;(3,3) =1 and Dy, 5,,5f(3,3) = 2v/2.

a) (5 points) Find the tangent line to the curve {f(z,y) = 7} at (3,3).

Tangent line

b) (5 points) Estimate f(3.0001,3.003) using linearization.



Estimate

Problem 9) (10 points)

a) (5 points) Evaluate the following double integral

//G(x2 +y*)* dady

where G is region given by
{2 +9* < 4,2 >0,y >0}.

Result

b) (5 points)

/1 /arctan(z) 1 dud
PE—— X .
o Jo 1 — tan(y) Y

Result




