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Abstract

o We showed for K = R, C that every SL(2,K) cocycle over an aperiodic dynamical
system can be perturbed in L®(X, SL(2,K)) on a set of arbitrary small measure,
so that the perturbed cocycle has positive Lyapunov exponents, We applied these
results to show that coboundaries in L(X, T!) or L®(X, SU(2)) are dense.

¢ We proved, that Lyapunov exponents of SL(2,R) cocycles over an aperiodic dy-
namical system depend in general in a discontinuous way on the cocycle. We related
the problem of positive Lyapunov exponents to a cohomology problem for measur-
able sets.

¢ We showed the integrability of infinite dimensional Hamiltonian systems obtained
by making isospectral deformations of random Jacobi operators over an abstract
dynamical system. Each time-1 map of these so-called random Toda flows can be
expressed by a QR decomposition.

¢ We proved that a random Jacobi operator L over an abstract dynamical system
can be factorized as L = D? + E, where E is real and below the spectrum of L
and where D is again a random Jacobi operator but defined over a new dynamical
system which is an integral extension. An isospectral random Toda deformation of L
corresponds to an isospectral random Volterra deformation of D. The factorization
leaded to super-symmetry and commuting Backlund transformations.

¢ We showed that transfer cocycles of random Jacobi operators move according to
zero curvature equations, when the Jacobi operators are deformed in an isospectral
way. We showed that every SL(2,R) cocycle over an aperiodic system is cohomo-
loguous to a transfer cocycle of a random Jacobi operator. We attached to any
SU(N) random discrete gauge field a random Laplacian. From the density of states
of this operator, it can be decided whether the gauge field has zero curvature or not.
A cohomology result of Feldmann-Moore leaded to the existence of random Harper
models with arbitrary space-dependent magnetic flux.

o We gave a new short integration of the periodic Toda flows using the representation
of the Toda flow as a Volterra flow. We made the remark that the Toda lattice
with two particles is equivalent to the mathematical pendulum. This gives a Lax
representation for the mathematical pendulum. We rewrote the first Toda flow as a
conservation law for the Green function of the deformed operator. We described a
functional calculus for abelian integrals obtained by looking at an abelian integral
on the hyperelliptic Toda curve as a Hamiltonian of a time-dependent Toda flow.

¢ By renormalisation of dynamical systems and Jacobi operators, we constructed
almost periodic Jacobi operators in B(%(2)) having the spectrum on Julia sets JE
of the quadratic map z =~ 22+ E for real E < —R with R large enough. The
density of states of these operators is equal to the unique equilibrium measure pg
on Jg. The set of so constructed random operators forms a Cantor set in the space
of random Jacobi operators over the von Neumann-Kakutani system T : X — X,
a group translation on the compact topological group of dyadic integers which is
a fixed point of a renormalisation map in the space of dynamical systems. The



Cantor set of operators is an attractor of the iterated function system built up by
two renormalisation maps &%.

o We proved that a sufficient conditions for the existence of a Toda orbit through a
higher dimensional Laplacian L is that L is not a stationary point of the first Toda
flow and that it is possible to factor L = D? + E, where D is a random Laplacian
over an integral extension. Random Laplacians appeared in a variational problem
which has as critical points discrete random partial difference equations.

o We considered differential equations in L*(X) which form a thermodynamic limit
of cyclic systems of ordinary differential equations. We considered also infinite di-
mensional dynamical systems describing the motion of infinite particles with pairwise
interaction. The motion of random point vortex distributions can have a description
as a motion of Jacobi operators.

o We constructed an analytic map U : ¢! — €%, having a one-parameter family
of two-dimensional real tori S, invariant, on which U is the Standard map family
T,. We provided a rough qualitative picture of the dynamics of U and gave some
arguments supporting the conjecture that the metric entropy of the Standard map
T, is bounded below by log(7/2).

o We introduced a generalized Percival variational problem of embedding an abstract
dynamical systems in a monotone twist maps like for example the Standard map
S,. Using the anti-integrable limit of Aubry and Abramovici, we showed that there
exists a constant 49 > 0 such that every ergodic abstract dynamical system (X, T, m)
with metric entropy hm(T) < log(2) and |y] > 7o can be embedded in the twist map
S,. For such 7, the topological entropy of S, is at least log(2). Using a generalized
Morse index, the integrated density of states of the Hessian at a critical point, we
proved the existence of uncountably many different embeddings of some aperiodic
dynamical systems.

o We studied several cohomologies for dynamical systems: For a group dynamical
system (R,G) (the abelian group R is acting on the abelian group ¢ by automor-
phisms) there is the Eilenberg-McLane cohomology. For a group dynamical system
(Z,G) we define a sequence of Halmos homology and cohomology groups. For an al-
gebra dynamical system (29, M, tr) or for an group dynamical system (z%,G), there
is a discrete version of de Rham’s cohomology.

¢ We studied the hyperbolic properties of bounded SL(2,R) cocycles over a dynam-
ical system. We investigated the relation between the rotation number of Ruelle for
measurable matrix cocycles and the hyperbolic behavior of the cocycle. We showed
that a cocycle is uniformly hyperbolic if and only if the rotation number is locally
constant along a special deformation of the given cocycle. We proved that the
spectrum of a cocycle acting on L?(X, C?) is the same as the Sacker-Sell spectrum.



Kurzfassung

o Wir zeigten, dass fiir K = R,C jeder SL(2,K) Kozyclus iiber einem aperiodis-
chen dynamischen System im Raum L*(X, SL(2,K)) auf einer Menge von beliebig
kleinem Mass gestort werden kann, so dass der gestorte Kocyclus einen positive
Lyapunovexponenten hat. We wendeten dieses Resultat an, um zu zeigen, dass
Korander dicht in L*(X, T!) oder L®(X, SU(2)) liegen.

o Wir bewiesen, dass Lyapunovexponenten von SL(2,R) Kozyclen iiber einem ape-
riodischen dynamischen System im Allgemeinen unstetig vom Kozyclus abhingen.
Wir finden eine Beziehung zwischen dem Problem, positive Lyapunovexponenten zu
zeigen und dem Kohomolgieproblem fiir messbare Mengen.

o Wir zeigten die Integrabilitit von unendlich dimensionalen Hamilton’schen Syste-
men, die durch isospektrale Deformation von zufalligen Jacobioperatoren iiber einem
dynamischen System erhalten werden. Die Zeit-1-Abbildung von diesen sogenannten
zufélligen Todafliissen kann durch eine QR-Zerlegung ausgedriickt werden.

o Wir bewiesen, dass ein zufilliger Jacobioperator I faktorisiert werden kann als
L = D*+ E, wo E reell und unterhalb des Spektrums von L liegt und D wieder
ein zufélliger Jacobioperator iiber einer Integralerweiterung des alten Systems ist.
Einer isospektralen zufilligen Todadeformation von L entspricht eine isospektrale
zuféllige Volterradeformation von D. Die Faktorisierung fiihrte zu Supersymmetrie
und kommutierenden Béicklundtransformationen.

» Wir zeigten, dass Transferkozyklen unter isospektraler Deformation von zufalligen
Jacobioperatoren sich geméss Nullkriimmungsgleichungen bewegen. Wir zeigten,
dass jeder SL(2,R)-Kozyklus iiber einem aperiodischen dynamischen system koho-
molog zu einem Transferkozyklus eines zufilligen Jacobiopertators ist. Wir ad-
jungierten zu jedem diskreten SU(N) Eichfeld einen zufilligen Laplaceoperator
dessen Zustandsdichte entscheidet ob das Eichfeld Kriimmung Null hat oder nicht.
Ein Kohomologieresultat von Feldmann und Moore fiihrte zur Existenz von zufilligen
Harpermodellen mit beliebigem ortsabhingigem magnetischem Fluss.

® Wir gaben eine neue kurze Integration des periodischen Toda Systems. Wir
machten eine Bemerkung, die zu einer Lax-darstellung des mathematischen Pen-
dels fithrte. Wir transformierten den ersten Todafluss als Erhaltungssatz fiir die
Greenfunktion des deformierten Operators. Wir beschrieben ein Funktionalkalkiil
fiir abelsche Integrale indem ein abel'sches Integrale auf einer hyperelliptischen To-
dakurve als Hamiltonfunktion fiir ein zeitabhingiges Todasystem betrachtet wurde.
¢ Mittels Renormalisierung von dynamischen Systemen und Jacobioperatoren kon-
struierten wir fastperiodische Jacobioperatoren in B(I%(Z)), die das Spektrum auf
Juliamengen Jg der quadratischen Abbildung z — 22 + E haben. Die Zustands-
dichte von diesen Operatoren ist gleich dem eindeutigen Gleichgewichtsmass ug auf
Jg. Die Menge der so konstruierten zufélligen Operatoren bilden eine Cantormenge
im Raum der zufélligen Jacobioperatoren iiber dem von Neumann-Kakutani-system
T : X — X, einer Gruppentranslation auf der kompakten topologischen Gruppe
der dyadischen ganzen Zahlen die ein Fixpunkt einer Renormalisierungsabbildung



im Raum der dynamischen Systeme ist. Die Cantormenge von Operatoren ist ein
Attraktor eines iterierten Funktionensystems, das durch zwei Renormalisierungsab-
bildungen &% gebildet wird.

o Wir zeigten, dass eine hinreichende Bedingung fiir die Existenz von einem Todafluss
durch einen héher dimensionalen diskreten Laplaceoperator L ist, dass L nicht
ein stationdrer Punkt vom ersten Todafluss ist und dass es méglich ist, eine Fak-
torisierung L = D? + E zu machen, wo D ein zufilliger Laplaceoperator iiber einer
Integralerweiterung ist. Zufallige Laplaceoperatoren gibt es in einem Variationsprob-
lem, dessen kritische Punkte durch partielle Differenzengleichungen beschrieben wer-
den.

¢ Wir betrachteten Differentialgleichungen in L*(X), die einen thermodynamischen
Limes von zyklischen Systemen von gewohnlichen Differentialgleichungen oder die
Bewegung von unendlich vielen Teilchen mit Paarwechselwirkung beschreiben. Die
Bewegung von zufélligen Punktwirbelkonfigurationen hat manchmal eine Beschrei-
bung als Bewegung von einem Jacobioperator.

o Wir konstruierten eine analytische Abbildung U : €* — ¢, die eine einparametrige
Familie von zwei-dimensionalen reellen Tori S, invariant hat, auf denen U die Stan-
dardabbildung T, ist. Wir machten eine grobe qualitative Beschreibung von U und
gaben ein paar Argumente, die die Vermutung unterstiitzen, dass die metrische En-
tropie der Standardabbildung von unten durch log{<y/2) abschétzbar ist.

e Wir fiihrten ein verallgemeinertes Percival’sches Variationsproblem zur Einbet-
tung von abstrakten dynamischen Systemen in einer monotone Twistabbildung S,
ein. Unter Beniitzung des anti-integrablen Limes von Aubry und Abramovici zeigten
wir, dass fiir grosse 7 jedes ergodische abstrakte dynamische System (X, T,m) mit
metrischer Entropie h,,(T") < log(2) in die Standardabbildung S, einbebettet wer-
den kann. Fiir grosse «y ist die topologische Entropie von S, mindestens log(2).
Unter Beniitzung eines verallgemeinerten Morseindex bewiesen wir die Existenz von
iiberabzahlbar vielen verschiedenen Einbettungen von dynamischen Systemen.

o Wir studierten verschiedene Kohomologieen fiir dynamische Systeme: Fiir ein dy-
namisches System (R,G), wo eine abelsche Gruppe R auf einer abelschen Gruppe
G operiert, gibt es die Eilenberg-McLane-Kohomologie. Im Falle R = Z definierten
wir eine Folge von Halmos Kohomologie- und Halmos Homologie gruppen. Fiir
ein dynamisches System, (Z¢, M, tr), wo z? auf der Algebra M mittels Spur erhal-
tenden Algebraautomorphismen operiert, definierten wir eine diskrete Version von
de Rham’s Kohomologie.

o Wir studierten das hyperbolische Verhalten von beschrinkten, messbaren SL(2,R)-
Kozyklen iiber einem dynamischen System. Wir untersuchten die Relation zwischen
der Rotationszahl von Ruelle fiir messbare Matrixkozyklen und dem hyperbolischen
Verhalten der Kozyklen. Wir zeigten, dass ein Kozyklus uniform hyperbolisch ist,
genau dann wenn die Rotationszahl konstant ist in einer Umgebung des Kozyklus.
Wir betrachteten auch verschiedene Spektren von Matrixkozyklen und bewiesen,
dass das Spektrum des Kozyklus als Operator auf L2(X, C?) gleich dem Sacker-Sell
Spektrum ist.
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1 Guide for the Reader

Each chapter is self-contained. This implies for example that some definitions occur
several times and in different versions according to the generality needed at the
corresponding places.

Because of the inhomogeneity of the themes, the notation is not uniform in different
chapters throughout the theses.

Several chapters are already published and we plan to publish some parts separately
hoping also to obtain in future more answers to some questions not yet solved. The
already published chapters are partially updated to newer developments and some-
times, parts were added to the published version. Especially some illustrations and
examples have been added.

Each chapter contains its own bibliography. There is also a collected bibliography
at the end.

We added quite freely questions following each chapter. These questions help to
keep organized the loose ends.

The current state of the chapters is the following:

¢ Chapter ”Three problems”;
This chapter introduces into three circles of problems which are treated in the theses.

¢ Chapter "Density results for positive Lyapunov exponents”:
A large part of this chapter is published in [Kni 2). We added a proof of a similar
result for SL(2,C) cocycles and updated some references.

o Chapter ”Discontinuity and positivity of Lyapunov exponent”:
This is essentially the version in [Kni 1). We added two appendices concerning co-
homology and a theorem of Baire.

¢ Chapter "Isospectral deformations of random Jacobi operators”:

published in [Kni 3]. We added appendices in which the Thouless formula and in-
tegration of aperiodic Toda lattices is shown. These results in the appendices are
known but not available in collected form. We added a short appendix about the
definition of the continuous analogue of random Toda flows, the random KdVsystem.

¢ Chapter "Factorization of random Jacobi operators and Backlund trans-
formations™:
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published in {Kni 4]. We clarified one aspect in the published proof of the fact that
Bicklund transformations are isospectral. We also added a short appendix about
Bécklund transformations for KAV flows.

o Chapter ” Cohomology of SL(2,R) cocycles and zero curvature equations
for random Toda flows”:

This chapter can be viewed as part III of the two previous chapters. It is quite
inhomogeneous and leads to different topics like zero curvature equations, lattice
gauge fields, cohomology of cocycles and Harpers Laplacian.

¢ Chapter ”Some additional results for random Toda flows”:

This is a continuation and unpublished work of research done for the previous chap-
ters on random Jacobi operators. Also this chapter is not homogeneous and it has
some loose ends.

¢ Chapter "Renormalisation of Jacobi matrices: Limit periodic operators
having the spectrum on Julia sets”:

A more compact version of this chapter will soon be submitted. This chapter is
a continuation of the study of one dimensional Jacobi operators. Iteration of the
factorization L = D? + E constructed in [Kni 4] leads to "renormalisation” in the
fiber bundle of Jacobi operators over the complete metric space of dynamical sys-
tems. Projecting this renormalisation to the spectrum of the operators leads to the
quadratic map z +~ 2% + E. Relations of random Jacobi operators with complex
dynamical systems appear like for example that the density of states of the operators
in the limit of renormalisation is the unique equilibrium measure on the Julia set
or that the determinant det(L — E) is the Béttcher function for the quadratic map.
We hope that results from the theory of iteration of rational maps will shed light on
what happens at points where the renormalisation set up breaks down.

¢ Chapter ”Isospectral deformations of discrete Laplacians”:

We study higher dimensional Laplacians and isospectral deformations of such Lapla-
cians. We show that the existence of a Dirac operator is related to isospectral de-
formations of Laplacians. We consider also random partial differential equations
over a % dynamical system. We use the anti-integrable limit of Aubry to prove the
existence of such equations. An version of this chapter is planned to be presented
in July 1993 at Leuven.

¢ Chapter ”Infinite particle systems”:

We study the idea to use ergodic theory in order to obtain the thermodynamic limit
of infinite particle systems in one real or complex dimension. This generalization
applies for ordinary differential equations describing particles. One idea is to get the
particle coordinates g, = ¢(T™"r) along the orbit of a point z. The thermodynamic
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limit is then a well defined ordinary differential equation in the Banach space of the
coordinate field g. An other idea is to look at a vortex configuration in the complex
plane as the spectrum of an operator and to describe the vortex flow as a flow of
operators.

o Chapter "Embedding abstract dynamical systems in monotone twist
maps”:

This chapter [Kni 6] was submitted in October 1992 to Inventiones and in December
1992 to Ergodic Theory and Dyn. Syst. In both cases the paper was not accepted.
We take the opportunity to comment on the results. The main point of the chapter
is that it allows to give an guantitative ezplicit bound on the topological entropy
for monotone twist maps. This is a new application of the anti-integrable limit
of Aubry and is (according to our opinion) an interesting result. It has not been
obtained by other methods and other approaches (like finding homoclinic points)
for positive topological entropy are more complicated. The use of the generalized
Morse indez in the paper is also new. The multiplicity result of uncountably many
different embeddings has not been obtained by other methods.

o Chapter ”An analytic map containing the standard map family”:

This chapter was submitted in October 1992 to Nonlinearity [Kni 5]. We formulate
a quantitative conjecture about the metric entropy of the standard map and show
that the whole standard map family can be embedded in one complex analytic map
of C*. We begin a qualitative study of the map.

o Chapter ”Cohomology of dynamical systems”:

In this chapter we discuss some cohomological constructions for abstract dynamical
systems with the aim to build algebraic invariants of the systems. We think that
interesting research in this direction is still possible and necessary. The chapter
illustrates that the definition of the cohomologies is quite easy but that the explicit
computation of the cohomology groups seems to be very difficult even in the sim-
plest cases.

¢ Chapter ”Nonuniform and uniform hyperbolic cocycles”:

In this chapter, we discuss the relation of uniform and nonuniform hyperbolicity
for cocycles. We study also the relation between Lyapunov exponents and rota-
tion numbers and the relation between Lyapunov exponents and spectra of cocycles
treated as operators.

This chapter was written in an early stage of the theses and does not contain so
much new material. It can be viewed as an appendix to the first two chapters on
matrix cocycles and one can find for example detailed proofs of a theorem of Ruelle
and a theorem of Wojtkowsky in the special case of measurable SL(2,R) cocycles.
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2 The basic objects

The basic (sometimes hidden) mathematical structure appearing in all the chapters
is a non-commutative von Neumann algebra X obtained as a crossed product
of the von Neumann algebra M = L*°(X, M(N,C)) with the z¢- dynamical system

(X’leTZM--)Tdym) ’

where T1,...,Ty are commuting automorphisms of the Lebesgue probability space
(X, m).

The basic question is to find spectral, ergodic
and cohomological invariants of elements or
subsets in X’ and relate them to invariants of
the dynamical system.

e Spectra are obtained by choosing a representation of M in an algebra of oper-
ators and taking as the spectrum of an element 4 in M either the set of complex
values z such that z— A is not invertible or to define a spectrum by taking the set of
points z, where 2- A is not invertible. Choosing special cocycles (like for example the
Jacobean of a map,or the Koopman operator associated to an abstract dynamical
system) leads to invariants of the dynamical system.

¢ Ergodic invariants are numbers obtained by ergodic averaging. Examples are
the Lyapunov exponent, the rotation number or the total curvature of a cocycle or
field. Choosing special cocycles leads to invariants of the dynamical system like for
example the entropy or the index of an embedded system.

¢ (Co)homology groups or Moduli spaces of conjugacy classes of a subset in X
give algebraic informations about a dynamical system. Examples are cohomology
groups H(T, G) defined by the quotient of all cocycles with values in the group G
modulo the space of coboundaries.

The elements in X’ we are going to study are:

o d=1,N = 2,A7 is called a matriz cocycle over the abstract dynamical sys-
tem (X, T, m). Such cocycles appear as transfer cocycles of one dimensional discrete
Schrédinger operators, as Jacobeans of diffeomorphisms on compact two dimensional
manifolds and which are also called weighted composition operators or weighted trans-
lation operators.
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e 2, Ai7; are called one-forms, or connections or non-abelian gauge fields.
oed=1,N =1,L = ar + (ar)* + b is a discrete version of a one dimensional
Schrédinger operator. Such operators serve as models in solid state physics. They
appear also as Hessians of variational problems in monotone twist maps. For general
N, they are called Jacobi operators on a strip.

o L = Y a;1; + ()" + b is a discrete version of a Laplace operator. We call it
random Laplace operator. We allow also N > 1.

3 The role of Lyapunov exponents

The title of the theses could also be ”Some topics about Lyapunov exponents” be-
cause Lyapunov exponents will appear in almost all chapters, sometimes with other
names. They are connected with

e the "entropy” of a dynamical system,

¢ the "determinant” of a random Jacobi operators,

¢ "integrals” of random Toda flows,

¢ the "Hamiltonian” used for the interpolation of Bicklund transformations,

o the "energy” of a random Coulomb gas in two dimensions,

¢ the potential theoretical ”Green function” of some Julia sets,

o the logarithm of a ”spectral radius” of a weighted composition operator,

¢ some "gauge invariants” of random gauge fields.

4 The intuitive idea
We will formulate in the first chapter three problems which should give a first com-

ment on the key words "ergodic invariants, spectral invariants, cohomological in-
variants” in the title.

A guiding idea for the whole theme is the following analogy between differential
topology on manifolds and the ergodic theoretical concepts treated here.
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If we think of the probability space (X, m) as a manifold, the group action defines
a geomelry on this space. The orbit of a point z is a lattice is playing the role of a
chart at the point and the set of all orbits serves as an atlas.

L>(X, M(N,c)) or a multiplicative subgroup L*(X, G) corresponds to a fiber bun-
dle. The crossed-product X is an operator algebra playing the role of differential
operators and contains objects like Laplacians or connections.

The classification of differentiable manifolds is analogous to the classification of
group actions. Spectral problems of differential operators, numerical or cohomological
invariants of manifolds are analogous to spectral problems of random operators,
ergodic and cohomological invariants of dynamical systems.
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Abstract

We give three examples of problems which should illustrate some topics of
this theses.

The first problem is the problem of proving positive metric entropy in a given
conservative dynamical system.

The second problem is the problem of determining the spectrum of random
Schradinger operators.

The third problem is to determine a cohomology group for abstract dynamical
systems.

All three problems are related to the problem of calculating Lyapunov expo-
nents of matrix cocycles over an abstract dynamical system.

1 An ergodic problem: positive metric entropy

”Is there positive metric entropy ("chaos”) in a given conservative
dynamical system?”

One of many definitions of " chaos” in 2 Hamiltonian system is the property of having
positive metric entropy. Hamiltonian systems with this property show sensitive
dependence on initial conditions on a set of positive measure. Moreover, one can
find quantities accessible to measurements which are actually independent random
variables. The system could be used as a true random number generator !

(We refer to the Les Houches Lecture of Lanford [Lan 83], the Bernard Lecture
{Rue 90] or the Lezioni Lincee [Rue 87 of Ruelle for an introduction into some of
the topics.)

From the physical point of view, there is evidence that chaos is the rule and zero
metric entropy is the exception. The entropy has been measured in many systems
and found to be positive. It seems, however, that mathematical proofs for chaos are
difficult. It could even be that most measurements show numerical artifacts and
that positive metric entropy is the exception.

There are milder requirements for a system to belong to the fashion class of " chaotic
systems”. One of these is positive topological entropy which is easier to prove. For
topological dynamical systems, there is a definition of chaos due to Devaney [Dev 89)
which requires that the homeomorphism of the metric space is (i) transitive and (ii)
that periodic orbits are dense. (A third requirement of Devaney, sensitive depen-
dence on initial conditions, turned out to follow from the requirements (i),(ii) if the
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system is not itself periodic [Ban 92).)

‘We want to insist on positive metric entropy as the more relevant quantity for Hamil-
tonian systems. It is based on the belief, that physically significant quantities for
Hamiltonian systems must be accessible on sets of positive measure. Also from a
mathematical point of view it is not satisfactory to use a quantity like topological
entropy from the category of topological dynamical systems when having a natural
invariant measure, the Lebesgue measure. (Of course, invariant sets like periodic or-
bits or horse-shoes, which have in general zero measure, can also have consequences
for sets of positive measure. For example, invariant curves of zero measure can form
barriers in a two dimensional phase space and prevent ergodicity.)

The answers to the following general problems in classical mechanics are not known.
(We assume implicitly that the Hamiltonian systems considered have a compact
energy surface and that the entropy is understood with respect to the flow on such
a surface.)

¢ How does one decide if a given finite dimensional Hamiltonian system has positive
metric entropy or not?

o How big is the class of Hamiltonian systems having positivé metric entropy? Does
positive metric entropy occur generically?

¢ Does every non-integrable Hamiltonian system have positive metric entropy?

o Does there exist Hamiltonian systems which have positive topological entropy but
zero metric entropy?

¢ Does there exist a Hamiltonian system in which true coexistence occurs? ([Str 89])
True coexistence means that a part of phase space is the union of two flow-invariant
dense subsets both having positive Lebesgue measure such that the metric entropy
of the flow is zero on the first subset and positive on the other subset.

The main obstacle in solving the above problems is that proving positive metric
entropy is a hard problem. Because a formula of Pesin shows that in many cases the
entropy is the sum of the integrated positive Lyapunov exponents, the problem of
positive metric entropy is often equivalent to prove that there are positive Lyapunov
exponents on a set of positive measure.

There are several examples, where positive metric entropy is conjectured but not
proven (compare [Str 89]). From special interest is the example of our solar sys-
tem, where positive metric entropy was also measured [Las 90). (See also the review
article [Wis 87] for chaotic motion in the solar system.) We will give now a list
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of examples which include discrete Hamiltonian systems (which are mappings) and
classical Hamiltonian systems (which are flows). We consider also conservative dy-
namical systems, flows or maps which leave the Lebesgue measure invariant but
which need not to be Hamiltonian.

¢ For the Chiricov mapping Chiricov map or Standard mapping on the torus

T =R?/(272) . '(x)H(m+y+75i“(x))
11y y + ysin(z)

the entropy is measured to be greater or equal then log(]7/2|). Some orbits of
the map are shown with the following Mathematica program which produced
a little "film” which shows the situation for larger and larger "coupling con-
stant” 7.

T[{z_Real,y_Reall},g_Reall:=N[Mod[{x+y+g*Sin[x],y+g*Sin[x]},2 Pi}];

Orbit[pO_,n_Integer,g_Reall :=Module[{},S[p_]:=T{p,g] ;NestList[S, po,n-111;

OrbitSet[k_Integer,n_Integer,g_]:=Module[{s={}},
Do[s=Union[s,0rbit[{0.0,N[2Pi+(0.741629+(i-1)/k)1},n,g]],{i k}];s];

Pictfk_,m_,g_J:=ListPlot[OrbitSet[k,n,g) ,PlotRange->{{0,N[2Pil},{0,N[2Pi]}},
DisplayFunction->Identity,Frame->True,Axes~>False,FrameTicks->None,
FrameLabel->{FontForm[g,{"Helvetica",612}], """, nu ov}].

Film[k. ,m_,1_]:=Table[Pict[k,n,0.0+¥[(j-1)/41],{j,1};

Display["!psfix -land -stretch > standard.ps®,
Show[GraphicsArray[Partition[Filn[7,500,12],3]],
DisplayFunction->$DisplayFunction,Frame->False,

PlotLabel->FontForm["The Standard Map family",{"Helvetica",12}1]]
L ]

This program has generated the following picture:

21



The Standasd Map tamily

If one considers the Jacobian dT., of the map T, as a cocycle over the dynam-
ical system (T,Tp,m) and calculates the Lyapunov exponent of this cocycle,
one gets indeed with a method developed by M.Herman) the lower bound
log(]y/2|). But it is an unsolved problem whether there exists a value 7 such
that the metric entropy is positive for the standard map S,. (This entropy
problem has been mentioned already in [Spe 86]). For the topological entropy
more is known: there is a result of Angenent [Ang 92] which states that a
C'¥¢ twist diffeomorphism of the annulus has either positive topological en-
tropy (and therefore a transversal homoclinic point) or else has invariant circles
for any rotation number in the twist interval. In [Ang 90] is shown that for
v > 1, there must be positive topological entropy. Fontich has also shown
{Fon 90}, that for v > 0 the standard map has a heteroclinic point and there-
fore a horse-shoe embedded and one has therefore positive topological entropy.
In the chapter ”Embedding of abstract dynamical systems in monotone twist
maps”, we will show that for v large enough the topological entropy of the
Standard map is at least log(2).

Among monotone twist mappings, billiards have been investigated extensively.
There is no known example of a strictly convex smooth billiards with positive
metric entropy. (On the other hand one has also the unsolved question, which
tables produce integrable billiard maps. Guillmin conjectures that every bil-
liards which is not integrable must be an ellipse ([Gui 87]). An other open
question is whether every billiards with zero metric entropy is an ellipse.)
There are known classes of examples of not smooth billiards having positive
metric entropy. The most famous example is Bunimovitch's stadium billiards
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(see [Woj 86] or [Don 91] and references therein for newer results). A candi-
date for a smooth billiards with positive metric entropy is the Robnik billiards.
1t is defined by the curve

. cos(t) + -y cos(2t)
7it e ( sin(t)+;sin(2t) ) K

where v € (0,1/4). One measures positive metric entropy with values like for
example v = 0.2. Other candidates are C? billiards, where the curve consists
of 4 arcs (see [Hay 87]) or the Benettin-Strelcyn Billiard [Ben 78],[Hen 83].

* A far as we know, no smooth dual billiards map with positive metric entropy
has been constructed. The dual billiards or ezferior billiards is a mapping
defined outside a convex curve in the plane. It preserves Lebesgue measure.
Application of KAM methods [Dua 82] (I1-12) show that for smooth dual
billiards curves, there exist invariant curves of the dynamics. Therefore, the
dynamics is defined on regions of finite Lebesgue measure and the question
of positive metric entropy is well defined. Tabatchnikov [Tab 93] has recently
shown that if two dual billiards maps are commuting then the tables are con-
formal ellipses. Dual billiards at polygons is already very interesting and there
are many open questions (see [Viv 87], [Gut 92] in this case and general refer-
ences).

The following Mathematica program allows the numerical calculation of a dual
billiards with arbitrary real analytic table. The program calculates and plots
a picture of 20 orbits each consisting of 1000 points.

2={1.0,0.0,0.0,0.0,0.0,0.0,0.01,0.001};
rlt_1:=Sum[al[n]] Cos[(n-1)*t],{n,Length[al}];
rdot[t_] :=Sum[~a[{n]]*(n-1)#Sin[(n-1)*t],{n,2,Length[al}];
BilliardMap[{x_,y_}]:=Module[{psi=Arg[x+I*y],etal},
eta=t /. FindRoot[ (r[t]*Cos[t]l-x)*(rdot[t]*Sin{t]l+r[t]*Cos[t])==
=(r[t1*Sin[t]I-y)*(-rdot [t]+Cos[t]+r{t]*Sin[t]),{t,psi+Pi/2}];
{-x+2sr[eta]*Cos[eta] ,~y+2¢r[etal*Sinletal}];
T=ParametricPlot [{r[t]*Cos[t],r[t]*Sin[t]},{t,0,2 Pi}, DisplayFunction->Identity];
Orbit[p_,n_]:=NestList[BilliardMap,p,nl;
OrbitSetn_,m_]:=Module[{s={}},Do[s=Join[s,0rbit[{1.0+i#0.05,0.0},0]],{i,u}];z];
OrbitSetPict[n.,m_]:=ListPlot[0rbitSet[n,u],DisplayFunction->Identity];
JoinedPictn_,m_] :=Show[{T,OrbitSetPict[n,n]},

23



DisplayFunction->$DisplayFunction,PlotRange->A1l,Frame->True,Axes->Falsel;
Display["!{psfix -land -stretch > billiard.ps",
Show[JoinedPict [1000,20] ,DisplayFunction->$DisplayFunction,Frame->True,

PlotLabel->FontForm["Exteriour billiards",{"Helvetica",12}]]]
L ]

and here is the picture

-

2

o There are also interesting monotone twist maps in the plane R? of the form

T=T;:R >R

()~

where f is a continuous function f : R — R. Examples are the Henon
map f(z) = az® + b, the Lozi map f(z) = 1 + a|z| or the map given by
f(z) = va? + z%. The entropy question makes sense when these maps are
restricted to a measurable invariant subset of R? which has finite nonzero
Lebesgue measure. For f(z) = v/a? + 22, Abaronov and Elias [Aha 90] have
shown the existence of invariant curves far away (even for a more general case
when T is the composition of two such maps with possibly different ;). It
seems however (a conjecture of H.Cohen communicated by Y.Colin-de Verdier
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to J.Moser April 10 1993) that the map with f(z) = va? + 22 is integrable!
(For a = 0 there is an additional integral F(z,y) = y+ |y — |z|| + [z — |y -
l=lil + ly = I= = Islll + Iz = ly] + ly — |= — [y]l|]). For the Lozi map, it is known
that it has positive metric entropy for example for a = 1 [Dev 84]. Nothing
about the metric entropy seems to be known for the conservative Henon map.

A promising strategy to find true coexistence is to start from a system with
positive metric entropy and to move into a region with zero entropy. One
expects then to pass a region of true coexistence. Coexistence of stable (exis-
tence of an elliptic fixed point) and unstable (positive metric entropy) behavior
has been constructed by Przytycki [Prz 82] by constructing a real analytic arc
starting at an Anosov system. It is however not known if this example satisfies
true coexistence. An other candidate of a perturbation of an Anosov map is

7. (%) 2z +y
Iy T+y+ysin(2z+y) ) -
It is not known if one can deform this Anosov map T to a system which has

zero metric entropy. It would also be interesting to know what happens at the
boundary, where the system looses uniform hyperbolicity.

Among Hamiltonian systems, there are many candidates with two degrees of
freedom which are believed to have positive metric entropy:

o The Henon Heils system : [Hen 64)

1 1
Hip,q) =50l +p3+ 4 + &) + o - 3%

on the energy surface H = F with 0 < E < 1/6 is a famous example of a
Hamiltonian system with two degrees of freedom.

¢ The Stérmer problem (see [Bra 81)) :

“lpany Ll @
H(p, q) - 2(1’1 +P2) + 2(41 (q% +q§)3/2)
for energies 0 < E < 1/32 is an example of great physical interest because
it describes the motion of electrons and protons in the van Allen radiation
belts. It would be desirable to know more about this system. There are
mathematical proofs that particles can be trapped for ever [Bra 81], but one
still does not know why the actual existing van Allen belts around the earth
are so stable. Numerical experiments indicate that the system shows chaotic
behavior. Braun has proved that a related discrete model problem, a so called
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linked twist map has homoclinic points [Bra 81a)).

o The Contopoulos,Barbanis system [Con 89]

1
H(p.q)= 5l +ri+d + @) +de-adg.

or the Caranicolas-Vozikas system [Car 87]

1
H(p,q) = 5(p} +73) + 41 + 63 + 2v4d}

for B =1, v = 6, or the Sahos-Bountis system

1 1
H(p,q) = 5(1 +72) + 5(ai6 + (gl + 22)-

are interesting because of the simplicity of their Hamiltonians.

» Unequal mass Toda system:

1.8 1 -
Hp.q)=5( -+ )+ et +em0

for m; # my. For m; = my the system is integrable and is related to the
physical pendulum.

¢ The planar isosceles 3 body problem (see for example [Dev 80])

2 ) 2
H(p,q) = :1_11_*_ (2my + ma)ps mi 4mimg

4mymg o (F+48)?

Here m; = mg, mg are the masses of the body. ¢ is the distance from ¢, to
go which are lying symmetric with respect to the y— axes. go is the distance
from the center of mass of ¢; and ¢, to gs.

o Interesting Hamiltonian systems arise from geodesic flows. The question is
then which smooth Riemannian metrics on a compact manifold have positive
metric entropy for the geodesic flow. Dorney [Don 88aj,[Don 88b] proved that
on every compact orientable surface, there exists a C* Riemannian metric,
for which the geodesic flow is ergodic and has positive metric entropy.

o There are interesting cyclic systems of differential equations which are candi-
dates for systems having positive metric entropy.
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o The Orszag-McLaughlin flow is given by the differential equation

Ii=a-ZinTiya +b- Ti1Ti o+ ¢ T Ty,

where the index ¢ is taken modulo n with n > 3. If one takesa+b+¢c =10
and abc # 0, this system preserves the Lebesgue measure and leaves invariant
the spheres

S,={3zt=r}.
i=1
The measurements indicate that the dynamics restricted to such spheres is
chaotic.

¢ The Arnold-Beltrami-Childress flow or ABC-flow (see [Zha 93] for more in-
formation) is a flow on T3 defined by

Asin(z) + C cos(y)

Bsin(z) + Acos(z)
Csin(y) + Bcos(z) ,

z

where A, B, C are nonzero constants. More generally with given real numbers
a; € R, a system of differential equations is given by

Z; = @iy sin(z;_1) + 641 cos(Tiy1) ,

where z; € R/Z and i is taken modulo n. This system preserves Lebesgue
measure on the torus T".

The heavy top and its higher dimensional generalizations. Given M € sl(n,R),
B € so(n,R) and J = J* € GL(n,R). For L = JB + BJ the differential
equation )

L=[B, |+ M

generalizes the motion of the heavy top in any dimension. For M = 0 one
obtains the motion of the free n dimensional top which is an integrable system
and can be viewed as a geodesic flow on the Lie group SO(n, R) (see [Arn 89)).
For M # 0, one expects to have positive metric entropy in general.

The Hamiltonian for n vortices z; = ¢; + ip; in the complex plane C is
1
H(z) = ﬁgloglz,- —z.

For n < 3 the system is integrable. For n > 4 one expects that the dynamics

. & . ]
Q—a—pH,P——gaH
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has positive metric entropy. Point vortices can also be defined on any two
dimensional manifold. Interesting is the situation on the cylinder which is also
called the periodic Karman vortez street. The Hamiltonian is in this case

H(2) =Y log(sin |z — 2]} .

i<j

We summarize: for conservative dynamical systems the problem of positive metric
entropy is often reduced to the decision whether the highest Lyapunov exponents
for symplectic cocycles is positive or not {the flow case can be reduced by a time-one
map or a Poincaré map to the case when time is discrete). Calculating the highest
Lyapunov exponent of a general measurable symplectic cocycle over an abstract
dynamical system is an example of an ergodic problem.

2 A spectral problem: random Jacobi operators

Does a given 1-dimensional Schrédinger operator of an electron have
absolutely continuous spectrum (”good conductivity”)?

In classical quantum mechanics, the evolution of a system is governed by a Hamilto-
nian L which is a self adjoint operator on a Hilbert space. The evolution of a wave
function u is given by the Schrédinger equation thé = Lu. An important problem
is to calculate and analyze the spectrum of the Hamiltonian because many physical
properties of the system are determined by the spectrum. Because the spectrum is
accessible by measurements, one would also like to solve the inverse problem, namely
to find out the Hamiltonian of the system from the spectrum.

These mathematical problems are not easy even for the motion of a particle in one
dimension in a given external field. In such a one body approzimation one neglects
the interaction of the electrons. One often considers the so called tight binding ap-
prozimation, where the continuum is replaced by a lattice. This is technically more
simple and the model is commonly used for describing the electronic properties of
disordered media.

An important qualitative spectral problem is the question whether the spectrum is
absolutely continuous or not. For one-dimensional Laplacians or Laplacians on the
strip, this question can be reduced to a question about positive Lyapunov exponents
for symplectic cocycles.

A main problem is: Given a random Schrédinger or Jacobi operator L.
o What is the spectrum of L?

o What type of spectrum (point, singular, or absolutely continuous) does occur?
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¢ What spectra do occur generically? Is there generically no absolutely contin-
uous spectrum?

There is an inverse spectral problem which is however closely related to the above
spectral problem. It can be formulated as:

¢ Can one describe the set of all Jacobi operators which are unitarily equivalent or
the set of operators which have the same density of states. Can one reconstruct the
isospectral set back from the spectrum. How large is the set of operators which one
can reach by isospectral deformations?

Similarly to the positive entropy question, which has the same mathematical prob-
lem in the background, there are several examples, where absence of absolutely
continuous spectrum is conjectured but not proved. The general belief is that for
high disorder, there is no absolutely continuous spectrum any more. A more precise
formulation of this conjecture could be:

Given any aperiodic dynamical system (X, T, m) such that T is ergodic for each
n € Z. Given a one- parameter family of discrete random Schrédinger operators

(Lgu)n =Upy1 t U1+ g ‘fnun

with non-constant potential V' € L*(X,R) and with V;, = V(T™z). Does there exist
g € R, such that L, has no absolutely continuous spectrum?

We list now some classes of operators.

o The Anderson model

(Lu)n = Uppy + Un-1 + Vnun y

where V,, are non-constant independent identically distributed random variables.
Fiirstenberg’s theorem assures positive Lyapunov exponents for all E € R and there
is no absolutely continuous spectrum.

o Almost periodic operaiors.

Let T be an ergodic translation of a compact topological group X and a,b two
continuous real-valued functions X + R. Given z € X, define a, = a(T"z),b, =
b(T"z). The operator

(LU)" = GplUn4l +an_1%n—1 + b,.’u.u

is called almost periodic.
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Example. If the group X is the circle and T is an irrational rotation z — z+ « and
V(z) = cos(z), one obtains the almost Mathieu operator

(L(z)u)n = ttn41 + a1 + v co8(3) .

This is a famous model for an electron in a quasi-crystal. About the spectrum
0 = 0pp U 0,. U 04 is known that for A < 4/(2 + «/ +/5) the absolutely continuous
spectrum o, is not empty. For almost all @, the measure of the absolutely continuous
spectrum is 4—~. This was proved recently by Last [Las 93] following previous work
of Avron, van Mouche and Simon [Avr 90]. The general conjecture of Aubry and
André that this should hold for any irrational e is still not proved. For large v,
one knows that in the case of Diophantine a, there is point spectrum [Fro 90] and
that for Liouville numbers o and any oy > 2, there is purely singular continuous
spectrum (see [Cyc 87]). For any irrational e, there is no absolutely continuous
spectrum for 4 > 2. In general, the question is open, whether for irrational a and
all 4, the spectrum is a Cantor set (Martini problem). In the critical Hofstadter case
A = 2, which is also called Harper’s model, Last has recently shown [Las 93] that
the spectrum is in this case a zero measure Cantor set for almost all a. Plotting the
family of spectra parameterized by « gives the Hofstadter butterfly. A review with
other developments can be found in [Bel 92].

A numerical illustration. The periodic functions a,b on T! are fixed and the spectra
of the operators L = a7, + (a7,)* + b over dynamical system (T!,z + z + ¢, dz) are
calculated with the following program

T 1

a[alpha_,n_Integer] :=Table[N[2+0.01#Sin[k*alpha 2 Pil],{k,n}];

blalpha.,n Integer]:=Table[N[ 2#Cos[k+alpha 2 Pill,{k,n}];

n[i_Integer,n_Integer]:=Mod[i-1,n]+1;

d[k_Integer,1_Integer,n_Integer] :=IdentityMatrix{n][[m[k,n],n[1,n]]1];

JacobiMatrix[a_List,b_List] :=Module[{n=Length[al},

Table[d[k,i,n]+b[[k]]+d[k,i+1,n]}*a[{i)]+d[k,i-1,n]*al[ni-1,n]]],{k,n},{i,0}]];

Spec[a_List,b_List] :=Sort[Eigenvalues[JacobiMatrix[a,bl]];

anti[a_List] :=Block[{n=Lengthlal},Table[a[[k]]-2#d[k,n,n]*a[[k]],{k,n}]];

AntiSpec[a_List,b_List]:=Sort[Eigenvalues[JacobiMatrix[anti[a],b]]];

DoubSpec[a_List,b_List]:=Sort[Join[Spec[a,b],AntiSpec[a,b]]];

SpecInterv[a_List,b_List] :=Partition[DoubSpec[a,b],2];

Hofstadter{n_Integer,n_Integer] :=Block[{p={},S,alpha=0.0},

Do[S=SpecInterv[a[alpha,n],b[alpha,n]];
Do[p=Append[p,Line[{{S[[i]11[{11],alpha},{S[[i11[[2]],alpka}}]],
{i,Length[S1}];alpha=alpha+1/m,{m+1}]); Show[Graphics{p]l,
PlotLabel->FontForm["Spectra of Jacobi operators”,{"Helvetica",12}] ] J;

Display[“!psfix -land -stretch > spectrum.ps",HBofstadter[200,23]];

| J
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which produces the following picture which shows the spectrum of such an opera-
tor changes when the parameter o (which is increasing along the z— axis) of the
dynamical system is variid&.

ot Jacobi operators:

o Operators generated by substitutions.

A substitution dynamical system (we follow [Hof 92]) is defined by a map S from
a finite alphabet A into the set of finite words A* built by A. This substitution
generates a fixed point & € AN of the map S if there exists a symbol a € A4 such
that Sa begins with a. Take any word Z € A? which coincides with  on the positive
integers and form the set X of all limit points (in the product topology) of Tz,
where T is the shift. This gives a dynamical system (X, T') which is uniquely ergodic
and minimal. The potential V' for the Jacobi operator is V(z) = zo. The spectrum
is expected to be singular continuous in general and having zero Lebesgue measure.
This has been proved for the Thue-Morse systems defined by S(a) = ab, S(b) = ba
or Fibonacci sequences defined by $(a) = ab, S(b) = a and other examples. Kotani
[Kot 89] dealed in a more general context with potentials over an ergodic dynamical
system which take values only in a finite target space. He proved that in such a case,
there is no absolutely continuous spectrum. See [Hof 92 or [Ghe 92] for references
and recent results.

o Operators which are second variations of twist mappings
If iz, ') is a generating function of a twist map and T : X + X is a dynamical

system embedded in the twist map by a measurable function

g: X T
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which satisfies
h(g(2),9(T=)) + b(g(T'z), ¢(2)) = 0 .
The operator
(L(z)u)n = Gnltns1 + Buoitn-g + oty ,
with
a(z)
b(x)

112(q(x), q(T.'B)) ]
lh(g(z), g(Tz)) + laa(g(T '), g(x))

is the second variation of a variational problem. It would be interesting to know
what are the spectra of these Hessians.

We summarize: for one-dimensional discrete Schrodinger operators (on the strip),
the problem of existence of absolutely continuous spectrum is reduced to the decision
whether the highest Lyapunov exponent for a one parameter family of symplectic
cocycles is positive or not. Calculating the spectrum of random operators or cocycles
over an abstract dynamical system is an example of a spectral problem.

3 A cohomological problem: cohomology of mea-
surable sets

” What is the cohomology group defined as the group of measurable
sets of a probability space modulo the sets of the form Z(T)AZ, where
T is an automorphism of the probability space? ”

Given an aperiodic ergodic automorphism T' of the Lebesgue space (X, A, m). The
measurable sets Y € A are called cocycles and form an abelian group with multipli-
cation A. This group has the subgroup

C={YAT(Y)|Y € A}
of coboundaries. How big is the cohomology group
H(T, ) = A/C?

We call the problem the cokomology problem for measurable sets. An other problem
is to decide whether a given measurable set is a coboundary or not. We call this
problem the coboundary identification problem for measurable sets. We will see in
the chapter " Discontinuity and positivity of Lyapunov exponents” that solving this
problem is easier than calculating Lyapunov exponents.

For finite periodic dynamical systems, the problem can be solved: assume X is a
finite set and A is the set of subsets of X. An ergodic measure preserving map
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T : X — X is just a cyclic permutation of X. The group A consists of all subsets
of X and has 2!X! elements. It is quite easy to see that C consists exactly of the sets
with even cardinality. In this case H(T,Z;) = A/C is isomorphic to Z,.

There are a lot of other related unsolved questions. For example, there is a conjec-
ture of Kirillov: assume two automorphism of a fixed probability space (X, m) have
the same measurable sets as coboundaries. Are they conjugate?

The cohomology problem for measurable sets can be generalized as a question in
group theory: let G be an arbitrary abelian group and T a group automorphism.
What is the group H(G,T) = G/C, where

C={g(T)g" |geg}?

Let (X,T,m) be a z¢ action. A generalization of the cohomology problem for
sets is to find the moduli space of all zero curvature 2, fields. A gauge field
Y = (1,Ys,...,Y,) is given by d measurable sets Y;. The space £ of all fields
is the d-fold direct product of the group of all measurable sets. The curvature of
such a gauge field Y is

Fy(Y) = VAY;(T)AY,(T))AY; .

A field Y has zero curvatureif F;;(Y') = § for all 4, j. There is a subgroup of £ called
the group of gradients

C={Ye&|3z,Vi=1,...d,Y: = ZAZ(T)} .
On £ are defined the Gauge transformations
Y. =Y. AZ(T)AZ .

The gradients are just the fields which can be gauged to the identity.
The question is to find the moduli space of all zero curvature fields. In other words,
we want to find the group

H=E&/C.

We have used only the additive group structure of the measurable sets. Taking the
ring structure also gives also interesting problems which lead more away from the
subject. The problem is however of the same type. As an example we consider
a random version of a nonlinear cellular automata recently studied by Bobenko,
Bordemann, Gunn and Pinkall [Bbgp 92). It is an "integrable” system and the
evolution can be interpreted as a collision process of soliton like particles. The
cellular automata can be described as a Zj-valued field X,,, on a two-dimensional
lattice 72 satisfying the rule

Xn,m + Xn+l,m+l = Xn,m+lxn+l,m + Xn.m+l + X,,+1‘m (mod 2) . (l)

33



We translate this automata now into a random setting. Given a Z2 dynamical system
(X,T1,T2,m). Assume we have given a measurable set Y C X satisfying

YAY(TiTy) = Y(T) N Y (Ty)AY(T)AY(Ty) . @)

Define the random variable X(z) = 1y. For almost all z € X we can write X, , =
X(TPT5) and get from Equation 2 the rule 1. Equation 2 is equivalent to

YAY(RiTy) = Y(T) UY(Ty) -

The problem is to find nontrivial sets satisfying this equation. Is there for any
cellular automata rule

Y(T,,T2) = FY,Y(Th),Y(T?)) ,
where F is one of the 28 possible functions a measurable set which solves it?

An abstract generalization of the cellular automata is obtained as follows. Let
(R, +,-) be a commutative ring over the field Z,. Given two automorphism T3, T of
this ring. Use the notation Ti(r) = r(T}) for r € R. The question is if there exists
a non-zero ring element r € R satisfying

r+r(NT) =r(T) - r(T2) + r(T1) + r{T2) .

In this case, every ring element T T3*(r) describes the cellular automata BBGP.
‘We summarize: the cohomology identification problem would be solved if we could
calculate the Lyapunov exponents of symplectic cocycles. Cohomology problems
over an abstract dynamical system with structure group is Z, lead to interesting
questions. The general problem of calculating the cohomology groups H(Ty,G) is
an example of a cohomology problem.
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Abstract

Let T be an aperiodic automorphism of a standard probability space (X, m)
and K be either C or R. We prove that the set

{A € I=(X,5L(2,K)) | lim n~ log(|A(T"'2) -+ A(T2)A(2)[]) > 0, a.e.}
is dense in L®(X, SL(2,K)).

We apply this to show that the set of coboundaries are dense in L* (X, SO(2,R))
or that coboundaries are dense in L®(X, SU(2)).

1 Introduction

Lyapunov exponents are useful in different domains of mathematics: in smooth
ergodic theory, one is interested in the ergodic behavior of smooth maps. The
Lyapunov exponents can be used to determine, if a power of a given smooth map is
equivalent to a Bernoulli automorphism on a set of positive measure . Moreover, with
Pesin’s formula the metric entropy can be expressed as a function of the Lyapunov
exponents [Pes 77][Kat 86]. In the theory of discrete one-dimensional Schrédinger
operators, Lyapunov exponents can decide if the spectrum of such operators is not
absolutely continuous [Cyc 87].

Thus, there is a strong enough motivation to calculate these numbers. It seems to
be a matter of fact that calculating or even estimating the Lyapunov exponents is a
difficult problem. Attempts in this direction have been made by several people: Wo-
jtkowsky estimated the Lyapunov exponents under the assumption that an invariant
cone bundle in the phase space exists [Woj 86]. The subharmonicity property of the
Lyapunov exponents was used by Herman [Her 83] in order to estimate them for cer-
tain special mappings. In the case of random matrices, a criterion of Furstenberg,
[Fur 63] later generalized by Ledrappier [Led 84] applies. Chulaevsky has analysed
the skew product action and claimed that the Lyapunov exponents are positive for
certain cocycles arising in the theory of Schrédinger operators [Chu 89]. This re-
search is a part of the problem to prove localisation for quasi-periodic Schrédinger
operators [Fro 90], [Chu 91]. Young investigated certain random perturbations of
cocycles [You 86] (see also [Led 91] for higher dimensional generalisations). She
proved that with this random noise the Lyapunov exporents depend continuously
on the cocycle. Furthermore, they converge to the Lyapunov exponents of the un-
perturbed cocycle as the noise is reduced to zero. While analysing holomorphic
parametrized cocycles Herman [Her 83] found a surprising result, which will be cru-
cial for our work. (See section 2.4). Ruelle [Rue 79a] investigated the case in which
a continuous cone bundle in the phase space is mapped into its interior. He found
that in this case the Lyapunov exponents depend real analytically on the cocycle.
The method of Herman was refined in [Sor 91],{Gol 92],[Gol 92a] to much more gen-
eral situations. A new method was designed by L.-S. Young in [You 92] to construct
open sets of nonuniform hyperbolic cocycles in a C! topology of cocycles.
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Numerical experiments suggest that in the case of SL(2,R)-cocycles, positive Lya-
punov exponents are quite frequent. Such cocycles arise in the case of smooth
area preserving mappings on a two dimensional manifold or if one investigates one-
dimensional discrete ergodic Schrdinger operators. Even for very special systems
like the standard mapping of Chirikov on the two-dimensional torus, no estimates
for the numerically measured Lyapunov exponents {Par 86} are available. There
is still a wide gap between the numerical measurements and the effectively proved
properties.

We want to investigate the Banach algebra A’ of all essentially bounded M(2,R)-
cocycles over a given dynamical system. We are interested in the subset P of cocy-
cles, where the upper and lower Lyapunov exponents are different almost everywhere.
‘We show that P is dense in &’ in the L™ topology, if the underlying dynamical sys-
tem is aperiodic. In X lies the Banach manifold .4 of SL(2,R)-cocycles which forms
a multiplicative group. Also here, if the dynamical system is aperiodic, AN P is
dense in A.

We find further that an arbitrary small perturbation located on sets with arbitrary
small measure can bring us into P. This can provide some explanation for the fact
that one gets often positive Lyapunov exponents when making numerical experi-
ments.

We will also make a statement about circle-valued cocycles which are here modeled
as SO(2,R)-cocycles. The density result for positive Lyapunov exponents implies
that the subgroup of coboundaries is dense in the abelian group of SO(2, R)-cocycles.
We show also, that the statements stay true, if R is replaced by C. Analogously,
the subset of coboundaries is dense in the group of SU(2,C)-cocycles. We have
separated the proof of the real case from the complex case, because for the later,
more technical complications are involved, which make the proof less transparent.
In section 2, we introduce the concepts and cite some known results, which are
used in section 3 to prove our statements. In section 4, the results and some open
problems are shortly discussed .

2 Preparations

2.1 Matrix cocycles over a dynamical system

A dynamical system (X, T, m) is a set X with a probability measure m and a mea-
surable invertible map T on X which preserves the measure m. The probability
space (X, m) is assumed to be a Lebesgue space. The dynamical system is aperiodic
if the set of periodic points

{z € X | 3n € N with T"(z) = z}

has measure zero. If the dynamical system is aperiodic, there exists for every n €
N,n > 0 and every € > 0 a measurable set Y such that Y,T(Y),...,T""(Y) are
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pairwise disjoint and such that m(Yes) < € where Y,y = X \ U3 T*(Y). This
is Rohlin’s lemma (for a proof see [Hal 56]) and the set Y is called a (n, €)— Rohlin
set.

Denote by M(2,R) the vector space of all real 2 x 2 matrices and by * matrix
transposition. We will study the Banach space

X = L®(X,M(2,R)) = {A: X » M(2,R) | A;; € L=(X)}

with norm
1A = THACHH Lo ¢y »

where || - || denotes the usual operator norm for matrices acting on C? with the
Euclidean norm. Define also

A= L®(X,5L(2,R)),

where SL(2,R) is the group of 2 X 2 matrices with determinant 1. Take on A the
induced topology from X'. Denote by o matrix multiplication. With the multiplica-
tion
AB(z) = A(z) o B(z)
& is a Banach algebra. Denote by A(T') the mapping z — A(T(z)). For n > 0, we
write
A" = A(THAT™ 2. A

and A® = 1 where 1(x) is the identity matrix. With this notation, A satisfies the
cocycle-identity
An+m = An(Tm)Am

for n,m > 0. The mapping (n,z) — A*(z) is called a matriz cocycle over the
dynamical system (X,T,m). With a slight abuse of language, we will just call the
elements in X' matriz cocycles. The Banach manifold A C X is a multiplicative
group. This group contains the commutative group

O = L®(X,50(2,R))
where SO(2,R) = {A € SL(2,R) | A*A = 1}. The group O is called the group of

circle-valued cocycles .

2.2 Lyapunov exponents and the multiplicative ergodic
theorem

According to the multiplicative ergodic theorem of Oseledec (see [Rue 79]), the limit
M(A)(z) = lim ((4")"(z)A"(z))"/*

n—oo
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exists pointwise almost everywhere for an element A € X. Let
exp(A7(4, 7)) < exp(At(4,1))

be the eigenvalues of M{A)(x). The numbers A\*/=(A,z) are called the Lyapunov
ezponents of A and they are measurable functions on X taking possibly also the
value —oo. We define

P={A€X|Xx(4,z1) <) (4,2)ae)}

and call the elements in P nonuniform partial hyperbolic. For A € P, there exists
(still according to the multiplicative ergodic theorem ) a measurable mapping from
X into the space of all one-dimensional subspaces of R?

z+— W(z)

which is coinvariant
A(z)W(z) = W(T(z))

and such that for every w € W(z),w # 0, we have
A (A, z)= Jim n~ log|A™(z)w]
In the case A € A, we will refer to
A(4,7) = MH(A,1) = —A"(4,2) > 0

as the Lyapunov ezponent. It is for fixed A € A a function in L®(X) and if
A € Pn A, this function is positive almost everywhere. We shall call a cocycle in
A NP nonuniform hyperbolic. For A€ X,

XA) = lim o™ /X log||4™(z)|] dm(z)

is the integrated upper Lyapunov ezponent. The existence of this limit (taking possi-
bly the value —oc ) can be seen also easily without knowledge of the multiplicative
ergodic theorem, because the sequence

Co = [ loglla™(@)l| dm(z)

satisfies Cppm < Cp + Ch.

The integrated Lyapunov exponent is in the same way also defined for complex-
valued matrix cocycles A € L®(X, M(2,C)). The next lemma gives a formula for
the integrated Lyapunov exponent. In [Led 82] , one can find a more general version
of this lemma.
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Lemma 2.1 If A € PN A and w(z) is a unit vector in W(z) then

MA) = — /x log | A(z)w(z)| dm(z) .

Proof. Call
¥(z) = —log|A(z)w(z)] .
From the multiplicative ergodic theorem, we have

M4) = - limn™ /X log |A™(z)w(z)] dm(z)

n-1
= limn? /x 3 W(T'(z)) dm(z)

n—00 .
i=0

Birkhoff’s ergodic theorem gives now

NA) = [ w(a)im(z) = - [ 1og|A@)u(@)ldm(a) .

2.3 Induced systems and derived cocycles

If Z C X is a measurable set of positive measure, one can define a new dynamical
system (Z,Tz,mz) as follows: Denote by n(x) the return time for an element z € Z,
which is n(z) = min{rn > 1{T"(z) € Z}. Poincaré’s recurrence theorem implies,
that n(z) is finite for almost all z € Z. Now, Tz(z) = T™=)(z) is a measurable
transformation of Z, which preserves the probability measure mz = m{Z)~! m. The
system (Z,Tz,mz) is called the induced system constructed from (X,T,m) and Z.
It is ergodic, if (X,T,m) is ergodic (see [Cor 82]).

The cocycle Az(z) = A™3)(z) is called the derived cocycle of A over the system
(2,Tz,mz). IY is a (n,€) -Rohlin set and Yye;r = X \Up=j T*(Y'), then the return
time of a point in Z =Y U Y.y is less or equal to n. This implies, that for A € X,
the entries of A are in L*(Z).

In the following lemma 2.2, we cite a formula, which relates the integrated Lyapunov
exponent of an induced system A(Az) with A(A4). This formula is analogous to the
formula of Abramov (see [Den 76]), which gives the metric entropy of an induced
system from the entropy of the system. Lemma 2.2 is also stated in a slightly
different form by Wojtkowsky [Woj 85].

Lemma 2.2 If (X,T,m) is ergodic and Z C X has positive measure, then
A(Az) - m(Z) = A(A).
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Proof: Given Z C X with m(Z) > 0, the return time
n(z) =min{n > 0| T"(z) € Z}

of almost all z € Z is finite. Define for z € Z
k-1

Ni(z) = 3 n((Tz)/(2)) -

=0
Because (X,T,m) is ergodic, we have for almost all z € Z
MAz) = lim n7'logl|(4z) (@)l
= lim n7'log||A™®)(z)||
= lim Na(z)

n~00 n

= lim Nolz)

n—oo 7

/Z n(z) dmz(z) - MA) .

- lim N7(z)log||AM)(z)|

- Jim £~ log | 4*(a)]

In the last equality, we have used Birkhoff’s ergodic theorem applied to the system
(Z2,Tz,mz) to get

Jim No(z)/n =/Zn(z)dmz(:r)
for almost all z € Z. The recurrence lemma of Kac [Cor 82] gives

[z n(z)dmz(z) = m(Z)™ .

We write

_ (¢) sin(¢)
R(¢) = ( —c:isn(qb) 2,’;(4,)) '

Given a cocycle A € A, we are interested in the parametrized cocycle § — AR(f)
where § € R/(277).

Let Z be a measurable subset of X with positive measure. We denote with yz the
characteristic function of Z. We will use later the following little technical lemma:

Lemma 2.3 For A€ X and § € R, we have (AR(xz - 8))z = AzR(B)
Proof. Take a z € Z and call k = nz(z). By definition

Az(z)R(B) = A(T*"!(z)) 0 --- 0 A(z) o R(B) .
Because T(z),T%(z),...,T*}(z) are not in Z, we have also

(AR(xz - B))z(z) = A(T"'l(x)) o---0A(z)o R(f).
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2.4 A result of M.Herman
We can write A(x) in the QR decomposition A(z) = D(z) o R(¢(z)) with

o= X))

where c,c™}, and b are in L®(X) and ¢ : X ~ R/(27Z) is measurable. Crucial for
us is the following result of [Her 83], the proof of which we will repeat here.

Proposition 2.4 (Herman) £ [¥* \(AR(B)) df > [y log/((c+c1)? +b?)/4 dm .

Proof. Define the complex number w = €* and the complex cocycle
By(z) = w- e¥®) . AR(S).
Because |w - €4(*)| = 1 we have -
MAR(B)) = M(Bu)

One can write ‘
Bu(z) = D(z) 0 (G + w? - ¥4)G) |

1{1 —i
G‘E(z‘ 1)'

We choose r > 1 and extend the definition of B,, from {|w] = 1} to {|w| < r}. The
mapping w — B, is a holomorphic mapping from {w| < r} to the Banach algebra
L*(X,M(2,C)). We claim that the mapping

where

w i A(By)
is subharmonic. Proof. For each » € NV and almost all z € X, the mapping
w - bu(w,2) = 0~ log |B3()]
is subharmonic on {|w| < r}, because
w— Bl (z)
is analytic there. Define for k€ N
tn(w, ) = max(by(w, z),—k) .
From Fubini’s theorem follows that also

an (W) =/Xa,.,,,(w,:c)dm(x)
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is subharmonic. The sequence k — @, is decreasing and therefore

an(w) = jaf {ans(w)} = n7! [ log||B2(2)lldm(z)

is also subharmonic.
Finally, also
M(Bu) = inf{en(w)}

is subharmonic. We conclude

o [ Mar@) as = [ _ MBu)dw > \(B)

2T |w
and calculate with
L= 10
T\ -1
MBy) = MDG)
= ML'DGL)

/x logy/((c+c )2 +b2)/4 dm .

0

Denote by v the Lebesgue measure on R/(27Z). Herman’s proposition implies the
following corollary:

Corollary 2.5 v{8 € R/(27Z) | A(AR(B)) = 0} < 1/M\(A).

MAR(B)) < [ togyf(c+ )2 +t2) dm

for all # € R/(27Z), we have

- _ Ixlogy/((c+c) + 1) /4 dm
v{B € R/(2rZ) | M(AR(B)) =0} < 1 e T T i

log(2)/ /x log \/((c + c1)2 + 82) dm

log(2)/A(4) < 1/X(4) .

Proof. Because

IA

IA
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3 Results

3.1 Density of nonuniform hyperbolicity

Theorem 3.1 If the dynamical system (X,T,m) is aperiodic, then P N A is dense
in A

Proof. We assume without loss of generality that the dynamical system is ergodic:
In the general case, we can decompose the system in its ergodic components (See
[Den 76]). The union of ergodic fibers, which are aperiodic, has measure 1. So, it is
enough, to prove the statement for an ergodic aperiodic dynamical system.

Take an arbitrary A € A and an ¢ > 0. We show that there exists B € P N 4, with
[IIB — Al|l < e. Choose first a constant g > 1 such that

2llAlll - e - gt < /3. 1)
Take next n € N, n > 0 so big that
ptp!
87)||A|ll - ——— < €¢/3. 2
Al £ <o @)

Take now a (n,1/n)-Rohlin set Y and call Z = Y UY,,,, where

n-1

Yo = (X\ U THY)) .

=0

Note that
m(Z) =m(Y) + m(Yrer) S 2/n .

We can easily find a cocycle C € A, with

e - Alll < /3 3)
such that Cz(z) € SO(2,R) for z € Z and so that additionally
e < 214l - ©)

Looking at the induced system (Z, Tz, mz) and the derived cocycle Cz and applying
Proposition 2.4 we see that there exists §y € R/(27Z), such that

A(CzR(Bo)) > 0.
Using lemma 2.3, we find that the cocycle
D = CR(xzbo)
satisfies Dz = CzR(f,) and so
MDz) = A(CzR(fo)) > 0.
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Lemma 2.2 gives
ADYy=XDz)-m(Z)>0.

Because the dynamical system is assumed to be ergodic, the Lyapunov exponents
of D are nonzero almost everywhere and there exists according to the multiplicative
ergodic theorem a function x ~— W{(z),which is coinvariant: A(z)W(z) = W(T(z)).
Call u(z) € [0, 7) the modulo 7 unique angle a unit vector w(z) € W(x) makes with
the first basis vector in R%. This means that the rotation R(u(z)) turns the first
basis vector into the space W(z). We use the notation

Diag(u~1) = ( “;1 2 )

The cocycle
E = R(u(T))Diag(p " )R(«(T))™' D

has the same coinvariant direction W{z) as D and if we take for £ € X a unit vector
w(z) € W(z), we can write using lemma 2.1

- /X log |E(z)w(z)|dm(z)
= - [ loglu™ Diz)u(z)|dm(z)

= - [ logID()u(@)ldm(z) +log(n)
= D) +log(p) .
It follows with lemma 2.2 and m(Z) < 2/n that

ME)

log(x)
ADz) + M

MDz) + log(p) - g

MEz)

\%

[\

n
log(u) - 5 -

Corollary 2.5 applied to the cocycle Ez over the system (Z, Tz, mz) implies that

2

v{B € R/(27Z)|MEzR(B)) = 0} < g
We find therefore a 8, € R/(27Z) with

< 4T
' 0 Tog(y)
such that A(E;R(8; ~ o)) > 0. But then

B=ER(xz(/ —B))EPNA

B (5)
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because of lemma 2.2 and because lemma 2.3 implies that Bz = EzR(B; — ).
We claim that [||B — A}|] < e. To see this, we define

F = R(u(T))Diag(p " )R(u(T))~C .
The norm of F can be estimated as
NI < NC - (u+ 7Y (6)
Recall the definition of B
B = R(u(T))Diag(y~")R(w(T)) ' CR(xz,) -
Using the inequalities 6, 4, 5 and 2, one gets
B -FlIi < HIFIi- 15

< G- (w+ w7 - 161

< 214l - (p +u")1- 161
Bt

< 8wl|lAlll-msd3-

Further, with the inequalities 1 and 4, we have the estimate

ME=Cll < WS-t - R(u)Diag(u=")R(u)~ ]|
= |ICIIl - N|R(»)[1 — Diag(u")]R(x)~ Y|
= [ICI|| - |IDiag(1 = u~")|I|
< IS - |- 7Y
< 2NAlll- k-t < €8

From these two estimates and the inequality 3, the claim
liB-Alll <e.

follows. (]

3.2 Density of nonuniform partial hyperbolicity

Corollary 3.2 If the dynamical system (X,T,m) is aperiodic, then P is dense in
X.

Proof. Given ¢ > 0 and A € X, we will show that there exists B € P, such that
[IlA — B|| € e. Note first that the set

{A € X |36 > 0,det(A(z)) > 6 ,a.e.}
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is dense in X'. Take an element C out of this set with
A -Clll <e/2.
Then D = C/det(C) € A. We can apply theorem 3.1 to get E € AN P, with
1D — EIjl < 5 - | det(C)| vy, -
Call B = E - det(C). Then

liC - Blll = |IID-det(C) — E-det(C)ll

1o - Ell| - Idet(c)lL‘”(x)
€2

ININ

and we got an element B € P with

ll4-Blll < 1A - Clil +lIC - Bil| <.

3.3 Perturbations located on sets of small measure

The proof of theorem 3.1 gives even more information about how one can perturb
a given cocycle A € A, to get into AN P: the proof shows that there exist cocycles
H, and H, arbitrarily near to 1 such that B = H{AH, € PN A.

The Lyapunov exponents of

C = HI'BH\(T™') = AH,H\(T")
are the same as the Lyapunov exponents of B, because for every n € N
H(THYB"H(T ) =C".
This implies

Corollary 3.3 If the dynamical system (X,T,m) is aperiodic there exists for each
cocycle A € A a cocycle H € A arbitrary near the identity such that

AHePNA.

In the same way, for A € X, there exist cocycles H € X' arbitrarily near the identity
such that AH € P.

We think that the next corollary could be an explanation for the fact that one
measures so often positive Lyapunov exponents in numerical experiments.
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Corollary 3.4 Assume (X,T,m) is aperiodic. Given ¢ > 0. For A € A, there
ezists BE PNA (for A€ X, there exists a B € P ) such that |||B — Al|| < ¢ and

m{z € X | B(@) # A(z)} <.

Proof. Again, we can assume that the dynamical system (X,T,m) is aperiodic
ergodic, because if the result is true for all aperiodic ergodic fibers of a given system,
it is also true for the system itself.

Given A € A (the case A € X follows the same lines) and given ¢ > 0. Take n € N
with 2/n < € and choose a (n,1/n)-Rohlin set Y € X and define

zZ= YU(X\"JT"(Y)) .
k=0

The above corollary 3.3 applied to the induced cocycle Az assures the existence of
a cocycle H over the dynamical system (Z, Tz, mz) such that

AzHeP

and
lAzH — Ag|l| < €.

If we extend the cocycle H to X by setting it to 1 outside Z and define B = AH
we see by Lemma 2.2 that B € P, because

Bz;=AzHeP.
The cocycle B is different from A only on Z . We have m(Z) < € and also

IB-All<e.

3.4 An application to circle valued cocycles

We say that A, B € A are cohomologous, if there exists a C € A, such that
A=CMAC™.

What are the cohomology classes in .4? Cohomologous cocycles have the same
Lyapunov exponents. So the Lyapunov exponents could help to distinguish different
cohomology classes. One could ask further what are the cohomology classes in the
set

{A€ Al XA) =},
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where ) is a given non-negative number. We will try to deal with this question.
Cocycles cohomologous to 1 are called coboundaries. How big is the set of cobound-
aries? We have to restrict the problem still more in order to make a statement.

By a circle-valued cocycle, we mean an element in

0 = L*(X,50(2,R)) .

The Banach manifold O is an abelian subgroup of A. We say, A € O is a coboundary
in O, if there exists a B € O such that A = B(T)B~'. It is not difficult to see ( we
will give a proof in the next chapter), that A € O is a coboundary in A if and only
if it is a coboundary in O.

There are no methods known to decide in general if a given circle-valued cocycle is
a coboundary or not. Even in the simplest cases, this remains a largely unsolved
problem. There exist some analytic conditions in [Bag 88]. The problem has been
studied intensively in the case, when the underlying dynamical system (X,T,m) is
an irrational rotation of the circle [Mer 85] and where the cocycle takes only two
values, because this has application in representations of Lie groups and in number
theory. The concept is also important in the construction of ergodic skew products.

We call C the set of coboundaries in O. They form a subgroup of @. The abelian
group H(T,SO(2,R) = @/C is called the first cohomology group of the dynamical
system. We don’t know how to determine this group. What we can tell is said in
the following theorem

Theorem 3.5 If the dynamical system (X, T,m) is aperiodic, C is dense in O.

Proof. Because O C A and P is dense in A, we can find for every A € O a sequence
A, — A with A, € P. As in the proof of theorem 3.1, we can find for almost all
z € X arotation R{u,(x)), which turns the first bases vector of R? into a coinvariant
space Wy(z) of A,. We can then write

An(2) = R(un(T(2)))Ca(2)R(ua(2))™
where C,(z) is upper tridiagonal. Because
A, - A€ 0O,
we must have C, — 1. Call
By(x) = R(un(T(2)))R(ua(2)) ™" -

Then B, — A and B, €C. [m}
In a more general setup when the group SO(2,R) is replaced by a general locally
compact second countable abelian group, Parthasarathy and Schmidt [Part 77] have
shown that a generic set of cocycles are coboundaries. They take the topology of

convergence in measure which is a weaker topology then the uniform topology we
have taken. Their result doesn’t cover Theorem 3.5.
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4 Complex Matrix cocycles

4.1 Density of nonuniform hyperbolicity for complex ma-
trix cocycles

‘We consider now the Banach manifold

A = I®(X, SL(2,¢))
in the complex Banach algebra

X = L®(X, M(2,C))
and ask if also here

Pc={A€ Ac| lim n7'log||A™(z)|| > 0 a.e.}

is dense in A, if the dynamical system is aperiodic.

The multiplicative ergodic theorem is true in general for matrix cocycles with entries
in a local field ([Rag 79]). One can also deduce the multiplicative ergodic theorem
over the complex field from the real case ([Rue 79]). The statement we need here is
the following:
For A € X¢, the limit

M(A) = nliglo((An)mAu)I/Zn

exists pointwise almost everywhere. The Lyapunov exponents A\*/~(4, z) are defined
again by the eigenvalues

exp(A7(4, 7)) < exp(A*(4, 7))
of M(A)(z). For every A in the set of nonuniform partial hyperbolic cocycles
Pe={A€Xc| I (4,12)<)(A1)ae},

there exists a measurable mapping = — W(z) from X into C2, which is coinvariant.
Furthermore
X~(4,2) = lim n~ log |4 (z)ul|

for every w € W(z), w # 0. The results 2.1,2.2 and 2.3 are valid also word by word.
The result of Herman has to be formulated a little bit differently:

Proposition 4.1 Assume A can be written as A = Diag(c)R, where R € O. Then

. ~1
%/02 MAR(B))dB > [ 10g(|6+2_01) i
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The proof follows word by word the proof of proposition 2.4. Note, that because ¢ is
now allowed to be complex, the right hand side can become negative or even —co.
We can also deduce from this a corollary:

Corollary 4.2 Assume
le+c™ 2 (Id +c7H)/2,
then
v{B € R/(277) | MAR(B)) = 0} < 2/M(4) .

Proof. Because
MAR(B) < [ log(le| +|c]) dm

for all B € R/(27Z), we have

Y8 € R/CrINARE) =0} < 1- XA
< Jx 108(151%21) dm

"~ T log(le + [ dm
log(4)/ [ log(ldl + |e™]) dm
log(4)/X(4) < 2/X(4) .

IN

O

We need still an other concept: dual to the construction of an induced dynamical
system is the If (X, T, m) is a dynamical system integral extension of a dynamical
system and f € L'(X) is a positive integer-valued function, then one can define a
new dynamical system (X7, T/, m/), where

X! ={(z,i) |z € Xand 1 < i < f(z)}

and the measure m/ is defined as follows: for any measurable subset (Y,4) in X/,
one puts

m(Y)

ffdm~

This measure is preserved by the transformation

N [ (zi+1) ifi+1< f(z)
T'(z,i) = { (;(;),1) ;fi+1> f(i)

m!((Y,9) =

The space X/ can be visualized as a tower, whose foundation is X and which has
f(z) floors over each point z € X. Under the action of T/, a point (z,1) is lifted
vertically up one floor, if this is possible and else lowered down to the ground floor,
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where it takes the position of the point (T'(x),1). The space X is identified with
(X,1).
It is easy to see, that taking the induced system of the integral extension gives the
old system back

(Xf vax’mfx) = (X,T,m) .

On the other hand, if (Xy, Ty, my) is an induced system and
f)=min{n 21| T"(z) e Y}
is the return time of & point z € Y, then
X/, T/ ,mf) = (X,T,m).

Also (X, T,m) is ergodic, if and only if (X/,T/,m/) is ergodic.
We say, a cocycle Af over the integral extension (X/, T/, m/) is an integral cocycle
of A€ A, if

Ay =4
and [Af];; € L°(X). There are of course several possibilities to choose an integral
cocycle. It follows from lemma 2.2, that

A4)
Ix fdm’
We call X/, A7, P the spaces over (X7, T/, mf), which play the role of X, A, P over

(X,T,m). We also denote with ||| - ||| the norm in X7.
We define U = L>(X, SU(2,C)), where

MN4l) =

SU(2,c)={AeSL(2,Cc)| A"A=1}
is the space of special unitary matrices. We will need still the following lemma:

Lemma 4.3 For every A € Ac, there exists U € U, such that U(T)AU! = DR,
where D is diagonal and R € O.

Proof. Every A € Ac can be written as A = U;D,U;, where U; € U and D, is
diagonal. So, A is cohomologous to B = D1U; with Us = Up U Y (T1).

Every U € U can be written as
U = Diag(d)R(¢)Diag(e)
with d,e,¢ € L®(X).
We apply this to write U; as Uy = DyRD3, where D; € U are diagonal and R € .

The cocycle B is cohomologous to

C = D:‘;IDIDQR .
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We have now the tools to prove the result analogous to Theorem 3.1. The proof is
very similar to the real case and there are only some technical changes which come
from the fact that Herman’s result is no more directly applicable.

Theorem 4.4 If the dynamical system (X, T, m) is aperiodic, then PcN.Ac is dense
in Ac.

Proof. Again, we assume (X, T, m) to be ergodic and deduce the general case from
this by an ergodic decomposition. There will be no confusion, if we leave away the
index C in A¢ and its subspaces during this proof.

Given A € A. It is enough to show, that for every ¢ > 0 there exists U € U and an
integral extension C/ of
C = U(T)AU!
with f(z) < 2, such that
e @) < 201411
and such that for some Bf € P/ we have |||Bf — C/||| < e. The reason for this is,

that we can define then B = B’y so that also U(T)~'BU is in P and close to A
independent of the extension and U

(T BU - Alll = IUTYU@)BU - AU =|||B - C||
< 2UB7 = Al (AP
< 204l e

Choose first a constant u > 1 such that

AP e~ p7" < €f2.
Take next n € N,n > 0 so big, that

+ p!
167))| A2 - L2 < ef2.
Al - £ < of

Take now a (n,1/n)-Rohlin set Y and call Z = Y U Y;,;. We look at the derived
cocycle Az over the induced system (Z, T, mz). From lemma 4.3 follows, that there
exists U € Uz such that U(Tz)AzU~! = Diag(c;)R where R € ©. We have

Cz = (U(T)AU'I)z =U(Tz)AzU! = Diag(c;)R .
Define

271 271 <g(z)l <1
1 else .

{ 2 1<la(z) <2
hiz) =
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With f(z) = 1+ xz(z) we construct the integral cocycle

Diag(h(z))C| €z
Cla1) = { g(C((:l:))) @ otierwise

Cl(z,2) = Disg(h(2)™),
which satisfies C/; = C. Define 2/ = (2,1)U(Z,2). Then (C')zs = Diag(c)R with
le+ 7! > (el + )72

We can also estimate
A @M < 24| -

The aim is now, to find B/ € PL, with |||Bf - Cf||| < ¢, which will finish the proof
because then .
B - Clll < 2e.

From now on, we skip the upper index f. Also this will give no confusion, because
we don’t need any more the old dynamical system (X, T, m). The only systems are
now (X/,Tf,m?), which we will denote now with (X,T,m) and the induced system
(2,Tz,mz) which would have had before the name (X' fz,,T!Z,,mf z¢). The proof
follows now closely the old proof in the real case.

We have seen, that the derived cocycle Cz can be written as Cz = Diag(c)R, where
¢ satisfies

e+ ¢ 2 (|| + || ™)/2

because 1
A ¢ 13,2
Applying proposition 4.1, we see that there exists fy € R/(27Z), such that
MCzR(Bo)) > 0.
The cocycle
D = CR(xzPo)

satisfies Dz = CzR(f,) and so A(D) > 0. Because then the Lyapunov exponents
are different from zero almost everywhere, there exists a mapping * — W(z) from
X to the 1-dimensional complex subspaces of €2, which is coinvariant: A(z)W(z) =
W(T(z)).
Call U the element in If which turns the first basis vector into the space W(z). The
cocycle

E = U(T)Diag(u""YU(T)™' D
has the same coinvariant direction W(z) as D and if we take for z € X a unit vector
w(z) € W(z), we can write

ME) = - [ 1og|E(@)u(@)] dm(z) = A(D) +log(k) -
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1t follows, that "
MEz) 2 log(k) - 5 -

Corollary 4.2 applied to the cocycle Ez over the system (Z, Tz, mz) implies that we
can find a ) € R/(2rZ) with

87
< — "
= n-log(p)

such that A(EzR(8; — p)) > 0. But then
B = ER(xz(b, — Bo)) € Pc N Ac

because Bz = EzR(B1 — fo)-
We claim, that |||B — C||} < €. To see this we define

B

F = U(T)Diag(p " U(T)"'C .

The norm of F can be estimated as |||F||] < ||C|If - (£ + #~1). Recall the definition
of B
B = U(T))Diag(p~YU(T) ' CR(x21) -

We get
B~ FU < IEN- 18 < IICH - (u+ 7164
< Al (et ™)+ 18] < ol - EE s <o
Further,
IIF =il < N1 i)t - UDiag(u~"y0~"J| = [ICIIl - Ut ~ Diag(u~5)r~i

HICI - ([IDiag(1 — w~ )l S HIICI - e = 7Y
2l Alll - le-pY < /2.

From these two estimates, the claim

IAN A

1B -Cill<e
follows. O

4.2 Corollaries for complex cocycles

In the same way then in the real case, we can deduce some corollaries. Because the
proofs are identical, we will leave them out.

Corollary 4.5 If the dynamical system (X, T, m) is aperiodic, Pc is dense in X.
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Corollary 4.6 If(X,T,m) is aperiodic, the density results hold also with the metric
d(A, B) = |l|A - Bll| + m{z € X|A(z) # B(z)} .

The set of coboundaries in & don’t form a group because I is not Abelian. But also
here we get

Corollary 4.7 If (X,T,m) is aperiodic, the coboundaries are dense in .
Because SU(2,C) is a 2: 1 covering of SO(3,R), we get immediately
Corollary 4.8 If (X, T,m) is aperiodic, the coboundaries are dense in

L*(X,50(3,R)).

Remark. Questions about coboundaries seem to be more subtle in the case of smooth
cocycles. Nerurkar [Ner 88] shows that the set of not-coboundaries in the set of of
C" circle-valued cocycles is residual if the transformation T has a sufficient quick
periodic approximation. Elliasson [Eli 91] looked at real analytic o(3, R)-valued co-
cycles over an ergodic Kronecker flow on the torus T¢ where the rotation vector is
Diophantine and showed that generically the skew product flow has a umique in-
variant measure which implies that not-coboundaries are residual in the space of
cocycles.

5 Cocycles from Schrédinger operators
We would like also to calculate the Lyapunov exponent A on the subset

Viz) -1

B={AeA|A(x)=A(V,x)=( s ),VGL‘”(X)}

of A, which can be identified with the Banach space L®(X). To a random Jacobi
operator L = ¢ + 0" + V belongs the cocycle A(V) € B. The Lyapunov exponent
of the transfer cocycles A(V + E), with energy parameter E € R gives information
about the spectrum of L. If M(A(V + E)) > 0 for almost all E € R, then the spec-
trum has no absolutely continuous part.

We would like to know the size of
PNB={A(V)|MA(V)) >0}

or
(PnB)* = {A(V)| MA(V + E) > 0,for almost all E €R}.

One expects that for general V € L*(X)
A(gV)ePnB
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or even

A(gV)e (PnB)*
for large enough |g|-.

Proposition 5.1 If (X,T,m) is aperiodic then P N\ B is dense in B.

The idea of the proof is to use a induced dynamical system and to apply the density
result for P. The proof will need the following lemma.

Lemma 5.2 For every k > 0 there exists @ measurable set Z C X of positive
measure such that the return time of a point z € Z to Z is in the set {k,k+1,...,2k}.

Proof. Take a (k,1/2) Rohlin set Y and build the Kakutani tower (also called
Kokutani skyscraper)
x=Ux,
where X; =Y and
Xn+1 = T(X,,) \Y .
Each point in the set

z2 =T (Xy)
i=1

has the return time in the set {k,...,2k}. n|

Proof of the proposition.

Fix a measurable set Z such that every point z € Z has return time in {4,...,8}.
Define X; = T"Y(Z) fori=1,...,4.

Given A= A(V) € B and ¢ > 0. We want to find A € B with

NA-Alll < e
and A € P. Write
Az(z) = A(T32)A(T?2)A(Tx))A(z)R(z) .

A direct calculation for

= (59 )

A(T32)A(T?3)A(Tz)) A(z)
A(Va(2))A(V3(2))A(Va(2)) A(Vi(2))
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gives

d(z) = 1-Vy(z)Va(z)

bz) = Vi(z) +Va(z) - Vi(z)Va(2)Va(2) = Va(z) + Vi(z)d(z)

o(z) = —Vy(s) - Va(z) + Va(2)Va(2)Va(z) = —Va(z) + Va(z)d(z)
1 — ¥(z)e(z)

a(z) = —dw .

By replacing Vi(z) with some suitable V;(z) near Vj(z), we can find for some ¢; > 0
a cocycle A € B with

4 -4l <

c e (&) Ba)
AzR™z) = ( o) J(w))

satisfies |d(z)] > & > 0 and }J(a:).— 1] > ¢ > 0. We apply now the density result of
P in A. For every 6 > 0 there exists

(

a(z) — a(z) b(a:) b(a:) )
(55 a i) <e

We define a cocycle A € B satisfying A(z) = A(V;)(z) for z € X, where for

z€ U,_1 X;

Mlm

such that

[~

g)RGAzan

[+

such that

Via) = Ta(a)

Vh(z) = (1-d(z))/Ts(z)
@) = (+W)/de)
@) = (- )/de)

and A(z) = (x) for z € X \ UL, X. Because Vs(z) and d(z) are bounded away
from 0, this map b é, d— (‘/1,‘/2,‘/3,‘/4) is continuous near (4, b, &, d) By choosing
& small enough, we obtain for almost all z € Z

V(@) - V(@) < 5
implying .
, o WA-dnsg.
Because Az is in P, also A € P. Furthermore
4— Al < A=A+ 1A~ Alll S e/2+e/2<e.
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6 Discussion

6.1 Aperiodicity

The aperiodicity condition for the dynamical system (X,T,m) is necessary in all
the results. A periodic ergodic dynamical system is just a cyclic permutation of a
finite set X. If the cardinality of X is N, and A € A is given, then the Lyapunov
exponents of A can be written as

M/=(A,z) = N~'log|u*/~|,

where put/~ are the eigenvalues of A¥. The Lyapunov exponents are different, if and
only if [tr(AV)| > 2. We see, that P N A is an open set in A and also A \ P has
nonempty interior.

Given A € O. If A= B(T)B™! is a coboundary, we have
AN = B(T¥)B'=1.
The necessary condition AY =1 for A to be a coboundary is also sufficient: Let
Ay, Ay, ..., AN

be the values A takes on the set X = {1,2,...N} and assume A = 1. Define B; =1
and

B = AjAg- -+ Ap

for k=2,..,N. Then A; = B;..HB,:' for all k = 1,...,N and A is a coboundary.
So, coboundaries form a (N — 1)-dimensional manifold in the N dimensional torus
O = SO(2,R)".

6.2 Open problems
o We conjecture that P is generic in A or that P contains even an open dense subset.

o Do there exists analogous results for L°(X, M(d,R)) and L*(X, M(d,C)) for
d>2?

¢ Can one find also a density result in X% = C%X, M(2,R)) if T is a homeomor-
phism on a compact metric space?

¢ Is it even possible to find analogous results in X" = C™(X,M(2,R)) if T is a
C"-diffeomorphism on a C™-manifold?
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¢ More powerful methods to decide if A € P or not are still needed. Are the Lya-
punov exponents of the standard mapping positive on a set of positive measure?

» We conjecture that for a general compact connected topological group G, the set
of coboundaries are dense in L®(X, G).
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Abstract

Let T be an aperiodic automorphism of a standard probability space (X, m).
Let P be the subset of A = L®(X, SL(2,R)) where the upper Lyapunov ex-
ponent is positive almost everywhere,

We prove that the set P \ int(P) is not empty. So, there are always points in
A where the Lyapunov exponents are discontinuous.

We show further that the decision whether a given cocycle is in P is at least
as hard as the following cohomology problem: Can a given measurable set
Z C X be represented as YAT(Y) for a measurable set Y C X?

1 Introduction
‘We want to investigate the Banach manifold
A= IL®(X,SL(2,R))

of all measurable bounded SL(2, R)-cocycles over a given aperiodic dynamical system
(X,T,m). We are interested in the subset P of cocycles where the upper Lyapunov
exponent

AH(A4,z) = Jim n~log||A™(2)]|

is positive almost everywhere.

We have shown [Kni 2] that P is dense in A. This could give some explanation
why one encounters so often positive Lyapunov exponents when making numerical
simulations.

Numerical experiments suggest also that the Lyapunov exponents behave irregular
in dependence of parameters. We prove in this chapter that the set P \ int(P) is
not empty. On this set the Lyapunov exponent is discontinuous. Discontinuity of
Lyapunov exponents has been mentioned at different places (see [You 86]). The only
published result we found is in [Joh 84] in the case of sI(2,R)~ cocycles over almost
periodic flows. proved there that discontinuities can already occur when changing a
real parameter of the cocycle. His situation is different from ours in that he has a
special flow and special cocycles occurring in the theory of Schrédinger operators,
where we have an aperiodic but else arbitrary discrete dynamical system.

The idea for producing examples where A* is discontinuous, is to exchange the
expanding and contracting directions of the cocycle. This idea is not new and has
been used in [Kif 82] to give examples where the Lyapunov exponent of identically
distributed independent random matrices depend discontinuously from the common
distribution. Our situation is different, because Kifer changes the dynamical system
and not the cocycle. We will see that the exchanging of expanding and contracting
directions must be done carefully. It can happen that the exchanging is making
stable a part of the unstable directions and unstable a part of the stable directions.
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This, we don’t want. A cohomology condition for measurable sets will assure that
the stable and unstable directions become indistinguishable. This will give zero
Lyapunov exponents. For certain cocycles, which we call weak, we can make such
an exchanging by small perturbations.

We mention now some results which concern the regularity of the Lyapunov expo-
nent: Holder continuity (and in some cases even C™ smoothness) of the Lyapunov
exponent with respect to a real parameter has been shown by le Page [Pag 89] in
the case of independent identically distributed random matrices.

Ruelle’s ([Rue 79a]) results show that there is an open set in A where the Lyapunov
exponent is real analytic. It is the set

S={A€A|ICe A, 3e>0, [CT)AC (@)} > ¢}

which is contained in int(P). One could call S the uniform hyperbolic part of A (or
the set with exponential dichotomy [Joh 86] ) and P\ S the nonuniform hyperbolic
part. The elements in P \ intP which will be constructed here are not uniform
hyperbolic. But we will see that we can choose such elements in the closure of S.
Unsuccessful efforts to find more powerful methods to prove positivity of the upper
Lyapunov exponent of SL(2, R)— cocycles led us to believe that the question whether
Aisin P is difficult and subtle in general. We want to illustrate this by showing that
the decision is at least as hard as deciding whether a certain circle-valued cocycle is a
coboundary. The circle-valued cocycles considered here have the range 7, = {1, —1}.
The group £ of such cocycles can be identified with the set of measurable subsets of
X with group operation A. The elements in ZAT(Z) are called coboundaries and
form a subgroup. We will prove that the positivity of the Lyapunov exponent of a
cocycle can depend on the question whether a certain set is a coboundary or not.
This question about coboundaries has been investigated in [Bag 88]. In the special
case, when (X, T, m) is an irrational rotation on the circle and the sets considered
are intervals, the problem has been treated in ([Vee 69], [Mer 85]). Even in this
reduced form, the coboundary problem is still not solved.

2 Preparations

A dynamical system (X, T, m) is a set X with a probability measure m and a measure
preserving invertible map T on X. We assume that (X, m) is a Lebesgue space and
that the dynamical system is ergodic. The later involves no loss of generality becanse
the arguments can be applied to each ergodic fiber of the ergodic decomposition in
general. The dynamical system is called aperiodic if the set of periodic points

{reX|3Ine N with T"(z) =z}

has measure zero.
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Denote by M(2,R) the vector space of all real 2 x 2 matrices equipped with the
usual operator norm || - {|. In the Banach space

L=(X, M(2,R)) = {A: X — M(2,R)| A;; € L=(X)}
with norm [j{A]|| = | ||A(-)|| | L0 (x) lies the Banach manifold
A=L=(X,SL(2,R)),

where SL(2, R) is the group of 2 x 2 matrices with determinant 1. Take on A the
induced topology from L*(X, M(2,R)). Denote by o matrix multiplication. With
the multiplication AB(z) = A(z) o B(z) the space L*(X, M(2,R)) is a Banach
algebra. Denote by A(T) the mapping z - A(T(z)). For n > 0 we write

A" = AT™ Y. A(T)A

and A® = 1 where 1(z) is the identity matrix. The mapping (n,z) — A%z) is
called a matriz cocycle over the dynamical system (X, T,m). With a slight abuse of
language we will call the elements in A matriz cocycles or simply cocycles.

Denote by * matrix transposition. According to the multiplicative ergodic theorem
of Oseledec (see [Rue 79]) the limit

M(A)(z) := lim ((4")"(z)A™(z))"/2"
exists almost everywhere for A € A. Let
exp(A7(4,z)) < exp(A*(4,2))

be the eigenvalues of M(A)(z). The numbers A\*/~(A,z) are called the Lyapunov
ezponents of A. Because T is ergodic we write A*/~(A) for the value, A*+/~(A, z)
takes almost everywhere. Because M(A)(z) has determinant 1, one has -A"(A) =
A*(A). We call \(A) = A*(A) the Lyapunov exponent of A and define

P={AcA|NA)>0}.

For A € P, there exist two measurable mappings W+/~ from X into the projective
space P! of all one dimensional subspaces of R? which satisfy the co-invariance
condition

AW (2) = WH(T(z)) .
W+/~(z) are the eigenspaces of M(A)(z). Given A € A we can define the skew
product action T x A on the space X x P

TxA:(z,W)— (T(z), A(z)W) .

The projection 7 from X x P! onto X defines a projection 7* of probability measures.
We say, a probability measure p: on X x P! projects down to *pu. Ledrappier [Led 82]
has found an addendum of the multiplicative ergodic theorem. We report here only
a special case. For W € P! we will always denote with w a unit vector in W.
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Proposition 2.1 ¢} If A € P, there ezist exactly two ergodic T x A invariant
probability measures ut/~ on X x P! which project down to m and one has

AH(A) = /x . JoglA@)ul du*/~(@, ).

The measures ut/~ have their support on
X+ = (&, WH(2))jz € X}

b) For every ergodic T x A invariant probability measure u which projects down to
m

MA) = |/Xx‘pl log|A(z)w| dp(z, W) .

Remark. Part a) of Proposition 2.1 has been stated also in [Her 81) and in the case
of cocycles with random noise in [You 86).

Let Z C X be a measurable set of positive measure. A new dynamical system
(Z,Tz,mz) can be defined as follows: Poincaré’s recurrence theorem implies that
the return time

n(z) = min{n > 1| T"(z) € 2}

is finite for almost all z € Z. Now, Tz(z) = T™?)(z) is 2 measurable transforma-
tion of Z which preserves the probability measure mz = m(Z)~! - m. The system
(Z,Tz,mz) is called the induced system constructed from (X,T,m) and Z. It is
ergodic if (X, T, m) is ergodic (see [Cor 82)).

The cocycle Az(x) = A™*)(z) is called the derived cocycle of A over the system
(Z,Tz,mz). In the following lemma 2.2 we cite a formula which relates the Lya-
punov exponent of an induced system A(Az) with A(A). This formula is analogue
to the formula of Abramov (see [Den 76]) which gives the metric entropy of an in-
duced system from the entropy of the system. Lemma 2.2 is also stated in a slightly
different form by Wojtkowsky [Woj 85].

Lemma 2.2 (Wojtkowsky) If m(Z) > 0 then A(Az) - m(Z) = A(A).
Remark. Wojtkowsky gives the formula
MAz) = /Z n(z) dmz(z) - MA).

The version given here follows with the recurrence lemma of Kac [Cor 82] which
says

/Zn(z) dmz(z) =m(2)™*.
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3 Cocycles with values in {1,-1}
We denote with £ the set of {1, ~1}—valued cocycles
E={Ae A| Alz) e {1,~1}}.
To each A € £ we can associate a measurable set
WA) = {ze X | A®)=~1}.

It is easy to see that

H(A)AY(B) = $(AB),
where A denotes the symmetric difference. The map 1 is invertible. So the group
£ is isomorphic to the group of measurable sets in X with group operation A. We
call a measurable set Y a coboundary if there exists a measurable set Z such that
Y = ZAT(Z). Also A € £ is called a coboundary if ¥(A) is a coboundary. Call C
the subgroup of coboundaries.

The group

H(T, )= EJC

is the cohomology group of measurable sets. We don’t know how to determine it.

We will use the notation Y° = X \ Y. Given a cocycle A € £ we can build a skew
product T x A on X x {1,—1} as follows:

T x A:(z,u) ~ (T(z), A(z)u) .
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It leaves invariant the product measure m x v where v is the measure ¥({1}) =
v({~1}) =1/2 on {1,-1}. One can see the skew product action T’ x A as follows:
Take two copies of the dynamical system (X,T,m). The dynamics is then given
on both copies as usual. Only when hitting the set ¢(A) one jumps to the other
system.

A necessary and sufficient condition under which the ergodicity of (X, T, m) implies
the ergodicity of (X x {1,—1},T x A, m X v} is given in the following result of Stepin
[Ste 71]:

Proposition 3.1 (Stepin) For A € £ the skew product T x A is ergodic if and
only if A is not a coboundary.

Proof. Assume A = ¢~1(Y) and Y = ZAT(Z). The set
Q=Zx{1}uz°x{-1}

is T x A invariant. Therefore T x A is not ergodic.
On the other hand, assume A = ¢~(Y) and there exists a set Q@ C X x {1,-1}
satisfying 0 < (m x v)(Q) < 1, which is T x A invariant. Let Z be defined by the
equation

Qn(X x{1})=2Z x {1}.

One checks that Y = ZAT(Z). So, A is a coboundary. O

Remark. There exists a generalization of the above result (as formulated in [Lem 89]).
Take a compact abelian group G with Haar measure v. A measurablemap A: X —
G is called a G — cocycle. Such a cocycle defines a skew product T x 4 on X x G:

(T x A)(z,9) = (T(z), A(z)9)

which preserves the measure m X v. The result is that T x A is ergodic if and only
if for any nontrivial character x € G the circle-valued cocycle z — x(A(z)) is not
a coboundary. The proof given in [Anz 51] in the case where G is the circle can be
modified easily to prove the general result. As a special case, if G is the cyclic group
of order 2, one gets the above result of Stepin.

Lemma 3.2 A measurable set Y with m(Y) > 0 is a coboundary if and only if
(Ty)? is not ergodic.

Proof. Assume first that Y is a coboundary Y = ZAT(Z). Call Z; = Z\ T(Z)
and 22 = T(Z) \ Z. Then Ty(Zl) = Zg and Ty(Zg) = Zl 1mply (Ty)z(zl) = Z).
Therefore (Ty)? is not ergodic because 0 < m(Z;) < 1/2.

If on the other hand (Ty)? is not ergodic then 3Z C Y with (T3 )*(Z) = Z and
0 < m(Z) < m(Y). We claim that Y = ZATy(Z). Because

ZNTy(Z) = (Ty)X(Z2)NTy(2) = Tv(T¥(2) N Z) ,
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the ergodicity of Ty implies that Y = Z NTy(Z) or m(Z N Ty(Z)) = 0. The first
case implies Y = Z which is not possible because of the assumption m(Z2) < m(Y).
So m(Z N Ty(Z)) = 0. The same argument with Z’ =Y \ Z implies

m(Z' NTy(Z')) = m(Y \(ZUTy(Z))) =0.

From Y = ZUTy(Z) and m(Z NTy(2)) = 0 we get Y = ZATy(2).
If n(x) denotes the return time of a point £ € Y to Y we define

U={T*a)|z € Z,k=0,...,n(z) -1} .
Then
UAT(U)=ZATy(Z)=Y
and Y is a coboundary. )

We define on £ the metric _
d(A,B) =m({z € X | A(z)# B(z)}) = m(¥(A)A¢(B))
which makes £ to a topological group.

Proposition 3.3 If the dynamical system is aperiodic then the set of coboundaries
as well as its complement are both dense in £ with respect to the metric d.

Proof. It is known that the set of A = ¢~}(Y) such that (Ty)? is not ergodic is
dense in £ (See [Fri 70] p. 125). Applying lemma 3.2 gives that coboundaries are
dense.

It is known that the set of A = ¢~}(Y) such that Ty is weakly mixing is dense in
&([Fri 70) p. 126). If Ty is weakly mixing also (Ty)? is weakly mixing ([Fur 81)
p-83) and (Ty)? must be ergodic. Apply again lemma 3.2, O

Remarks.

e In proposition 3.3 has entered the assumption that the probability space (X, m)
is a Lebesgue space. There exists an automorphism of a probability space such that
each measurable set Y is a coboundary. (See [Ake 65).)

o Proposition 3.3 gives some indication that the decision whether a set is a cobound-
ary or not might be subtle, especially when trying to deal with the question numer-
ically.

¢ Let us mention that for an ergodic periodic dynamical system (X,T,m) a set

Z C X is a coboundary if and only if the cardinality of Z is even. This follows
quickly from the above lemma 3.2. Proposition 3.3 is no more true in the periodic
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case.

o Of course the construction of coboundaries is easy: take a measurable set Z C X
and form the coboundary Y = ZAT(Z). On the other hand, we don’t know of an
easy construction of sets which are not coboundaries.

Lemma 3.4 Assume Z CY C X with m(Z) > 0. Then, Z is a coboundary for T
if and only if Z is a coboundary for Ty.

Proof. Because (Ty)z = Tz we have also ((Ty)z)? = (Tz)?. The claim follows with
lemma 3.2. 0

We will use the following corollary of the Proposition 3.3:

Corollary 3.5 For every Y C X with m(Y) > 0 there exists Z C Y which is not a
coboundary. '

Proof. Look at the dynamical system (Y,Ty,my). ¥ (X,T,m) is aperiodic the
proposition 3.3 assures that there exists Z C Y such that Z is not a coboundary for
Ty. This means with lemma 3.4 that Z is not a coboundary for T. If (X,T,m) is
periodic, choose Z C Y which consists of one element. This Z is not a coboundary
because (Tz)? is trivially ergodic. )

4 Continuity and discontinuity of the Lyapunov
exponent

Computer experiments indicate that the Lyapunov exponent A is discontinuous.
But from the topological point of view we have a big set, where A is continuous.
Recall that a subset of a topological space is called generic if it contains a countable
intersection of open dense sets. The complement of a generic set is called meager.

Theorem 4.1 The set
{A € A| )iscontinuousin A}

is generic in A.
P\ intP is meager.

Proof. We can write
A) = lim A.(4)

with
An(4) = 07! / log|[4™]] dm .
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So, A is the pointwise limit of continuous functions A,. A theorem of Baire (see
[Hah 32] p.221 or the Appendix of this chapter) states that the set of continuity
points of such a function is generic.

The set P\int(P) is a subset of all the discontinuity points. It is therefore meager. O

Definition. We say a cocycle A € P is weak on Y C X if the following three
conditions are satisfied:

a) the return time to Y* is unbounded,

b) A(z)=1forz €Y,

c) (1,0) € W*(z) and (0,1) e W-(z) forz € Y.

We call A weak, if A € P and there exists Y C X with 0 < m(Y) < 1 such that 4
isweak on Y.

Lemma 4.2 There exist weak cocycles if (X, T, m) is aperiodic.

Proof. If the dynamical system is aperiodic, there exists for every n € N,n > 0
and every € > 0 a measurable set Z such that Z,T(Z),...,T*Y(Z) are pairwise
disjoint and such that m(UpZ T*(Z)) > 1 — e. This is Rohlin’s lemma (for a proof
see [Hal 56]) and the set Z is called a (n,€)— Rohlin set.

Define the set o n
Y= UT*Zz.),

n=1k=1
where Z, is a (n2",1/2)-Rohlin set. Then m(Y) < 1/2 and the return time to Y
is not bounded. Take a diagonal cocycle D(z) = Diag(u(z), u~!(x)) with p(z) =1
for z € Y and p(z) =2 for = € Y*. This cocycle D is weak. O

The main result in this section is:
Theorem 4.3 P\ int(P) is not empty if and only if (X, T, m) is aperiodic.

For the proof we will need another lemma. Call

_ [ cos(¢) sin(¢)
R(¢) = ( ~sin(¢) cos(¢) )

and denote with X'z the characteristic function of a measurable set Z C X.
Lemma 4.4 IfA € P isweak on Y and Z C Y is not a coboundary then the cocycle
B(z) = R(x/2- X7(z))A(z)

isin A\ P.
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Proof. Given a cocycle A which is weak on Y C X. The two sets
Xt~ = {(z, W (z))lr € X} C X x P!

are invariant under the skew product action T'x A. We call T+/~ the action of T'x A
restricted to X*/~ and p*/~ the two ergodic T x A invariant measures projecting
down to m. The dynamical systems (X /=, T+/~, u*/-) are isomorphic to (X, T, m).
Define

B(z) = R{n/2- Xz(z))A(z) ,

where Z C Y is not a coboundary. The set X* U X~ is invariant under T X B and
(¢t +p7) /2 is an invariant measure of T x B which projects down to m. The system
(Xt UX~,T x B,(u* + p~)/2) is isomorphie to (X x {1,-1},T x ¢~1(Z),m x v)
which we have met in the last section. Stepin’s result implies that the measure
(* 4 #7)/2 is an ergodic T x B invariant measure on X x P!. This gives then with
proposition 2.1b)

A(B)

| [10g1A(e)uldn* (2, W) + [1o8lA@uldu @, W)/2
[A*(4) + A~(A4)|/2=0.

[m]

Proof of theorem 4.3. Assume (X,T,m) is aperiodic. It is enough to show: if A is
weak then A € P\int(P). With Lemma 4.2 follows then that P\ intP is not empty.
Let A € P be weak on Y and let ¢ > 0 be given. We will construct a B € A4
such that A(B) = 0 and |[|B — Alj| < e. Take n so big, so that |[JA]l| - 7/2n < e.
Choose V C Y*, such that T(V),...,T*(V) are disjoint from Y and m(V) > 0.
This is possible because the return time to Y* is not bounded. Then there exists
with corollary 3.5 a set Z C V' which is not a coboundary. Define

v=x\{T2)
k=1

and look at the induced system (U, Ty, my). Then Ay is weak over Y NU and with
lemma 3.4 follows that Z is not a coboundary for Ty, because it is not a coboundary
for T. Application of lemma 4.4 gives that

C= R(‘K’/Z . Xz)AU
has zero Lyapunov exponent. Define the cocycle
B(z) = R(n/(2n) - Xy(z))A(z) .

We check that
By=C.
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This gives with lemma 2.2 and MC) = 0 also A(B) = 0. Further
1B - Al < ll14lll - 7/2n < €.

We have shown that a weak cocycle is in P \ intP.
If (X, T,m) is periodic then the Lyapunov exponent is continuous and so P = intP.

O

Remarks.

¢ We say A,B € A are cohomologous in A if there exists C ¢ A, such that
C(T)AC! = A. Cohomologous cocycles have the same Lyapunov exponents and if
A is conjugated to a weak cocycle then it is also in P\ intP.

¢ It was surprising for us to find diagonal cocycles in P \ intP. We expected that
the arbitrary closeness of stable and instable directions are responsible for the dis-
continuity of the Lyapunov exponent. This can also be the case as the following
remark indicates.

¢ Assume A € P\ int(P) and A, — A with A(4,) = 0. Because P is dense in
A (see [Kni 2]) we can find B, — A with ||| B, — A,]|| < 1/n and B, € P. If 4,
denotes a T x B, invariant probability measure projecting down to m then p, con-
verges weakly to (u* + 11~)/2 where p*/~ are the T x A invariant ergodic measures
projecting down to m. In some sense the stable and unstable directions of B, come
closer and closer together as n is increasing.

5 Difficulty of the decision whether the Lyapunov
exponent is positive

There are only a few methods to decide whether A € P or not. The only method
which works for general dynamical systems is Wojtkowsky’s cone method [Woj 85].
But there are many examples where one measures positive Lyapunov exponent nu-
merically without being able to prove it. This suggests that the general problem is
difficult. The next theorem could be one of the reasons for the subtlety.

Theorem 5.1 Given a measurable set Y C X with 0 < m(Y) < 1. There ezists
A€ A, such that B = R(n[2- Xy)A € P if and only if Y is a coboundary.

Proof. Given Y C X with 0 < m(Y) < 1 we build the Kakuteni skyscraper over Y,
which is a partition X = U;5,Y;, where ¥; =Y and Y, = T(Y.)\Y.

We have m(Y2) > 0 because m(Y) < 1. Define U = Y, and the diagonal cocycle
A(z) = Diag(2,27!) for z € U and A(z) = 1 else. The Lyapunov exponent of A is

A(A) =log(2) - m(U) > 0.
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Clearly the vector (1,0) is in W*(z) and the vector (0,1) is in W~(xz). We denote
with p+/~ the two ergodic T x A invariant measures on X X P! which project down
to m and have their support on

X = {(z,WH (2))lz € X} .

IfY is not a coboundary, we conclude like in the proof of Lemma 4.4 that (u*+47)/2
is an ergodic T' x B invariant measure projecting down to m and so A(B) = 0.
If Y is a coboundary, that is if Y = ZAT(Z), there is a T x A invariant set

Q={(W*(x)) |z € Z}U{(=W (z))|z€ 2.

This set Q carries an ergodic T x A invariant measure g which projects onto the
measure m. Because U = Y; is disjoint from Y either U € ZNT(Z) or U is disjoint
from Z UT(Z). This implies U C Z or U C Z° and we have either

{(x,W"(r)) lzelU}lcQ

or
{(eW (e)lzelU}CQ.

Because A(z) is different from the identity matrix only on U and is there Diag(2,2")
we have

A(B)

| /QloglA(x)wI du(z, W)
log(2) - m(U) = A(4) > 0.

m}

If we would have an algorithm to find out whether a given cocycle A € Aisin P
or not we could also find out for a measurable set Z C X if Z is a coboundary or
not. So, the cohomology problem in £ exhibits already a difficulty for calculating
or estimating the Lyapunov exponents.

6 Open questions

Let us mention to the end some open questions:

¢ Assume T is a homeomorphism of a compact metric space X leaving a Borel
probability measure m invariant. Is the upper Lyapunov exponent continuous on

C(X,SL(2,R))={A: X — SL(2,R) | A continuous} ?

o We believe that the cohomology problem in £ is difficult. Is there a difficult math-
ematical problem which is embeddable in the cohomology problem for measurable
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sets?

o For which 7 > 0 is there a nonempty set in A such that the Lyapunov exponent
is there r times but not r + 1 times differentiable?

e Can discontinuities of the Lyapunov exponent A occur on special curves through
A? In the theory of random Jacobi matrices [Cyc 87) one would like to know about
regularity properties of A on the curve

EHAE=(V+E —1)’

1 0

where V € L®(X, R). Johnson [Joh 84] has examples for discontinuities in the case
of almost periodic Schrodinger operators. An other interesting curve would be the

circle (8) sin(B)
cos sin|
B+ AR(B)=A ( —sin(B) cos(f) ) '

Can we always find A € A, where 3 — A(AR(B)) is not continuous?

¢ Is every A € P\ int(P) cohomologous to a weak cocycle ?

7 Appendix: A remark about cohomology

Let £ denote the set of Z, valued cocycles, O the set of circle valued cocycles and A
the set of SL(2,R) cocycles over a dynamical system (X, T,m). The group £ as the
center of the multiplicative group A and at O as a maximal abelian subgroup of A.
We will prove, that A € £ is not a coboundary in &, then A is neither a coboundary
in O por a coboundary in 4. This implies that if we find cocycles, which are not
coboundaries in £ then we have found also cocycles which are not coboundaries in

A.

Lemma 7.1 (a) A € £ is a coboundary in € if and only if it is a coboundary in O.
(b) If Ay, A> € O and 3C € A such that A; = C(T)A;C™, then there ezists C € O
with Ay = C(T)A,CL.

(c) A € O is a coboundary in O if and only if it is ¢ coboundary in A.

(d) A € € is coboundary in £ if and only if it is a coboundary in A.

Proof. We assume without loss of generality, that the dynamical system is ergodic.
In the general case, we can decompose the system in its ergodic components and
if the statement is true for every ergodic fiber, then it is also true for the system itself.

(a) Given A € £&. We have only to show, that 3B € O
A=B(T)B!
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implies 3B € €
A=B(T)B™.

The other direction is trivial. From the relation A = B(T)B~!, we get B(T') = £B.
Because the system is ergodic, | B;;(z)] is constant for all ¢,j € {1,2}. This means,
that

B(z) = C(z)R(¢(=)) ,
where ¢(z) is a constant and C(z) € {-1,1}. We can choose ¢ = 0 by replacing
B(z) by B(z)R(¢)~*. We have thus found C € £ with A = C(T)C~.

(b) Given Aj, A; € O and C € A such that A; = C(T)A.C~L.
We write C = RyDRp, where D = Diag(y, p7!) is diagonal and R; € O. Then

Ry(T)A:R;'D = D(T)Ry(T) ' AiRy ,

and we can write
B,D = D(T)By

for B; = R{(T)A;R7!. If Bi(z) is a rotation about an angle ¢;(z), we have

( cos(¢p)p  sin(gp)p? )=( cos(¢)u(T)  sin(¢1p(T) )
—sin{ga)p cos(¢)p? —sin(¢))u(T)! sin(p(T)7?) J °

From these four equations, we can derive

cos(¢)
sin*(¢1)

cos?(¢a),
sin®(¢)

and
cos(¢1)/ cos(¢e) = p/p(T) > 0

which implies p = p(T') and ¢; = ¢o. If ¢ # 0. We deduce from sin(¢;)p~! =
sin{¢o)u(T), that p=1. If ¢ = 0,

1=B; = Ri(T)A R = RyAR; ' =By =1

and C’' = R, R, gives
C'(T)A,C' ' = 4, .

(c) is a special case of (b).
(d) follows from (a) and (c) together. O
This has the following consequence for the cohomology groups:

Corollary 7.2 H(T,7;) is a subgroup of H(T, SO(2,R)), which is a subset of H(T, SL(2,R)).
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Proof. There is a natural inclusions £ C @ C A. Denote in these groups the
coboundaries with Cg,C),C 4. The cohomology groups are defined as H(T, 1) =
€/Cg, H(T,SO(2,R)) = O/C¢) and we have the set of cohomology classes H(T,SL(2,R)) =
A/C 4. There is a trivial inclusion C g CCe» CC 4. The above lemma 7.1 showed
that Ce = CHNE, and Cey = C 4NO. Tt follows that H(T, 2,) = £/Cg is a subgroup
of (0)/Ce and this is a subset of the set of cohomology classes in A. O

8 Appendix: The theorem of Baire
We add a proof of Bair's theorem. The theorem can be found in [Hah 32].

Theorem 8.1 (Baire) Given a complete metric space (X, d) and a sequence f, of
real valued continuous functions on X, which converge pointwise to a function f.
Then, the set of continuity points of f is generic.

Proof. Define for i,7 > 1

Aij = {z € X | |f(z) - fi(z)| < 1/5}

and -
Aj = U int(A;j) .
i=]
Then A = 52, A; is the set of continuity points of f.
Define further

Bij = {z € X | |fi(2) - filz)] < 1/j, for k,1 2 i}

The continuity of f; implies, that B;; is closed. The assumption, that the sequence
fa is converging pointwise gives

Cs

B;=X.

.
1
-

Because for each i > 1, we have int(B;;) C 4;, we have also

)
U int(B,-_,-) CAj.

i=1

Because B;; \ int(B;;) is nowhere dense, we conclude, that X \ A; is meager. So,
also
00
X\4=U(x\4)
Jj=1
is meager. O
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Abstract

‘We show the integrability of infinite dimensional Hamiltonian systems ob-
tained by making isospectral deformations of random Jacobi operators over
an abstract dynamical system.

The time 1 map of these so called random Toda flows can be expressed by a
QR decomposition.

1 Introduction

Toda systems have been studied extensively since their discovery by Toda in 1967.
Since then, several approaches for their integration have been found and many gen-
eralizations have been invented.

Examples are:
e The tied or aperiodic Toda lattice describes isospectral deformations of finite
dimensional aperiodic tridiagonal Jacobi matrices

b1 1] 0 . . 0
a b a .
_ 0 as .
L= . anN-2 0
ay_a byv_1 enxa
0 . - 0 ay-1 b N

The integration is performed by taking a spectral measure as the new coordinate.
From this measure, the matrix can be recovered. The measure moves linearly by the
Toda flow. For a generic Hamiltonian, the matrices converge to diagonal matrices for
t — %o0. The integration of the first flow, which has an interpretation of particles on
the line, has first been performed in [Mos 75). For the other flows see [Dei 83]. There
are Lie algebraic generalizations of this Toda lattice [Bog 76}, [Kos 79], [Sym 80]
and interpretations as a geodesic flow [Per 90] or a constrained harmonic motion
[Dei 80).

o The half- infinite Toda lattice is an infinite dimensional generalization of the tied
lattice. It describes isospectral deformations of tridiagonal operators

b1 a) 0
_|a b a
L= 0 as . !

on 2(N). The integration is technically more difficult and has been performed in
[Dei 85],[Ber 86] [Li 87). It resembles the integration of the tied lattice. Again, the
operators converge in general to diagonal operators [Dei 85].
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¢ The periodic Toda lattice consists of isospectral deformations of periodic Jacobi
matrices

bl a; 0 . 0 ay
a3 b2 a: . . 0
_ 0 a - . . .
L= . ay—2 0
6 - - ay-2 by ang
ay 0 . 0 an_; by

The first flow describes a periodic chain of particles interacting with an exponential
potential. The explicit integration uses methods of algebraic geometry [Kac 75]
[vMo 76] [vMo 78]. The flow is conjugated to a motion of an auxiliary spectrum.
Jacobi’s map transforms this motion into a linear flow on the Jacobi variety of the
byperelliptic curve attached to the matrix. The system is periodic or quasiperiodic.
® A rapidly decreasing case of the Toda lattice is a situation with free particle
boundary conditions at infinity. The integration is done by an inverse scattering
transform [Fla 74], [Fad 86]. It is an isospectral deformation of doubly infinite Ja-
cobi matrices decaying at infinity. A recent detailed investigation of the long time
behavior of such a Toda system can be found in [Kam 93].

In this article, we discuss the Toda lattice with a new boundary condition: a so-
called random boundary condition. It is a generalization of both the periodic and
the aperiodic system and consists of deformations of random Jacobi operators. This
generalization is a special case of an abstract generalization found by Bogoyavlensky
[Bog 88],[Bog 90] p.172), who suggested to consider such differential equations in an
associative algebra.

Another suggestion for investigating such random systems is offered in ([Car 90] p.
436), where it is motivated by the problem of finding a complete inverse spectral the-
oryfor random Jacobi operators, a project initiated by Carmona and Kotani([Car 87)).

The random Toda lattice is a discrete version of the Korteweg de Vries equation
defined over a flow. A special case of such a KdV equation leads to an isospectral
deformation of almost periodic Schrédinger operators. In the work of Johnson and
Moser [Joh 82] the Floguet ezponent for such Schrédinger operators is introduced
and the Floquet exponent is shown to be an invariant of the KdV deformation. Tt
is natural to ask for analogous results in the discrete case.

The chapter is organized as follows:
In the second section, we define isospectral Toda deformations of random Jacobi
operators. Random Jacobi operators are selfadjoint elements L = a7 + (ar)” + b

in the crossed product X’ of the commutative Banach algebra L*(X) with an ab-
stract dynamical system (X, T, m). The multiplication in X is just the convolution
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multiplication of power series 3 L,7" in the variable 7 with the additional rule
that 78L, = L,(T*)7* for all k,n € 2. The random Jacobi operators form a Ba-
nach space £ C X. For almost all € X, one gets stochastic Jacobi matrices
[L(#)]ma = La-m(T™z). We are interested in deformations of Jacobi operators
which are given by a differential equation L = [Bg(L), L}, where By(L) is skew
symmetric in X and depends on a Hamiltonian H. These Toda flows generalize
periodic and aperiodic finite dimensional Toda flows. The periodic case is obtained
when the cardinality of the set X is finite. If a(z) = 0 on a set of positive measure
one gets the aperiodic case. There is a trace in the C™ algebra X" and for each con-
tinuous function f : C — C there is an integral tr(f(L)) of the Toda flow. Another
integral of the deformations is the mass exp(fy log(a) dm(z)). This integral cannot
be written in the form tr(f(L)).

In the third section we give an integration of the random Toda lattice in the fol-
lowing sense: There is a mapping ¢ from £ to an infinite dimensional vector space
G, in which the flow is linear. The mapping ¢ has a left inverse ¢ and the time
one maps Expy,Expy of the flow in the old and new coordinates are related by
Expg(L) = ¢ o Expy o ¢(L). The idea is to approximate the random Toda flow by
finite dimensional aperiodic Toda lattices which are known to be integrable. This
approximation is due to a lemma which says, roughly speaking, that a differential
equation # = f(z) in a Banach space gives a flow which is also continuous in a
weaker topology, if f is continuous with respect to this weaker one.

There can be transient behavior for the random Toda lattice: The random Toda flow
splits into infinitely many aperiodic finite dimensional flows, provided that a(z) is
zero on a set of positive measure and the underlying dynamical system is ergodic.

In the fourth section, we show that QR decompositions generalize to the infinite
dimensional case. Such a generalization is known for half infinite Jacobi operators
[Dei 85]. The QR decomposition for invertible matrices can also be used to express
the time 1 map for each flow.

In the fifth section it is shown that random Jacobi operators L have a determinant
det(L — E) which is an integral of motion for the Toda flows. The Floguet ezponent
w(E) satisfying det(L — E) = exp(—w(FE)) is related by the Thouless formula to
the Lyapunov exponent and to the rotation number of the transfer cocycle of L.
These functions as well as the Taylor coefficients of w(E) calculated at a point Ey
outside the spectrum of L are also integrals. Random Jacobi operators appear in a
natural way for twist diffeomorphisms. They are the second variation of a Percival
functional.

At last, in the sizth section, we look at generalizations of random Toda flows, for
example at isospectral deformations in the crossed product of any Banach algebra
with a dynamical system. In the same way as the random Toda lattice, random
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singular value decomposition flows can be defined.

2 Random Jacobi operators and random Toda
flows

2.1 Random Jacobi operators

A dynamical system (X,T,m) is an automorphism T of a probability space (X, m).
Consider the set of sequences K, € L®(X), where K, # 0 only for finitely many
n € Z. This forms an algebra with the multiplication

(KM),(z)= Y. Ki(z)Mn(T*z).

k+m=n

The algebra carries an involution given by

(K*)a(z) = Ro(T"z) .
We denote by X’ the completion of this algebra with respect to the norm
K =] K@) oo »
where K(z) is the bounded operator in I2(Z) given by the infinite matrix
[K(2)lmn = Kn-m(T™z) .
The multiplication and involution in X is defined such that
K € X » K(z) € B(I?(2))
is an algebra homomorphism:
KL(z) = K(z)L(z), K*(z) = K(z)".

The algebra & is a C*— algebra called the crossed product of L®(X) with the
dynamical system (X, T, m). Elements in X are called random operators. For K € X
we define the ¢race by

tr(K) = /x Ko dm .
Forall K,M € X,

(K M) ] 3 KaM_o(T™) dm = / S K o Mo(T™") dm

/ 3 M K_o(T") dm = tr(MK) .
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It follows that for any invertible U € X’ and every K € X,
tr(UKU™Y) = tr(K) .

In order to simplify the writing and the algebraic manipulations, we will write
elements K € X in the form
K= Z K,m™
n

and think of 7 just as a symbol. The multiplication in X is the multiplication of
power series with the additional rule 7K, = K,(T*)7* for shifting the 7’s to the
right and the requirement that v = 7~!. If we interpret T as a shift operator
f - f(T) in L¥X) and K, as a multiplication operator, we have a representation
of X in B(L*(X)):

Kf=Y Kuf(T™).

If the dynamical system (X, T,m) is ergodic, there exists for each K € X a set of
full measure such that for z in this set, the operators K(x) have the same spec-
trum T(K(z)) denoted by X(K). This is a version of Pastur’s theorem. The proof
([Cyc 87] p. 168) which is written for a parallel case proves it. In general, when no
ergodicity is assumed, define

S(K)={Eec|m{{ze X | F e X(K(z))}) >0}.
A selfadjoint element L € X of the form
L=ar+{ar)" +b

is called a random Jacobi operator if a,b € L*(X,R). Denote by L the real Banach
space of all random Jacobi operators in X. We call

M(L):= exp(/x log(a) dm) € RU {—oc0}

the mass of the operator L. (The branch of the logarithm in the definition of the
mass is chosen so that log(—1) =i - 7, and log(1) = 0.)

Remark. C* algebra techniques for random Jacobi matrices were promoted in
[Bel 85]. The crossed product construction goes back to Murray and von Neu-
mann and plays an important role in the theory of C* algebras (non-commutative
topology) and von Neumann algebras (non-commutative measure theory).

2.2 Random Toda flows

We define the projections

K= i K, Kf= Y K,m™

n=-oco +n>0
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which yield the decomposition K = K~ + Ky + K+, For a Hamiltonian
H € C¥(L) = {L v tr(h(L)) | h entire, h(R) C R},

the differential equation .

L =[By(L),L],
with By(L) = k'(L)* — W(L)~ defines a flow which we call a random Toda flow or
a random Toda lattice.

Remark. The name "random Toda lattice” was proposed by Carmona,Kotani [Car 87].
They say there: We hope to be able to discuss the problems of some ”random Toda
lattices” in the near future.

Theorem 2.1 For each H(L) = tr(h(L)) € C*(L), the flow
L = [hI(L)+ - hI(L)—1L] = [BI{(L)vL]

defined on L is Hamiltonian, isospectral and every G € C“(L) as well as the mass
exp( [ log(a) dm) are integrals. The flows are globally defined and commute pairwise.

Proof.

Invariance of the spectrum and local integrals:

In X, the differential equation ¢} = —ByQ with Q(0) = 1 has a unitary solution
Q(t), because By is skew symmetric. The formula Q(¢)L{(t)Q()" = L(0) shows that
the flows leave invariant the spectrum £(L).

For each g € C(Z(L)) we have

G(L(t)) = tr(Q"(t)g(L(0))Q(2)) = tr(g(L(0))) = G(L(0))
giving the local integrals G(L) = tr(g(L)) for g € C(Z(L)).

Global ezistence:
The local existence of the Toda flows follows from Cauchy’s ezistence theorem (see
|Die 68]) and the fact that

fuiL— L, L fy(L)=[Bg(L), L)

is Fréchet differentiable: denote with By the ball with radius R in the Banach space
L and with Dfy(L) the Fréchet derivative of fy : £ — £. The operator norm in
B(L) is written as ||| - [});. Claim: fy is differentiable and VR > 0 3Cy g > 0 such
that for all L € By

(DMl < Ca, 1D fa(Lll: < Car -
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Proof. For L € By we have necessarily |a}o,[blc < R and we obtain the rough
estimate |(L™)ilo < 3"R", leading with h(z) = T, ha2",h(z) = T, |ha|2" to
{iR(LY*|ll < 3RK'(3R) and

fa (D)l < 12R°K(3R) -
Similarly we obtain with
D(h(LY* — HL)")U = (K(L)U)* — (K(LYU)~

the estimate _ _
IDfa(D)llly < 12R*(R"(3R) + K (3R)) =: Cu,p -

0O
Since £(L) is invariant by the flow, the norm |||L(t)]]| is constant. This assures
global existence of the flow.

Hamiltonian character of the flow:
We will show that £ is a Poisson manifold and that the Toda lattice with the
Hamiltonian H can be written in C¥(L) as F = {F,H}.

Define the projection A : X — L by

K=Y K" K=K '+ K+ KiT.
Given G = tr(g(L)) € C¥(L), we denote with
VG=g({L)*eL

the functional derivative of G : £ — R. The Fréchet derivative DG satisfies

DG(LYU = tr(VG(L)U) for all U € L. Claim. The following formula of Moer-
beke ([vMo 76]) holds: '

(W(L)y* - K(L)", L) = [L* - L7, K'(L)"] .

Proof. By linearity in h, it is enough to check this formula for A'(L) = L™: For
|k| > 2 we have
(@ - @) e = [L* L =0.

We use the notation L™ = T§__, 7" to verify also

(L) ~ (L"), Lo

i, (ar)) = [I-17", a7]
lar,_17"] = [(a7)", 1 7]
[L* — L™, (L™))o
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and

(L) = (L") Lh = [hr,b)+ [lor?, (ar)"]
—{lo, a7] = [a7, ly)

= [L*~L7,(L",

where we used the identity
0=[L" L} = [lhr, b] + [lar?, (a7)"] + [lo, 07] .
With the Poisson bracket
{F,G} :=2-t(VF(L* - L")VG) = tr(VF[L* - L~,VG])
C“(L) is a Lie algebra. An observable G = tr(g(L)) € C¥(L) evolves according to

G

%tr(g(L)) = tr(Dg(L)L) = tr(VGL)

tr(VG(L)[L* - L™, VH(L)]) = {G,H} .

Since every G € C¥(L) is a constant of motion, we have {H,G} =0 for all H,G €
C¥(L) and so all these Hamiltonian flows commute: with the notation XxF =
{F, H} one has using the Jacobi identity

[Xa,Xs|F = (XuXe—-XsXu)F = {{F,G},H} - {{F,H},G}
= {{ch}aF} =X{H,G}F= 0.

It

il

Conservation laws for mass and momentum:
The differential equation L = [By(L), I} is equivalent to

Slogla) = R(L)(T) - K(D)o,
%b = 2aK(L); — 2a(T- YR (L) (T™Y) .

These are discrete conservation laws for the mass integral log(M) = [ log(a) dm
and the momentum integral fy b dm.

We can see from the above conservation laws that the imaginary part of log(a) does
not move. This implies that the set Y(t) = {z € X | a(z) < 0} does not move.

Remark. To approach the common notation for Hamiltonian systems, one could use
the notation JL K := [L* — L™, K] for K,L € £ and < K, L >= tr(KL). The Toda
flows can then be written as

L=J,VH(L)
and the Poisson bracket is

{F,G}, =< VF,J,VG > .
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One can show that the 2-form w; (K, M) =< K,J M > is degenerate. Like this,
L is not a symplectic manifold but only a Poisson manifold. See [Sch 87] for more
information about infinite dimensional Hamiltonian systems.

Example. (The first Toda lattice). For H(L) = tr(%’) one obtains the differential
equation [ = [L+ — L, L]. Expressed in the coordinates a, b, this gives

a a(d(T)-b),
b = 2a%-24%(T7Y).

For fixed £ € X we write a, = a(T"z), b, = b(T"x); this leads to

dn an(bn-H - bn) ]
i’n = 2(0'?. - aﬁ—l) s

and reduces to the periodic Toda lattice in the case when | X| is finite.

Example. (The second Toda lattice). For H{L) = tr(%’) one obtains the differential
equation I = [(L?)* — (L?)~, L]. Expressed in the coordinates a,b, this gives

il

a(b*(T) - B + o¥(T) — aX(T7Y)) ,
= 2a%(b(T) +b) — 2T )b+ B(T7Y)).

[~ T~ ]
|

2.3 Visualisation of the first Toda flow
We can visualise the motion of {a,,b,} as the evolution of infinitely many points
(log(a) + b)(T"z) = log(a,) + b, € C.
Assume now X = T! and ¢,b : X — R are smooth. We get then a curve
z € T' - (log(a) + ib)(z) € C
in the complex plane. The motion of the Toda flow induces then a motion of this

curve which keeps on being smooth for all times. Because the Toda flow has the
integrals

/;( log(a) dm, and /;( bdm

the center of mass of the configuration is conserved.
We calculated numerically an example of such an evolution with the following Math-
ematica program
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f L

RKSteplf_List, y_List,y0_List, dt_]:=Block[{k1,k2,k3,k4 },
ki=dt N[ £ /. Thread[y -> yo0] 1;k2=dt N[ £ /. Threadly -> y0+k1/2]];
k3=dt N[ f /. Thread[y -> yO+k2/2]];k4=dt N[ £ /. Threadly -> y0+k3 13;
yO+ (k1+2+k2+2+k3+k4) /6] ;

RKLastPoint [f_List,y_List,y0_List,{t1_, dt_}]:=Block [{yy},
¥y=y0;Dolyy=RKStep[f,y,yy,N[dt]],{i,1,Round[N[t1/dt]1]});yy 1;

Variab[n_]:=Join{Table[a[il,{i,1,n}],Table[b{i],{i,n}]]1;
Diffeq[n_J:=Join[Table[a[i] b{Hod[i,n]+1]1-b[i] a[i] ,{i,n}],
Table[2 a[i] a[i]-2 a[Mod[i-2,n]+1] a[Mod[i-2,n)+1],{i,n}]];

Todalat [ccO_,t1_,dt_] :=Block[{1=Length[cc0]/2,k},

cc=Variab[1] ;hh=Diffeq[1]; RKLastPoint{[hh,cc,cc0,{t1 ,dt}l 1;
Init[n_]:=Block([{s=10+Pi/n},

N[Join[Table[Exp[Cos{j*s]],{j,n}],Table[Sin[j*s],{j,n}]1]1];
Pict[c_]:=Block[{1=Lengthlc]/2}, ListPlot[Table[{Loglc[[i1]],c[[i+111},{i,1}],

PlotRange->{{-3,3},{-3,3}},DisplayFunction->Identity, Axes->Falsel];

Film[NumbPart_,NumbPict_,TimeInt_]:=Block{{c=Init [NunbPart] ;Movie={}},

Do[Movie=Append[Movie,Pict[c]];c=Todalat[c yTimeInt,0.01],{i,NunbPict}] ;Movie] ;
Display["!psfix -land -stretch > todafilm.ps",

Show[GraphicsArray[Partition[Filn[101,16,0.05],4]3,

DisplayFunction->$DisplayFunction,Frame->True,

PlotLabel->FontForm["The Toda lattice with 101 particles”,{"Helvetica",12}]]]
|

integrating a system of 101 differential equations.

O o O &
> > v oo
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2.4 The flow in Flaschka coordinates

The Toda flows can sometimes be interpreted as a Hamiltonian flow in the new
coordinates q,p (see Flaschka [Fla 74]) defined by:

42 =801, 2 =p.

To introduce these coordinates ¢,p € L®(X), the function 6® must be a multiplica-
tive coboundary: there must exist f € L=(X) such that

a*=f(T)f .

Not every a satisfies this. A necessary condition is for example that fy log(a) dm =
0. The Toda differential equations transform into the Hamilton equations

q =Hp9
i) =_Hq1

where H(g,p) = H(L) = tr(h(L)). The first flow, given by h(E) = -E;—z, describes an
infinite chain of particles with position ¢, = ¢{T") moving according to

L o = gInt1—Gn _ oOn—fa-1
dtzq" € € .

On the Banach space L®(X) x L®(X) there is a symplectic structure. With
z=(g,p) € L*(X) x L=(X),

the flows can be written as
:=JVH(z).

3 Integration of the random Toda lattice

If (X, T, m) is periodic, the integration of the random Toda lattice is known and the
solutions can be given explicitly in terms of Theta functions. In the case of positive
mass one has a collection of periodic Toda lattices and in the case of zero mass one
has a collection aperiodic Toda lattices. In the following, we examine the case of
an aperiodic dynamical system. Nevertheless the periodic case can be viewed as a
special case of this also as we explain at the end of this paragraph.

Denote by Expy : £ — L the time 1 map of the flow given by H. We want to

find new coordinates in an infinite dimensional vector space G where the time 1 map
Exp is easy to calculate.
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Theorem 3.1 Assume (X,T,m) is aperiodic.

a) There exists an injective map ¢ : L — G = (L=(X) x L=®(X))N,
a,b € L¥(X) = (A1) = {(A, mi)}ien

which has a surjective left inverse Y defined on the flow invariant subset
H = {Expy(¢(L)) | H € C(0)} C G .

The flow given by the differential equation [ = [Bu(L), L] has in the new coordinates
the form
Expr (A7) = (A, " PVr) = {(N, e Mr) }ien

and is conjugated to the flow in L:
Expy(L) =4 oExpy o 4(L).

b) Assume (X,T,m) is ergodic. If L € L is given such that Y = {a(z) = 0}
has positive measure, then there exists a generic set in C¥(L), such that for H in
this set, L(t)(z) converges in the weak operator topology to a diagonal operator for
almost allz € X.

3.1 Integration of the Toda flows in the case when {a(z) =
0} has positive measure.

Proof.
a) Call Ty the induced mapping on Y = {a(z) = 0},
Ty(y) = T")(y),

where
n(y) =min{n>0|T"yeY}.

By Poincaré recurrence, n(y) is finite for almost all y € Y. For fixed y € Y, we
write a, = a(T"y),b, = b(T™y) and call the aperiodic Jacobi matrix

b1 [43% 0 . . 0
a; b @ ' 4
0 Qs . .
L, =
Y omy-2) 0
%n(y)-2) Binr)-1) Gn(y)-1)
0o - - 0 ang)-1  bugy)

a block. It evolves independently from the other part of the matrix L(y). (In the
case n(x) = 1, the matrix L, is a 1 x 1 matrix containing just a 0.) We have in this
way a measurable matrix-valued function

YEY - L,.
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The spectrum M) < ... < A() of L, is simple. We can label each z € X with a
value A(z) by defining

_ y(m(=))
Mz) = ANy s

where m(z) = min{n > 0 | T~"z € Y} and y(z) = T-™)z. The mapping
z — A(z) is measurable and because A(z) < [||L|}| for almost every x € X, we have
X € L=(X). Call

n(y)
dE, = Zy MNT'y)P(T'y),

i=1
the matrix-valued spectral measure of L, = [ AdE,()) where P(z) is the projection
on the eigenspace of A(z). Define for y € Y the probability measure

py = [dEyJu -

If (z) denotes the Dirac measure at z € R, the measure can be written as

n(g) (i .
iy = 3 860

i=1

where
n(y)

Ry(r) =3 r(T*).

k=1

The function r € L*(X) is uniquely defined when we require R,(r) =1fory € Y.
‘We have so a map

é:(a,b) = (A1) € G =L¥X) x L®(X) .

Define .
(L) = (#L,¢1,---) €G-

(Infinitely many coordinates in G will be necessary only in the case a(z} > 0, a.e.
which is treated later.) In these new coordinates the flow is linear: A does not
change and the weights 7(T"y) of the measure dy, evolve according to

#HT'y) = K(A(T)) - r(T), i =1,...,n(y) .

{See [Mos 75] for the first flow and [Dei 85] for all the Toda flows. We will give the
proof in an appendix.) Therefore

(@), 7() = (A, P r).

From Expg(),r) € H, the operator Expg(L) € £ can be reconstructed: Take a
point y € Y. The values

MTiy), (T i=1,...,n(y)
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determine the measure dy, and from this measure, a(T'y), 5(T"y) fori = 1,...,n(y)
can be recovered. (See also the appendix.) We have thus an inverse ¢ on % C G
and by construction

Expy(L) =9 oExpy o ¢(L) .
b) The operator L(z) has countably many eigenvalues A € {);}iez =: a,(L(z)), and
because of ergodicity, X,(L(x)) = I,(L) for almost all z € X. There exists a generic

set of entire functions h which are injective on £(L) because A is injective on T(L)
if and only if it is in the countable intersection :

N {r|R(E') #h(E"}

E L E"€Xp(L)

of open dense sets. Denote by X, be the spectrum of the block L,. If k' is injective
on I(L), it is injective on I, and L,(t) converges with the Hamiltonian H(L) =
tr(h(L)) to a diagonal matrix for |t} — oo [Dei 89). Because this happens for all
blocks L, with y € {a(z) = 0}, the operator L(z) converges to a diagonal operator
in the weak operator topology. ]

3.2 Weak continuity of a flow in a Banach space

The rest of the proof of Theorem 3.1 uses an approximation argument which is based
on the following technical result:

Given a Banach space (M, ]| - ||) endowed with a second topology which is weaker
than the norm topology and metrizable on each ball Bg = {||¢|| < R} ¢ M. Call
Df the Fréchet derivative of a differentiable map f : M — M.

Proposition 3.2 Assume that a differentiable function f : M — M satisfies
(i) f restricted to the ball Bg C M is continuous in the weaker topology.
(ii) There ezists a constant C € R, such that for z € By

DS < C, IDfRf(2) < C .

(iii) The flow given by z = f(z) leaves each ball By inveriant.
Then, for each T € R, the time T map ¢, : Br — Bp of the flow given by the
differential equation : = f(2) is weakly continuous on Bp.

The next simple lemma, will also be useful.

Lemma 3.3 Given ¢ sequence of mappings gy : By — By C M converging
uniformly to a mapping g for N — oo:

sup |lgn(2) — g(2)|| = 0.
z€Bp
If all the g are weakly continuous on Bg, then g is weakly continuous on Bp.
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Proof. Denote by d the metric on Bg U Bpr C M giving the weak topology. Take a
sequence z, € Bp which is converging weakly to z € Bp. Given € > 0. Because the
norm topology is stronger than the weaker topology

d(g(2),9n(2)) < €/3, d(gn(z), 9(2a)) < €/3

for all n € N if N is big enough. Because gy is weakly continuous, we have
d(gn(2), gn{2n)) < €/3 for n big enough and thus

d(g(2), 9(2x)) < d(g(2), gn(2)) + d(gn(2) gn (2a)) + dlgn(2n), 9(za)) € -

m}

Now to the proof of Proposition 3.2: Proof. Assumptions (ji) and (iii) together with
Cauchy’s eristence theorem assure that a unique solution of z = f(2) exists for all
times. Divide the interval [0,7] into N intervals,

kr (k+1 E+Dr e —o,...,N-1

[tk’tk-l-l] = [
of length A = 7/N and define recursively the Euler steps
k41 = 2+ hf(zk), 29 = 2(0) .

Using the Taylor development
2ltin) = 2(t) + B + [ (¢~ DI de

the deviation e := z; —2(t) from the orbit after k steps can be estimated as follows:
we have ||ep|| = 0 and from the estimates (ii), we obtain

C C
llexsall < llexll + ACllexl + 5h* = (1 + hC)lleel| + 5h* =: Allexll + B,

and so ||eo]| = 0, ||es|| < B. Inductively, |lex]] < (A%~ + A¥2+...+ A+1)B. This
yields to

Ak _1 ROV — khC _
el < A=2p= (HAD 21 Cpa el Shg(efr-n) 5

as long as z stays in Bg. The error after N Euler steps is

l12(7) = zn]| = |lenl] < (e°7 - 1)%\/__

This estimate is uniform for z € Bg. (If N is so large that
Cr 1) < R-—
(€97 = 1) < R~ |l
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also the linear interpolation of the points {2}, (the Euler polygon) is contained
in Bg so that the estimates hold for these points also.) The orbit ¢ € [0, 7] — 2(¢)
is now approximated in norm by a piecewise linear Euler polygon. A simple Euler
step z ++ z+hf(z) is continuous in the weak topology if f is continuous in the weak
topology. So also the mapping ¢y : z ~ zy, which is a composition of finitely many
Euler steps is weakly continuous. For N big enough, we have

l16(5) = ex (@)l < (" - 1)

uniformly for y € Br. Lemma 3.3 shows that ¢ is weakly continuous. (m}

3.3 Integration of the Toda flows in the case when a(z) > 0
almost everywhere.

From Proposition 3.2 we get

Corollary 3.4 Given H(L) € C*(L). The flow on B(13(Z)) defined by the differ-
ential equation L(z) = [By(L(x)), L(x)] és continuous in the weak operator topology
restricted to each ball By C B(%(2)).

Proof. We can apply Proposition 3.2 to the Banach space B(12(Z)). As a Toda flow
is isospectral, it will leave each ball By, invariant. We check first the weak continuity
of the mapping

L(z) = fu(L(z)) = [Ba(L(z)), L(z)}
on Bg. For polynomials h, the weak continuity is evident inductively, since the
multiplication B(12) x £(z) — B({?) is jointly weakly continuous: each matrix entry
of the product LM is the sum of only three elements. If A is analytic, it can be
approximated by polynomials h, — h. Then fg,(L(z)) — fu(L(z)) in norm,
uniformly on each ball Bp. With Lemma 3.3 also L(z) — fy(L(z)) is weakly
continuous.
The right-hand side of the differential equation L = fu(L) satisfies the boundedness
conditions of Proposition 3.2 We have seen in Section 2, that there exists a constant
C dependent only on |||L||| and A such that

eI < C, [IDfa(L): < C .

- We prove now Theorem 3.1 in the case a(z) > 0 almost everywhere:

Proof.

Construction of sets with arbitrary large return time:

Rohlin’s lemma (see [Cor 82]) implies that there exists for each N € N a measurable
set Zy C X of positive measure such that

TMZx),..., 28, T(2x), ..., TV (Zy)
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are pairwise disjoint and such that

Yo =X\ LNJ T'(Zn)
i=—N

has measure m(Yy) < 1/N. The countable set
y = {}/111/21},31 '-‘}

has the property that for almostallz € X andall N e NwecanfindY =Yyn.) €Y

such that T"(x) ¢ Y for n = —N,...,N. ( This can be seen as follows. The sets
Uy :=UY" _(N V) T%(Zy) satisfy m{Uy) — 1 for N — oo. For almost every point

==

z € Uy we get Tiz ¢ Yy for all |i| < VN.)

A countable set of random Jacobi operators with zero mass
Given L € £ with m{a(z) = 0} = 0. Define for each Y € Y the new random Jacobi
operator

Ly = (lyc)aT + ((lyg)a‘r)' +b,

where 1y. is the characteristic function of the set Y = X \ Y. The random
Toda flow for Ly can be integrated according to the already proved case because
Y = {(Ly }i(z) = 0} has positive measure.

Construction of ¢:
There exists a mapping

dy : L+ Ly = ¢(Ly) € L®(X)?
which linearizes the flow. Define

¢={$v}y5y=($y,,$y,,...):ﬁ—>g,

Construction of the left inverse y:
Take Expy(),7) € H. For almost all z € X there is a sequence N — k(N, z) such
that

T'(z) ¢ Yeva)
fori = —N,...,N. Proposition 3.2 implies that for N — oo

vy (Bxpg(X,7))()

converges to Exp,(L)(z) in the weak operator topology, where ¥;(X},r}) is the op-
erator L}, calculated from the spectral data (A}, ;) satisfying ¢; o (LY, ) = Ly,.
Define

¢(—E—}$H(A$ T))(I) = Ié’i—!go '(l)Y,‘(N") (E—XSH(A’ T))(I) )
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where the limit is taken in the weak operator topology.
Congugation of the flow:
Assume ¢(L) = (A,r). In the weak operator topology we have

Expg(Z)(z) = Jim dy, . (BBx(0,))

= $(Expy(X,1))(z) = ¥ o Expy 0 ¢(L)(x)
and so

Expy(L) = oExpy o §(L).

O

Remark. The linearisation for general random Toda flows can also be used to prove
the integrability of the periodic Toda lattice. For this we take an ergodic dynamical
system {X, T, m) such that T¥ is not ergodic and leaves invariant a set Y of measure
1/N. We take functions a,b which are constant on Y. Each isospectral deformation
for L = a1 + (a7)* + b is equivalent to a periodic Toda lattice because the functions
a,b keep on being constant on Y. We can now do the above linearisation.

4 QR decomposition

For a real n X n matrix M, there exists a decomposition M = QR, where Q is orthog-
onal and R is upper triangular. For aperiodic Jacobi matrices, Symes [Sym 82}
found that the QR decomposition of exp(tL) integrates the first Toda flow L(t).
This was worked out further in [Dei 83] [Dei 89] leading to the observation that the
time 1 map of the Hamiltonian H(L) = tr(L-log(L) — L) is just one step in the QR
algorithm, an algorithm which is used to diagonalize a matrix numerically. More
generally, the following fact is known:

Proposition 4.1 Given h € C*(R). In the matriz algebra M(d,R), the solution of
L =[Ba(L), 1), L(0) = Lo
is given by L(t) = Q"LoQ, where Q is obtained by the QR decomposition
exp(th'(Lo)) = QR .

Proof. We can write
(o) — QR

in a unique way, because e*'(%) is invertible. The dependence of Q,R on t is
differentiable. Differentiation gives

K(Lo)QR=QR+QR

and after multiplication from the right with R~! and multiplication from the left
with Q*, we get L
Q*K(Lo)Q =Q"Q+RR™!,
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where Q*() is skew symmetric and RR-!isupper triangular. Call L(t) = Q*(£)LoQ(t)
with @(0) = 1. It follows

K(E®) = Q'H(L)Q=QQ+RR™.
‘We can compare this with the unique decomposition

R (L) = -HEor+REE)”
+2R(L(0))* + K(L())o

into a skew symmetric and an upper triangular part to get
Q'Q = —K(L@®)* +K(L(t)™ = -Bu(l).

Now

Q" (t)LoQ(t) + Q () LeQ(t)

(@ OO LA + @ (LQE)QEQ()
(@ ORNLO +IO@ORE)
= [W(L)* - K(L@), L)) = [Ba (L)), L(2)] -
Because L(t), L(t) satisfy the same differential equation as well as the same initial

conditions L(0) = L(0), they must coincide. m|
This can be generalized to the random case:

d-.
EL(t)

Theorem 4.2 For L € £ and H(L) = tr(h{L)) € C“(L), there ezists a unitary
Q € X and R=Y,5q Ram™ € 771X such that exp(h'(L)) = QR.

If L(t) satisfies L = [By(L), L], one obtains L(t) = Q"L(0)Q with a QR decompo-
sition exp(th'(Ly)) = QR.

Call T the Banach space of selfadjoint real tridiagonal matrices in B(1?) and

7 = {p(L)|ppolynomial, L € T},
T = {h{L)|hentire, L€T}.

We call the weak operator topology on B(1?) in the following also the weak topology.
Denote by Bg the ball with radius R in the Banach space B(?) and Tp = TN
Bg,Tr = TN Bg,Txr =T N Bg. The weak topology is metrizable on each ball Bg.
We denote this metric by d.

Lemma 4.3 a) Given an entire function f and R > 0. The mapping
Tr— B(?), L~ f(L)

is weakly continuous.
b) Be x T — B(1?), (L,K) = L - K is weakly continuous.
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Proof.

a) Because multiplication 7 x B(I?) — B(?) is weakly continuous, one obtains
inductively that L + p(L) is weakly continuous for every polynomial p. Applying
Lemma 3.3 gives that L — f(L) is weakly continuous for an entire function f.

b) The multiplication By x T — B(1?) is weakly continuous. We can approximate
L € T in norm by elements in 7 and this approximation can be made uniform in
the ball B. Use again Lemma 3.3. 0O
We prove now Theorem 4.2:

Proof. Fix z € X. We can approximate L(z) in the weak operator topology by
tridiagonal aperiodic N x N Jacobi matrices L), For such matrices we can form

exp(k'(L™(2))) = Qq™(z)RM(=)

where Q)(z) is orthogonal and R™)(z) is tridiagonal and we know also that
QM(z)* L¥)(z)QW)(z) is the time 1 map of the Hamiltonian flow

L) = [Ba(LM(2)), L™(3)] = fa(Z™).
We deform L(z) with the same Hamiltonian flow
L(z) = [Bu(L(2)), (=) = fu(L)

to get ExpyL(z) = Q*(z)L(2)Q(z). Claim. QW)(z) - Q(z) in the weak operator
topology.

Proof. Consider in addition to the above differential equations for L) and L also
the differential equations

Q™M) = -By(L™(2))Q™(z) =: gu(L™,QW),
Qe) = -Bu(L(x)Q(z) =: ga(L, Q).
We can apply Proposition 3.2 to the system

d
E(L’ Q) = (fH(L), 1J:4 (Lv Q))

in B(1%(2))? in order to show that Q*")(z) — Q(z) in the weak operator topology.
The assumptions of Proposition 3.2 are readily checked: Because L — By(L) is
weakly continuous, we can apply Lemma 4.3 b) to conclude that g is also weakly
continuous. There are for L € Br C B(I*(2)) also the estimates ||g(L(z), Q(2))|| <
Cg,r and |}|Dg(L,Q)|l|2 < 2Cy,r where }|| - ||z is the norm in £ x X. Because By
is skew symmetric, the norm of Q(t) is a constant. =]
From Lemma 4.3 a) we have

HMEPN) _, MG
With this, the just proved claim and Lemma 4.3 b) one gets
Q) (2)e" ETED = R (z) — Q*(a)e ) = R(z)
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in the weak operator topology. It follows that R(z) is also upper triangular and
) = Q(z)R(x) with Q*(z)Lo(z)Q(z) = ExpgL{z). We have now constructed
Q(z) and R(x) pointwise for z € X. There is an upper bound for [R(z)};; due to
the fact that the Toda flows are isospectral. By Lebesgue dominated convergence
theorem applied to each function [Q(z)]i;,[R(x)];; we get also random operators
Q, R € X which satisfy QR = exp(I'(Lp)) with @*LoQ = ExpyL. ]

Remarks.

o Theorem 4.2 is not yet very helpful in order to understand more about the quali-
tative behavior Toda flows. It has been pointed out to us by a referee that the QR
decomposition in X is not unique: For example, 7 = 7-1 = 1.7 because 7 is unitary
and upper trigonal. We have used the Toda flows to construct a QR decomposition
for certain elements in & and we don’t know how to find and perform directly the
right QR decomposition which leads to an integration of the Toda flow.

o Having the right QR decomposition for infinite matrices, one could calculate the
time 7 map of the periodic Toda lattice by a QR decomposition of an infinite but
periodic matrix. As the solutions of the periodic Toda lattice can be expressed by
Theta functions (see for example [Tod 81]), it would be interesting to know whether
the QR decomposition is a reasonable way to calculate Theta functions numerically.

5 Density of states, Lyapunov exponent and Ro-
tation number, Floquet exponent, determinant.
Entropy and index of monotone twist maps.

5.1 The Floquet exponent as an integral of the Toda flow

The functional calculus for a normal element K in the C* algebra X' defines f(K)
for a function f € C(X(K)). The mapping

f = u(f(K))

is a bounded linear functional on C(Z(K)), and by Riesz representation theorem,
there exists a measure dk on T{K) with

() = [ FER(E).
This measure dk is called the density of states of K. Because of

1=/dem=tr(1)=/z(x)dk(E),
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the measure dk is a probability measure. For selfadjoint elements K € X , the
density of states dk has its support on R. The integral

KE) = [ i dk(E')

is called the integrated density of states of K. To an operator L € L, we attach a
complex valued function by means of

w(E) 1= —tr(log(L — E)),

which is a priori defined only for Im(E) > 0. Here the branch of the logarithm is
chosen so that log(1) = 0. The function w is called the Johnson-Moser function or
Floguet exponent. This gives also a determinant

€™ E) = tloe(l-E) = det(L - E) .
(It is a general fact for von Neumann algebras X’ that the existence of a finite trace

allows the definition of a determinant on the set of invertible elements in X’ [Dix 81)
p. 119). For the transfer cocycle

- —a2(T-1
Ap(z) = a(T1z) ( F-He) ~aXT™) )
of L = a7+ (ar)* + b the Lyapunov exponent is
MAg) = lim n‘llxlog”AE(z)" dm(z) ,

where Af(z) = Ap(T™'z)... A(Tz)Ag(z) and the rotation number is given by
p(Ag) = mk(E). The rotation number can be defined by the cocycle Az alone
[Del 83].

Theorem 5.1 In the case when a(z) > 0 almost everywhere, the Floguet exponent
w(E) = ~tr(log(L — E))

as well as for E € R the Lyapunov ezponent A(Ag) and the rotation number p(Ag)

are integrals of the Toda flows.

Proof. The Thouless formula relates the mass M and the Floquet exponent w(E)
with the Lyapunov exponent M(Ag) and the rotation number p(Ag):
if L has positive mass then

—MAg) +ip(Ag) = w(E) +log(M) .

For the proof see [Car 90]. (We added two proofs in the appendix.) In the case of
zero mass, both sides are —oo.

In the case Im(E) > 0, the function g(z) = —log(z — E) is continuous on the real
axis and w(E) = tr(g(L)) is an integral of the Toda flows. The function E — w(E)
is a Herglotz function. Because w(F) is time independent for E in the upper half
plane, it is also time independent on the real axis. m]
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5.2 Monotone twist maps

Random Jacobi operators appear in a natural way when embedding an abstract
dynamical system in a monotone twist map. Assume we have given a generating
function 1 € C*(R?) and r > 0, such that

a0

ll?(qu) = 8q aqll(qvq’) z
l(q,d) = Ug+1,d+1).
If we define
pa.d) = hiad)= %uq,«f) ,

7 ) 1 a 7
7(9.9) —ly(g,¢") = —wl(q,q) ,

¢ can be expressed as a function of ¢ and p. The mapping
S:(g.p)~ (¢,P)

is called a monotone twist map. It leaves invariant the Lebesgue measure dgdp on
the cylinder T x R, where T = R/Z. Given an abstract dynamical system (X, T, m).
In order to have a critical point g of the Percival functional

£(@) = [ Ug,q(T)) dm.
on the Banach manifold L*®(X, T), we must have

6L(g) = li(q, a(T)) + L(g(T ™), q) =

If there exists a g which satisfies this Euler equation, we have embedded a factor
of the given dynamical system inside the twist map. (A factor (X, T, ) is just a
homomorphic image of (X,T,m): there exists a measurable not necessarily invert-
ible mapping ¢ : X — X with ¢T = T, ) The second variation of £ is the random
Jacobi operator

L) =8L(g) =aT+(ar)"+beE L

where

a(z)
b(z)

The twist condition

hia(g(2),¢(T2))
hi(g(=), o(T2)) + l(o(T~'2), o(2)) -

112(%9/) 2r>0

implies that L has positive mass. The random Jacobi operator L obtained as a
second variation of the Percival functional and the Floquet exponent w are carrying
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information about the embedded system. It follows for example with a result of
Mather [Mat 68] that the embedded system is a hyperbolic set if and only if L is
invertible, because in the resolvent set of L, the cocycle Ap is uniformly hyperbolic.
In this case there is by the implicit function theorem also a neighborhood of gener-
ating functions such that the Percival functional has a critical point near the given
critical point.

Examples.

¢ Assume X is a bounded subset on the cylinder T x R which is invariant under the
twist map S and has positive but finite Lebesgue measure. Call T the restriction of
S on X and m the normalized measure on X induced from the Lebesgue measure.
There is a critical point ¢(x) = 71 where 7 is the projection on the angle coordinate
of the cylinder. The real part of log(M) — w(0) is the entropy of the twist map
restricted to X. The imaginary part of w(0) is an index.

For generating functions of the type

(& — =)’
2

the twist map S can be defined on the torus X = T2. The system (X, T, m) with
T = S and m = dzdy can then be taken as the abstract dynamical system and the
Floquet exponent w(E) gives

{(z, :l:’) = +V(z),

w(0) = —entropy +1i - index .

because M =1 in this case.

¢ A finite dynamical system is just a cyclic permutation T of a finite set X. The Ja-
cobi operator is then periodic of period |X|. Finding critical points of the functional
L is equivalent to finding periodic points. Periodic points of period |X| always
exist. The rotation number of the Jacobi operator is related to theMorse index
of the critical point [Mat 84]. When the Jacobi operator is restricted to the finite
dimensional Hilbert space of |X|— periodic sequences in I2(z), it is just a periodic
Jacobi matrix.

o If (X,T,m) is an ergodic automorphism of the circle, nontrivial critical points
correspond to invariant circles or Mather sets. Mather's result [Mat 82] proves
the existence of nontrivial critical points. There are known examples, where the
corresponding random Jacobi operator is invertible because a Mather set can be
hyperbolic (see [Gor 85]).

o If X is a closed bounded S invariant set of the cylinder and T is the restriction of
S onto X there exists a T invariant probability measure on X. Again, a(z) = m(x)
is a critical point of the functional.

An example. If the twist map has a transverse homoclinic point z, coming from
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a hyperbolic fixed point, then X can be chosen as the closure of {S™(xo} | n € Z}.
Again one has a hyperbolic system and the corresponding random Jacobi operator
is invertible.

Remark. Toda deformations and twist maps are still unrelated. Our motivation
to study random Toda systems was the hope to make deformations of cocycles
appearing in twist maps like the Standard map in order to gain more information
about the Lyapunov exponents. It is thinkable that there are deformations which
lead to cocycles, where Wojtkowsky's cone criterion [Woj 85] (a necessary and
sufficient condition for positive Lyapunov exponents) is applicable to prove positive
Lyapunov exponents.

6 Generalizations and questions

6.1 Toda lattices over non-commutative dynamical sys-
tems

Let A be any C* algebra and T : 4 — A,e — a(T) be an automorphism of this
algebra. Assume A has a trace satisfying

trace(ad) = trace(ba) .

The crossed product X of the algebra A with the dynamical system is again a C*
algebra. Elements in X can be written as K = ¥, K, where K, € A. On X
there is also a trace defined by

tr(K) = trace(Ky) .

Define the Banach space L= {L€ X | L, =0 |n| > 1,L = L*}. For H € C*(L),
the differential equation

L= [hI(L)+ - hI(L)_’L] = [BH(L)vL]

is a Hamiltonian flow in the subspace £ C X. It has the Hamiltonian H(L) =
tr(h(L)). Let Q(t) be defined by the differential equation

Q = ~Bg(L)Q

with initial conditions Q(0) = 1. In X, the equality L(t) = Q(t)*L(0)Q(t) shows
that the flow is isospectral. It has the integral tr(f(L)) for each f € C(R). Given a
representation = : A — B(H), which means that z(a) is a bounded linear operator
on the Hilbert space H for all a € A. If we use the notation z(a) = a(z) and
z(a(T™)) = a(T"z), each element K € X has a representation K(z) in the Hilbert
space {2(2,H) defined by the matrix

[K(2)]mn = Kn-m(T™2) -
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The matrix K(z) is a Jacobi matrix where the entries are linear operators on H.
Examples.

o If A= L®(X) we are in the case discussed already because an automorphism T
comes from a dynamical system (X, T, m).

¢ Assume X is a compact topological space and A = C(X). We have then a
deformation in

Le:={L=ar+(ar)" +b|a,be C(X,R)} C L.
Also if X is a compact manifold and A = C"(X,R), the space
Lr={L=ar+(ar)" +b|a,be C"(X,R)} C L. C L
for r = 1,2,... is kept invariant by the Toda flows.

* A= L*(X, M(I,R)) gives a quite natural non-commutative generalization of the
Toda lattice. Such as system could also be called quantum Toda lattice. A suggestion
to study such systems is in [Chu 86]. In the case )X| < oo, this gives new finite
dimensional systems which are candidates for being integrable. The flow can be
written as an isospectral deformation of operators called stochastic Jacobi matrices
on the strip [Kot 88]. They arise as second variations of higher dimensional twist
maps like the Frschle map (see [Koo 86]). A non-abelian Toda lattice for half
infinite matrices is proposed in [Ber 86b).

6.2 More general Hamiltonians

We have chosen Hamiltonians which are defined by entire functions & € C¥. Like
this, we could use Cauchy’s existence theorem for differential equation in a Banach
space. One has to be careful in doing generalizations by choosing functions h which
are only analytic in a neighborhood of the spectrum X(L): it can happen that,
for a bounded operator K on I%(z), the operator K+ — K~ is no longer bounded
[Dei 85]. Nevertheless one can consider functions &’ € L*(X(L)). The functional
calculus defines then /(L) € X. Even if By(L) = #'(L)* — (L)~ is unbounded,
one can obtain in this way Toda flows in a weak sense ([Dei 85]): For all u,v €
{u€(2)|3Ing>0u, =0, V |n| > ny}

dit <u,Lv>= - < By(Lyu,Lv > — < Lu,By(L)v > .

Remark. The Toda orbit obtained by weak flows would be bigger than the orbit
obtained by analytic Hamiltonians. It would be interesting to know whether it is
possible to reach like this every operator K in with the same spectrum and mass
then L in a strong neighborhood of L.
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6.3 Deformation of complex Jacobi operators and defor-
mations with complex time

We considered only real Jacobi operators and deformations where time is real. If
a,b € L*(X,C) then

L=ar+7a+be L
is no more selfadjoint in general. Even if we make isospectral deformations, the norm

can blow up. There are actually isospectral operators to a given operator which have
arbitrary big norm. Given an arbitrary entire function h. The differential equation

L= -H(L) L

in the complez Banach space L¢ has locally a unique analytic solution ¢ — L(t) for
t in a disc D.(0) C C.

If we restrict to real time, one can define deformations of complex finite dimensional
Jacobi operators (see [Chu 84a)): Also for the random version, the differential equa-
tion

L =[Bu(L), L}
with
Bg(L) = K(L)* - (K(L)*)" +i-Im(A'(L))o

defines an isospectral deformation in L¢. Exactly in the same way as before, one
can decompose exp(t - '(L)) = QR into a unitary Q and upper triangular R such
that L(t) = Q*(t)L(0)Q(t). The flow does not extend to a flow with complex time.

6.4 Random Singular-Value-Decomposition flows

Toda like deformations have been generalized to arbitrary matrices [Dei 89]. Given
any real n X n matrix A and a real entire functions h, one can define the so called
Singular- Value-Decomposition (SV D) flow (see [Dei 91])

A= Bg(AA)A— ABg(A“A) .
Under the map A + L = A*A the flow goes over in the Toda like flow
L =Ly -#(L), L.

Both flows have a unique global solution and preserve the singular values of A
respectively the spectrum of L. The flow can be integrated explicitly as follows:
With the QR decompositions

eth'(A‘ A)

QR ,
WAL = Qy(t)Ry(t),
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one gets A(t) = Q3AQ;.
Given now any element A € X where X in the C* crossed product of the Banach
algebra L*°(X) with a dynamical system. The deformation

L = By(AA")A — ABy(A"A)

is @ random version of the singular decomposition flow. The qualitative behav-
ior could be investigated in the same way by approximation in the weak operator
topology by finite dimensional SVD flows.

6.5 Deformation of operators with no boundary conditions

Why is it useful to study deformations of operators with random boundary condi-
tions? The Toda deformations can also be done for any tridiagonal bounded operator
L on 12(2) and the flow given by the differential equation

L=[By(L),1]

can be approximated in the weak operator topology by finite dimensional Toda
flows. The advantage of looking at random operators is the ezistence of a finite
trace which is the ergodic average of the diagonal of the operator. Most integrals
can be expressed by this trace. Such integrals are invariant by the shift

Lij = Ly -

Mathematically the Random Toda flows are deformations in a von Neumann alge-
bra of finite type while the general Toda flows are deformations in a von Neumann
algebra of infinite type.

Considering random operators instead of general operators gives an important sym-
metry, in that shift-invariant "macroscopic quantities” exist.

6.6 Some questions

¢ The spectral and inverse spectral problem for random Jacobi operators is not
solved. What does the isospectral set look like? For which dynamical systems do
random operators with the same mass M and the same Floguet exponent w(E) form
a group? Does the determinant of the resolvent (L — E)~! determine the isospectral
set 7 What spectra do occur over a given dynamical system? What kind of spectra
occur generically in £ for fixed dynamical system (X, T, m)?

¢ Can one find the explicit solutions of the random Toda lattice? The integration
proposed in this work is somehow artificial. The hope is that the solutions can
be written in terms of generalized theta functions. What are the properties of the
transcendental hyperelliptic curve

2 =det(L — E) = ¢ (B

114



where w(E) is the Floquet exponent? Especially interesting would be some knowl-
edge about infinite dimensional Jacobians. Is there an infinite dimensional gener-
alization of the Jacobi map?

o What is the asymptotic behavior of the random Toda lattice? What happens for
t — o0 in the case when {a(z) = 0} has positive measure? To our knowledge, the
general asymptotic behavior of the tied finite dimensional Toda lattice analogous to
the first flow [Mos 75] is not known. What happens for Hamiltonians outside the
generic set where one has convergence to diagonal operators? (See [Chu 84].)

Is there recurrence in the weak operator topology in the case when a(z) > 0 almost
everywhere?

o Is it possible to deform a random Jacobi operator in a way to make the spectral
problem or the problem of calculating the Floquet exponent more easy? Can one
deform a twist mapping in a way such that the corresponding random Jacobi oper-
ator is deformed in an isospectral way?

o Is any isospectral deformation in the crossed product of any Banach algebra with
any dynamical system integrable?

7 Appendix: Proof of the Thouless formula
We want to show here the Thouless formula
w(E) + log(M) = —MAg) +ik(E) .

The proof of the Thouless formula needs some preparation: Define for the interval
A={N,N+1,...,.M —1,M}, the matrix

(LM = L), i5€A
which is a linear operator on CIAl. If E} are the eigenvalues of [L*] and §(E) denotes
the Dirac measure located at a point E € R, we define the probability measures
_1 A
- I AI Z 6(Ek)

keA

dp?

on the real line. For the finite dimensional operators [L*], we define the normalized
trace

() = 1y Sl e
so that
tr([L*]) - tr(L)
for |A| — 0.
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Lemma 7.1 (Avron-Simon) dp* converges weakly to dk for |A] - co.
Proof. We have to show that for each continuous function f:R=C,
w(f(IN) = [ 1 do* — [ £ dk = u(s(L))

for |A| = oc. Tt is convenient to introduce new probability measures dk* on R such
that for a function f € C(spec(L)) we have

J £kt = u(f@r) .
Compare
[ £ 4ot = ex(r(@zr)) .

For [A| — oo the measures dk* converge weakly to dk because

18 = (e = g S

1
7 2 (Dl
Al i
converges by Birkhoff’s ergodic theorem to

/Xf(L)gdm=/fdk.
It is therefore enough to show that for each continuous function f

t([F(D))) - x(F(ILA)) - 0

for [A| — co. It is enough to show this for polynomials f(E) = E™ because linear
combinations of such polynomials are dense in the set of continuous functions on R.
We calculate

(L)) = ﬁz Y D Dise

k€A jiydaer=—co

I-}qZ > L [Ljasr

k€A j1yjn-1 €A

tr({LY)")
and so, because [L}; =0 for |i — j| > 1

(L)) - [LA]") = ﬁz Y (Ll L

kEA  j1ynin-1€A

1
< =lILil|*2- 3.
il
(A rough estimate shows, that there are at most 2 - 3"~! summands on the right
hand side.) The right hand side goes to zero for |A] — oo. o

We will now prove the Thouless formula following Avron-Simon
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Proposition 7.2 MAg) = fylog|E — E'| dk(E') — log(M)
Proof. Define Bg = a(T~!)Ag. The claim follows from
MNBg) = / log|E' — E| dk(E") .

First, we assume E € €\ R. In this case, the function f(E') = log|E — E'| is
continuous in the support of dk. We see by induction, that for fixed z € X

n _ P, n Qn-l
E an—IPn—l an—lQn—2 !
where P, and Q, are polynomials of degree n in E with leading coefficient 1.

We have P, = 0 if and only if Lu = Eu has a solution © with ¥g = #,4;1 = 0 and
Q.. = 0 if and only if Lu = Eu has a solution u with #; = u,42 = 0. Thus,

P.(E) = H(E‘"’ , Qu(E)= H(E"‘) E),

where EJ(") (zsp. EJ(-")) are the eigenvalues of L with boundary conditions uy =
Uns1 = 0 (ISp. U1 = Unp42 = 0). We can write therefore

log|Pu(E)|

~10g]Qu(B)|

/logIE' _ El dp{l,...,n}(EI) ,

/loglE' _ El dp{2,...,n+1}(El) ,

and because dp{l="} and dp{®~"+1} go weakly to dk for n — oo we have
A(Bg) = / log|E' — E| dk(E")
for Im(E) # 0. Both functions
E = f(E)= /log|E— B dk,
E =~ XBg)

are subharmonic. So, we have for all E € R

1
w2 Jip-E|<1

NBe)d(B) = o7 [ H(E) dE

E-E<1
and taking the limit 7 — 0, we obtain

XBg) = / log|E — E'| dk(E")
forall E€C. [m]
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8 Appendix: A second proof of the Thouless for-
mula

The Thouless formula
w(E) + log(M) = —M\(Ag) + ik(E)

has a simple proof with the help of a formula of Green,MacKay, Meiss, which relates
the determinant of the N periodic Jacobi matrix

bl Q) 0 an
a b2 0 0
L= . )
0 0 - byt ayg
(254 0 - anN-1 bN

with the trace of the monodromy matriz
A" =AN°AN_10'0A1 )

where A; is the transfer matriz
-1 [ =bi(z) —al
A,(.’E) = a,-_ll ( i( ) 0' 1 )

and the number []; ;. This relation is given by

Lemma 8.1 det(L)
Ny _q _ 8L)
trace{(A") — 2 a

Proof. Call A, A™! the eigenvalues of the SL(2,R) matrix A¥.
det(4Y —¢)
is a polynomial in £ + £~} which vanishes for £ = A, A~!. This implies that
det(4" — ) = (£ +¢7) ~ tr(4") .

The zeros of

b1 a) 0 . gé!'
a1 bz 0 0
det(L(€)) = det . )
0 0 - byoy ana
avé 0 - ay1 by
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are the eigenvalues of AY. So

det{Z(©)) = C - (€ +£) - tx(AM))

where C is a constant. Because we have for £ — o0

N
det(1(g)) = ~([Jae + -

the constant is C = — [, a; and
N
det(L(€)) = —([T @) - (€ + €71 = tx(4")) .
i=1
The claim follows with § = 1. ]
Proof of the Thouless formula. Given a random Jacobi operator L, we approximate

L weakly by periodic Jacobi matrices L. With the formula in the lemma we get
for E in the upper half plane

I—i’-log(trace(Ag) —2)=N"'logdet(L — E) — N~'log M . 1)
We have
37| AM|| < trace(AV) ~ 2 < 3||A"]|

if ||A¥|] is big enough. If ||A¥|| stays bounded then the left hand side goes to
zero for N —€ oo as well as  log||A”||. Applying Kingman's subadditive ergodic
theorem to the left hand side of Equation 1 and Birkhoff ’s ergodic theorem to the
right hand side of Equation 1 gives the the Thouless formula

MAg) =tr(log(L - E)) - M.
The same subharmonicity argument like in the last proof proves the result for general
EFec. a
9 Appendix: The spectrum of elements in X

The following result generalises Pastur’s theorem for random Jacobi matrices over
an ergodic dynamical system (X, T,m). The proof is the same.

Proposition 9.1 For every normal K € X, there exists £ C C such that the spec-

trum o(K(z)) = T for almost all z € X. Moreover the discrete spectrum of K(z)
is empty for almost allz € X.
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Proof. Given a projection
P=P=pPlecx.

Denote by Trace the usual trace for matrices which is also allowed to be oo, We
have
Trace(P(z)) = dimRan(P(x))

and
Trace(P(T"z)) = Trace(P(z))

for all n € 2. Therefore

Trace(P(z)) /x Trace(P(z)) dm(z)

) /x P(z);; dm(z)

lifl<N
@N +1) / P(z)g0 dm(z) .

v

Since N can be arbitrary, Trace(P(z)) = 0 or Trace(P(z)) = oo. The ergodicity of
T implies that either Trace(P(z)) = 0 for almost all z € X or Trace(P(z)) = oo for
almost all z € X. Given a Borel set A in the complex plane C, we can define with
the functional calculus the projection E = 1 a{K) € X. Let A bein B, a countable
basis for the topology in C. Then

(&) = oo for dim Ran(E,) = 0
M=V 0 for dim Ran(Ea) = 0.

The set
Xa ={z € X | dimRan(E,s) = n(A)}

has full measure and so also
Xo=MypXa .

Given two points g1, € Xp. We show that the spectrum of K(y,) and K(y.)
coincide. Assume E is not in the spectrum of K(y;). There exists A € B such that
E € A and AN spec(K(y1)) is empty. Because dimRan(E,(y;)) = 0, we have

dimRan(Ex(z)) =0

for all z € X, and E is therefore not in the spectrum of K(y,). The claim follows
by interchanging the roles of y;, y.

If there would exist £ in the discrete spectrum of K(z) for = € X then 0 <
dimRan(Es) < oo for a A € B which would contradict the choice of z € Xo. O
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10 Appendix: The integration of aperiodic Toda
lattices

The integration of the tied Toda lattice has been performed in [Mos 75] (see also
[Mos 75] or [Dei 85]). In [Mos 75] is a complete picture of this scattering problem.
Later [Dei 80] one has recognized that the tied Toda lattice (and many of other
integrable systems) is a constrained harmonic motion.

We want to repeat here this integration for all the higher Toda flows
L=[I")* -, L =[Ba1), n=1,...,N—1

and see that the vector fields are linearly independent and give N — 1 commuting
flows on a N — 1 dimensional surface. It seems that the complete analysis of the
scattering properties of a general Hamiltonian flow

L = [BH(L)’L]

is not yet done and we don’t deal with the question here also. If H(L) = tr(h(L))
is so that A’ is injective on the spectrum of L then L(t) converges to a diagonal
matrix for |t| — co. There are probably new features appearing when ?’ is no more
injective on the spectrum. Given L there exists a generic set of Hamiltonians such
that k' is injective on .

The space of aperiodic N x N Jacobi matrices is a 2N — 1 dimensional vector space.
There are N linear independent commuting integrals

Fe = (k + 1) r(LH)

of the Toda flows. Fixing these integrals, there stays a N — 1 dimensional surface
and at each point we have a natural coordinate system given by the flows generated
by the Hamiltonians F;.

Given an aperiodic Jacobi matrix L acting on an N-dimensional vector space with
basis {ej,...ex}. The spectral theorem allows to write L = [ EdA(E), where d) is
an operator valued measure. We can also write this as

N
L=) )\P(¢),

i=1
where P(¢;) is the projection on the eigenspace of the eigenvalue A;.

Proposition 10.1 &) The mapping

L du(E) =< e1,d\(E)ey >= Y 1;1’5(,\,-)
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with r = ¥, r; linearizes the Toda flows:
Given h € C¥(L). The flow

L= WLyt - (), 1)

induces the motion

f(t) = OO0y,
M o=0

of the measure dyu.

b) From the measure dy, the operator L can be calculated back by making Gramm-
Schmidt orthonelisation of the polynomials

{1,E,E%... EN-1}
with respect to the scalar product
<P,Q>= [ PE)Q(E) du(E) .
If{P,,... B} is this orthonormal basis then

ba

JEP(BYPu(B) du(E),
/ EP,(E)Poy1(E) du(E) .

¢) The flows with k(L) = L*, n € {1,...N — 1} are all linearly independent and
commuting. The isospectral set is homeomorphic to the N — 1 dimensional simplex

Qy

N
{rer¥| Y m=1}.
i=1
If I is injective on the spectrum, then for |t| — co the matriz L(t) converges to a
diagonal matriz.

Proof. a) Given an aperiodic N x N Jacobi matrix L. By the spectral theorem it
can be written as L = [ Edk(E) where dk is the spectral measure of L. Define the
real-valued spectral measure du(E) =< e;,dk{E)e, >, where ¢, is the first basis
vector. One has then for example Ly; = f Edu(E). The measure dy is a sum of
Dirac measures:

N
T
dp=Y Tké(,\k) ,
k=1

where ) are the eigenvalues of L and r = $r,. The matrix L has N simple
eigenvalues if a;, > 0 because the equation Lu = Mu shows that there can be only a
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one dimensional space of eigenvectors belonging to X (if we have given u;, the other
components are determined by the equation Lu = Au).

Call w = u()\;) the eigenvector to the eigenvalue A which is normalized by [[u]| =1
and u;(A) > 0. From Lu = Au we get

L*u= (L + (L") + (L") )u=2u.

From Lu = Mu and L = [B,, L] we get L(t) = U()L(0)U(t)* with U = B,U,U(0) =
I and u(t) = U(t)u(0). It follows

it = Byu = ((L*)* = (L") )u.
Especially, because (L")"u; =0
iy = (L") ru) = (A" = (L") )ur .

From the spectral representation
A%r;
i

we obtain
- n_ = AT
() = (W) =3 —“Hu(Me) - 2
i=1
From

u 2
(L= e, e1) = ; ( ():\k_)’)il) = ; A=A

we get u;(\) = 7i/r and putting this in Equation 2 gives
f‘k = /\:’I'k B

Call & = u;(\:) = 7+/r. Since the N eigenvectors must span the whole space, the
number & can’t be zero (else u{A;) would be zero). Because the van der Monde
determinant

1 1 .- 1 1

M A e Ana An
det -_-H(,\)._,\,.)aeo’
(/\1)N_2 (/\2)1\7—1 e (/\N—I)N_z (/\N)N—z i<j

A1 (A1 - Q)Y ()Yt

all the flows given by (L) = L", with n € {1,...,N — 1} are linearly independent:
Given 7 = v We can find a suitable linear combination of higher Toda flows which
realises this fliow. There are only N —1 linear independent flows because the zero‘th
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flow 7. = 7, does not give a flow when constrained to X7 = 1. We can directly
calculate that the flow generated by Fj are commuting: The Poisson bracket

{Fe, R} = 2tx(L*(L* - L)LY

is vanishing because taking the adjoint doesn’t change the trace but the sign. One
can also see it differently. The functions F} are also integrals under the flow gener-
ated by F} and 0 = F; = {F}, Fi.).

The isospectral set of a given aperiodic Jacobi operator is the simplex of probability
measures on the spectrum o{L) which have the support on the whole set.

Given now a Hamiltonian

H(L) = tr(k(L)) € C*(L)

we get by linearity
f‘k = Ehn(kk)nrk .

We have now translated the motion from the (a, b) coordinates into (), £) coordinates
which have a simple evolution:

=0, & =KW .

b) From (A, &) we can calculate back (a, b): To see this define the measure dy =
TN, &6(\:) and make Gramm Schmidt orthogonalisation of the functions

(LE,E,...,EN-Y)
with respect to the scalar product
<P,Q>= [ P(E)Q(E) du(B).

This gives an orthonormal bases (P}, P, ... , Px) from which one (a,b) can be re-
covered:

by = / EP,(E)P,(E) di(E), a, = / EP,(E)P,1(E) du(E) .
Proof. Define for each E an infinite vector P,(E) which satisfies
(LP(E)). = EP,(E), n=1,...N,
P.(E)=0,n<0,P(E)=1.

(589)-+(2)-(2)
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we see that P, is a polynomial in E of degree n —~ 1. The vectors

(S0, £i2), o FN)) 2= (EGRD), ., EPH (M)

are eigenvectors of L and U;; = f;(j) is an orthogonal matrix if we choose the scalar
product in order that f; are orthonormal. We have then

z < fl(k)afm(k) >= ; < fk(l)’ fk(m) >
k

> PAPa(Me)re = [ PP dt.
k

< fl1fm >

‘We can write
L = U"Diag(M1,...,A)U ,

and so
b= %f20) = [ BRR du(E),

=Y MDA +1) du= [ ERPL(B).
Remark. We can look at ;he map
w; = ;v,f.-(l) — 0(E) = zl:lez(E)
as a kind of Fourier transformation. The inverse transformation is
#(E) - [ 0(E)P(E) du(E) = w; .
The transformation is unitary because of the equality

<vw>=Y vwi= / 3(E)d(E) dp(E) =< 5,5 > .

¢) We consider now the asymptotic development for t — co and t — —oo. In
general, if h'(E) takes different values at E = A, we have the same situation like in
the first flow. There is a pairwise exchange of velocities where the pairing depends
on the ordering of A'():). The number k which gives the biggest k'(A:) exchanges
with the number which gives the smallest value. In this non-degenerate case also
the Jacobi matrices converge for ¢ — oo and t — —oo to diagonal matrices. This
argument can also be found in [Dei 85]. O
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11 Appendix: About random KdV flows

We will quickly have a look at the continuous analogue of the random Toda flows
the so called random KdV flows. In comparison with the discrete case, the set up is
technically more difficult partly because one has to deal with unbounded differential
operators.

Take a probability space (X, m) and an invertible fiow T, on X leaving invariant
the probability measure m. We denote with D the selfadjoint Lie-derivative with
respect to the flow 7.

Dg=i-lim29=9

e—0 €
Call C%°(X) the set of elements in L*(X,,R), which are infinitely many times differ-
entiable with respect to the Lie-derivative D. We build the algebra X of elements

00O
K=3% q¢.D",
n=0
where only finitely many ¢, € C®(X,R) are different from zero. The multiplication
is given by the usual multiplication of power series with the Leibniz rule

=~ [k
D"g = (n=k) Dk X
=5(x)s
The algebra has a representation on L2(X) if D is the Lie-derivative. Each element
is acting there as a symmetric differential operator. We call the algebra the algebra
of real symmetric differential operators over the dynamical system (X, T;,m). We
have local functionals on C®(X) defined by

F(K) = /x FEK,...,K®) dm .

Such functionals are integrals of the KdV flows we are going to define. Second order
differential operators in X’ of the form

L=D%4gq

are called Schrédinger operators. We write £ for the space of these operators. The
functionals

F(L) = fx gdm(z) Mass integral

Fy(L) = [x ¢ dm(z) Momentum integral

F3y(L) = [x ¢® + ju" dm(z) Energy integral

will serve as Hamiltonians of random KdV flows which can be defined by a Lax pair:
If we take a suitable operators
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with K € X such that the differential equations
L=[BI)

make sense in the space £ of Schrodinger operators, we have isospectral deformations
of ¢ € C®(X). If the flow exists locally, it exists for all times. There is a whole
hierarchy of such flows and the corresponding skew-symmetric B can be determined
by making an ansatz and solving a linear system of equations.

The momentum functional F; generates translation flow ¢ — U,q and the energy
functional F3 generates the usual KdV flow

¢ = 699> — Qrez -

There is a whole hierarchy of functionals leading to isospectral deformations.
Examples of dynamical systems.

e Periodic KdV flow. The dynamical system is (X = T}, Ty(z) = = + ¢,dz).
&g = ¢p(1) time-one map of the fundametal solution.

1
A(B) = str@p =p+ gt

is called the discriminant. The spectrum of L is

N
an)=UF,

i=1

where F; are closed intervals and N < oo. The Floquet exponent is w = log().

o Almost periodic KdV flow. Take a Bohr-almost periodic function ¢ and take
X =< g >, the hull of ¢(¢). This is a compact topological group and translation
q(t) — a(t + s) gives a flow on X leaving invariant the Haar measure.

Jacobi operators over such dynamical systems have been considered in [Joh 82]. An
integration has not yet been performed.
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Abstract

We show that a positive definite random Jacobi operator L over an abstract
dynamical system T : X — X can be factorized as I = D2, where D is again a
random Jacobi operator but defined over a new dynamical system S:Y — Y
which is an integral extension of T

An isospectral random Toda deformation of L corresponds to an isospec-
tral random Volterra deformation of D. The factorization leads to commut-
ing Backlund transformations which can be written explicitly in terms of
Titchmarsh-Weyl functions. In the periodic case, the Backlund transforma-
tions are time 1 maps of a Toda flow with a time dependent Hamiltonian.

1 Introduction

Backlund transformations for Toda lattices have been given in a non-explicit form
by Toda and Wedati [Wed 75],{Tod 81]. Adler [Adl 81] found that Backlund trans-
formations have their origin in a factorization L = AA* in analogy to the Miure map
for the KdV equation. It has been mentioned already by Moser [Mos 75a] that the
relation between the Kac van Moerbeke system and the Toda lattice has its algebraic
origin in a factorization L = D?, where D is a matrix on a vector space with twice
the dimension of the vector space on which L acts. In those papers D or A are
given first and L is obtained by forming L = AA* = D?. The Backlund transformed
operator L is obtained by commutation L = A*A. Recently, the Poisson structure
of the Backlund transformations was studied in [Dei 91] for the periodic Toda lattice
and also in the more general context of Toda equations on Lie groups.

In [Kni 92] we studied Toda lattices with random boundary conditions. They were
obtained by making isospectral deformations of random Jacobi operators. The ran-
dom Toda lattice is a generalization of both the periodic and the tied Toda lat-
tice. It is defined over an arbitrary abstract dynamical system. We will show here
that Backlund transformations can also be done in this case. They generalize the
Bicklund transformations known for periodic and aperiodic Toda lattices investi-
gated in [Tod 81],{Ad] 81],[Dei 91]. What is new here, (beside the fact that we are
working with random Jacobi operators and not with finite dimensional matrices),
is that we have explicit formulas for the transformations in terms of Titchmarsh-
Weyl functions. These functions are Green functions and play an important role for
the study of spectral problems [Sim 83] and inverse spectral problems [Car 87] of
stochastic Jacobi matrices.

We will prove that all of the Bicklund transformations commute. This follows from
the fact that there is an interpolation of the transformations by time dependent
Hamiltonian flows in the periodic case. The Toda flow deformation of the operator
L gives a random Volterra flow for D.
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The relation of the Toda and the Volterra flows is discovered first by Henon in 1973
(in a letter to Flaschka). This bibliographic remark and the publication of the re-
lation between these two systems can be found in [Mos 75a). It is possible that
different rediscoveries of this appeared later. Recent work [Dam 91] is dealing with
this question. A very recent independent approach appeared in [Ges 93], where also
explicit formulas for Bicklund transformations are given.

There are known also other relations between Volterra and Toda systems. The fact
that the Volterra system sits in the second Toda flow as a subsystem appeared in the
paper [Mos 75b]. In [McK 78] the same relations have been shown for the periodic
boundary conditions. The birational equivalence of the two systems goes back to a
transformation of Stielties (1918).

In the last part of this paper we deal with symmetries of the Toda systems. We
remark that the factorization I = D? leads to a kind of super-symmetry for random
Jacobi matrices. This super-symmetry was invented by Witten and is also called
zero-dimensional super-symmetry. The operator D plays the role of a charge- or
Dirac operator. Under super-symmetry the Hilbert space splits into a direct sum of
two Hilbert spaces, a Fermionic and a Bosonic part, The Bicklund transformations
interchange the Fermionic and the Bosonic parts.

An other symmetry of the Toda flows is CPT. The involution C (change of charge)
fips the Fermionic and the Bosonic parts by interchanging the two copies of the
probability spaces. The involution P (change of parity) is reversing the dynamical
system. The transformation in the dynamical system S is replaced by its inverse
S~L. The involution T is changing the time parameter ¢ of the Toda flow. Applying
CPT together maps the system into itself,

2 Random Toda flows

We redefine shortly the definitions in [Kni 92] needed here: An ergodic dynamical
system (X, T, u) is a probability space (X, 1) together with a measurable ergodic
invertible map T on X that preserves the measure u. The crossed product X of
L**(X) with the dynamical system (X, T, #) is a C* algebra and consists of sequences
K, € L*(X) with convolution multiplication
(KM)a(z) = Y. Ki(z)Mn(T*z)
k+m=n
and involution

(K*)a(z) = K_o(T"z) .
An element K € X is written in the form
K= Z K, ™,

nez
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where 7 is a symbol. The multiplication in X’ is the multiplication of power series
with the additional rule 75K, = K,(T*)r* for shifting the 7’s to the right and the
requirement 7* = 771, The norm on X is given by

MK =1 1K@ e »

where K(z) is the infinite matrix
[K(2)|ma = Kn-m(T™z) .
The multiplication and involution in X is defined such that
K € X » K(z) € B(I%(2))
is an algebra homomorphism:
KL(z) = K(z)L{z), K*(z) = K(z)" .

According to Pastur’s theorem (adapted to the present situation), the spectrum
of K(z) is the same for almost all z € X. The algebra X has the trace tr(K) =
Jx Ko dp. An element K has the decomposition K = K~ + Ko + K + defined
by requiring K* = ¥,,,9K,m". With £ C X is denoted the real Banach space
consisting of random Jacobi operators

L=ar+(at)" +b
if a,b € L*(X,R). The number

M(L) = exp ( /x log(a) du)

is the mass of L. We say it has positive definite mass if there exists 6 > 0 such that
a(z) > & for almost all z € X. For a Hamiltonian

H e c¥(L)={H(L) = tr(h(L)) | k entire, h(R) C R}

the random Toda lattice )
L= [BH(L)’ L]r

with By (L) = K'(L)* —K'(L)~ is an isospectral flow in L. It reduces to the periodic
Toda lattice in the case when |X]| is finite. The flows all commute and exist globally.

Remark. The assumption a(z) > § > 0 could be replaced by |a(z)| > § > 0 because
every infinite Jacobi matrix L(z) can be conjugated with a diagonal matrix D(z) to
a Jacobi matrix D(z)L(z)D(z)~! with non-negative side-diagonal entries. The map
z + D(z) is however not measurable in general. Only if Y = {z € X | o(z) < 0}
is a coboundary, (which means that there exists a measurable set Z such that Y =
ZAZ(T)), the map z — D(z) is measurable. The random operator D = Dy is then
defined by Dy(z) = ™2,
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3 Factorization of random Jacobi operators
3.1 Definition of the Titchmarsh-Weyl functions.

Given a random Jacobi operator L € £ with positive definite mass. For almost
all z € X, L(z) is a bounded operator on 2(z). We consider it also as a matrix
acting algebraically on R%. Fix an energy E outside the spectrum of L. The time-
independent Schrédinger equation

L{z)u = Eu

admits a two dimensional family of solutions {un(z)} € RE. If we fix for example
g, 41, all the other values u, can be calculated recursively by

GnUn4l +noytin_g + bpu, = Bu, ,
where a, = a(T"z) and b, = b(T"z). With the vector
Wn(2) = (en(T)uni1(2), ua(2))
the Schrédinger equation can be written as the first order system
Ag(z)w_1(z) = wo(z)
where Ag is the transfer cocycle

Ap(z) = a™(T™'2) (E ‘lb(x) —az(g’-lz)) .

The name "cocycle” is usually used for the function Z x X — SL(2,c),
(z,n) > Ag(z) = Ap(T™"Y(z)) - Ap(Tz)Ap(z) .

Claim. For E outside the spectrum of L, the cocycle Ag has a positive Lyapunov
ezponent

= lim -1
MNag) = Jim n~" [ log(|lA3(z)) du(a) .
Proof. The Thouless formula

Re(tr(log(L — E))) = log(M) + A(Ag)

shows that the Lyapunov exponent E — A(Ag) is harmonic outside the spectrum.
Because det(Ag(z)) = 1, the Lyapunov exponent takes values 2> 0. According to
the maximum principle for harmonic functions, the minimum 0 can not occur in the
resolvent set. O
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It follows from the multiplicative ergodic theorem (see [Rue 79]) that for E in the
resolvent set, there exist one dimensional co-invariant stable and unstable vector
spaces W¥(z) such that

Ap(z)W*(z) = W¥(Tz) .

For almost all z € X we can take a unit vector w*(z) € W*(z) and define v¥(z)
as the second coordinate of w*(x). Like this, there exist solutions u},u; € R® of
L(z)u = Eu satisfying {u}(z)} € 1(N) and {u;(z)} € I*(—N). (The sequence u, is
determined by defining ug as the second coordinate of w*(z) and a(z)u, as the first
coordinate of wt(z). The other entries u, are then defined by L(z)u = Eu.} The
Titchmarsh- Weyl functions are

mt@) =a@ S | me(a) =) S,
nt(z) = a(T"lz)%w(—%;)- , n(z)= a(T‘lx)i_u(T(% .

They are measurable according to the multiplicative ergodic theorem and are allowed
to take the value oo or —oo.
Remark. Contrary to u}(z),u;(z), which were defined pointwise for z € X and
only up to a multiplication with a nonzero constant, m*(x) and m~(z) are uniquely
defined measurable functions.
Remark. We use slightly different Titchmarsh-Weyl functions than in the literature.
In [Car 90] for example +(T2)

oy Y Tx

™) = - e (@

is used. Often, (for example in [Sim 83],[Cyc 87},) stochastic Jacobi matrices are
discussed with a(z) = 1.

3.2 The Titchmarsh-Weyl functions as Green functions.

Related to the operator L(z) € B(1?(Z)) are the operators L™(z) € B(I?(N)) defined
by

(L) = [L@)in 4,5 >0
and L~M(z) € B(I>(—N)) by

[L~N(=)) = [L(=))i5, 1,5 <0.

By the spectral theorem there are two probability measures do*,do™ on the real
axes such that

(M) - By = [ 2ZEE)
(™) =B = [
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Lemma 3.1

oH(T-1z)(E)\ ! o~ (z)(E’
Proof.

ug(z) or u5(z) can’t be zero, or else uf = uf(T"z) is an eigenfunction for the
matrix L*N. This is not possible since the spectra of LN(z) and L~N(z) are lying
in an interval containing the whole spectrum of L(z).

Define the solutions {v}(z)} and {v; ()} of L(z)u = Eu by imposing the boundary
conditions v (2) = v5(z) = 0 and v (z) = v2;(z) = 1. Because both ug(z) and
ug (x) never can get zero, v*,u* and v, 4~ are two pairs of linearly independent
solutions of L(z)u = Eu. This implies that the two Wronskians

[v*(z‘),ui(:t)],, = det (%(-’:}?551(1) au(f‘);é-f)l(x)) = det(W,f(:r))
are both different from zero. Because det(Ag(z)) = 1 and
Ap(z)WE(2) = Wii(2),

the Wronskians are independent of n. Define symmetric matrices G*(z), G~(z) by
requiring that for m < n,

= _ Um(@)ui(=)
(e = i) wen

_ V(@) (x)

[v=(z), v (2)]
and [G%(z)}nm = [GE(2))mn. For all n,m € N one has
[G+(I)]mn(z) [(ZN(=) - E)_l]mnv
[G'(a:)]_,,.,_,.(z) [(L_N(I) - E)_I]—m,—n .
To verify this, calculate in the case k < n —1 using Lv = Ev
2 (L*N = B)im[G¥]mn

_ zm(LiN - E)k‘mv:u::
P

(awﬁl +bviE + a1 vE | — Evf)ud
[, ut]

[G7 (= )]—fn.—n

Ry,

=0.
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Using the symmetry of G* we get also Ry, =0 fork>n+1. For k =n there is a
sign change due to the symmetry of G* and we have

Ru = akvf.;-l"gt"'ua;]"f “f+1 =1.
In particular
+
(M) - B = 6@ = - s
_ m*{z) __ 1
T T@z) nt(Ta)
and
-N -1 — 1 _ uZ(7)
(L) = E) -1 = |G (z)]'l"l—-——a(T-lz)ua(a;)
1 n~(z)

T Twm(T) = T &(T-1z)

[}
Remark. The lemma implies that —m™*(z), —n~(z),m~,n* are Herglotz functions:
they are mapping the upper complex half plane into itself.

3.3 Factorization of a random Jacobi operator.

We will simplify the notation, by often leaving off the z in the variables m*, n*, a,b.
If we avoid the superscripts +,— in m,n, etc., we mean that both equations (one
with superscript + and one with superscript —) are true.

One can recover the functions a,b from m,n by

m+n = E-b,
m-n(T) = a®.

We want to show now, how a random Jacobi operator L can be factorized as
L=D?+E.

We take a special integral extension (Y, S,v) of the dynamical system (X, T, u) (see
[Cor 82) for the general notion of an integral extension ). It is defined like this:
Y consists of two copies X, X, of the probability space (X, m). S is the identity
map from X; to X, and the mapping T from X, to X;. The S invariant measure
v is determined by ¥(Z) = p(Z)/2 for Z C X;. Define on Y a new function ¢ by
requiring that for z € X = X;,

e(z) = —m(z), (S7'z) = —n(z) .
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We have then for all z € X,

e(z) +c(571z)
¢(z) - e Sz)

—-E +b(z),
a(x) .

Because ¢ is defined on Y, these formulas extend a,b to functions on Y. Define
the C* algebra Y analogously to X as the crossed product of L®(Y) through the
dynamical system (Y, S, v). The elements of ) can be represented as

K=EK,.U" R

where 02 = 7. Call ¢ the map Y — X
K=Y K,o" Y K.,

where K,(z) = Kan(z) for € X; = X. The mapping ¢ gives for z € X1,
[H(EN2)am = [K(2)]on,2m -
Theorem 3.2 o) The random Jacobi operators
D=(Jes+a"VO) ey
are bounded for E outside an interval containing the spectrum $(L) and
v(DH)=L-E.

D is selfadjoint if E is real and below £(L).
b) The operators
BTZ(L) := y((D*)*(S) + E)

have the same spectrum as L.

Proof.
a) If E is real and below the spectrum of L, we have from Lemma 3.1,

-m*(z) >0, -n*>0.

If E is outside an interval containing the spectrum of L, m* take complex values
in general. But they are bounded in modulus by the inverse of the distance from E
to the interval containing the spectrum of L. The relation ¥(D?) = L — E follows

from the definition:
P(ye- (8)o® + (e +¢(S71) + /e(572) - ¢(S1)o~2

W(D?)
et+b~E+aT )" =L-E.

Il
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b) S is ergodic as an integral extension of T' [Cor 82] and D is an ergodic random
Jacobi operator over the ergodic dynamical system (Y, S, 7). The spectrum £(D(z))
is constant almost everywhere. Especially it is translational invariant: the spectrum
of D is the same as the spectrum of D(S). Thus, also the spectrum of

D*+E

is the same as the spectrum of
DXS)+E.

But this is not yet enough to prove that L and L(S) have the same spectrum.

Take first the periodic ergodic case, where N = | X] is finite and where we can build
for each periodic N x N Jacobi matrix L of positive mass a periodic 2V x 2V Jacobi
matrix D such that D2+ E is the direct sum of two N x N matrices L and BTz(L).
The spectrum of periodic Jacobi operators is generically simple and the multiplicity
of an eigenvalue is maximally two. (See the appendix).

(i) Assume therefore first that L has N simple eigenvalues. We want to show that
BT*(L) has in this case the same spectrum as L. The Jacobi matrix D has a spec-

trum £y, ..., Ay symmetric with respect to the imaginary axis because if X is an
eigenvalue with eigenvector (1, ... ,, uzn) then —X is an eigenvalue with eigenvector
(w1, —uz,...,—ugn). If the eigenvalue 0 of D occurs then it must have multiplicity 2

because the multiplicities of all eigenvalues must add up to an even sum. The matrix
D? 4+ E is the direct sum of two Jacobi matrices L, BTg(L) and has the eigenvalues
) + E, where each multiplicity is exactly 2. Because L has by assumption simple
spectrum we get that (L) = {\+E | i=1,...,N} and the operator BTg(L) must
have the same spectrum as L because each eigenvalue of D? + E has multiplicity 2.
(ii) In the case, when L has not simple spectrum, the claim follows because the
spectrum depends continuously on the matrix in the weak operator topology and
because we can approximate a general Jacobi operator in the weak operator topol-
ogy with matrices having simple spectrum.

(iii) In the general infinite dimensional case, we can approximate a Jacobi matrix
L(z) in the weak operator topology by periodic Jacobi matrices L(¥)(z) and the
spectra of these approximations converge for N — oo to the spectrum of L(z) by
the lemma of Avron-Simon. The Bicklund transformed matrices BTg(L)) con-
verge for N — oo in the weak operator topology to BTg(L). So, the spectrum of
BTg(L) is the same as the spectrum of L. =]

For simplicity, we will omit in the future the restriction map ¢ and write just
L = D? + E instead of L = ¥(D?) + E, where it does not lead to confusion.

Remarks. The requirement that L has positive definite mass could be weakened. If

L has positive mass then
108" (14211) du
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is finite and Oseledec’s theorem is still applicable to define the Titchmarsh Weyl
functions. If the mass is zero and a(z) > 0 for almost all z € X then one can
consider the cocycle o(T~!)- A to find the Titchmarsh Weyl functions. If a(z)=0
on a set of positive measure, the Jacobi matrix L{z) is block diagonal for almost all
z € X and a decomposition L = D? + E is then in general no longer possible.

The factorization L = D? + E can also be written as
L-E=D%=A4A",

with A = Do and A* = ¢*D. We will consider in the next section the Bicklund
transformation
AA— A%A .

4 Baicklund transformations
4.1 Bécklund transformations as isospectral transforma-
tions

Theorem 4.1 For H € C“(L), the Toda flow L = [By(L),L) is with D2 = L — E
equivalent to the Volterra flow

D = [By(D? +E),D].

The mapping
BTg : L L(S)

is @ Bdcklund transformation: It is isospectral and commutes with each Toda Fow.
In order to prove Theorem 4.1, we need a lemma

Lemma 4.2 Given two random operators D = do + 0*d, R = ro + o™r over the
ergodic dynamical system (Y, S,v). If d is not constant on' Y and DR+ RD = 0
then R=0.

Proof. The equation

RD+DR = (rd(S)+dr(S))o? +2(dr + (dr)(5™))
+ ((rd(8) +dr(S))e*) =0

is equivalent to
dr+(dr)(5s7") =0, 1)

r-d(S)+d-1(S) = 0. @)
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From (1), we get dr = —dr(S™!) or dr = dr(S7%). If $? is ergodic, then dr =
C, = const and from (1) follows Co = 0 and so 7 = 0. If S? is not ergodic, then
Y = X; U X, and S? is ergodic on X;. This implies that

dr = —(dr)(S) = Cp = const
when restricted to X;. Equation (2) gives
(5) __d dsy-a&) _
o (- g5) - L

which implies that Cp = 0 unless d%(S) = d? almost everywhere. By ergodicity
of S, the equation d?(S) = d? is equivalent to d> = const which was excluded by
assumption. Therefore r =0 and so R =0. (]

We prove Theorem 4.1: Proof. If D fulfills the equation D= [Bx(D?+ E), D), then
L(t) = D*(t) + E satisfies the differential equation L = [Bg(L), L}:

%(D?(t) +E)=DD+DD

[Bu(D? + E), D|D + D|Bg(D? + E), D)
(Bx(D* + E), D?| = [Bu(L),L] -

EL(t)

If on the other hand L(t) satisfies L = {By(L), L], then
DD+ DD = [By(D? + E), D?| = [By(D* + E), D|D + D|By(D* + E), D],
where D(t) is defined by L(t) = D(t)? + E. With
R=D - [By(D*+E),D]
we can write this as
RD+DR=0.
F“rom'Lemma. 4.2 we have R = 0, unless D is constant. But in the later case

D =L =0 anyway.

Each Toda flow commutes with L — L(T) and in the same way, each Volterra flow
commutes with D — D(S). The just proved relation between the Toda and the
Volterra flow shows that the Toda flows are commuting with L +— L(S) and the op-
erators BT L satisfies the same differential equation as L. A transformation with
this property is called a Bécklund transformation. D

Example. In the case k(L) = L?/2, the motion of D is given by the differential
equation

é=2¢(e(S) — o(S71))
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which is called the Volterra, Kac Moerbeke or Langmuir lattice. 1t is a conservation
law for the integral

/Y log(c) dv

and in terms of the Titchmarsh-Weyl functions m, n it can be rewritten as

2m(n —n(T)),

n 2n(m(T™) - m).

Also these differential equations are parametrized by a parameter E.

Remark. With d = ,/c we can build the weighted composition operator A = do* and
the Volterra lattice can also be written as

A=[A"A+ AA" 4] .-

If d is more generally a matrix-valued cocycle in L*(X, M(N,R)), where M(N,R)
is the algebra of real N x N matrices, we get isospectral deformations

A=AYT)A - AAXT)

of matrix cocycles. Since all the Volterra equations make sense also in the non-
abelian case and the flows exists for all times, the isospectral deformation corre-
sponding to the first Volterra flow

A=AYT)A - AAXT™Y)
exists for all times also in the non-abelian case,

A historical remark. The Volterra system appeared first in 1931 in Volterra's work.
He studied the evolution of a hierarchical system of competing individuals. Henon
mentions in a letter (1973) to Flaschka the relation of the Toda lattice with the
Volterra system. In 1975 the version with aperiodic boundary conditions was solved
by Moser [Mos 75a]. In the same paper, the relation with the Toda lattice is pub-
lished. There are other relations: The fact that the Volterra system sits in the
second Toda flow as a subsystem appeared in the paper [Mos 75a]. In [McK 78] the
same relations have been established for the periodic boundary conditions.

Remark. Backlund transformations are also defined for complex values F outside the
convex hull of the spectrum. They still preserve the spectrum, but the images are no
longer selfadjoint operators. The norm can blow up in an isospectral way. Indeed, if
E approaches a pole of m*(z) in a gap of the spectrum, then [|BT*(E)L(z)|] — co.
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4.2 Bicklund transformations in the coordinates of Flaschka

A Bicklund transformation can also be described in the canonical coordinates g,p €
L®(X) if they exist. If log(a) is an additive coboundary: 3f € L°(X)

log(a) = f(T) - f,
we can define g,p by
46 =M1 B =p.

We will see that there is an additional free parameter for doing the Backlund trans-
formations in the coordinates g,p. The generating function and the implicit canoni-
cal transformations in the following proposition have been given by Toda and Wedati
[Wed 75] in the case of aperiodic Toda lattices, where the Bécklund transformations
are not isospectral.

Theorem 4.3 For E outside an interval containing the spectrum £(L), the Backlund
transformations BTE

¥=b+n-n(T), a'2=a2-7$

can be written in the canonical variables q,p as canonical transformations BT% :

(g:p) = (d,P)

oW " -
p = a—q- = —¢f ~-¢—C _ e’l-?’(T WC + 2F ,
p’ = —.%‘q—/‘,/- = _eq’—q~C - eQ(T)‘Q'+C + 2FE

with e generating function
W(g.q) = /X ¢~ — M€ _9E - (¢ — q) dps,
where C is a parameter. Ezplicitly

d = gq+log2m)+C,
7 = p+2n-2n(T).

Proof. From ¥ = b+n —n(T) we get p’ = p+2n — 2n(T) which gives together with
b=-m—n+FE

p = -2m-2n+2F,
—2m —2n(T) 4 2E .

'~

3
|
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Taking the difference of these two equations gives

P =p+2n—22(T).
From o = a2 we obtain

log(4a"?) = log(4a?) + log(m(T)) — log(m)
and
¢(T) - o(T) ~ log(m(T)) = ¢ — g - log(m) .

The ergodicity of T implies that

¢ -g=log2m)+C,

where C is a constant. Together with

log(2m) + log(2n(T)) = log(4a®) = ¢(T) — ¢

this gives
¢ = g(T) = C - log(2n(T))
and so
P = —2m-2m+42E=—ef~9C_g-d@HC 4 op
P = —2m—2n(T)+2E = —e9~9C _ dT)~4'+C 4 op |
We verify
_ow ., aw
p= q ’ = aq,

4.3 Asymptotic behavior for E — —o00
Proposition 4.4 q)

Jim BTHL) =L(T),
Jim BTZ(L) =1.

b) For all E outside an interval containing L(L),
BT# o BT5(L) = L(T) .
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Proof.
a) From Lemma ??, we see that the functions

ogta"e) + 1o [ - S

log (a2(z)) + log (i f’;#l) ,

n=0

log (m*(z) . E')

wf=f)

with s*(z) = [(LN(2))"]n and s;(z) = [(L™™(2))"]-1,-1 are analytic in a disc around
00. We have thus the Taylor expansion in the variable 1/E (compare [Car 87])

—log (E[(E — LMTz)) "]-1,-1)

n=0

log (m*(m) . E)

u(252)
log (n+E(:z:))

log (n' (z)- E)

i

- +(z)?

log(a®(z)) + s}‘(z)% + (s;r (z) - %)—) % +..n,
sT(Tx)?\ 1
IT> 2] +...,

a1 _ sHT 2%\ 1
si*-(T ‘x)z; + (Sg(T l.’l.‘) - —x(T)—') ﬁ +...,

sl‘(Tx)% + (s;(Tx) -

1
E?

[l

g (2712) + 570015 + (5500 - 5L ) o+

leading to

1
log (m*(T)) — log(m*) = log (aX(T)) ~ log(e) + (s{ (T) - s1)p + .-
and
m*(T) _ aX(T)
P m+ a2
Because nt = E — b — m™*, we get also

lim n*(T)—n*=b—bT).

E—~co

From these two formulas limp_,_o BT#(L) = L(T) follows. Similar, we deduce
from the Taylor expansion that

=1, lim n” =0
E——t0
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and limg..._o, BT5(L) = L.
b) With L = a0 + (a0) + b and L" = BT o BT; L = a"0 4 (a"0)* +}", we obtain

log(a") = log(a) + %log (m*(T)) - %log(m*) + %log (n‘(T)) - %log(n‘)
= log(a) + 5 1og (4(T)) - 1 log(a?) = log(a(T))
V' = btnt —n¥(T)+m™ —m~(T) = b+ (E - b) - (E - b(T)) = b(T) .

(]

Each random Toda flow L(t) is now embedded in a one parameter family of flows
t — BTgL(t)
where E is a parameter. The random flow itself is obtained for E - —c0.

Remark. In the case |X| < oo, the boundaries of the curves E ~ BTz (L) and
E v~ BT}(L(T~')) have nonempty intersection. This gives the possibility to deform
L into L(T) inside the isospectral set. For aperiodic dynamical systems, one can’t
expect that a deformation of L into L(T) can always be done because in general,
m* and m™ are different everywhere.

4.4 Commutation of Bicklund transformations

Assume, the Hamiltonian Hg(L) = tr(hg(L)) is dependent on a parameter E €
U C R, where U is an open interval in R. Together with a smooth curve ¢ — E(z)
in U, we can define an isospectral deformation

%L(t) = [Br(ew)(L), L] -

Theorem 4.5 o) Assume |X| is finite. For all L € L, there exist time dependent
Hamiltonians Hg(L) = tr(hi(L)), such that E — L(E) = BT%(E) is the Toda
orbit of

d
FLE®) = [Baseuy(L), L) .
b) In general, for all real E', E" < inf(£(L)) and for all o,p € {+,-}
BT*(E')BT*(E")L = BT*(E")BT*(E')L .

For the proof we need the following little lemma:
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Lemma 4.6 Given d linear independent constant real vector fields f9 on the d
dimensional torus T%. )
a) If the smooth vector field fex = f(E,x) commutes with the vector fields F9,
then there exist a;(E, x) : R X T — R independent of x such that

d
f(Ev X) = Zai(E)f(i) .

i=1

b) For any differentiable functions a;(E),bi(E), the time-dependent vector fields

F(E) = S a(B)O, G(E) = 3" b(E)f®
=1

i=1

are commuting.

Proof.
a) . .
0=1[f, fO = (Vf;)- fO = £- (VD) = (V) - fO

implies

forallj=1,...,d
b)

[F(E),G(E) = [ a;(E)f(‘), X bj(E)f(j)]
= 54 s EYbs(E) [£©, f9)] = 0.

a
Now to the proof of Theorem 4.5
Proof. a) The set Iso(L) C £ of Jacobi operators with the same spectrum and mass
forms a d dimensional real torus T¢, where d < | X| — 1 (see [vMor 76]). There are d
linearly independent real vector fields f; on T¢ which correspond to d different Toda
flows [vMor 78]. The real analytic curves

E € [-o0,inf(£(L))] = L(E) = BTE(L)
on the isospectral set Iso(L) correspond to real analytic curves E — x*(E) on the

torus T9. Because these curves are smooth and passing through every point x € T4,
they are integral curves of time dependent vector fields

5B, x) = %Xi(E) .

We have seen that a Backlund transformation commutes with each constant Toda
flow. Therefore, the vector fields f*(E,x) and f; are commuting. Application of
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Lemma 4.6 a) implies that f* (E,x) are independent of x. In the original operator
coordinates, this means that the time dependent Hamiltonian fields

%L = [By(g)(L), L)

with Hamiltonian
HE(L) = tl‘(hE(L)) = Z hE,,,tr(L")

have coefficients hg,,, which are independent of L.

b) Assume first |X| is finite. Assume ¢ = + and # = —. The other cases go in the
same way. Take from a) the time dependent vector fields f*(E) on T¢ which are
independent of the coordinate x € T%. We know from Lemma 4.6 b) that for each
E', E", the flows of the vector fields

t = FHi) = fHE),
t = F(t)= f(B"/)

are commuting. As BTZ_L = L (see Proposition 4.4), the transformation BT, is
obtained by integrating up the time dependent vector field fg from E = —o0 to
E = E" which is just the time 1 map of the flow given by the vector field F~(¢). Be-
cause BT* L = L(T) (again Proposition 4.4), the transformation BT, is obtained
by shifting L ~ L(T) and then integrating up the vector field f# from E = —o0
to B = E'. This is a shift T followed with a time 1 map of the vector field F(t).
We have thus interpolated the Bicklund transformations by Toda flows with time
dependent Hamiltonians. From the commutation of the vector fields and the com-
mutation of the Bicklund transformations with the shift T : L — L(T), the claim
follows.

In general, let L™")(z) be a periodic approximation of period N such that for
~N/2<i,j < N/2,

Z™(@igwjen = [LP@)); = L)) .

Then
(LM ()N > LN(z)

in the strong operator topology (the strong and weak operator topologies coincide
on the space of tridiagonal operators) and so in the strong resolvent sense (see
[Ree 80] p. 292). This implies, that the Green functions of (LN converge to
the Green functions of LN(z). Therefore, the Titchmarsh-Weyl functions of L™
converge pointwise to the Titchmarsh-Wey! functions of L{z) and so

BTz L™(z) — BTpL(z)
in the weak operator topology. This gives
BTg BT L") z) — BT BTL, L(z)
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in the weak operator topology and finally
BTSBT4Lz) = Jim BTSBTHIM()
= Jim BT%, BTE L™ (z) = BT4.BTS L(z) .
a

Remark. For the tied Toda lattice, the Bicklund transformation is not an isospec-
tral transformation and it can be used to produce soliton solutions out of the trivial
solution ¢ = ¢ = 0. (see [Tod 81} and the appendix). This doesn’t work in the peri-
odic case: if we start with ¢ = ¢ = 0, we get after the transform the same solution.

Tlustration. As we visualized in the last chapter the motion of the Toda lattice as
" particles” with coordinates

7 = (log(@a), ba) s
we want to see how a Bécklund transformation acts on a curve
z € T! - (log(a) +ib){z) € C
in the complex plane. Also Bicklund transformations preserve the integrals

/;{ log(a) dm, /x bdm

and the center of mass of the curve will keep constant also. We calculated numeri-
cally some Bicklund transformations with the following Mathematical program

[ 1
n[i_Integer,n_Integer]:=Mod[i-1,n]+1;
a[n_Integer]:=Table[N[2+Sin[k 2 Pi/nl],{k,n}];
b[n_Integer] :=Table[N[Cos[k 2 Pi/n]],{k,n}];
Ala_List,b_List,EE_J:=Table[1/a[[m{i-1,Length(al]]}]=*
{{EE-b[[i]],-(allm[i-1,Length{al]]1])~2},{1,0}},{i,1,Length[al}];
Monodro[a_List,b_List,EE_] :=Block[{t=0,A=A[a,b,EE] ,B=IdentityMatrix[2]},
Do[B=A[[i]].B;t=t+Re[Log[B[[1,1]]11];B=B/B[[1,1]],{i,Length[a]}];{B,t}];
mplus[a_List,b_List,EE_]:=Hodule[
{M=Monodro[a,b,EE] [[1]1],8,n0,ad,n=Length(al},ad=M[[1,1]]1-M{[2,2]];
n0=(ad-Sqrt [ad~2+4+M[[1,2]1]*M[[2,1]11])/(2+M([2,1]]) ;8={m0};
Do[s=Prepend(s,al[n[n-i,n]]]1~2/(EE-First[s]-b[[m[n-(i-1),0]111)1,{i,0-1}]; =];
BTplus[{a_List,b_List},EE_] :=Module[{mpl=mplus{a,b,EE],npl},
npl=EE-b-mpl;{a Sqrt[RotateLeft[mpl]/mpll,b+npl-RotateLeftinpll}];
Init[n_J :=Block([{s=10.1231#Pi/n},
{Table[N[Exp[Cos[j*s]1},{j,n}],Table[N{Sin[j*s1],{j,n}]}];
Pict[{a_,b_}]:sListPlot[Table [{Log[a[[i11],b{[i]1},{i,Length[al}],
PlotRange->{{-3,3},{-3,3}},DisplayFunction->Identity,Axes->False];
Film[NPart_,NPict_,TimeInt_]:=Block[{c=Init[NPart],Movie={}},
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Do[Movie=Append [Hovie,Pict[c]];c=BTplus[c,-6-(N[1/(i*TineInt)1)],{i,NPict}];
Movie];

Display["!psfix -land -stretch > backlundfilm .ps",
Show[Graphicsirray[Partition[Filn[101,16,1/16],4]1,
DisplayFunction->$DisplayFunction,Frane->True,

PlotLabel->FontForm{"Backlund tramsformations",{"Helvetica" ,12}111

vt

5 Symmetries

5.1 A simple version of super symmetry

The factorization L —~ E = D? leads to the simplest version of super symmeltry:
Define the elements

L-E 0 0 Do 1 0
H=( 0 L(S)—E) ’Q=((Da)" 0 ) ’P=(o —1)
in M(2, £). The property
Q*=H,P’=1,{Q,P}=QP+PQ=0

is called super symmetry ([Cyc 87] p.121). It is believed to be important for the
understanding of super-symmetry breakdown in realistic field theories. One calls

the operators
+_ (0 Da) __( 0 0)
Q‘(o 09 ={woy o
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super charge operators. They satisfy
@Y =@)Y=0,Q"+Q =Q.

The eigenspace of the eigenvalue 1 of P is the space of Bosonic states and the
eigenspace to the eigenvalue —1 is the space of Fermionic states. The operator
L — E is the restriction of H on the Bosonic states and the Bicklund transformation
L(S) — E is the restriction of H on the Fermionic states. D is also called charge
operator. This suggests to denote the invariants

Q (E)'exp(/ log\/__d;;)_exp( w(E))

the charge functions of the operator D~ and
QY (E) =exp (/x log vVm+ dp) M - exp (w(E))

the charge function of the ” a.nti—dperator” D*.

5.2 CPT symmetry

‘We have seen that we can write the first Toda lattice as the differential equation

2m(n — n(T))
n(m(T!) —m)

in L®(X) x L*(X). Define the transpositions

m
7

nn

C : m*eont,
P : TeT?,
T : te =t

One can see that the above equations for the motion of the Titchmarsh-Weyl func-
tions m, n satisfy the symmetry C PT in that applying the transformation Co PoT
leaves the equations invariant. We could call the transformations a change of Charge,
Parity and Time. The name charge function is consistent with calling a Dirac oper-
ator like D = \/co + (1/co)* the charge operator. Notice also that the linearization
of the first Toda equation, the random wave equation

n—n(T),
m(T)—-m

m

7

has this CPT symmetry while the continuous analogue on R

m = n,,

n o= mg
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has more symmetry, namely C and TP where P : z — —xz. The discretization
changes the symmetry. The doubling of the lattice simplifies the Toda equation to

&= 2¢(c(S) - ¢(S-1))

and the C transformation which was an involution before becomes now the shift
C : e cS). We have still TP symmetry where P : S+ S, The doubling of the
lattice changed also the symmetry.

5.3 Remarks

Taking terms from physics to describe mathematical structures has some danger in
that a relation to real physics is pretended even if there is no physical experiment
for which such a relation could be helpful.

On the other hand, there is hardly any mathematical structure which is not realized
in some sense in physics. Today physics suffers from the lack of experimental facili-
ties to eliminate mathematical theories as candidates for explaining the world. The
link between the models and reality is lost. This leads to the nowadays observed in-
flation of mathematical theories having physical content. On the other hand, using
physical terms in mathematics simplifies heuristic thinking and makes things more
exciting because there could be a relevant relation between any given mathemati-
cal structure and the physical world. This remark should show that the following
statements should be taken "cum grano salis”.

CPT symmetry, internal symmetry:

It is believed today that CPT isa symmetry in modern particle physics. Our above
simple mathematical model shows that this finite symmetry appears in a natural way
after a discretisation of space. This could be an indication that a space is discrete
at the Planck length, an opinion shared by a large community of physicists. On the
other hand, we don’t believe that the "time” in the Toda systems have anything to
do with the usual time in physics even though also in classical quantum mechanics
the time evolution is an isospectral deformation. The Toda (and Volterra) systems
should be considered as internal symmetries of a one-dimensional classical quantum
mechanical model with Hamiltonian L.

Abstract conductivity:

In the periodic finite dimensional case, also space translation L L(T) can be

realised as a Toda deformation. It is an interesting question if this is possible for

general random operators because one could interpret the ability to move in the

internal symmetry space from L to L(T) as an abstract concept of ”conductivity”.
In the finite dimensional case, there is a path BT*(E)L connecting L with L(T):

The Jacobi operator L defines a hyperelliptic curve

R={(E,y)ec?|y’ =det(L - E) = ev(B))
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which has a universal covering serving as a complex time axis: Given Lo, there
exists a parametrized Hamiltonian Hg = tr(h(-)), where the "time” E is lying in
the universal covering of R. There is a real path t ++ E(t) which is the union of
two paths E'(t), E"(t). The first path E' is passing from E(0) = oo = (—o0, —o0)
to the lowest branch point E'(1/2) = inf{A € o(L)} and can be given as

E@t)= %2 .

The second path is starting at E”(0) = E'(1/2) and is going back on the other sheet
to the point E"(1) = 00 = (—00,00). It can be parametrized as

2E,
12—t

E" (t) =

If we do the Toda flow
< LUEW) = Ba@w(D), L]
starting with Ly = L(0) taking this Hamiltonian along the curve E(t) we get

L(t)
L)

BT-(E(t)), te[0,1/2],
BT*(E()), tef{l/2,1]

and L is connected with L(T). Because in general, m* and m™ are no more coin-
ciding at the infimum of the spectrum, such a connection does not exist in general.
This does not exclude other connections in the isospectral set but it indicates that
properties of the bottom the spectrum might have a relation with the mobility in
space.

An other measure for conductivity is the rate of ballistic motion which measures

the decay of the wave function g(t)u for the position operator (qu), = n- u,. Given
a wave function u in a domain

D(g) = {u] XInl- |ua* < o0}
which makes g self adjoint. The value
.1 - —i
r(w) = Jim lla(®ul] = £ loeu]
is positive for a free particle. Simon [Sim 90] has shown that point spectrum of
L =7+ 7 +V implies that r(u) = 0 for v € D(u) (*absence of ballistic motion”).

In solid state physics r(u) is proportional to the conductivity.

Mass and charge:
The name mass for the integral M = exp(fy log(a) dm) was chosen because we
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needed a name for this conserved quantity. A justification is that we can view the
discrete Schrédinger operator as a sum

L=K+P={(ar+ar")+b

of a kinetic energy and a potential energy and a as a local mass function which gives
an averaged "mass” exp([log(a) dm. (The average fa dm has the " disadvantage”
that it is not an integral of the Toda flow.)

The name ”charge function” for the functions Q% was chosen because D* can also be
called charge operator. There is another more physical justification (which however
mixes different unrelated physical topics). We have defined the charge function

Q'(E>=exp(‘ Q(E’) .

We use the density of states dk tp average these functions to the charge:

o men ([ 2 ap))

Using the Thouless formula we can write
C-=(Q) = exp ( /c ~w(E) dk(E))
exp (/c tr(log|L — EJ) dk(E))

exp ( '/c /c log|E — E) dk(E') dk(E))
exp(I(L)),

which is called the capacity of the set o(L) if the density of states measure dk is
maximizing exp(I(4)) under all probability measures 4 on the spectrum o(L). I(L)
is the energy of the measure dk. The relation between capacity C and charge @
is (at least in a condenser with potential energy 1) given by the formula C = Q2.
This acrobatic playing with analogies has related the charge motivated by the Dirac
operator of L with the potential theoretic charge of its spectrum o(L). The definition
of the charge @ can be done in the same way for higher dimensional Laplacians.

il

I

6 Some questions

® What is the set of potentials we can get from one a,b by making Bicklund trans-
formations? Can we reach like this a dense set of the isospectral set of random
operators.
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¢ Under which conditions is L — L(T) the time one map of a Hamiltonian isospec-
tral flow in £? For which ergodic automorphisms T commuting with T can one
connect L with L(T') inside the isospectral set?

o Can one find analogous factorizations and Bicklund transformations of higher
dimensional random Jacobi operators in the crossed product X of L*(X) with a 2¢
dynamical system? Jacobi operators are then of the form

zd: (a,-‘r‘ + (a;T‘)‘) +b.
i=1
7 Appendix: The spectrum of periodic Jacobi
matrices

In this appendix we prove an easy (and probably well known) fact about the spec-
trum of periodic Jacobi matrices which we give here because we couldn’t find in the
literature. Our sources are [vMor 76] and [Mos 84]. In contrast to aperiodic Jacobi
matrices the spectrum of periodic Jacobi matrices

bl ax 0 . 0 an
ay b2 a . . 0
_ 0 as . . . .
L= aN—2 0
0 - - anv-2 by-1 ana
ay 0 - 0 av1 by

needs not to be simple as the example

0 a a
L=]a 0 @
a a 0
with spectrum —a, —a,2a shows. We want to prove now that for a generic set of

coefficients a,, b,, the spectrum is simple.

Lemma 7.1 There ezists an open dense set of coefficients a,b € L*(X) = R?N
such that the Jacobi operator L = at + at* + b has simple spectrum.

Proof. Let L = L; be a one-parameter family of Jacobi operators and denote with
% = u; an eigenvector with eigenvalue E,. Differentiation of

(L-Eju=0
gives (L' — E")u + (L — E)u' = 0. Using the symmetry of L — E we get
0= (u,(L' - ENu)+ (u,(L - EY) = (u,(L' — E"\u)
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which leads to the Rayleigh quotient

v _ (L'u,u)
F=w

If » has norm 1, this formula gives

[ 2

6—bk-L = U,

é

bl = Qupupy .

If E is an eigenvalue with multiplicity 2, it has two different eigenfunctions u, v.
Let k be an index such that w; # v;. We can also assume u;, # —v; because we
can replace else v by —v and find another entry w # v;. From the above formula
we deduce that changing 5, changes the two eigenvalues differently. For small € a
change of by to by, + € splits the doubled eigenvalue E and keeps the already simple
eigenvalues simple. Proceeding inductively we can perturb the matrix in order to get
only simple eigenvalues. The set of Jacobi matrices with simple eigenvalues is open
because the eigenvalues depend in finite dimensions continuously on parameters. O

Remark. A Jacobi matrix L with period N can be viewed as an infinite periodic
matrix acting on the finite-dimensional space of N-periodic sequences in 12(Z). If the
periodic matrix acts on the whole Hilbert space 1%(z), the spectrum of L becomes a
band spectrum. Let

ML Sy

be the eigenvalues of the infinite matrix L when restricted to the 2N dimensional
space of 2V periodic sequences in I2(z).
The proof of the following Lemma can be found in [vMor 76}

Lemma 7.2 The spectrum of L acting on 12(2) consists of the intervals (bands)
[Ar, 22l [Aa, Ad), -, o=, dow] -
The spectrum of L acting on N periodic sequences is

{’\ly A4’ A5) ey A21\:'—31 A21’/} .
The intervals between the bands are called gaps .

8 Appendix: Bicklund transformations for ran-
dom Schrédinger operators

There is a complete parallel theory of isospectral deformations and Bicklund trans-
formations for random Schrédinger operators over a fiow. The set up is the following:
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Let X be a compact Hausdorff space and 7; a flow on X with an ergodic invariant
measure p. For ¢ € C(X,R) one looks at the operator

acting on L%(X). The simplest (and well investigated) case of a random Schrédinger
operator is a periodic operator

_ &

=T@te
where ¢ is a continuous say 1 periodic function. If u*,u™ are the Floquet solutions
of the Schrédinger equation

Lu=EFEu
satisfying
wt(z+1) = eut
wt—z+1) = eut
define the Weyl functions
Lyt
m* = (logut) = Eu:!:—

The Biacklund transformation
BT*(q) = ¢ - 2(logut)’ = ¢~ 2;5'”
is a Backlund transformation. It is isospectral. (see [Dei 78] Theorem 11). This

transformation was found by Darboux in 1882 (see [Ehl 82]) and was worked out by
Miura.

An other interesting case are almost periodic Schrédinger operators. Isospectral
deformations of these almost periodic operators have been considered in [Joh 82].
An integration of such systems is still missing.

9 Appendix: Béicklund transformations for ape-
riodic Jacobi matrices

We discuss shortly Béicklund transformations for aperiodic Jacobi matrices.
Let L be an aperiodic N x N Jacobi matrix

bl [15} 0 . . 0
a b a . .
_ 0 as .
L= . aN-2 0
av—2 by-1 an—1
0 . . 0 ay-1 bN
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satisfying @, > 0 foralln = 1,... N. Assume L has the eigenvalues
AV <)@ <A™
and corresponding eigenvectors

u®, W

For E in the spectrum, we write also u = u(E) for the eigenfunction of E. We see
from
(Lu) = Gnln4l + bnun + Gn-1Un-1 = Eun

that », = 0 is not possible as long as an41,@n_1 > 0.

Denote by
()
mk(E) = aku(T):l )
) = o

the Titchmarsh-Weyl functions belonging to the eigenvalue E. We understand in
the above definitions m(E)y = n(E), = 0. We get

m(E')k + n(E)k = E-b ,
m(Een(E)pyr = af.
On a doubled lattice we can define
Cop = —My, Cop—1 = -, k=1,...0.
The new Jacobi matrix
0 0 0 0
0 0 d
_lo 4 . .
D= . dy_2 0
. doy-2 0 dony
o . 0 day-1 0

with d; = ,/c; satisfies like in the periodic case
[D? + Elakat = [L]es -

The entries d; however are complex in general because c; is not necessarily positive.
If we do the Bicklund transformation with the ground state, the lowest eigenfunction,
we get however a real Jacobi matrix D because the Titchmarsh Weyl functions m,n
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are then negative. To proof this, we approximate the aperiodic Jacobi matrix by
periodic Jacobi matrices

bl ay 0 . 0 €
a by a : . 0
_ 0 as . . .
L‘ - . anN-2 0
0 - - any—2 bva1 ana
e 0 - 0 aNa by

The Titchmarsh-Wey! functions m(A), n(AD) of L, at the lowest eigenvalue A
of L, converge to the Titchmarsh-Weyl functions m(A(")),n(A()) of L at the lowest
eigenvalue A® of L. Because —m,, —n. are nonnegative, also ~m, —n are nonneg-
ative. They can’t be zero and we conclude that the numbers d; are real and positive.

The map
. L BTg(L)
with _
(Eles = [BTe(L)|es = [D? + Elokir2141
is the Bicklund transformation. The proof that it is isospectral goes like in the
periodic case. If a, > 0 for all » € N, then the Béacklund transformation with

the ground state u(!) has the property that a BT(L) is again real. The Backlund
transformation can be written explicitly as

- Me+1 7
Q. = Q% ybhe=b+np — Ny,
V mg

where we understand n,, = m,41 = 0. The Jacobi matrix

by @ 0 - - 0
G b 8 - . .
- |0 &
L= . . ¢:1N—2 0
. éys by O
o - - 0 0 by

is isospectral to L but it satisfies &y—_1 = 0. It is not possible to transform it again
with the ground state because we have now zero'ls in the side diagonal. However,
we can get a new (N —1) x (N —1) Jacobi matrix by projecting L onto the eigenspace
generated by the eigenvalues different from A1), This is then a new Jacobi matrix

by @ 0

. G by G
L'=)10 a .
: Gn-2
dn_2 by



for which the Bicklund transformation with its ground state makes again sense. We
can repeat this procedure getting smaller and smaller matrices. The Bécklund map
from the isospectral set of Jacobi operators with spectrum

M) <A@
in the isospectral set of Jacobi operators with spectrum
B < exm

is a continuous map from an n dimensional simplex into one of its faces.

The reversed process is also interesting because it allows to build up bigger and bigger
Jacobi matrices with prescribed spectrum. In each step one gains an eigenvalue
more. A possibility to construct the inverse process would be to approximate the
Jacobi matrices by periodic matrices L., where the Bicklund transformation can be
reversed and to do the limit € — 0 in 3 suitable way.
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Abstract

We show that transfer cocycles of random Jacobi operators move according
to zero curvature equations, when the Jacobi operators are deformed in an
isospectral way. The zero curvature equations are isospectral deformations of
SL(2,R) cocycles.

We show that every SL(2,R) cocycle is cohomologuous to a transfer cocycle
of a random Jacobi operator if the dynamical system (X, T, m) is ergodic.

We consider discrete d—dimensional zero curvature SL(2,R) gauge fields over
a 79 dynamical system. These gauge fields are Toda systems with discrete
space and time. We begin to study the moduli space of zero curvature gauge
fields in the case of an abelian structure group and d = 2.

In the case, when the structure group is T2, a result of Feldman-Moore has
the following reinterpretation: for any field h, there is a gauge potential (f, g),
such that the curvature of (f, g) is h. This leads to the existence of random
Harper models with arbitrary space dependent magnetic flux.

1 Introduction

Most integrable systems allow a zero-curvature representation (see [Fad 86]). Also
for the Toda lattice such a representation has been given (see [Fad 86] p. 471). We
want to adapt those zero curvature representations for the random Toda lattice. The
Toda system is a semi-discrete system in which time is continuous and the space is
discrete. We want also to formulate higher dimensional zero curvature representation
of discrete Toda equations in any dimension. In two dimensions, we compare the
continuous (KdV equation), semi-discrete (usual Toda system), and discrete (lattice
gauge field) set up. To get a symmetry between continuous and discrete case, we
formulate everything in a dynamical setting. The idea is to replace the discrete
d— dimensional lattice 2 by the orbit of an aperiodic z¢ action. In the continuous
case, the d— dimensional plane R? is replaced by an orbit of an aperiodic R® action
Ti,...T4 on a compact metric space. The advantage to replace manifolds by orbits
of dynamical systems is that the embedding in a compact metric or a probability
space is useful for example for integration. The notations get simpler and there
is more symmetry between discrete and and continuous systems. The idea is used
in statistical mechanics, where the thermodynamic formalism has been generalized
to lattices formed by orbits of dynamical systems. Advantages of such a set-up is
a simplification of notation and a stimulation of both of the subjects dynamical
systems and statistical mechanics. The general idea of doing mathematics on orbits
of group actions seems to be due to Mackey [Mac 63].

The embedding of the lattice inside a probability space is always connected with
cohomology constraints which manifest in an algebraic way the random boundary
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conditions. . Not everything which is possible in the free lattice is also possible on
the embedded lattice. Also the properties of the dynamical system play a role and
the choice of the ergodic dynamical system corresponds to a choice of a boundary
condition.

An important question is to know the moduli space of zero curvature fields or even
to know the moduli space of all fields.

2 Zero curvature equations in two dimensions

We compare here the continuous, the semi-discrete and the discrete set up for two-
dimensional zero curvature fields with structure group SL(2,C). An example of a
continuous field is the KdV flow an example for the semi-discrete field is the Toda
flow and an example for the discrete field is the discrete Toda lattice.

Let X be a compact metric space which is also a probability space. Let R be a
two-dimensional group acting on X by measure preserving transformations. We
distinguish continuous, the semi-discrete and the discrete case (i) R =R X R, (i)
R = R x Z and (iii) R = Z x 2 (the discrete case). We denote with T", S* the actions
of R and with &, 6, the Lie-derivatives which are in the discrete case 7.f = (T
and 7,f = f(S), in the continuous case

buf = f(T om0 = S Tlco

A matrix Lie group G = SL(2,C) called the structure group and denote with ¢ =
sl(2,C) its Lie algebra. The space of Gauge fieldsG C L*(X,, G) consists of functions
A € L*(X,G) having the property that on each orbit, the mapping

R — G, r— A(rz)

is smooth. A connectionor gauge potentials is a smooth function in (i) L=(X, gx 9),
(ii) L*(X,C x g) or (iii) L*(X,G x G). To a connection is attached a covariant
derivative which is
@ V=6-V,V.=6-U,

(12) V,=6g—V,V,=LT‘,

(1id) Vi=K7 ,V.=L1;.
The commutator [V, V] is the additive curvature. Let u be a vector field on X.
The integrability condition for the two over- determined equations Viu =0, V,u =

0 is [V, V] = 0 called zero curvature condition. It can be written in the three cases
as

() U-V.+[U,V]=0,
(#) L +|L7,V]=0,
(i) (LK) =0.
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Given a connection (U,V) and A € ¢ , the transformations
() (UV)- (AUA™ + 4,47 AVA T + 4,47,
(#)  (LV)e (ALAT(T™),AVA™ + 4,47,
(i) (LK)~ (ALA™(T), AKA™Y(S7Y))

are called gauge transformation. The zero curvature equation stays invariant under
such transformations.

Given a connection (U, V) one defines a parallel transport of a vector. The definition
is the simplest in the discrete case (iit), where a path is a sequence of points T’ =
{z1,...,Z.}, where 2, = Tz,_, for T € {11, T, 77, T5'}. We represent T also as
a sequence (T;,,T;,,...,T;, ).

[A@) = AT, -+ Ty2) - AT, 2)A(2)

which defines a parallel transport along the path. The parallel transport in the con-
tinuous case can be reduced to the discrete case by approximating a curve in R?
through a polygon and taking 4; = exp L; on the edges of the polygon.

Examples.

¢ Case (i): Take X = T* and Ty(z,y) = (z +ta, ¥ Tu(z,y) = (w,y + s8), where
z,y € T2, An orbit can be a torus, if @ = (a1, 3), 8 = (61, :) are both rational
vectors, a cylinder, if one of the two vectors o, 8 is rational, or the two dimensional
plane, if both a, # are irrational. Define for a spectral parameter E the connection
(see [Fad 86] p. 307)

. 10 01
U——22E(0 —1)+(u0)
1 0 01
= 9 2
v e (3 8)em (0 )
. u 0 —u, 2u
_-ZE(u,, —u)+(2u2—u,, u,)'
The zero curvature condition gives the Korteweg de Vries equation

Uy — Uty + Uper, =0 .

If « is rational, we are looking for periodic solutions, if 3 is rational, we have a KdV
with periodic boundary conditions.

o Case (ii): Take X = X;, XX, where X; = T2 and X, is a probability space. Take
Ti(y) = (y+ o) and T, is generated by an automorphism T of the probability space.
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The zero curvature equation for the connection

_(p+E €& (0 —e®
L—(—e“’ 0)’V—(e“' 0 :

gives Lt = [V, L7] or

p+E,
= ITa _ ga-eT) ,

3. Q.
]

which is the Toda lattice. By the gauge transformation

-2
C= ( 0 /2

the Toda flow in the (a,b) coordinates can be recovered

LI = CLc-l(T—l) = a—l b +E —a(T-l)
e 0 !
v = cveiicet=( "E7NT) 2
t —2a b )

With a further gauge transformation with

,_[a O
e=(51):
b+E —az(T"))

L' = C'L'c’-l(T-1)=a(T-l)-l( A 0

-E-b 2a? )

we get

V”

75 —1 =1
c'Vel 1+ CiC _( s biE
with L"(z) € SL(2,R), V"(z) € sl(2,R).

Remark. Also the rendom Volterra differential equation @ = u(u(S) — u(S")) has
a zero curvature representation (see [Fad 86] p.296). With

(5 3) = (42 30)

Ac* =V, Ad"].

one gets
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o Case (iii): Given two automorphisms §, T of the probability space. The problem
consists of finding K, L € L(X, SL(2,R)) satisfying

LK(T) = KL(S).

Solutions can be found by taking an element M € L*(X,SL(2,R)) and define
(L, M) to be the gradient of M

L=MMT)" K =MM(S)".
One checks then that LK(T) = MM (T'S) and KL(S) = MM(TS). Such solutions
are gauge equivalent to the identity.

There are candidates for nontrivial examples of random discrete zero curvature equa-
tions [Sur 90,[Sur 91],[Qui 91],[Cap 91]. In these articles the finite case X is treated
and the notation is different. We take an example of Suris in [Sur 91): The equation
for ¢ € L=(X) :

1+ h2. er-o(T7Y)

_ 14 h2. etT)—q
o) ~ 20 + ¢(S™) = log (

is equivalent to
€119 _ g9=alS™Y) . p2, poT)—g(571) _ p2. eHS)—q(T™Y)
and is called discrete time Toda equation. It can be written as a zero curvature

equation
L(S)M = M(T)L

L_( Eet~957) —E“he") M_( E-1 —heq)

with

—he=9T™) 0 EhedT™ E

where E is an additional spectral parameter. The problem is to find solutions g of
these zero curvature equation. An other example is the Hirota eguation [Bbgp 92]
which is translated in the random language given by a solution v € L®(X ) of

vo(STY(TW(S™IT) = 1 + k(vo(S~'T) - oS Hu(T)),
where k is a parameter. This equation can be written as a zero curvature equation
ML(T)=LM(S)

for

§-1 A _ k (Av(S~1u(S71T))?
L= ( R (5Y)/v ) M= ( A 1y(S 1Ty P )

k)
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where ) is an additional parameter. Bobenko et al. also remark that the Hirota
equation can be written as o(TS™!)v = M(v(T)v(S™')), where M is the Moebius

transf
ranstorm 1+ ks

k+z

They study the map also over finite fields for which the Mébius transform on a
quadratic extension of the field makes sense and maps S = {v7} into itself. Such a
system can be viewed as a cellular automata.

Z

38 Zero curvature equations for random Toda flows

We quickly redefine the definition of the random Toda lattice. which is an isospec-
tral deformation in X, the crossed product of L®(X) with the dynamical system
(X,T,m). The von Neumann algebra X’ consists of elements K = ¥, K,7" with
convolution multiplication, where the rule 7K, = K.(T)r is used to shift the 7 to
the right and 7* = 7~! and the norm is given by

MK =K@ oo »

where K(z) is the infinite matrix [K(z)lmn = Ka—m(T™z). There is a trace tr(K) =
fx Ko dm. Each element K has the decomposition K = K~ + Ko + K+ defined
by Kt = £2, K,. With £ C X is denoted the Banach space of random Jacobi
operators L = ar + (ar)* + b if a,b € L®(X) are real. For a Hamiltonian

H e ¢¥(L) = {H(L) = tr(h(L))] h entire, h(R) C R}
the random Toda lattice i
L= [BH(L)lei
with Bg(L) = K(L)* — K'(L)~ and H(L) = tr(h(L)) is an isospectral flow in L. It
reduces to the periodic Toda lattice in the case when |X| is finite.

We have seen in the last paragraph, how the first Toda lattice can be written as
a zero curvature equation. We show now how each random Toda flow is a zero
curvature condition for a certain gauge field over a semi-discrete space time.

We assume now G = L*(X,SL(2,R)). If we take the connection C = (Ag,Vg)
where Vg is the si(2,R) cocycle

-E-b 24
Ve = ( -2 E+b ) '
the zero curvature equation
d

-(EAT' =VAr* — AV(T )" = [V, A"
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describes the first Toda flow
& = a}T)-b),
b = 2-a®-2.44T7"),
with Hamiltonian H(L) = tr(%).
Parallel transport along the time axis gives the motion of the Toda lattice. If we

make parallel transport along space, the average growth rate of the vector is M),
a Gauge invariant number.

Two cocycles 4,B € A = L>(X,SL(2,R)) are called cohomologuous or Gauge
equivalent, if there exists C' € A4 such that B = C(T)AC™!. A cocycle A € A is also
called a weighted composition operator Ar* acting on B(2)? as Am*w, = A(z)w,-,.

Theorem 3.1 For each Toda flow [, = (Bu(L), L] with H € C*(L) there is a zero
curvature eguation i
AET' = [V;,,E, AET‘] .

Each of these flows defines an isospectral deformation of the cocycle AT*. The
deformed cocycles are all cohomologuous: there ezists a curve Ul (t) C A with

A(t) = U@ AQQUE)T™Y) .
Proof. We show this first for a Hamiltonian

tr(LF)
k

which gives the Toda flow L = [By, L] with B, = (L*)* — (L*).

Hy(L) =

For E outside an interval containing the spectrum £(L) of L, there exists {ut} er?
satisfying L(z)u* = Eu* and ut € 2(N).

Claim. If u(t) satisfies the differential equation
%t = By(z)u
with initial condition u(0) = u* then L(t)u(t) = Eu(t).

Proof. In order to make sense of the differential equation % = Bu, we can view u as
living in a weighted Banach space Mg of sequences defined as

Mg ={c= (- ye-zey,co,01,00,..) | |Id] = S leal K < oo} .

n
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1f the positive real parameter K is chosen big enough, a solution u of the Schrodinger
equation Lu = Eu isin M. The differential equation & = Bu has then by Cauchy’s
existence theorem a unique solution in Mg. Using L = [B, L] and & = Bru we
get

(BeL - LBk)u +Lu-FEu

(E - L)Bku 4+ LBiu—EBiu=0.

With this and the fact that we assumed L(t)u(t) = Eu(t) for ¢ = 0 follows the claim.

2 (L) - Bult)

The differential equation & = Biu is an equation of the form
U = Fltnky - oy Untk)-

Define w, = (tn41,%.) and write wo = Vi gwo, where Vi g is calculated as follows:
use the equation L(z)u = Eu which is a linear difference equation of the form
Unpt = G(tn, n—1) to €xpress (Upy1,uq) for n # 0,1 as a linear function of (ug, u1).
The so obtained matrix Vi g(z) does not depend on the choice of u. The integrability
condition for the two equations

]
(5? —Vigywo =0, (Ap(z)T")wo = wo ,

(differentiate the second equation and plug in wp into the first) gives the zero cur-
vature equation )

Ag(z)™ = [Vie(z), Ae(2)7"] .
In general, if the flow is given by a Hamiltonian H(L) = ¥ hatr(L") € C¥(L), we
get also a zero curvature representation with

V(z) = Y haVis(2) -

The rough estimate |[Vi, g(z)|| < k||L(z) - E|{** shows that the sum V(z) converges.
The mapping z — Vz(z) is measurable. Define a curve of cocycles U(t) by
U=VygU, U(0)=1.
We check
UY)AeTU(t) = U () AgU(T 1) (t)m" = Ag(t)r™
and the Toda-motion is indeed an isospectral deformation of the cocycle Ag. All
the deformed cocycles are cohomologuous. a

Proposition 3.2 Given two Hamiltonians F,G. Denote by tr and tc the time

parameters for the Toda flows induced by F rsp G. Then the Sakharov-Shabat
equation s s o o

SR YR AR 7 WA A -

[atF VFy 3tc VG] - +[VF7VG] =0

Otg Ot
holds in L*(X, sl(2,C)).
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Proof. Because the Toda flows corresponding to the Hamiltonians F and G are
commuting, the parallel transports

d a
=— = Vr,— -V
at[‘ F 0t(; G
are also commuting and the commutation of the vector fields is equivalent to the
Sakharov-Shabat equation. Im}

4 Cohomology of SL(2,R) cocycles

Cocyles appearing as transfer operators of Jacobi operators are not as special as one
might think. Every SL(2,R) cocycle is conjugated to one of them:

Theorem 4.1 Assume (X,T, m) is aperiodic. Every A € A is cohomologuous to
an element B in B= {B € A| By(z) = 0}.
Proof. Denote by # = ¢/r the projective coordinate of a vector v = (g, r) and with
C the projective transformation 4 - Cy belonging to a matrix C € SL(2,R). The
requirement [C(T)~1AC]a; = 0 is equivalent to

C(T)'Ag =&,
where e; are the basis vectors in R? and ¢ = Ce;. Multiplying from the left with
C(T) shows, that this is equivalent to

Ady = &(T).
Denote by R(¢) the matrix in S0(2,R) which makes a rotation about an angle ¢.
There exists (see [Knil]) cocycles B arbitrary near to A such that BR(%) has two
different Lyapunov exponents. Oseledec’s theorem implies then the existence of a
projective field § satisfying r
BR(E)ﬁ = #(T).
Define ¢; = v and ¢, = A‘IBR(g)v where v are unit vectors having the projective
value 4. For B sufficiently near to A, the determinant of the cocycle C' satisfying

C'e; = ¢; for i = 1,2 is bounded uniformly away from 0 because for A = B, the
determinant of C" is 1. Define now

C(z) = C'(z)/det(C'(z)) € A.
We have then . e
AEZ = BR(E)El = EI(T)
or A% = &(T) which is equivalent with C(T)~'AC € B. u]
Remark. This result shows, that every cocycle A € A can occur in a zero curvature

equation if the dynamical system is aperiodic. In the case of a periodic dynamical
system Theorem 4.1 is wrong. A counterexample is already |X| =1, A(z) = 1.
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Corollary 4.2 If(X,T,m) is aperiodic, the Lyapunov exponent MA) of a SL(2,R)
cocycle can be determined by calculation of a determinant of a random operator.

Proof. The determinant of a random Jacobi operator L = at + (a7)" +b is related
with the Floquet exponent by

e~ YB) = gt(oB(l-E) — det(L - E) .
The Thouless formula for the transfer cocycle A is
~MAE) +ip(Ag) = w(E) + log(M) ,
where M = exp(Jx log(a) dm and p(Ag) is the rotation number. We obtain therefore
|det(L)| = M - ¥4

In the last theorem we have seen that every SL(2,R) cocycle is cohomologuous to a
transfer cocycle of a random Jacobi operator. D

An other applicétion of this conjugation result is

Corollary 4.3 If (X,T,m) is eperiodic then
a) PN B is dense in B.
b) P 1B\ int(P N B) is not empty.

Proof. Assume C(T)AC~! = B. Then there exists a continuous mapping ¢ from a
neighborhood U of A onto a neighborhood V of B € B

$(4) = C(A(T)AC(A)™ .

Given B € B there exists A € A cohomologuous to B and every such conjugation
can be extended to a conjugation valid in a neighborhood of B.

a) Take a sequence A, — A, where A, € P and map it to a sequence B, — B
where B, € B is conjugated to A, and B € B is conjugated to A.

b) There exists a sequence A, € A with M(4,) = 0 and A4, — Aand A € P.
Conjugate this to a sequence B, € B with B, —» B € B. O

One could ask if there exists C € A such that

C(T)AC-\(z) = ( Hz) “01) .

We don’t know the answer but the above proposition shows that this can be reduced
to the question when .
_( =) -é=) )

= ( izt 0
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In the case when a = ¢(T)e, we calculate with

o~(3 2)

-1 _
C(T)AC = ( ”(”)C(IT)C . ) .
For the condition a = ¢(T)c to be true, the equation log(a(T)a™') = log(c(T?)) -
log(c) must be true. Thisis a cohomology problem and ¢ does not necessarily have
to exist.

5 Discrete Zero curvature equations in more di-
mensions

Given a matrix group G ¢ M (k,R) with trace #r and a z¢ dynamical system de-
termined by d commuting automorphisms Ty,... T, of the probability space (X, m).
For a Gauge potential or connection At = (Ar7],..., A7]) with 4; € L®(X,G) is
defined the (additive) curvature

Fyminy = (A, A57]] = (AiAy(T)) — A ATy

for all 4,5 € {1,...d}. If this curvature is vanishing, we say the Gauge field At has
zero curvature. In this case the Gauge potential A7* is also called a cocycle. We call

Fyrir) = ./r,, A= AA{(TA(T;) A7

the multiplicative curvature of the field Ar. Fi;(z) is the result of the parallel
transport around a plaguette Ty; = {z,Ti(2), ;Ty(z), Tj(z)}. The multiplicative
curvature is the identity if and only if the field has zero additive curvature. A trivial
possibility to construct zero curvature fields is to take a cocycle C and to form the
gradient

(41,-.-, Ag) = (CCTYTTY, .., CCHTTY)

A map
(An,.. Ag) = (UAUNTTY), .. . UAU-KTTY)

is called a Gauge transformation. The gradients are precisely the fields which are
Gauge equivalent to the identity 17*.  An other trivial possibility to construct
zero curvature fields is to take constant diagonal cocycles Ai(z) = A; which don’t
depend on z € X. They also have zero curvature but they are no gradients. The
moduli space of zero curvature equations is uncountable. The function tr{F;)(z)
is invariant under gauge transformations. Define for each 1— form A the Wilson

action
W(4) = [ 3 tr(Fy(z) dm(z).

1<j
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An aim would be to find the moduli space of two dimensional zero curvature gauge
fields (A1, - - . A4) over the 7¢- dynamical system (X, T, m). A more general problem
is the determination of the moduli space of arbitrary SL(2,R) fields over an ergodic
7¢ action. If we would find a gauge invariant measure g on the moduli space of 1—
forms, this would be 2 starting point for a pure Gauge field theory with a partition
function

Z= / e WA du(A)
and for any gauge invariant function ¢ : Al 5 R, the expectation value
<¢>=2"1 / HA)e™" W dp(A)

would be of general interest because it does not depend on the field A.

6 The moduli space of discrete zero curvature
fields

We begin studying the moduli space of zero curvature fields over a two dimensional
dynamical system (X, T}, T, m), when the group G is abelian. We will see, that it
is important to know the cohomology group H (T}, G) and the way, T acts on this
group, in order to understand the moduli space of zero curvature fields.

The Gauge group G = L®(X, G) is acting on gauge fields (A1,A2) €G x G by
(A1, As) — (B(T1)AB~Y, B(Ty)A:B™) .
A gauge field (A;, A) has zero curvature, if A142(Th) = A2A1(T2) or equivalently
A(T)AT* = Ax(T1)A;*. The group of zero curvature fields has the subgroup of
gauge fields cohomologuous to the identity
(A1,42) = (B(T))B™, B(Ty)B™") .
We would like to determine the group

{AT)AL! = Ax(Th)A5'}
{(B(T\)B~1,B(T2)B")} ’

M(T,T;,G) =
the moduli space of two-dimensional zero curvature fields.

Denote by H%(T;, G) the zeroth cohomology group

HYT;,G)={B € G| B(T:) = B}
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If T; is ergodic, then HYT;,G)is isomorphic to G, because only constant fields have
then the property that B(T) = B. The first cokomology group H'(T;, G) of the
dynamical system (X, T}, m) with structure group G is

HY(T.,G)=G/{A| A= B(T)B™} .

We denote with 4" an equivalence class in H'(T}, G). The multiplication in H Y13, G)
is defined by AB = AB. Because the automorphisms 73,7, are commuting, the
transformation T} acts also on H (T2, G). The fixed points of this action form a
subgroup of HY(Ty, G), which we denote by Fix(Ti, H (T2, 3)). In the same way,
Fix(To(H'(T}, G) is defined. We can prove

Proposition 6.1
My(T3, Ty, G) = Fix(Ty, H\(T1, G)) x HY(T}, G) .

Proof. We can use the Gauge transformation to fix the first element A in its
cohomology class A;. We have therefore

Il

My, T»,G) {/El ] fil(ngfi{l =1} x{B|B(T) = B}
{Ai(T2) = A1} x HY(TY,G)

Fix(TZa Hl(Tlv G)) X HO(Tls G)

Because of the symmetry T} Ty, we get as a corollary
Fix(Ty, H(T}, @) = Fix(Ty, HY(T}, G)) .

In the special case when T; = T¥, we obtain Fix(T, H\(T1,G)) = HY(T},G) and
Mo(Ty,T5,G) = H((T},G) x HY(T},G) .

It would therefore be of advantage to know H (71, G) in order to determine the
moduli space of two-dimensional zero curvature fields, However, it could well be
that there are situations when 7} has only one fixed point in H'(T3, G) which would
imply that the moduli space of zero curvature fields is H' %7, G). If Ty is also er-
godic, the moduli space of zero curvature fields is isomorphic to G. In any case, we
would like to understand the first cohomology group HY(T,G) and to understand
how a second transformations commuting with T' acts on this space.

Examples:
¢ Assume we have a 72 dynamical system such that |X| < 0o and

Ti(z)=z+1 (mod |X]), h(z)=z+p (mod D.¢)]
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are ergodic. In this case, HY(T;,G) = G and H'(T;,G) = G and the moduli space
of zero curvature fields is G x G because every cohomology class of T} is invariant
under the action of T} and so under the action of T = T?.

o Let G = 7,. A gauge field (A;, Ap) is then represented by 2 measurable sets
Y;,Yz C X, where Y; = {z € X | Ai(z) = —1}. A gauge transformation is given by
(11, Ya) ~ (MA(ZAZ(TY)), Y2A(ZAZ(Th)) -

A field has zero curvature if Y;(T3)AY; = Yo(T1)AY). Already here, we are not able
to determine the moduli space of zero curvature fields because we don’t know

HY(T, 1) = {Y C X measurable}/{YAY(T)|Y C X measurable} .

The determination of this group is cohomology problem of measurable sets.

¥ Two dimensional Gauge fields and a random
Harper model

We want to look now at circle-valued gauge fiells G = L™(X, T!) over a two-
dimensional dynamical system (X, T}, T2, m), where T; are two commuting ergodic
transformations on a probability space (X, m). Such a system is called aperiodic, if
for any (n,m) € 2

m({ze X | T Tz =x})=0.

A gauge potential A = (A7, AoTz) With A; € L>®(X,T!) is a 1-form and the
derivative gives an electro-magnetic field tensor

F =Fpnn=dA= AlAg(Tl)Al(Tz)_lAz—l .
Zero curvature means Fiz = 1. There is a result of Feldmann-Moore [Fel 77]:

Theorem 7.1 Let (X, Ty, Ts,m) be an aperiodic 22 dynamical system. Given any
curvature function Fr7s, there ezists a potential A = (A171, Agms) such that dA =

F.

Proof. The original formulation of Feldman and Moore is: for every F € L=(X,TY),
(the group operation in T! is written multiplicatively), there exists g, k in L®(X, ™),

such that
_o(T) WD)
g R -
Writing A; = g, A2 = h™! gives the claim. O

Physically speaking, every electro-magnetic field in two-dimensions has a potential.
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Remark. This result in two dimensions is also true for G = TV because one can
solve the problem in each coordinate of T".

The result can be related to the description of electrons in a two dimensional crystal
moving in a magnetic field as treated by Landau, Peierls, Bellisart and others (see
[Bel 92], [Con 90] p.165). Harper takes the Hamiltonian H = t(cos Ky + cos K)
with K = (iV — eA)/h which is a simplified model derived from previous work of
Peierls. The constant ¢ is the energy an electron needs to go from one site of the
crystal to a neighboring one. The operators U; = ¢ik: satisfy

U]Uz = eZm’aU2Ul y (1)
where 27a is the normalized magnetic fluz and the operator H can be rewritten as
H=tU,+ U7+ U+ U3Y) .

Belissard [Bel 92| calls any such operator H given by two unitary operators Uy, U,
satisfying Eqn. 1 Harper’s model, A special case is Hofstadter’s case of the Mathieu
equation, where U; are acting on L?(R/(272)) by

Uif = f(z +27a), Upf(z) = &7 f(z) .

Hofstadter’s Hamiltonian can be written as H (x) = cos(2mia L) + cos(z).
We take an ergodic aperiodic 72 action (X, Ty,T3,m) and unitary operators U; =
a17;, with a; € L®(X, T!) such that the curvature F of the Gauge field A7 satisfies

F = dA = a105(T1)a) (Tp) 'a5! = e27ic .

The Hamiltonian to the corresponding Harper Model is the two- dimensional Lapla-
cian
L=ain+(ain)" +am + (agm)* .

Moore and Feldmann’s result imply that even if the normalized magnetic flux 2ra
is a measurable function of X, there exists a Gauge potential such that

U1 Uz(z‘) = eria(z)UzUl(x) .
It would be interesting to say something about the spectrum of the operator L
depending on the measurable function a. We call this random Laplacian with space-
dependent magnetic flux a random Harper model or random Harper Laplacian.
8 Questions

We add some questions.
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o What is the moduli space of zero curvature fields?
¢ What is the moduli space of all fields?

o Does the following generalization of the theorem of Feldmann-Moore hold over a
7% dynamical system? Given the curvature

i

Does there exist a gauge potential A7* such that dA = F which is written explicitly
as
F; = A.'Aj(Ti)Aj‘lA;(Tj)_l ?

If this is not the case, we can say that the second multiplicative de Rham cohomol-
ogy group in the dynamical system (L=(X, G),T,...,Ty) is not trivial.

o Given a 2? dynamical system (X,S,T,m). Can one find nontrivial solutions
g € L*®(X) to the equation

_ 1+ h2. eXT)-9
9(8) = 20+ ¢(57) = log({ =)

o Given & € L®(X,R/277). Can one construct measurable functions fi, B, satisfying
(@) BT — (ia(@) ¢iBa(@) AT |

The result of Feldmann and Moore proved only existence.

o Can one say something about the spectrum of the operator L of the generalized
Harper model depending on the measurable function a? Does the density of states
of L determine the measurable function o?
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Abstract

We give a new short integration of the classical periodic Toda systems using
the translation of the Toda flow as a Volterra flow describing the motion of
the Titchmarsh-Weyl functions.

We make a remark that the complexified Toda lattice with two particles is
equivalent to the complexified mathematical pendulum. This gives a Lax rep-
resentation for the mathematical pendulum.

We rewrite the first Toda flow as a conservation law in variables F,G, where
G=(L-FE); !is the Green function for the operator L.

We outline a functional calculus for abelian integrals. This is obtained by
looking at an abelian integral on the hyperelliptic Toda curve as a Hamiltonian
of a time-dependent Toda flow.

1 Introduction

The set O of real N— periodic Jacobi operators L = a7 + (er)* + b having the same
Floquet exponent
w(E) = —trlog(L - E)

and and the same mass
M= /x log(a(z)) dm(z)

forms a finite dimensional torus which can be identified with the Jacobi variety of
the hyperelliptic curve R

2N

¥’ =Rper(E) = [[n - E)

n=l

where A, are the eigenvalues of the 2N periodic Jacobi matrix. The dimension of
the torus is equal to the genus g of the curve R and g < N counts the number of
spectral gaps of the infinite periodic Jacobi operator acting on 12(z). The set O is
a group. The group operation

LK~LoK

for the operators is calculated as follows: one first assigns to a given Jacobi operator
L a divisor {u1;(L)} given by the poles y; of M = m* + m~, where m* are the
Titchmarsh-Weyl functions. The invertible Abel-Jacobi map

i pr-l

{8}y = ha(L) =21/ T 4B =8
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allows then to perform the group operation on O
h(L o K) = h{L) + KK) .

An obvious question is whether and how this solution of the inverse spectral problem
for periodic Jacobi operators can be generalised for general random Jacobi opera-
tors. Tt is not so clear what is a reasonable definition of the isospectral set O(L) of
a random Jacobi operator L over an aperiodic dynamical system T. One possibility
is to take the set of random Jacobi operators which have the same density of states
and the same mass. It is not excluded that such operators could however have dif-
ferent spectral types. A narrower class of »isospectral operators” would be the set
of Jacobi operators which are unitarily conjugated to L.

In infinite dimensions, algebraic geometry will probably have to be replaced by func-
tional analysis. Infinite dimensional integrable systems have been treated already
successfully with algebraic geometry (see for example [McK 76]). The classical the-
ory survives in some infinite dimensional cases because the corresponding hyperel-
liptic curves are not "wild "which means that for example the branch points have no
accumulation points. McKean [McK 89] has worked out a program to deal with a
wider class of infinite dimensional situations with the aim to deal for example with
KdV flows on the space C*(R).

In the case of random Jacobi operators however, the hyperelliptic curve can get
nasty because the spectrum can be quite arbitrary.
If L is a periodic Jacobi matrix then the hyperelliptic curve can be defined by

o =det(L-E).

For | X} going to infinity, the usual determinant det(L — E) goes to infinity also and
one has to normalize the determinant while performing the thermodynamiec limit.
In the random case, the trace allows the definition of a determinant

det(L — E) = exp(tr(log(L — E))) = ™8,
where w(E) is the Floquet exponent. In general e*(£) is transcendental and we
have to deal with a transcendental hyperelliptic curve

y2 = e—w(E) ,

which has in general accumulations of branch points on the spectrum of L. The
spectrum can be very rich. It is in general a Cantor set and the spectral type can
vary from absolutely continuous over singular continuous up to dense point spec-
trum.

There are indications that signed measures will play the role of divisors in this in-
finite dimensional case. We think so, because in the finite dimensional case, the
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signed spectral measure do of the function M = m* +m™ is supported on a finite
set of points on the hyperelliptic curve and the points belonging to poles of m* and
m™ are lying on different sides of the curve. Of course, this signed measure contains
more information then just the divisor. We will see in the next sections that the
weight of each point measure gives just the velocity of the motion of this point under
the first Toda flow. If we look for an infinite dimensional analogue of the notion of
the divisor, the signed spectral measure do of m* + m~ still makes sense and we
hope that we will be able to describe once the motion of this measure. We expect
also that there is (at least for some examples) an analogue of the Jacobi map which
assigns to a divisor a point on an infinite dimensional torus.

We don’t deal here yet with such questions. Instead, we will give a relative short
construction of the integration of all the periodic Toda flows. If one compares this
with the existing linearisations (one can find it in [Mor 76],[Mor 78] and in more
detail in the book of Toda [Tod 80] for the first Toda flow), our set-up is technically
simpler. The idea is to translate the Toda flows into the motion of Titchmarsh-Weyl
functions. This gives easily the motion of the divisors which are constructed from
the poles of the Titchmarsh-Wey! functions.

The chapters following this integration are somehow unrelated. But they lead to
other loose ends in the investigation of the random Toda flows,

We will first add a remark which seems not have been done so far, namely that the
complexified pendulum equation & = sina (with complex a) is corresponding to
the complexified Toda flow with 2 particles. This gives a Lax representation for the
pendulum equation.

We will also add a formula for the motion of the Green function G(z) = [(L -
E)~(z)loo of a random Jacobi operator L under the first Toda flow J, = [L*-L-, 1)

We will further describe a vision about a Junctional calculus for abelian integrals.
The idea is to take an abelian integral for the hyperelliptic curve g = det(L — E)
and to interpret it as a time-dependent Hamiltonian for a Toda flow. We hope to
get like this an entrance to a Jacobian variety in the space of operators and to find
an definition of a Abel-Jacobi map in infinite dimensions. This investigation is still
in the beginning but there is an interesting starting point: the functional calculus
works quite well for the abelian integral defined by the differential of the third kind

d

-(Ew) dE )
(which has simple poles at co and oo). Here, the functional calculus gives the
Bicklund transformations. In finite dimensions, a path on the hyperelliptic curve

going from 00 to oo’ leads to the transformation L L(T).
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2 Motion of the spectral measure under the first
flow
We say, a closed interval I in R is a spectral gap if the boundary of I belongs to the

spectrum and the interior is disjoint from the spectrum. There are at most count-
ably many spectral gaps for a random operator L and we can index them arbitrarily

(Iﬁ)"EN'

The Titchmarsh-Weyl functions m* are meromorphic outside the spectrum of L.
There can occur poles in each spectral gap. Define

M:=m*+m"

and .

G=(m*-m7).
Because m~ — m* is Herglotz, also —G~! is Herglotz as the sum of two Herglotz
functions and so G is a Herglotz function.

We can write the functions M, G in the representation
M= / do(E") dg(E")
E-F G E-F

where dg is a measure and do is a signed measure. We see from the definitions that
a pole of M corresponds to a zero of G.

Lemma 2.1 In the interior of a spectral gap I,, the function M := m* + m~ has
one or no pole.

Proof. The Green function G is analytic in a spectral gap and the claim follows
from the monotonicity of G which is

d
EG>0.

An existing pole of m* or m~ corresponds therefore to a zero of G and must be
simple. (]

We call y,, the (when existing) pole of M = m* + m™ in the gap I,. Denote it with
pt if it is a pole of m* and p; if it is a pole of m~. We can now determine the
motion of F under the first Toda flow.

Lemma 2.2 If p, is in the interior of I, then
ftn = =2 - Res(M, pi,) .
Furthermore i} > 0 end 27 < 0.
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Proof. From the formula ma(T) = a2 follows that a pole p of m is a zero of n(T).
We have therefore

0= 20(T) = Sen(@)i+ (T
and so
MT)W) __ (T)om = m(T)
TED T g W

~2aX( (D))

g o=

Because m* # m™ inside a gap we have Res(M, 1) = Res(m, ), where m is either
m* or m~. The claim follows from

Res(M, ) = Res(m, u) = Res(mn(T)/n(T), i) = Res(a/n(T), )

a2ReS($,u) =L nmyt,

It

where we used the fact that 4 is a simple zero of n(T). Because m~ and —m* are
Herglotz functions, we have

Res(m*, ) < 0, Res(m~, ) > 0.
[}

We would like to determine in the general infinite dimensional case the motion of the
measure do. In general, there is the problem that we don’t know what happens with
a point y if it hits the boundary of the gap and what happens with the non-atomic
rest of o.

However, if | X| is finite, the measure do is a point measure. Denote in this case dkper
the spectral measure of L acting on the finite dimensional space of 2|X| periodic
sequences, The two measures do and dkpe, allow a reconstruction of L, because we
can determine both M and G and so both m* and m~. In the next section we want
to see how do moves under the first Toda flow.

3 Integration of the periodic lattice for the first
flow
We assume in this paragraph that |X| = N finite. In this case the random Toda

lattice reduces to the periodic Toda lattice and L(z) is an infinite trigonal matrix
which is N— periodic. Our aim is a self-contained integration of all the Toda flows.
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‘We begin with the first Toda flow and find explicit formulasfor G™! = m*-m~, M =
m* +m~. It is known that L(z) has band spectrum

g+1
G'(L(I)) = U[Az,‘_l,Ag,-] .

i=1
and that there exists g < N — 1 gaps in the spectrum. Define
29+2 g
R(E) = [T(E-X), (B)=I(E - w),
i=1 i=1

where p; denote as before the zeros of G.

Lemma 3.1 a) Forn=1,...9,

+1/R(pn
ReS(M'I Nf) = R'%(mia l‘n) = —l_’([.t(n_u))_ .

Gl=m*-m =

b)

-3
j |

i=1 i=1 l'(l‘n) 6(”'.).

Proof.
a) From the discrete Ricatti equation m(T) = E—b(T)— a?/m and m(TVz) = m(x)
we get a continued fraction expansion

a2(TN—l)
az(TN—z)

m=m(T")=E - bT") -

E —bTV ) -

.. _b(Tz) _ a2(T) .
E-bT)- “R

1t follows that the functions m* satisfy a quadratic equation. We can write the
solutions as

mt oAt vB
=—F >
where A, B,C are polynomials in E. Therefore
Gl=mt-m~ = 21/—5,

C

A
M=m" - o= 2.

m+m c
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Because m* — m™~ has zeros in ); and simple poles at the places y;, we get that R
divides B and ! divides C. We know

Gl=m*-m~ =0(E), E > oo

and that there are maximal g zeros of I. One has at least 29 + 2 zeros of C because
each of the J; is a zero of C. Maximally 2¢ + 2 zeros of C are possible because else
the growth rate of G~! at infinity would be too big. This implies B = ¢, - R and
C = cp-1 for two constants ¢y, ¢;. From the growth rate of G-1 = 2\/§/ C at infinity
we get B=4R, C =1. Since

m(E) = O(E), E — 0 ,

we must have exactly g zeros of G which are poles of M if u is in the interior of a
gap.

b) From
G_l = VR(E)
I(E)
we deduce
‘/R
Res(M,p) = ['([.(zl;) .

O

The next lemma shows that the integral of the measure do with respect to the time
of the first Toda flow is absolutely continuous with respect to Lebesgue measure.
This follows from the fact that the absolute velocity of a point in the support of do
is twice the weight of the point.

Lemma 3.2 Them ez'ists h(t) € L (I, 2N) Such that
= s = .
P / O S

Proof. Assume ;(0) is in the interior of a spectral gap. For small enough time ¢,
the point y;(to) is still in the gap and has not yet reached the boundary of the gap.
Because the velocity of the point 4 is equal to the weight of the measure

—2- Res(M, p)8() ,

we get .
0
/o ~2- Res(M, u(s))8(u(s)) ds = —2 - 10y eoy dE -

If the point p reaches the boundary of the gap, the weight of the point measure
changes sign and moves to the other side. Because also the sign of R(u) changes,
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the sign of do(t) does not change. The function h(E,?) /2 is equal to the number of
times p has passed the point E in the time-interval [0,1). o
Define for n =0,...,g — 1 the functions
= E
vR’
They are in L!(I) and form a basis in the space of differentials of the first kind on
the hyperelliptic curve given by y = VE. Alternatively we could also take the basis
P w'(E
fa= ‘E,—()— s
— Pn

fa

where p, is the unique zero of w' in the n'th gap. All the functions f,, fa are in
L}(R,dE). We conjecture that this stays true in the general random case.

Lemma 3.3 The evolution of the first Toda flow can be written as

< fuh(t)> = / fah(t) dE

< fu,h(0) > 42t forn=g-—1
< fm h(o) > else.

1l

Proof.
g n
1

d _ _ [
$<fmh> = ﬁfndo—zmﬂ:

i=1

o2 2 E®
> 7oy = 2wt e 8y °F

{2 forn=¢g-1

0 else. ?

where T is a curve in the complex plane which goes once around the spectrum of L. O

Lemma 3.4 (Jacobi) The mapping
{in}om1 P< far B(E) >0t
is invertible.

Proof. In the usual language this means that the Abel-Jacobi map

9 i EP
{w} — ; o TR dE
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is invertible. For a proof see [Sie 69] Theorem 1, p.56. =]

The density of states can be written as J; x dg(x) = dk. The knowledge of dk deter-
mines the points A,. From ), and p, the operator L can be reconstructed [Mor 76].
To summarize: the sequence of coordinate transformations

L= (M,G) » (do,dk) ~ (dp, dk) + (h, dk) — (< fa, b >}, dk)
straightens the flow of the periodic Toda lattice. From the vector
(K fuh> < fih>,. < foh>)

and the density of states dk, the operator L can be reconstructed.

We hope that in some infinite dimensional cases there are also infinitely many func-
tions f, € L!(R,dE) and a function h{t) € L*(R,dE) such that

d
%< far h(t) >= 8,

is constant and that the sequence < fay h(t) > together with the density of states
dk allows a reconstruction of L.

4 Integration of the higher periodic Toda flows

We determine now the motion of the spectral measure of the Titchmarsh-Weyl
functions m,n under the higher Toda flows

L={Im* - (27, L) =B, 1] .

We will see that there is a meromorphic function /% with the same poles then m
such that the poles of m are moving with a velocity given by the residuum of 7.
We assume again |X| = N. Denote with g the number of gaps in the spectrum of
L.

We take as in the integration of the first flow for every z € X two solutions ut,u~
of the equation
Ly=FEu .
Consider as before the old Titchmarsh-Weyl functions
gLt | Lt

n
P uE
an define the higher Titchmarsh- Weyl functions

ox_ (LM)reE _(IMyuE
= =

The motion of the old Titchmarsh-Weyl functions m, n under the higher Toda flow
can be determined.
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Lemma 4.1

o2m(i — a(T)) ,

) (m(T1) — ).

Proof. From Lu = Eu follows L®u = E™u and so
m+n=E-b m+it=E"—(L").

If we differentiate the equation L"u = Eu with respect to the motion of the higher
Toda flow
L=[B,L} = [ - (L"), L]

we get
BL'u~L"Bu+ Li=Eu

or (E— L")Bu = (E — L") Because E — L" is invertible by assumption, we obtain

= Bu.
We calculate
-;itlog(u) = Pﬁ- (_L'ﬂ_(L_)_"_E (L™)o —2n,
n\+ n
2 og(u()) = @ ,f(T“)‘T’ & ,f(T“)(T) = B (L)) - 20(T),
2 1og(a) = (LD~ (L
and get

log(a) + log(u(T)) - % log(u)
2n 2n(T)

d
Fr log(m)

In the same way

—%log(u) = (L"tz*'u - SE.)—‘- =2m-E+L;
4. oomely (L")“u(T") (L) w(T™)
dt log((T™)) = u(T-1) T (T

2m(T'1) - E+(L™)(T),
(L*)o = (L)o(T™)

4 tog(a(T)

and get
i = d -1 d -1 d — o1 -~
o log(n) = p log(a(T™*)) + 7 log(w(T™)) — % log(u) = 2m(T™*) — 2/ .
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As in the case of the first Toda flow we want to know the motion of the x spectrum.
Call p, the poles of m, n. They are also the poles of 7 because both m,m have the
same denominator u.

Lemma 4.2 In the interior of a gap, the motion of a divisor p is
o= ~2- Res(, ) .

From mn(T) = a® follows that the poles of m are the zeros of n(T). We get

0= Zn(s) = Senu)i+ 2w,
and so
WT) ) _ _2n(T)(m = i(T))
=n(T, p) =n(T, 1)

~2Res(rﬂ)£l+’—£1@))-a #)
= ~2Res(ih — #(T), ) = —2Res(ih, 1) .

po= -

In order to find an explicit integration like in the first case, we need to know
Res(ih, i) explicitly. The strategy is like before: one has to show that the residuum

is of the form
Res(ﬁz, p) ] zak”k_i}z(u)
k ()

which leads to linear flow on the Jacobi variety of L like in the first case. We show
now how one has to proceed. We have
=Y am(T*)...m(T)m,
k=1

where a;. are measurable functions independent of E. Because each m can be written

as
+ AxVB °
m* = ,
C
where A, B,C are polynomials in E having z— dependent coefficients, we obtain
also -
~_AxVB
mt = =
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with £— dependent polynomials A, B, C. Therefore
Gl=m*-m = 2

M=mt+m = 2

Q'l [N Qt‘ éﬂ

Because m*(E) and m~(E) coincide precisely at the points E = ;, also mH(E) =
#~(E) for E = ); and C is a constant times R. Because m* can only have poles
at g, it follows that there exists a polynomial

P(E) = "il akE"
k=0
such that
. ,/ R(E)
G _’ = P(E)- _l(E)
Therefore
n—1 \ /R
Res(M,p) = 3, akn"-,,—((@
k=1 D)

and we obtain d
E < f ns h>= ﬂk
with time-independent B;. It turns out that the fy are also independent of z € X
because the Toda flows are commuting with space translation z — T(z).
Like for the first Toda flow, the invertible map
L(t) =< f,h(t) >=< f,h(0) > +t- B
straightens the higher Toda flows.

5 The first periodic Toda lattice with 2 particles

Usually, the study of the Toda lattice begins with the simplest pontrivial case when
there are three particles. In the book of Toda [Tod 80], this case is treated in full
generality. We didn’t find in the literature the even simpler situation of 2 particles.
We will just see that the complexified Toda flow for two particles and the complex-
ified pendulum equation coincide.

The periodic Toda lattice with 2 particles is given by
G o= eBTn _en
Go = €PTB BT,
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If we introduce the variables w = @ — ¢2 and z = g; + ¢y, the system goes into

i =0,
W = 2¢™¥ —2"=—4-sinhw.

The second equation is an equation which corresponds to the real Toda lattice. It
becomes with w = io + ix

& = 4sin(a)

the pendulum equation. We define 8 = iz. The complexified periodic Toda lattice
with two particles is thus equivalent to the complexified physical pendulum! It fol-
lows that the pendulum can be written as an isospectral deformation of the periodic
4 x 4 matrix
b] ay 0 Qas
L= a b2 a 0

0 a b g
@ 0 a b
with
a = e(?z—qx)/2=ew/2=i_es’a/2’
ay = ow)2 w2 ;. e—ial? ,
. i+ . f+a
b1 = q1/2— D) = .2 ,
. i—-v | f-a
by = 42/2—7—1 -

If we want to get rid of the uninteresting linear motion of 2, we can restrict us to
the invariant set z = 0 which corresponds to

/bdm=b‘+b2=o.

The pendulum motion
& = 4sin{a)

goes then into the isospectral deformation

L=[L*-1,1]
of the matrix
a/2 et'a/2 0 —e—ia/2
. eia/2 a/2 _e—ia/Z 0
L=i. 0 —e—ia/2 0/2 eia/?
—emia/2 0 ete/2 a/2
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The spectrum of L is

“h = M=v2+H/?Z,
=X = A3=‘[—2+H/2,

H=-2-tr(L*) = %2 + 4 cos(a)

where

is the energy of the pendulum.

We describe the picture qualitatively. We call the spectrum of the periodic Jacobi
operator acting on 1%(Z) the band spectrum of the pendulum. The Titchmarsh-Weyl
function has only one pole having the location ¢. It is lying in the band spectrum
and the motion of this pole determines the motion of the pendulum. The energy
surface is a one-dimensional circle or consists of two one-dimensional circles de-
pending on the energy. The picture is as follows. The real band spectrum is the
set of allowed velocities 8. It comsists of two intervals if the energy is larger then 4
and each interval corresponds to 2 pendulum which is rotating only in one direction.
For the energy H = 4, the band spectrum is the interval [=2,2} and this situation
corresponds to the homoclinic situation. For smaller energies H € (—4,4), the band
spectrum looks like a cross and is the union of an interval on the real axis and an
interval on the imaginary axis. For H = —4, the spectrum is only imaginary. This
is the situation when the pendulum is on the bottom and the real energy surface is
only a point.

The integrals of motion of the Toda lattice are related to the integrals of motion of
the pendulum: The momentum of the Toda lattice tr(L) = [b dm and the mass

of the Toda lattice [ log(a) dm are always vanishing and have no meaning for the
pendulum.

6 Motion of the Green function G under the first
flow

We have seen how the first Toda flow can be written in terms of Titchmarsh-Weyl
functions m,n as

2m(n — n(T)),
In(m(T 1) —m).
‘We describe now the Toda flow in the coordinates
+
G= -;—, F=2"logm—.
=

mt —m~

7
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Proposition 6.1 The random Toda flow looks in the F,G coordinates as

_ 2 3
CGRE
G = coth(F) - coth(F(T-1)).
Proof.
F = Gog(m®) - logm")) = 2n* — w¥(T) ~ n- 4+ n~(T)),
= A ) - (T =2t ) = - 2
and
G = _ mt — m-~ _ 2m"’(n"’ =} (T)) = m=(n~ —n(T))
R (m* —m)2
= oM —mtnt  mepm _ptpt
- m¥—m-)2 " “(n-— nt)(m* —m-)
_ m” [t —mt [n- m-mH(T1) — m+m~(T-1)

Ut = 1Yot =) = 2 ) — e Tt =

m m- -1 — (=1
m: i‘ m- Z:gq; f ::*g:—l; = coth(F) ~ coth(F(T1)) .

]
Remark. There is a similar formula for a derivative of the Green function of a
Schrodinger operator

&
L= _E + q(q) *
where ¢ € C(R) (see [Cra 89]). If one looks at the path L(z) — L(z +t) the motion
of the Green function G can be expressed by the Weyl m-function also
G= M Am”
mt —m-
which is called Dubrovin equation.

Remark. The equations of motion for G, F are discrete conservation laws. This is
not surprising because the Toda equations themselves can be written as conservation
laws. But there is a fundamental difference for the conservation laws of the Toda
flows and the equations for F' and G because the later (like the Volterra flows also)
are true for each energy E ¢ o(L). If we write F,G,m,n as power series

F = EF,E",G:ZG,.E",
n n
m = Em,,E",n:Zn,,E",
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then [y F, dm, [y Gn dm, fx m, dm and fx nn dm are integrals of motion. We can
also choose an arbitrary path 7 in the resolvent set of L. Then,

/x[’FdEdm,/xLGdEdm

are integrals of motion.

7 A functional calculus for Abelian integrals

Given a Riemann surface
R:y* = R(E)
and an abelian differential
f(E,y) dE

which can be of the first kind (regular on the whole surface) of the second kind
(having at least one pole and zero residue at each pole) or of the third kind (having
at least one pole with non-vanishing residue). Fix a point Ep on the surface R
and take a curve 7 on the surface which connects Ep with E (avoiding poles). The
integral

F(E) = [ f(E'y) dE'
is called an abelian integral. If the curve v is closed then the value

F(y)= / F(B,y(E)) dE

is called a period of the integral. In the case when the genus g of R is finite, the
vector space of abelian integrals of the first kind is g dimensional and there are 2g
paths 7 such that every period can be expressed in terms of 2¢ fundamental periods

29
F(y)= ;akF(’Yk) .

On the universal cover R of R, the abelian integral F(z) is a uniquely valued ana-
lytic function if the differential is of the first kind.

We consider now the transcendental Riemann surface
R:y? = R(E)=det(L-E) =8,

where L is a fixed N-periodic Jacobi matrix acting on I2(Z) and det is the normalized
determinant defined by the Floquet exponent w.
This Riemann surface is topologically the same as the Riemann surface Rper

2N+2

y2 = Rper(E) = det(Lper — E)= H (A —E),

n=1
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where Ly, is a finite dimensional 2V x 2N matrix and det is the usual determinant.
Call g < N the genus of R. The surface R does only depend on the isospectral class
of L because an isospectral deformation of L does not change the value of .

The abelian differential

w'(E) dE
is of the third kind because we can write it as W'(E)dE = dw(E) for E # oo.
Because the residues at the simple poles 0o and oo’ are 1 and —1, the differential

is the elementary differential of the third kind with poles at co and oo’. We know
from the explicit formula for m+ — m~ that

W)= [mt-myt = L

where f(F) is some polynomial of order g.

Take the point Ey near —o0. The abelian integral obtained by integrating the
differential —1w/(E)dE along a curve from Ej to a point E is

1 1
—5w(E) = C(Ey) = 5tr(log(L — E)) — C(Ey)
with the constant C(Ep) = ~iw(Ey).
We interpret now this function as a function of L parametrised by E. We call

it Fg(L). The main point for the following is that it can also be viewed as the
Hamiltonian of the time-dependent Toda flow

E% L(E) %[VFE(L)+ - VFg(L)~, 1)
1 1

1 _

where VFg(L) is the gradient of the function Fg(L) (as a function of L). Starting at
E = 00, we obtain a family of Jacobi operators U (E)"LU(E) = L(E) parametrised
by the universal covering R of the Riemann surface and we have a field of unitary
operators U(E) defined on R.

Unlike the abelian integral which has a logarithmic singularity at co and o, the
Toda flow is well defined and can be continued through co and oo'. The reason is
the surprising fact that the operators L(E) can be calculated explicitly by

L(E) = BT*(E).

{We will show this in the chapter "Renormalisation of Jacobi operators”.) The
sign depends on which side of the Riemann surface we are. There is a positive side
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y > 0 and a negative side y < 0 and the spectrum y = 0, where the two sides of
the surface are glued together.) We call this isospectral deformation E - L(E)
functional calculus for the abelian integral.

Remark. For the KdV equation, there seems to exist a similar interpolation of the
Bicklund transformations by a time-dependent KdV flow

d
o=~ -2(E,
i EL 2DGz(E, L)
where G(E, L) = (L — E)™! is the Green operator corresponding to L=-D*+g¢q.
(See [McK 89] p.31. where the motivation is to replace KdV flows (which do not
exist for example in C®(R)) by Bécklund transformations.)

Starting with the operator L = L(co) we can integrate along a curve -y connecting
0o with oo’ and get the translated operator L{co") = L(T).

+
BT(L)

BT(L)

L
@ <>7~1 PR ¥ A, EPae
A

Riemann
Lo surface

The Toda flow with Floquet exponent as Hamiltonian generates the
Backlund transformations. le of a functional calcut

4

The Bicklund transformed operator L' = BTE(L) can explicitely be given by

&
¥ =b+nt—n¥T), *= 2 (;-I’) ,

m
where m=,n* are the Titchmarsh-Weyl functions.
(The Titchmarsh-Weyl functions m* can be viewed as one function m defined on
the Riemann surface R. If L is real selfadjoint, the poles of m are located in the
gaps of the spectrum.)

In principle, the Backlund transformation are defined for E on the whole Riemann
surface R. They give isospectral Jacobi matrices. Because they are not normal
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any more in general for values of E not lying in the interval [~o0, A1, the norm
of the transformed operators can blow up. Indeed, if E is at one of the poles or
zeros of m, the Bicklund transformed BT(L) is infinite. We will not consider here
this problem and view these unbounded operators as points in the boundary of the
isospectral set of complez Jacobi operators. The unbounded operators could be
added as compactification points of the complex Jacobi variety.

The explicit formula for the flow E s L({E) means that we can in some sense
regularize the flow through these points. This construction works also when R has
infinite genus and is given by the hyperelliptic curve

¥* =det(L ~ E)

defined for a random Jacobi operator L over an ergodic dynamical system (X, T, m).
There is however one difficulty: the abelian differential needs no longer to be regular
at the bottom A; of the spectrum and the flow is discontinuous there. Indeed, in
general, the Titchmarsh-Weyl functions m* and m~ are not coinciding at A,.

In general, when the dynamical system (X,T,m) is not ergodic, we denote by
(X,T,m.) an ergodic fiber of (X, T, m), where m, is defined by averaging the Dirac
measure 6;. The measure m, can be constructed as a weak accumulation point of
gap6(Tz).

We define a random Riemann surface z v R(z) as a map which assigns to each
point z of the probability space {X,m) a Riemann surface
R(z): 9" = R(z,B),

where we require that for fixed E the map z — R(z, E) is measurable. The univer-
sal cover R of the random Riemann surface is obtained by assigning to each z € X
the universal cover R(z) of R(z).

Fixing one random Jacobi operator L, the Hamiltonian —%w = log(y) generates a

field of Jacobi matrices L(E) defined on the random Riemann surface
R(z) : y* = det.(L — E)
where det, denotes the normalized determinant belonging to the measure m,.

Moving on the Riemann surface R along a path v : t = E(t) corresponds to an
isospectral deformation of the Jacobi matrix. We have L(z) = L(oo,z), L(Tz) =
L(00,Tz) = L(o0', ).

Moving around the Riemann surface from oo to oo’ passing the lowest branch point
A1 and continuing back to co passing the highest branch point Ayy,, is a closed
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curve and the Riemann surface. The corresponding effect of this round on the op-
erator is the identity.

It would be interesting to know what happens with other abelian differentials and
with other closed curves while doing the functional calculus.

8 Questions

Some questions.

o In the integration of the periodic finite Toda lattice, we would like to calculate
explicitly the velocity vector § on the Jacobian. We have also not shown that there
are g linearly independent flows.

o How does the differential equation for the Green function for the higher Toda flows
look like? '

o Can we write the solutions of the random Toda flows in terms of generalized Theta
functions? Can we find a space of differentials of the first kind and an element g(t)
in the dual space such that

L(t) <L f,', h(t) >
straightens the Toda flow also in the infinite dimensional case? We could try with
FAE) = w(E)/(E - pi) »

where p; are the zeros of w’ in the gaps of the spectrum and to take
t
h(t) dE = /0 do(t)

where a(t) is the spectral measure of the function M = m* +m~. If fi € IMR,dE)
and h(t) € L*(R,dE), we could hope to get a linearisation

L(t) »< fa, h(t) >=< fa, h{(0) > +t - Bn
having also that the sequence < f,h > allows the reconstruction of L.

o What gives the functional calculus for abelian integrals if we take the differentials

z _p W(E)
J(B) 4B = Brp—= dE ?

o We have seen that also one of the most simple integrable dynamical systems can
be written as a Lax system. This supports the conjecture that every integrable
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nonlinear system can be written as an isospectral deformation of some operator.

¢ Is there a Thouless formula for general Jacobi operators on the strip and an inte-
gration of the non-abelian periodic Toda flow?

o It would be interesting to investigate more the complex isospectral set of Jacobi
operators corresponding to the pendulum. What do Bicklund transformation do
globally?
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Abstract

We construct a Cantor set J g of limit periodic Jacobi operators having the
spectrum on the Julia set Jg of the quadratic map z 22 + E for large
negative real numbers E. The density of states of each of these operators is
equal to the unique equilibrium measure pg on JE.

The Jacobi operators in J g are defined over the von Neumann-Kakutani sys-
tem, where the later is a group translation on the compact topological group of
dyadic integers. The Cantor set J g is an attractor of the iterated function sys-
tem built up by the two renormalisation maps (I% :L={(DE)2+Ew— D),
To prove this, we use an explicit interpolation of the Bécklund transforma-
tions by Toda flows.

The potential theoretical Green function of the Julia set JE turns out to be
the Lyapunov exponent of an operator L € J z. The Bottcher function con-
jugating the quadratic map z — 22 + E to the map z — 2% near oo is given
by the determinant det(L — E}. There is a gap labelling for L € JE.

We prove that the dyadic group on the attractor obtained by the symbolic
labeling in the hyperbolic iterated function system is identical to the group
obtained by all possible translations of L*, the fixed point of Q’E.

1 Introduction

Random Jacobi operators are discrete one-dimensional Laplaciens and are discrete
approximations of one-dimensional random Schrédinger operators {see [Cyc 87},
[Car 80]). It would be desirable to have discrete Laplacians which are invariant
under scale changes like a refinement of the lattice because such a self similarity is
a realistic approximation to the continuum. A scale transformation of any physical
system forces a renormalization of the energy in that a change of the scale must be
done with a simultaneous adaptation of the energy or temperature. A simple scale
transformation in one dimension is a doubling of the lattice spacing together with
a squaring of the Laplacian and a simultaneous lowering of the energy L L>+E.
We have shown in [Kni 3] that the inverse of this map can be computed in the class
of random Jacobi operators: one can find for a random selfadjoint Jacobi operator
L two new selfadjoint random Jacobi operators D) defined over a "renormalized
dynamical system” such that (D)2 + E = L. The entries of D*) are constructed
from the Titchmarsh-Weyl functions of L. The factorization L = D? + E is the
key for isospectral Bicklund transformations, translations by one unit on the finer
lattice. This work is a continuation of [Kni 3] and [Kni 4] with the aim to refine
the analysis of the Bicklund transformations and to study the iteration of the map
L=(D®Y 4+ E s D),
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We outline now shortly the content of our results and compare them with ear-
lier works of Baker, Barnsley, Bellisard, Bessis, Geronimo, Harrington, Mehta and
Moussa [Bak 84], [Bel 82], [Bes 82], [Bar 83a), [Bar 88], who did similar construc-
tions of semi-infinite Jacobi operators. We mention already now that despite some
parallels, there is no overlapping of those results with the results discussed here.
The mathematics of Jacobi operators in B(1*(N)) and Jacobi operators in B(1%(2))
is in many respects quite different.

The automorphism of a probability space (X,m) form, when equipped with the
uniform topology, a complete topological group &/. On this group is defined a map
¢ which assigns to a given dynamical system T its 2:1 integral extension S. This
means that there exists a S? = S o S invariant set Y C X of measure 1/2 such
that the induced system from S on Y is again T'. The renormalisation of dynamical
systems T — S is a contraction on ¥/ and has exactly one fixed point, the von
Neumann-Kakutani system, which is a group translation on the group of dyadic
integers. .
The set of random Jacobi operators forms a fiber bundle over the topological group
U. Over each dynamical system is defined the Banach space of random Jacobi opera-
tors which is a subspace of the crossed product of L*(X) with the dynamical system.
The factorization result in {Kni 3] can be restated in saying that the renormalization
given by the 2 : 1 integral extension on I/ can be lifted to two renormalization maps
&% defined on an open set of the bundle. A pair (T, L), where L is a Jacobi op-
erator over the dynamical system (X, T,m) is mapped into a pair (S, D)), where
(D®)2+E = L and S is an integral extension of T satisfying S% = T. We will show
that for large enough real — E, both renormalization maps &% are contractions on
an open set of the bundle. This means that the two maps ®t, &5 form a hyperbolic
iterated function system as defined by Barnsley. This iterated function system has
an attractor Lg which is a Cantor set in the fiber £ over the von Neumann Kakutani
system.
The spectrum of L and the spectrum of D are related by o(DY?+ E = o(L) and the
spectrum of each operator L in the attractor is the Julia set J e of the quadratic map
2+~ z2 4+ E. Moreover, we will show that the density of states of L is the unique
equilibrium measure on Jg. The Lyapunov exponent turns out to be the potential
theoretical Green function of the Julia set and the determinant det(L — E) of an
operator L € Jg is the Bottcher function which conjugates the map z — 22 + E to
z - 22 in a neighborhood of co.
A main tool to prove our result is the following interpolation of Backlund transfor-
mations by a Toda flow by a time-dependent Hamiltonian H, e(L) = +tr(hp(L)) =
~ + Lw(E), where w(E) is the Floguet ezponent of L. The interpolating Toda flow
is

d 1 1 1
EBTE(L) =~ % =% - (=% U-

If we denote by L+ the fixed point of &%, we can form the set of all translates of
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L*(T.), where T, is the translation belonging to any element z in the group X
of dyadic integers. This set of translates of L+ forms a group with the operation
L¥(T.)L*(T,) = L*(T.T,). The attractor of the iterated function system can be
labeled by elements w in the set @ = {—1,1}™:

BY(LY) = lim @Oy~ .. FFL .

A change of alphabet 1 +— 0, —1,+ 1 identifies the set Q= {-1,1}"N with the group
X and Q inherits that group structure. We will prove that ®3(L*) = L (Tyw),
where Ty, is the group translation on X by the group element z(w) € X belonging
to w € Q. This means that each element of the attractor of the iterated function
system can be obtained by an explicitly known translation of the fixed point L*.

Jacobi operators Lg in B(I?(N)) with spectra on Julia sets Jg have been found
earlier in [Bak 84], [Bel 82}, [Bes 82), [Bar 83a}, and [Bar 88]. Such operators satisfy
L% + E = Lg but they are different from the operators considered here. The side
diagonal d, = [135],.',,“ of L begins with

do = [Lgln = 0,dy = [Lehe = VE,dp = [Lelas = 1,
and the other entries d;. are defined recursively using

dgn+1 = _d§n+E’
d?l = dgnd%n—li

and are algebraic functions of E. In our case, there is no boundary condition at
0 and the entries of any element Lg in the attractor are in general transcendental
Moreover, there exists € > 0 such that all entries satisfy |[Lg]i;| < |VE| — € which
is obviously not the case for the half-infinite operators L. It seems also that the
renormalisation maps &% can only be defined in B(1%(z)) and not in B(*(N)).

This chapter is organized as follows:

In the second section, we consider a map on the space of abstract dynamical systems.
The dynamics of this renormalisation map is quite simple and has the von Neumann
Kakutani system as a fixed point.

In the third section, the factorization of random Jacobi operators is reviewed slightly
more general than in [Kni 4] because we don’t restrict the analysis to selfadjoint
operators. The two factorizations lead to the two renormalization maps &% on the
space of random Jacobi operators.

In the fourth section, we refine the analysis of Bécklund transformations and give
explicitly the Toda flow interpolating these isospectral transformations. This deeper
understanding of Bicklund transformations is necessary to prove a contraction prop-
erty of &% for large real —FE.

In the fifth section, a version of a lemma of Barnsley about iterated function systems
is proven.
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In the sizth section, we review some results about the quadratic map 7g : z — 22+ E.
In the seventh section, it is shown that for large enough — E, the two maps &% form
a hyperbolic iterated function system leading to the existence of the attractor 7 E.
In the eighth section, we will see that the attractor J e is the same as the group of
all translates of the fixed point L* of &+

In the ninth section, we prove that the density of states of an element in the attractor
J g is the unique equilibrium measure on the Julia set JE and that the Lyapunov
exponent of L € J g has a potential theoretical interpretation.

In the tenth section, we discuss shortly some generalizations.

In section eleven, we consider a matrix model for random Jacobi operators.

We collect some questions in section thirteen.

2 The von Neumann Kakutani system

The group U of automorphism of a standard probability space (X, m) is a complete
topological group with the metric d(T, S) = m{z € X | T(z) # S(z)} giving the
so called uniform topology on the space of automorphism. Every T € U gives an
abstract dynamical system (X, T, m) and we call U also the group of dynamical
systems.

Given a measurable set Y C X of positive measure, the induced transformation Ty
is an automorphism of (Y, my) defined by Ty(z) = T")(z), where n(z) = min{n >
0| T*(z) € Y}. This map Ty leaves the probability measure my = m/m(Y)
invariant and is again an automorphism of (X, m), because all non-atomic standard
probability spaces are isomorphic. We call &y : U — U the map which brings T
into the transformation Ty. The later map is identified with the transformation
on (X,m) by ®y(T)(z) = sy o Ty osy' , where sy : ¥ = X is a measurable
"identification function”.

Dual to the formation of induced systems is the integral extension: if f € L'(X)
is a positive integer-valued function, then a new dynamical system (X7, T/, mf) is
defined as follows. Define X/ = {(z,i) |z € X and 1< i < f(z)} and a probability
measure m/ on X/ by m/((Y,4)) = m(Y)/ [ f dm. This measure is preserved by
the transformation

N [(zi4]) L ifitl< fz),
/(=) = {(;(;),1) Hitle e,

The space X/ can be visualized as a tower, whose foundation is X and which has
f(z) floors over each point z € X. Under the action of T/ , a point (z,1) is lifted
vertically up one floor, if this is possible and else lowered down to the ground floor,
where it takes the position of the point (T'(z),1). This construction gives also a
mapping defined on I/ because the integral transformation can again be viewed as
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an automorphism of (X, m). Denote by
o u-u

the transformation bringing an automorphism to its integral extension. Again
an identification function sf : X — X/ makes the correspondence between the
Lebesgue spaces X and X/.

We review without further use some properties of the maps &7 &y : U — U (see
[Hal 56], [Cor 82], [Den 76]). One knows for example that they preserve the dense
set of periodic systems in I/ or the nowhere dense set of ergodic systems in U but they
don’t leave invariant for example the class of mixing systems. For the entropy ha(T)
of the systems it is known by Abramov’s formula that b (®yT) = m(Y) ™!« hn(T)
and that hn(®/T) = (fx f(2) dm(z))™ - km(T)-

We consider now the special case of an integral extension with f = 2, where the
identification function is given by

X = [Ov 1] - (Xv{l}) u (X, {2}) =X/ = o, 1/2] U [1/2’1]

and where the Lebesgue space X is identified with the interval [0,1]. In order to fix
the ideas we can write a dynamical system as a measurable map T : [0,1] — [0,1]
leaving invariant the Lebesgue measure on [0, 1] and define &/ by

_ +1/2 ,ifze0,1/2),
¥/(z) = {T(zz -1/2 ifze [[1/2,1]»

on [0,1]. For Y = [0,1/2] we have then &y 0 &/(T) =T.

Proposition 2.1 The renormalisation map @ is a contraction on U. Every auto-
morphism T is attracted to a unique fized point T.

Proof. Given two transformations T}, T> € U. We have d(®T;,8T) = %d(Tl,Tg),
because the transformed automorphism are equal on a set of measure 1 /2 and

m({Ti(z) # Tx(2)}) = m({Ti(z) # Ta(=)})/2 -
This proves that @ is a contraction having a unique fixed point. D
The next figure illustrates how the graph of a dynamical system (given by a bijective

on the interval [0, 1]) is converging under the renormalisation to the graph belonging
to the von Neumann-Kakutani system.
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Renormalisation of dynamicat systema

Remark. In the same way, one can show that any map ®/ different from the identity
is a contraction and has a unique fixed point. On the other hand, a map ®y has an
expanding character.

We review now some results about the fixed point T of &/ , With f(z) = 2, the von
Neumann-Kakutani system. It is an automorphism of the unit interval X defined
by a piecewise translation of intervals

T(z)=2+1-Cphyy, for Co <z < Cat1,

where Gy = 0 and C, = &7, 27, n > 0. (See [Par 80], [Fri 92]). The following is
known about the von-Neumann Kakutani system (X, T, m):

Proposition 2.2 (X,T,m) is ergodic and has a discrete spectrum
G={e"*"" |kez,n>0}.

(X,T,m) is conjugated to a group_translation on the compact abelian group G of
dyadic integers, the dual group of G C T.

Proof. The von Neumann Kakutani system is a group translation on the group of
dyadic integers because this is the character group of a discrete subgroup of the
circle formed by the spectrum G of the system. (See [Par 80] for the calculation of
the spectrum and [Rud 62] for general properties on topological groups).

The dual group G of G is the group of dyadic integers which is the space of sequences
w = {w1,ws,...} in {0,1}™ with the group operation

(W+ Mo = wa + % + po_y (Mod 2),
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where pp = 0 and p, € {0,1} is equal to 1 if and only if wn + 17 + pa-1 2 2. The
group translation T on G is given by w = w(T) =w + (1,0,0,...) and is a special
case of a so called adding machine. The map

o0
wre Y w2 €0,1]
n=1
conjugates the group translation T to the map T on the interval I.
In order to see that G is the dual group of G, we assign to each element w € G the

character .

7w(62”"‘2—")=(wu Wao1y/-- VW)

where w, = 1 — 2w, € {—1,1} is the multiplicative way of writing Z. The map T,

is conjugated to
T(v)2) = z-1(2) -

The ergodicity of T, can be seen in the character picture. The generator of the group
translation is the character 47(z) = 2. By Pontryagin duality, the group G is the
character group of G. A necessary and sufficient condition for a group translation
to be ergodic is that g{vr) = vr{g) # 1 for any nontrivial g € G (see [Cor 82], p.
97) and this is true in our case. An other way, to prove ergodicity is to see that the

functions
om—1

: 2%ij
fl2) = T 1oa-y(Tiz) - €
j=0
form a complete set of eigenfunctions to the eigenvalues

e%‘ieé.

3 Renormalization of random Jacobi operators

The crossed product X of L*(X) with the dynamical system (X,T,m) is a C"
algebra (it is even a von Neumann algebra ([Con 90])) that consist of operators
K =¥,z K™ with convolution multiplication

KM =Y (KM),m" = Y, (KiMn(T*))7" .

k4m=n

The norm on X is given by ||| K{|| = | ||K(2)|] |«, where K(z) is the infinite matrix
[K(2)}mn = Ku-m(T™z). The adjoint of an operator is defined by

(K*)a(z) = B _o(T"z) .
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The algebra X has the trace tr(K) = Jx Ko dp. A random Jacobi operator L is an
element in X of the form
L=ar+a(THr +b

with a,b € L™(X,C). We denote by £ C X the complex Banach space of random
Jacobi operators. We call exp(flogla| dm) the mass of the operator. If log|a| >
§ > 0 for some § > 0, we say, the operator has a positive definite mass. Notice that
random Jacobi operators are only normal, if a,b are real. Denote by &(X) the von
Neumann algebra corresponding to the renormalized system (X, &(T), m). As long
as we consider only one renormalization step, we denote the renormalized dynamical
system with (Y, S,n) and the von Neumann algebra with )’ and elements in Y by
B =Y, B,o", where o is the symbol in Y corresponding to 7 in X. Call 4 the map
(X)- X
K= ZK"G" - ZR,;T" N

where I?,,(:::) = Kyu(z) for z € X; = X. The mapping ¥ gives for r € X;

(YN 2)wm = [K(2)l2n,2m -

Let L € L be a random Jacobi operator having strictly positive mass. For E outside
a ball containing the spectrum of L, we can form the Titchmarsh-Weyl functions

mt@) =a@ G L mo(e) = a0 S
uH(T-1z (T
nt(z) = a(T'lx)——:t(Z;;) ) , n(z)= a(T'l:t)—u :T(x)x) ,

where u*(z) € R? are solutions of L(z) = Eu(z) with 4,50 [u(2)[? < co. These
functions are measurable according to the multiplicative ergodic theorem of Oseledec
and are bounded when E is outside a ball containing the spectrum of L. Using

Lu* = au*(T) + a(T Yt (T) + but = Eut
and the definition of m*, n*, we get

mE 4 n*
mt . nE(T)

E-b,
a.

We define new random Jacobi operators

D = VeEg 4 [/c2(S-1)o" € ¥
with functions c* defined on Y by requiring for z € X = X;,
ct(z) = —m*(z), *(S71z) = —n(z) .
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The sign of D™ is specified if we take the principal branch of the square root for
J/—m= and the branch v/—n¥ such that a = \/m*n*(T). We get then

&(z) +¢£(87'2) = -E+b(z),
cE(z) 5(Sz) =a¥z).

As cis defined on Y, these formulas extend the functions ¢,b € L*(X) to functions
in L=(Y).

Proposition 3.1 The random Jacobi operators
D* = VeEo +f/cx(51)o" € ¥
are bounded for E outside a ball coniaining the spectrum of L and satisfy
Y(D*))=L-E.
The operator BTE(L) := y((D®))*(S) + E) is isospectral to L. The operators D*

are selfadjoint if L is selfadjoint and E is real below I(L).

Proof. The relation #((D*)?) = L — E follows from the definition:

P((D*)?) W(yfct - cE(S)o? + (c* + E(S™) + /c(5-2) - ¢(S-1)e™?)

at+b—E+oT )y =L-F.

li

If E is real and below the spectrum of L, the functions ¢* are positive and D= are
real and selfadjoint. The maps

L BT3(L) := $((D®)*(S) + E)

are called Bicklund transformations.

In order to prove that BTg(L) is isospectral to L we take first the periodic ergodic
case, where N = | X] is finite and where we can build for each periodic N x N Jacobi
matrix L of positive mass a periodic 2N X 2N Jacobi matrix D such that D?+E
is the direct sum of two N x N matrices L and BTg(L). The spectrum of periodic
Jacobi operators is generically simple and the multiplicity of their eigenvalues is < 2.
(i) Assume therefore first that L has N simple eigenvalues. We want to show that
BT(L) has in this case the same spectrum as L. The Jacobi matrix D has a spec-
trum £),...,+\y symmetric with respect to the imaginary axis because if X is
an eigenvalue with the eigenvector (uy, u, ..., uav_1,%2n) then —Ais an eigenvalue
with the eigenvector (u;, —ug,...,4zn—1, —u2n). The matrix D? + E is the direct
sum of the two Jacobi matrices L, BTg(L) and has the eigenvalues 3? + E, each
with multiplicity exactly 2. As L has by assumption a simple spectrum we obtain
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that (L) = {A\? 4+ E [ i =1,..., N} and the operator BTg(L) must have the same
spectrum as L because each eigenvalue of D? 4 E has multiplicity 2.

(ii) In the case, when L is periodic with not necessarily simple spectrum, the claim
follows because in the weak operator topology, the factorization is continuous, the
spectrum depends continuously on the operator and matrices having a simple spec-
trum are dense in the finite dimensional vector space of N periodic Jacobi matrices.
(iii) In the general infinite dimensional case, we can approximate a Jacobi matrix
L(z) in the weak operator topology by periodic Jacobi matrices LV )(z) and the
spectra of these approximations converge for N — 0o to the spectrum of L(z). The
Bicklund transformed matrices BTg(L™¥)(z)) converge for N — oo in the weak
operator topology to BTg(L(x)) because the Titchmarsh-Wey! functions depend
continuously on the matrices. So, the spectrum of BT} (L) is the same as the spec-
trum of L. w}

We got the two renormalisation maps
8t:L- (L), L D®

parameterized by an energy £ € C. The maps are defined on an open (possibly
empty) set Vg of L. Random Jacobi operators form a fiber bundle over the space
U of dynamical systems. Over each dynamical system T is defined the fiber £ of
Jacobi operators over this system. Given E € C, there is an open (possibly empty)
subset of this fiber bundle, where the renormalisation maps &% make sense. A pair
(T, L), where L is a Jacobi operator over the dynamical system (X, T, m) is mapped
into a pair (S, D®)), where ¥((D®)? + E) = L and &(T) = § is the 2 : 1 integral
extension of T'.

llustration.
The following Mathematica program calculates numerically the fixed point of &% at
E =-5.

[ 1
n[i_Integer,n_Integer]:=Mod[i~1,n]+1;
a[n_Integer]:=Table[N[2+Sin[k 2 Pi/n]],{k,n}];

Afa_List,b_List,EE_]:=Table[i/a[[m[i-1 ,Length[a]]11]*
{{EE-b[[1)],-(almli-1,Length[a]]11)2},{1,0}},{i,1,Length[a]}];

Monodro[a_List,b_List,EE_]:=Block[{t=0,A=A[a,b,EE] ,B=IdentityMatrix[2]},
Do[B=A{[i]].B;t=t+Re[LogIB[[1,1]11];B=B/BL{1,1]],{i,Length[a]}];{B,t}];

mplusfa_List,b_List,EE_]:=Block[
{H=Monodro[a,b,EE] [[1]],8,n0,ad,n=Length[al},ad=M[[1,13]-M[[2,2]];
m0=(ad~Sqrt[ad~2+4sM[[1,2]]+M[[2,1]1]])/(2+M[[2,1]]) ;5={m0};
Dols=Prepend[s,al[n[n-i,n]11*2/(EE-First[s]-b[(m{n-(i-1) ,n]11)]1,{i,n-1}1; sl;
cplus[a_List,b_List,EE_]:=Block[{mpl=mplus[a,b,EE] ,npl},
npl=EE-b-mpl; Flatten[Join[Table[{-npl[{il],-mp1{[il]},{i,1,Lengtn[a]}1]1];
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RenormStep{d_List,EE_,n_Integer] :=Block[{c=d},
Dolc=Sqrt[cplus[c,Table [-EE,{Length[c]}],0.011,{n}]; ¢ 1;

Dirac[a_List,EE_] :=Block[{n=Length[al},
d[k_Integer,1_Integer,n_Integer):=IdentityMatrix(n][[n [k,n],n[1,n]13;
Table[N[d[k,j+1,nl*allm[j,n]11+d[k, j-1,n)*al[n[j-1,0]]]+d [k, ,n]*EE,3],
{j,-4,+3},{k,-4,+3}1;

RenornFixedPoint [E_,NunIter_Integer] :=Dirac[RenormStep [a[6]) ,E,NumnIter] E];
L _1

We calculate a fixed point of &+ with E = =5 with

f 1
TeXForm[MatrixForm[N[RenornFizedPoint[-5.0,4],6]111 >>fixedpointi.tex;
L §

Here is a part of the matrix of the fixed point of d+(-5)

—5.  0.48531 0 0 0 0 0 0
0.48531  —5. 2.0033 0 0 0 0 0
0 2.0033 ~5.  0.99334 0 0 0 0
0 0 0.9933¢ -5. 2.2314 0 0 0
0 0 0 2.2314 -=b5. 0.145 0 0
0 0 0 0 0.145 —~5. 2.0385 0
0 0 0 0 0 2.0355  -5.  0.92556
0 0 0 0 0 0 0.92556  —5.

4 Backlund transformations

For E outside a ball containing the spectrum I(L), the Bicklund transformations
BTE are given by

L=ar+a(T V)" +bm L' =d7+d(T )" +b,
where (T
b =b+nt —nE(T), d% = azr—n—n% .
We have shown in [Kni 3] that
Jlim_BT#(L)= L(T), Jim_BTz(L)=L

and that in the periodic case the transformations can be interpolated by time-
dependent Toda flows in £. Because we want to estimate the Fréchet derivative of
the Bicklund transformations near —oo, we have to refine the analysis of Backlund
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transformations and to determine explicitly the Hamiltonian Toda flow, which does
the interpolation. We define the projections

o0
K=Y K.o"- K= 3 K.
n=-0o +a>0

which yield the decomposition K = K~ + Ky + K*. Define K — K2 to be the
projection from X to L. For a Hamiltonian

H € C¥(L) := {L ~ tr(h(L)) | h analytic near the spectrum of L},
the differential equation
L=(Bu(L), 1] = [L* - L7, K(D)*],

with By (L) = K(L)* — /(L) is called a rendom Toda flow [Kni 3]. In order to get
local existence of the flow, the domain of analyticity of h must be sufficiently large.
We will consider also complex time ¢ as well as time-dependent Hamiltonians H.

The Floguet ezponent w(E) of L = ar + a(T-')r* +b is
w(E) = —tr(log(L — E))

and is by the Thouless formula defined on {Im(z) > 0}. The Lyapunov exponent
A(E) = —Re(w(E)) — [log|a(z)| dm(z) is defined for all E € C and the derivative
w'(L) is bounded for all E in the resolvent set of L.

Proposition 4.1 Bicklund transformations can be interpolated by random Toda
flows with the time-dependent Hamiltonians

HE(L) = £te(hg(L)) = :i:%w(E) =% [ log(m*(z)) dm()

This means, we have

d e 1ol 1

Proof. We prove the Proposition first in the finite-dimensional periodic case | X| < oo
and under the condition that E is real below the spectrum of L. We know from
[Kni 4] that Bicklund transformations can then be interpolated by Toda fiows. In
the coordinates (d, b) = (log(a), b), the Toda flow can be written as

d
50 = F(L)o(T) - K (L),
%b = - K(L) - T R(L)(TY) .
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The Bicklund transformations BTS are given in the coordinates (d,b) = (log(a),b)
by

d > d(E)=d+ Llogm*)T) - 3 log(m®)
b > bE)=b+nf—n*T).

Differentiation of these equations with respect to E gives

d, _ 1‘,,4’L=mt I%mi
= e D
d, d . d,
&= m D

Requiring (éd, éb) = 3"-‘(1, %b) gives {up to a L-independent constant function
which we put to zero)

14EmE 1d

W = SIS = -clog(m®), @)
Wy = -2 0 ©
and so
WHD) = [ HUEN dm = [ Hogm*) dm = £5-cu(E)
= —Esu(L-BY).
Therefore

§(L) = =& 5L~ B), ha(L) =~ + 5 log(L — )
which leads to 1
Hy(L) = (hs(L)) = £50(E) -

We have proven equation 1 in the finite dimensional case with E real below the
spectrum of L. The formulas (2) and (3) are true in general, if they hold in each
finite dimensional case. Because one can approximate the operators L(z) by pe-
riodic matrices L(¥)(z) in the weak operator topology. For N — oo, we obtain
A(IM)(z) — h(L)(z) and (m*)M(z) — m*(z) for almost all z € X. (By an-
alytic continuation, the formula (1) holds also for complex numbers E satisfying
|El > L) o

We can use this interpolation to estimate the Fréchet derivative J5 BTz (L) of the
Bicklund transformations near co.

Proposition 4.2 For |E| — 0o, we have || BT3(L)|| — 1, uniformly for L € V.
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Therefore

8% (K1) — 2= (Ko)ll

I

1 Satco) al < | ) I #=KENIKE) ai

1.
Al [ K el = - 11K = Koll -

IA

Ezistence of the mapping . Take K € V and w € Q. The sequence P10P“20---0
$“+(K) is Cauchy in V because

diam(®“ 0 32 0 --- 0 $~(V)) < A" - diam(V)).

The limit ®(w) of this Cauchy sequence exists, because M is complete and the limit
is independent of K € V. The map is continuous as

[8(w)K ~ B(n)K]| < diam() - A~ ot enrn

Injectivity of & : @ — M. Assume $* = 3" so that w # v and k is the smallest
index with wy # 4. Since ®*+,®~ have a common inverse, we obtain from & = ¥

that forall k € N
7 = 7t |

where o is the shift w = {(wywy...) - (we,ws,...). Withw, # v, and the assumption
&+(L) # @ (L) for all L € M, we get

an Qa"*’l(u) # q),,“ @a“‘“(u))
in contradiction to the fact that both sides are equal to ") = "),

Conjugation to a Bernoulli shift. The map & : Q@ — J is a continuous bijection.
Since Q is compact, ® is a homeomorphism. As 7% = 7 ®“, the map $ conjugates
the Bernoulli shift 0 : @ = Q tothemap 7 : J — J.

The maps &+, & in the Lemma form a hyperbolic iterated function system and the
invariant Cantor set J of the iterated function system is called the attractor of the
iterated function system.

6 The quadratic map

We will need some facts about the dynamical system on the complex plane C defined
by the gquadratic map 7g : z — 22+ E, where E € C is a parameter. The inverse of
7E is a correspondence ¢g : T — ¢§ = ++/z — E having the two branches $t. A
map for measures g — ¢"(u) is defined by

¢ (w(Y) = w(re(Y)) -
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The Julia set Jg C C which is defined to be the closure of all repelling periodic
orbits of 7g is a nonempty, compact, 7¢ invariant perfect set. For large |E|, the
two maps ¢* form a hyperbolic iterated function system having the Julia set as the
attractor. The Julia set is called Ayperbolic or ezpanding if T restricted to Jg is
hyperbolic, i.e. if there exists 7 € N and and A > 1 such that forall z € Jg

lrg(2)l 2 A.

It is known that Jg is hyperbolic and also a completely disconnected Cantor set for
E outside the Mandelbrot set M = {E € C | 73(0) oc}. In general, there exists a
unique electrostatic measure g with support on the Julia set Jz. This measure is
¢" invariant and is balanced [Bar 83]. This means that for each chosen branch &%,
one has

(ke)(¢*(Y) = %uE(Y)/z .

For E # 0, the map ¢* has the unique attractor kg in the space of probability
measure on C so that (¢*)*(i) — pg for all probability measures 42 on C [Bro 68],
[Lju 83].

‘The dynamical system (Jg, 7g, ) is mixing [Bar 83] and py is maximizing the met-
ric entropy and is so an equilibrium measure {Lju 83]. A power of 7% is as an measure
theoretical dynamical system isomorphic to a one-sided Bernoulli shift [Man 85]. For
large enough |E|, when ¢* form an iterated function system it follows already from
Barnsley’s Lemma 5.1 that ¢ is topologically conjugated to a one-sided Bernoulli
shift.

Tlustration:
A plot of the Mandelbrot set can be obtained with the 2-line program

[ ]
M=Compile[{x,y},Module[{z=x+I y,k=0},While[Abs[z]<2.&&k<50 »Z=2"2+x+1 y;++4k];k]1];
DensityPlot[50-M[x,y],{x,-2.,1.},{y,~1.5,1.5},PlotPoints->200,Mesh->False] ;

[ ]
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8

We can look at at an array Jg, snedsmeia of Julia sets with the following Mathematica
program

I 1
Complex2Listc_List] :=Table[{Re[c[[i1]],In(c[[i]11},{i ,Length[c]}];
#L[c_,EE_Complex] :=Block[{d=Table[Sqrt [c[[i]]1-EE],{i,Length[c]}1},Union [d,-d13;
fL{z_Complex,EE_Complex,n_Integer] :=Block[{d={z},b},
Do[b=fL[d,EE] ;d=Union[b,-bl,{i,n}};d 1;
JuliaQ[z_Complex,EE_Complex,n_Integer] :=ListPlot [Complex2List [fList[z,EE ,nll,
DisplayFunction->Identity,Axes->False];
JuliaArray[EE_Complex,n_Integer,n_Integer,dd_Reall :=Show[GraphicsArray L
Table[JuliaQ[0.3+0.46345+I ,EE+k*dd+1sdd+I,n],{1,-n,n},{k,-n,n}]1],
DisplayFunction->$DisplayFunction,
PlotLabel->FontForm["Julia sets of the quadratic family",{"Helvetica",12}]]
Display[“!psfix -land -stretch > julia.ps",Julialrray [0.0+0.0%1,10,2,0.3]1;
L .|
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Julta sats of the quadratio txmity

- | = E
!_r(\""} ’c.(‘ N i 5% e =

Lemma 6.1 On the space of probability measure on C, the map ¢* has the unique
attractor pg and (¢*)*(1) — pgp for all probability measures ponc.

Proof. For n — oo, and E # 0 the images of any Dirac measure is converging to
kg in the weak topology [Bro 65] [Lju 83]. (For the polynomial map 2 ~ 22 + E
only 0o is an exceptional point if E # 0). In the given references we could only find
this result for Dirac measures p. The result for general measures however follows
immediately: given any continuous bounded function f on C. We want to show that
for n — oo

<H@)Vu>=< fiup> .

Define g,(2) =< f,{¢")"6, >. These measurable functions are bounded by [ flleo
and the sequence g,, converges pointwise to < f, ug > because (¢7)"6, are converging
to pp in the weak operator topology. But we have also

<[ (@) u>=<gnpu> .

(One checks this first for Dirac measures ) Lebesgue’s dominated convergence
theorem assures the convergence of

< g,y >= / 9(2) du(2)
to the constant << f,up >,p >=< f, ug >. We have therefore also

<H(@Vu>a<fin> .

We have shown that every measure p is attracted by pp under the dynamics of ¢*. O
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7 Existence of the attractor

We return now to the renormalisation maps ®% acting on the Banach space £ of
Jacobi operators defined over the von Neumann Kakutani system.

Theorem 7.1 For large enough real —E, the maps &}, 8% form o hyperbolic it-
erated function system on an open non-empty set Vg C L. Each element in the
attracting Cantor set consists of limit-periodic operators and has the spectrum on
the Julia set Jg.

Proof. Fizing a neighborhood of the Julia set. For large —F, there exists an open
¢g invariant neighborhood Vg of Jg that does not contain E and a constant p <1
such that for z € Vg, | £6£(2)| < p.

Fizing an open set of Jacobi operators. The open set
Vg ={L € £L|o(L) € Vg, L has positive definite mass }

is not empty, because we can take any selfadjoint Jacobi operator L € £ with
positive definite mass and normalize it with suitable constants > 0, and 3 € R, to
get

olaL+B)€VE.
There exists a whole neighborhood Vg of aL + f such that K € Vg has positive
definite mass and satisfies 6(K) C Ve.
The renormalisation maps have a common inverse. The inverse of &% is given by

TpD® = ¢((DH?) + E .

The two renormalisation maps have no common image. For large enough |E| and
L€ Vg,

(L) # 2&(L)
because ®5(L) = ®5(L) would imply m} = mp and E would be an eigenvalue.
This is not possible, since we have assumed E to be outside Vg.

Decomposition of the renormalisation maps. In order to estimate the Fréchet deriva-
tive of ¢£, we make the decomposition

3% =ppontod,

where g : L — +VL - E and §(L) = L ® L € X is the unique operator which
satisfies

Y(O(L)) = L, $(8(L(T))) =L
and

ri(Le K)=L&BTK .
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The mapping pz(K) = VK — E is defined on the manifold nEod(L) C X.
The derivative of 6. Since 8 : £ X is a linear isometry, we have ||-26|| = ||4]| = 1.

The derivative of 77§. We know by Proposition 4.2 that for |E| — o0

d
g BT - 1,

uniformly for L € Vg. We obtain therefore also
. d
Am =Dl =1.

The derivative of pE. The derivative of the map L+ /L - E from 5§ 0 6(L) to X
is given by

d . _1 _12
gL PEDU = 5(L - E)™U

Because |||(L — E)~'2||| - 0, for |E] — oo, we get

. d
Jim [I-eEDl =0.
The derivative of <I>f; :V = L. 1t follows from the four previous steps that for
|E| — o0

L % Lo 1 1Lon

The hyperbolic iterated function system. We have checked the existence of a com-
mon inverse, the contraction property and the disjointness of the two maps &%, The
Lemma of Barnsley 5.1 is thus applicable and we have shown that for large enough
—E, a hyperbolic iterated function system has a unique attractor J g in £.

Limit periodicity. We can define the iterated function system on an open set of the
fiber bundle of random Jacobi operators on the group U. If we begin with a periodic
system T, every Jacobi operator L over T is periodic. Under the iteration of the
renormalisation maps, the periodic operators ®¢L converge in norm to a point of
the attractor. Such a point is a limit periodic operator. u]

8 The renormalisation limit
We will assume in this paragraph that —FE is large enough such that the maps

$%, 85 are defined and a form a hyperbolic iterated function system. We first fix
some notation.
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Different notation for X and Q. The topological space Q = {1,-1}N (labelling
the renormalisation sequence) and the topological group X = {0,1}™ (the dyadic
group) are trivially homeomorphic via the change of alphabet 1 +— 0,—1+ 1. We
will use the notation w = w(z) or ¢ = z(w) if 7 and w correspond to each other by
this change of alphabet. The addition in Q is the group operation inherited from
the group X. We also use the notation zo = (0,0,0,...) for the zero in X and
z; =(1,0,0,...) for the unit in X.

The fized points of %. Call L the unique fixed point of &% in J g. By definition,
we have
L) = 85K 1Y) = 857K

where K is any operator in VE.
The group structure on the attractor T g. We use the notation
&p(w) = ¥%K,

where w = {(w;,ws,...) € @ and K € Vg is arbitrary. The homeomorphism z
w(z) brings the group structure of X to & and soto Jg by

®g(w)@e(n) = Te(w+n) .

The group of all the translates of L(g).
Call T, the group translation on X defined by T:(y) = z+y and by T, the analogous
group translation on 2. The group X is acting also on £ by L — L(T;). The orbit

o) = {LF(T.) | = € X}
of L(g) is a compact set in £ which becomes with the operation
LT 0 LP(T,) = LT (Tews)

a compact topological group.

Theorem 8.1 The two sets J g and O(L(g)) coincide and are as groups isomorphic
by the isomorphism
5(w) = LF (Tx) -

The proof of this theorem needs some preliminary steps. Denote by p the involution
(T,L) » (T}, L(T')) on the bundle of random Jacobi operators.

Lemma 8.2
a) podf=2%gop,
b) LOTH)=LMT*), vkez .
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Proof.
a) Given (T, L). We write mz’;., 1) for the Titchmarsh-Weyl functions of the operator
L. Using the definitions of these functions, we obtain ’

N = M-y
Mgy = 2 (T)r- -1y

which is equivalent to
1y (57) = dges gy -

Because $%(L) = d®)g + d*)(S~1)o*, this can be rewritten as
poBE(L) = 85 04(1) .
b) Using a), we get
PF(pL™M) = b0 p(L) = po &+L™ = pI®

which shows that pL(*) is the fixed point of . Therefore LHT-Y) = L~. The
claim follows by applying T* on both sides. ]

Define Xgp = X = [0,1] and for i = 0,1,...,2¢ ~ 1 the sets

Xe=[i-27%(+1)-27H.
Given L € J g, we define inductively

Loy=L, Lgyr) = L(Zk) +E.
Each operator L is in X and can be written as

Ly = dir®) 4 (T2 )72 |

with d; € L*(X, ).
Lemma 8.3

a) LWTHheJg Viez,
b oM cIs.

Proof.
a) The spectrum of L) is the Julia set Jg because this is true for Loy and by the
spectral theorem inductively for each L. Each Ly is a random Jacobi operator

over the dynamical system (X, Tz",m) which has the 2¥ measurable invariant sets
Xii. Each map T@) restricted to such a set X1 is ergodic. This means that the
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operator L) restricted to X is an ergodic random Jacobi operator over the dynam-
ical system (X,T®"),m). By definition, T5(L(T")) is defined as L(T*)q) restricted
to Xz and this is the same operator as L restricted to Xii. The spectrum of
T%(L(T")) is therefore also the Julia set Jg. Since T%(L(T*)) € Vg, we conclude
that L(T") is in the image of some &, where w is a word of length n. Because this
is true for all n € N, we know that L(T?) is arbitrarily close to the closed set J¢
and therefore L € Jg.

b) Follows immediately from a) and the fact that J g is closed. ]

Define for L€ Jgand k €Nk >0
= —si 1 -1}) di .
wi(L) = —sign [ logldia]) dm(z)
We call w also the code for L. The next lemma justifies this name.
Lemma 8.4 For all L € Jg, the sequencew : k — wi(L) € Q satisfies Lg(w) = L.

Proof. We know by definition that 7 ’g(L) is Ly restricted to Xio. For x € Xjo,

ldeo1(2)] = yImiE (2)]

where mi_; are the Titchmarsh-Weyl functions of T ’;;'I(L). The upper-script & in
miE_, is in correspondence with the fact that 7% (L) is in the image of $%. We see
that T% (L) is in the image &%) for all k and so Lg(w) = L. m]

The involution p restricted to J g is also an involution on 2. This involution is a
replacement of the two letters in the alphabet:

Lemma 8.5

a)  w(p(L)) = -w(L),
b)) w(LHT")) = —w(L™(T™).

Proof.
a) Lemma 8.3 implies
po®pop=9z”
for all w € Q. Let L have the code w such that L = ®z(w). It follows from
pL = p®g(w) = po PE(K) = 25*p(K) = £(-w)

that p(L) has the code —w.
b) can be deduced from p(L~)(T")) = L)(T™) and a). O
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Proof of the theorem. We know that the orbit L)}(T™) of L(*) is contained in J E-
Our aim is to show that Lg(n - w) = Lg”(T") for all n € Z, where wy = w(z;) =
(-1,1,1,1,...) is the unit in the dyadic group. In order to determine the action of

T on the subset of 2 = {—1,1}N labeling the points of O(LY) ¢ Tg, we define
the matrix .
My == w (LT, k> 0,ic 7.

Knowing this matrix, we can read of the code w = {Mii}een of L(T) = LH(w)
from the columns of the matrix M.

We build up the matrix M beginning at the top first row and determine inductively
one row after the other. The first row is given by

My = wy(I¥(TY) = (-1)!
because T(X(n) = Xu and T(Xu) = Xm and

sign( /x,., log|d(z)| dm(z) ) = —sign( /x,, log|d(z)] dm(z) ).

Claim: if
(' ++30-3,0-1,09,0;,0Q3,.. )
is the k-th row of M then the (k + 1)-th row of M is

(---y~a_9,8_9,—a_j,a_,,—ag, ag, —ay, a1, —ay,ay,...) .
Proof. The (k + 1) ~ th row can be constructed from the k — th row using
wrst (L(TH)) = (LT (1
We(L(T)) = —wp(LO(T-6+D)) . @)

Proof of formula (1): we know $+L+ = L+ and that di— restricted to Xy, is equal
to dj restricted to Xp412;. Therefore

wea(ZTH) = ~sign [ log|du(T%)] dm(z)
+1,

il

&

B
5\.

log |di| dm(z) = —sign / log|ds—,| dm(z)
+1,2i X

—sign /X  loglduy(T)] dm(z) = wi(L(TY)

Formula (2) follows from

we(L(TY) = —wy(LO(TH)) = —wi( LEO(T-i+1))
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which is a consequence of Lemma 8.5 b) and Lemma 8.2 b). We have confirmed the
following picture of the matrix M.

11 -11 -11-11 -1 1 -1
-1 1 1 -1 -11 1 -1 -1 1 1
M=|-1 -1 -1-1-111 1 1 -1 -1

The matrix M has the property that if
b= (b, b, bs,...)
is the i — th column of the matrix M then the addition in the dyadic group
b+w = (br,ba,bs,.. ) +(-1,1,1,...)

gives the (i + 1) — th column. To prove this, one checks that if a matrix M is built
up the rule for the columns, then M = M.

We know now the action of T on Jg:
T"®p(w) = @p(w+n-w)

Because the orbit of L+ can get arbitraril¥ close to every point in Jg, it follows
that O(LYY) = J . Moreover g(w) = L (Tewy) holds for all w € Q because the
relation holds on a dense orbit of the monothetic group X. 0

9 The density of states

The functional calculus for a normal element K in the C* algebra X defines f(K)
for a function f € C(S(K)). The mapping f — tr(f(K)) is a bounded linear func-
tional on C(Z(K)) and by Riesz representation theorem, there exists a measure dk
on I(K) with tr(f(K)) = J f(E) dk(E). This probability measure dk is called the
density of states of K. The density of states can also be defined for not normal op-
erators. By the analytic functional calculus, one can define f (K) for any function,
which is holomorphic in a neighborhood of the spectrum of K. Such functions form
a dense linear subspace H in the Banach space of continuous functions on a(K).
The functional f ~— tr(f(K)) is bounded on H and can by Hahn-Banach be ex-
tended in a unique way to a bounded linear functional on C(o(K)) having the same
norm. With Riesz representation theorem, one obtains again a measure on a(K),
the density of states.

The next lemma gives the relation between the density of states of the renormalized
Jacobi operator ®:L and the density of states of the operator L = dr + Ty
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Lemma 9.1
db(B5L) = ¢t dh(L) .

Proof.
Assume first that |X| = N is finite so that Lis a N-periodic Jacobi matrix. Denote
by dk(L) the Dirac measure & Y, 6();), where ); are the eigenvalues of L acting on
the finite dimensional vector space of N~ periodic sequences in I2(z). The 2N x 2N
periodic Jacobi matrices D) = $%(L) have the eigenvalues {+/}; = E}Y,. This
implies . _

dk(®*(L)) = ¢, dk(L) .
In the general case, let L¥)(z) be a N-periodic approximation of L(z) such that for
-N/2<i,j < N/2,

L™ (@Negngin = LD (@) = [L(z)];; .

By the Lemma of Avron-Simon (see [Cyc 87]), dk(L™ )(z)) — dk(L) for almost all
Z € X. The claim follows from the fact that $5(L™)(z)) — &E(L(x)) for N — oo.
the density of states for ®%L is equal to ¢}, dk(L). o

Proposition 9.2 The density of states of ®(w) is the unique equilibrium measure
LE on Jg.

Proof. We know that for any probability measure y on C and n — oo
($E)"1 = pe

holds, where yi is the unique equilibrium measure on the Julia set Jg. Let u = dk
be the density of states of a Jacobi operator L. Lemma 9.1 implies that

k(2 o...0 BF(L)) = (¢%)"(w) — e,

for all w € 2. We know therefore that the density of states of (L) must coincide
with pg. [m)

Lemma 9.3 Every operator L € J 5 has mass M = 1.

Proof. Because by Theorem 8.1 every element in J & has the same mass, it is enough
to show that the fixed point L™) = d*r + d*(T"~1)r* has mass M(L™®) = 1. We
calculate

1 . 1 .
2/}{llog|m |dm+2/x]log|n | dm
-1 +y2 = +

= 2/x,IOng )|dm—/X|log|d | dm

1
= E/Xlogldﬂ dm

+
/Xlog|d | dm
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which implies log(M (L)) = fy log|d*| dm = 0. o

The potential theoretical Green function g of a compact set K C C is defined to be
a function g : € — R which is harmonic on € \ K|, vanishing on K and such that
g — log(2) is bounded near z = co. The Green function is existing for the Julia set
Jg of 7g (see [Mil 81]).

Proposition 9.4 The Lyapunov exponent ME) of an operator L € Jg is equal
to the Green function g(E) of the Julia set Jg. The Lyapunov ezponent ME) of
L € Jg is vanishing ezactly on the spectrum Jg of L.

Proof. The density of states of the Jacobi operator Lg is the equilibrium measure
(Proposition 9.2) and gives the capacity 1 for the Julia sets (see [Bro 65]). The
integral

u(E) = ~\(E) = - [ log|E — E'| dk(E")

is called the conductor potential. The relation between the conductor potential, the
Green function and the capacity is given by the formula g(E) = —u(E) + log(7),
where 7 is the capacity. See ([Tsu 58] Theorem II1,37). Because by Brolin, the
capacity of a Julia set Jg satisfies 7(Jg) = 1, it follows that the Lyapunov exponent
ME) is equal to the Green function g of the Julia set JE-

The potential theoretical Green function g(z) = A(z) is by definition vanishing on
the Julia set. o
Because 0o is a super-attractive fixed point of the polynomial map 1e{z) = 22+ E,
there exist new coordinates w = ¢(z), near oo satisfying

porgod {w)=wk.

The function ¢ is called the Béttcher function of the polynomial 7¢. (See for example
[Mil 91).)

Corollary 9.5 The Béttcher function ¢ for the polynomial 7g satisfies ¢(E) =
det(L — E) for E in o neighborhood of co. One has

det(L — (z* + E)) = det(L - 2)*.
Proof. The Green function g can be expressed as g(z) = log|¢(z)|. It follows from
16(2)] = exp(\(2)) = |exp(~u(2))] = |det(L — 2)
that ¢(z) = det(L — z). The known identity g(z) = g(2* + E)/2 for the Green

function g gives
det(L — (22 + E)) = det(L — z)?.
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We end this section with a remark about the possible values of the integrated density
of states, the gap labelling:

It follows from the structure of the Julia set that for the limit-periodic Jacobi oper-
ators in J g, there is an obvious gap labelling:

Proposition 9.6 The integrated density of states takes ezactly the values I - 2~"
withn €N and 0 <1 <27,

Proof. We know from Proposition 9.2 that the density of states is the equilibrium
measure on Jz and so a balanced measure. The inverse of the map 7p has 27
branches ¢(£’j) labelled by 0 < j < 2". By the definition of balanced, each of the
sets ¢g"j)(JE) has measure 2",

Kagapof L € Jg has! sets ¢(£’j)(JE) to the left and 2" — 1 such sets to the right,
the integrated density of states of this gap is I - 2~ 0

10 Generalisations
We discuss shortly some generalizations or extensions:

Complez values E.

Because an attractor of a hyperbolic iterated function system is structurally sta-
ble, the renormalisation can be extended to an open neighborhood of some set
{E €R| E < —R} C C. All the results about the density of states, the Green
function etc. hold also here.

Julia sets of the anti-holomorphic quadratic map.
Operators with spectra on the Julia sets of

z=Tp(2) =+ E

can be obtained by replacing &% by ﬁ The parameter set of 75 analogue to the
Mandelbrot set is called the Mandelbar set.

Nonrandom Jacobi matrices.

The renormalisation scheme can also be done for general Jacobi matrices which have
not to be random. This is however not so interesting because the same attractor
consisting of random Jacobi matrices is obtained. An advantage of doing the renor-
malisation for random operators is that we get immediately the dynamical system
over which the Jacobi operators are defined in the limit.

Jacobi operators on the strip. .
The renormalization of Jacobi operators which we proposed can be generalized to
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random Jacobi operators on the strip (see [Kot 88]), where the entries of the Jacobi
matrix are finite-dimensional matrices. In the limit of renormalisation, these oper-
ators factorize into a direct sum of one-dimensional operators.

Higher dimensional Laplacians.
A direct generalization to higher dimensional random Laplacians is not possible
without further modifications. The reason is that for a Laplacian

L =D? +E= Zam + a,-(il",.'l)‘r,-' +b,

the connection a;7; has to satisfy the zero curvature condition
[aimi, a575] = (ai05(T) — a;0:(T3))7i7; =0
while the connection d;o; belonging to the Dirac operator

D= E d,'G',- + d,(S,'l)a:

must satisfy the anti-commutation relation
{dioi, djo;} = (did;(S:) + d;di(Sj))oio; =0, i # j

which prevents a further factorization of D. Dirac operators play a role when doing
isospectral deformations of higher dimensional Laplacians.

Operators with spectra on random Julia sets.

The renormalization can be generalized in another way. Instead of taking a con-
stant energy E, we can take a space dependent function E(z) near a large constant
Eg. We get again the same type of result as before. There exists an attractor above
the von Neumann Kakutani system which consists of operators having the spectrum
on random Julia sets (compare [For 91]).

The projected renormalisation on the complex plane is then no more the complex
map
222+ E

but becomes a random quadratic map given by the skew product
(z,2) = (Tz,22 + E(z)) .

We can interpret this in the way that we have a fiber bundle with fiber C and the
function E(z) describes the quadratic map on the fibers.

Operators with spectra on Julia sets of higher degree polynomials.

Define for a,b € R the map $,3L = aL + b. Given three vectors

E=(E1,E2,...,Ed), a=(a1,...,ad),b=(bl,...,bd)
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in R?, we form the maps
q)i.n,b = (I)E ° Qﬂdybd 0...0 QE ° (I’a,,b, .
Define the linear polynomials 7,,,(z) = a;2 + b;. If the polynomial

TEab = TB; O Taghy O ... O TE, O Tyyp,

has a real Julia set Jg,, which is sufficiently expansive, we get operators having the
spectrum on the Julia set Jg .} of TB -

More general values of E.

We don’t know, how far one can explore the renormalization for general complex
parameters E. For complex E, one has to deal with not normal operators. Another
problem is that for smaller values of |E|, the norm of $(L) can blow up under the
renormalisation steps even if the spectrum converges to the Julia set. The reason
is that E can get closer and closer to the auxiliary spectrum of the matrices. Since
the Titchmarsh-Weyl functions are singular at the auxiliary spectrum, the norm can
get large or explode.

We think however that for all E outside the Mandelbrot set, there should exist a
hyperbolic iterated function system having a Cantor set as an attractor. The scheme
can not work for general E € C because for E = 0, a fixed point of D+ $fD =
¥(D?) is not limit-periodic. Given a fixed point

D = dr + d(T"1)r*
of ®*. The sequence d, satisfies

dgnﬂ = -dgnv
d2 dgndgn—l .

n

We are free to choose d3 = —d? = )\ # 0. The second equation givesforn = 0,n =1
dZ=1d,=1.

The other values of d,, are then determined inductively.

Lemma 10.1 The sequence d,, is not periodic.

Proof. We are free to choose df = —d? = A # 0. The second equation gives for
n=0n=1

a=1,d =1.
The other values are then determined. We take now A = 1 and require a,, 1= d>

to assume values in {~1,1}. We want to show now, that the sequence a, can’t be
periodic. We rewrite the fixed point condition as

Qny1 = —Q2n,
Qn = Qpa2n-) .
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All the subsequent values are defined by @ = 1 and this recursion. We get
ap=1,a, =—ay= —1,a2=af =1

and in general

Qgp = QpA102 ** 'an(_l)

For even n because of agay = —1,...,8,-284-1 = —1 also
Gon = (—1)"/2a,. .

Because as = —1 this gives ag» = —1 for all n > 2. Because o = 1 and ag=s = -1,
the period 2" is excluded.

Form the hull X of all the iterates of the sequence {@n}nez in I°°(Z) equipped with
the weak * (=product) topology. The shift transformation is continuous and has an
ergodic invariant probability measure m. If the sequence a,, would be periodic, we
would get a finite dynamical system, a cyclic permutation of a finite set. The contin-
uous function a(z) = zo on X defines the random Jacobi operator D = dr+d(T~Y)*
with d = 1/ taking values in {1,7}. If we make the renormalisation of the dynamical
system together with the operator, the operator doesn’t change but the dynamical
system converges to the von Neumann-Kakutani system (X,T,m). If the sequence
a, was periodic with period p, we would get a continuous function a on the dyadic
group of integers X, which is T invariant and such that a(TPz) = a(z) forallz € X.
This is only possible for the period p = 2" which has been excluded before. u}

Because it takes only finitely many values, d, = d{T™z) can’t be almost periodic. If
we do the renormalisation numerically for values E approaching 0, there are entries
in the Jacobi matrix which begin to blow up.

The case E = —2 is interesting because it describes a situation, where the energy E
is at the boundary of the Mandelbrot set. The spectrum [—2,2] is then absolutely
continuous with respect to the Lebesgue measure and the corresponding operator is
the free Laplacian. Numerically, the renormalisation maps work for all real values
E < —2 and the attractor J g approaches a single point in the limit E = —2.

11 Matrix models

Given any random operator L € X over a dynamical system (X, T, m) having the
density of states dk. The energy I(L) of L is defined as

(L) = /R /R log|E' — E| dk(E") dk(E) .
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In the case when L is a random Jacobi operator, one can write the energy with the
Thouless formula

I(L) = log(M) + /ﬂ XE) dk(E) ,

where A denotes the Lyapunov exponent. We write

exp(I(L)) = exp( [ tr(log|L ~ E) dh(E)

exp( /R log(det |L — EJ) dk(E))
tr(log(det |L — L']))
det'(det|L — L']) =: A(L),

Il

il

where det and tr are the determinant and trace with respect to L and det’ and tr’ are
the determinant and trace with respect to L' = L. From the last formula one would
expect that I(L) is always zero. However, as we will see below, there are examples
of random operators which have positive Lyapunov exponents for all E € C leading
to positive energy. For finite matrices L with eigenvalues A;,..., A, we would get

exp(I(L)) = My |A; — Ay

which is of course vanishing. If we take out the self-interaction terms (X = A;), we
end with B

exp(E(L)) = H,'<J'(A,' el Aj)2 3
the square of the van der Monde determinant. The problem of self-interaction in

the finite dimensional case does not appear in the random Jacobi operators. If the
mass is positive definite, the density of states dk is well behaved in the sense that

/ log |E — E'| dk(E')

is finite for all £ € R. The energy I(L) is a generalization of the squared van
der Monde determinant. This determinant appears also as a Jacobean in the so
called one matriz model (See [Mar 91] [Alv 91] [Alv 91a] [Ger 91]). The number
exp(I(L)) is called the capacity of the set spec(L) if the density of states measure
dk is maximizing exp(I(u)) among all probability measures z on spec(L), where

1) = [ [ 1og|E - B'| du(E) du(E")

is the energy of the measure p. Interesting are the measures which give the capacity.
They are called equilibrium distributions.

In the finite dimensional case (|X| < o0), which leads to periodic Jacobi matrices,
the energy I{L) is zero because the Lyapunov exponent is zero on the spectrum of L.

The capacity is then always 1. In infinite dimensions, it is possible to find examples
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with (L) > 0 because the Lyapunov exponents can be positive for all E € C. This
can happen even in the almost periodic case as an example of M.Herman shows:
Take (X, T, m) = (T,z +— z + a,dz) with irrational a. Let

b(z) = 7 - cos(2nx)
and L = 7+ 7* + b. Herman gives the estimate
ME) = —Re(w(E)) > log(1/2) .

Therefore
|det(L — E)| = e~ R = (E) > /2.

If the measure y is the density of states of L, the energy is

I(L) = [ [108]E ~ E| du(E") 2 log(7/2)

and the capacity is bigger then /2. We see also that the capacity does not depend
continuously on the dynamical system. If « is rational, the capacity of the above
operator L is 1 and for irrational ¢, it is > /2.

The operators L € J g constructed in this chapter are examples where the capacity
of the spectrum is known to be 1, a result of Brolin [Bro 65]. An obvious question
is to determine for which random operators the density of states is the equilibrium
measure on the spectrum.

We end this paragraph with a little excurs. In nonperturbative quantum field theory
have appeared so called one-matriz models [Mar 91],[Alv 91]. Given a probability
measure p on the space M{N,R) of real N x N matrices and a potential

V(A) = Y Vatr(4")
on M(N,R). The aim is to calculate the partition function
Z= / eV du(A) .
A natural choice is the measure g = II;; dA;; which can be simplified to
dp = IL; d\TTi;(\ — ) dUsy;

where
UAU™ = Diag(A1, A2, .- -5 Ad)

and U is unitary. Because the potential V' is invariant under conjugation, the par-
tition function can be written as

zZ= / T () = Me)? d
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which is the partition function of a one-dimensional Coulomb gas of N equal charges
(see [Gro 90)).

It is not clear how to make sense of this model when doing the thermodynamic
limit N — oo. A starting point could be the following: take a measure y in the C*
algebra X'. Given a potential V € C¥(X) one gets the partition function

z= [, exp(V(L)A(L) du(Z) = [exoli(L) + V(L)) du(L) .

The energy I(L) should be interpreted as internal energy and V(L) as the potential
of an exterior field.

If the measure 4 is sitting on the space of Jacobi operators which satisfy some bound
in norm, this partition function is finite. The problem is now to find a natural choice
for the measure g on L. It should be invariant under isospectral deformations in £.
Because

exp(S(L)) = exp(I(L) + V(L))

is only dependent on the density of states dk of L, one could take the measure pon
the set of probability measures on R which appear as density of states for random
Jacobi operators.

12 Questions

¢ What is the maximal set in C, where the renormalisation mappings ®r make
sense? What happens at the boundary of this maximal set?

¢ What is the limit set of a renormalisation map in the group JF of renormalisations
of abstract dynamical systems?

¢ Is the set of operators with the same density of states like the fixed point Lt € Lg
a group?

More precisely: is Iso(L(*)) a topological group with respect to the weak operator
topology such that T : L(z) + L({Tz) is a group translation on this group? Can two
points in Iso(L{+)) be connected by a Toda orbit? The high symmetry of the con-
structed operators in J g could make the determination of the isospectral set easer.
One could guess that the embedding of the dyadic group G in the infinite dimen-
sional torus T corresponds to an embedding of the attractor J, £ in the isospectral
set of L* which would then be an infinite dimensional torus.

o Is there a relation between the operators in B(i(N)) of Geronimo, et al. and
the fixed point L} operators constructed here? There might exist an isospectral
deformation of LE such that the auxiliary spectrum is lying at the boundary of all
the gaps of the spectrum of Lf and such that the operator having this auxiliary
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spectrum is identical with the operator of Geronimo et al.

o Could it be in general that the isospectral set of a random operator is a compact
topological group if and only if the operator is almost periodic?

o Is there for other polynomials p also a renormalisation scheme in a space of oper-
ators analogous to the quadratic map z +» 22 + E?

¢ Can one set up a renormalisation in higher dimensions? Such a renormalisation
would need a renormalisation of commutation relations beside the renormalisation
of the dynamical systems.

¢ Is the capacity ¢(L) continuously depending on L? Is there even more regularity?
Does the equation a%c(L) make sense? For which operators is the density of states
the equilibrium measure on the spectrum?

o Fix a dynamical system (X, T, m). Does there exist a maximum of the capacity
under all random Jacobi operators with mass M(L) = const and tr(L?) = const?
Does there exist a maximum if we allow also variations of the dynamical system?
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Abstract

‘We study higher dimensional discrete random Laplacians over an abstract 74
dynamical system (X, Ty,..., T4, p).

We prove that a sufficient condition for the existence of a Toda orbit through
L is that L is not a stationary point of the first Toda flow and that it is
possible to factor L = D? + E, where D is a random Jacobi operator defined
over a 2: 1 integral extension of (X,T1,...,T4, u).

We find nontrivial critical points of a variational problem, whose critical points
are discrete partial difference equations with random boundary conditions.
Discrete random Laplacians appear as Hessians at such critical points. A
generalized Morse index allows to prove the existence of many critical points.
‘We show that for a generalized Harper Laplacian L, the curvature of a gauge
field attached to L determines the density of states of L.

1 Introduction

The metric structure of a compact spin Riemannian manifold M is completely de-
termined by the Dirac operator D on M [Con 89] because the geodesic distance
between two points P,Q € M can be expressed by

d(P,Q) = supf|a(P) - a(Q)| | « € C(M),|I[D,all| <1} .

Isospectral deformations of the Dirac operator correspond therefore to deformations
of the Riemannian metric. The question which Riemannian manifolds allow such
a deformation is related to the inverse spectral problem for Laplacians the determi-
nation of the set of manifolds having a Laplacian with a fixed spectrum.

If a Dirac operator is defined in a more abstract sense as the "square root” of a
Laplacian, one can ask the above problem also in other contexts.

We consider in this chapter discrete random Laplacians which are defined over a z¢
dynamical system. More precisely, we consider elements L = ¥ a;7;+(a;7;)*+bin the
crossed product X of the algebra L®(X, M(N,C)) with the z¢ action (X,T,m) =
(X,Ty,...,T4,m). For d = 1 these Laplacians are called random Jacobi opera-
tors and there exists a hierarchy of random Toda flows which consist of isospectral
deformations of such Laplacians. For higher dimensional Laplacians, isospectral
deformations are in general no more possible. We refer to a result of Mumford
[Mor 78], who showed that generically, two dimensional periodic Laplacians do not
allow isospectral deformations. We study the question of isospectral deformation
with more primitive tools again but in a wider context. First of all we work in an
infinite dimensional context if the dynamical system is not periodic. Second, we
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allow the entries of the Laplacian to be matrices. We hope that this opening of
the setup gives more freedom to do isospectral deformations. We will see that this
question has a relation to the question if there exists a abstract Dirac operator for L.

There is no Laplacian D in X such that D2+ E = L is possible. We have to take
a new dynamical system (Y, S,n) = (Y, 5i,..., S4,n) called a 2:1 integral extension
which satisfies S? = T;. The system is constructed in such a way, that a Toda orbit
of (X, T, m) appears as a lattice with a grid-spacing which is twice as large as the
grid-spacing of the lattice obtained from (Y, S, n). The analogous crossed-product
construction with (Y, S,n} is called .

A Laplacian D over the finer dynamical system (Y, S, n) is in some sense a first order
difference operator, when looked at in the scale of the old system. At the finer scale,
it is a second order difference operator. It is again a Laplacian.

We would like to know what are the precise conditions for that the operator L can
be deformed in X by Toda flows while keeping the property of being a Laplacian. We
show that a sufficient condition for that is the existence of Dirac operator D €
satisfying D+ E = L. We mean this in the way that if the operator L satisfies this
condition and if the operator is not a stationary point of the first Toda flow then
the orbit passing through L consists of Laplacians.

We would like to mention that it is trivial to deform a selfadjoint Laplacian L =
i 0;7;+(ai7;)" +b € L in an isospectral way if we don’t insist in Toda deformations:
take any curve g, € L°°(X, SU(N)) satisfying g(0) = 1. Then the curve L(t) =
9(t)Lg(t)™! consists of selfadjoint isospectral Laplacians.

The construction of the Dirac operator D for the Laplacian L = ¥, ai7; + (a;7)* + b
satisfying D2+ E = L is not always possible if d > 2. Necessary is for example that
a zero curvature condition [a;7;, a;7;] = 0 is fulfilled. If this condition is not satis-
fied, one cannot expect isospectral deformation in the space of Laplacians because
the tangent vector of a Toda flow passing through L is already no longer a Laplacian.

But also if L can be factored, this does not yet mean that we get an isospectral
curve of Laplacians through L. The reason is that I could be a stationary point of
the Toda flow. This is for example the case if the entries of the Laplacian L are real
or unitary valued.

Beside isospectral deformations we will consider also discrete random partial dif-
ference equations.  These equations play the role of partial differential equation
and each classical partial differential equation has formally such a random discrete
analogue.

For example, the classical Sin-Gordon equation

Uy — Uyp =Y - sin(x)
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with some real parameter has the formal discrete counter-part

o(Ty) + o(TY) — o(T2) — q(Tp) ™! = 7 - sin(q)

over the two-dimensional system (X,T;,T2,m). The existence of solutions ¢ €
L*®(X) to this equation is by no means trivial. We will show how the anti-integrable
limit of Aubry and Abramovici can be used to get existence of solutions for v
large enough. More general systems are obtained by taking a random Laplacian
L = ¥, a(n — 2+ 77) with o; € R and a smooth potential V. The random
difference equation
Lg=1V'(q),

is a nonlinear Schrédinger equation. We will prove that it has nontrivial solutions if
« is large enough. The difference equation is the Euler equation to the variational
problem defined by a functional

L(Q)=szai'g-(£)2——q)2+V(q) dm .

The second variation is at a critical point is the random Laplacian
L+V"(q).

One can interpret a solution of the random difference equation Lg = yV'(q) as a
random discrete surface in 2% x R. For each point = € X, one has a discrete surface

(n1,na,...na) € 2% = (TPTP ... TH4) €R.

2 Discrete random Laplacians

Let 71, Ty, ..., T4 be commuting automorphisms of the probability space (X, u). We
call the z¢ action (X, T, 1) a dynamical system and write T"z = T{* 132 ... T7%(z)
for n € 7¢. Denote by X the crossed product of the von Neumann algebra A =
L*(X,M(N,C)) with the dynamical system (X,T,z). The group z¢ acts on A
by automorphisms f — f(T™) where f(T")(z) = f(T"z) and the algebra X is
obtained by completing the algebra of all polynomials in the variables 7,...,74
with coefficients in A

K= z K,,T", (KL),,= Z Kle(Tl)Tn

neFCZd I+m=n
with respect to the norm [||K]|| =] [|K(z)]| |« , where K(z) is the bounded linear
operator on /2(2%) defined by (K(z)u)n = ¥ Km(Z)tnsm and where || - || is the
operator norm on B(1%(z?)) and | - |, the essential supremum norm. With the

involution on X defined by
G Kar)y =) KT ™)™
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A& becomes a von Neumann algebra. It has the trace
(k) = [ Tr(Lo(a)) duta),

where Tr denotes the usual trace on the matrix algebra M(N,C). We call the ele-
ments in X discrete random operators.

In X lies the set of discrete random Laplacians

d
L={L=ar+(ar)"+b=) aini+ ()" +b},
i=1
where we assume b = b* and q; to be invertible. We call the vector (a;,...ay) the

gauge potential part and b the scalar potential part of the Laplacian. Discrete ran-
dom Laplacians are by definition selfadjoint.

Given a normal element K € X. The functional calculus defines f(K) for every
function f € C(a(K)), where o(K) denotes the spectrum of K. According to
Riesz’s representation theorem, the bounded linear functional f - tr(f(K)) € C on
C(0(K)) defines a measure dk on ¢(K) which is called the density of states of K.
It satisfies tr(f(K)) = [ f(E) dk(E) for all f € C(a(K)).

Given L € £ and d > 2. The (multiplicative) curvature of the Laplacian L =
at + (a7)* + b € L is defined as
F=3 F;nr;,
i<j
where the value Fy; = a;a;(T;)a;(Tj) " q; 71 can be considered as the result of the par-

allel transport with the connection a7 around the plaquette Pz = {z, Tz, T;Tjz, Tjz}.
The additive curvature given by

ZF ity = 3 lam, ajmylnry = Z(a.a,(T) a;ai(Ty))m; .

is vanishing if and only if F;; = 1. We say in this case, a Laplacian has zero curva-
ture. This means that parallel transport around each closed curve in the lattice ¢
gives the identity.

Examples of discrete random Laplacians are:
¢ Rondom Jacobi operators
If d = N =1, we get random Jacobi matrices L = a7 + (a7)* + b. Special cases are

discrete random Schrédinger operators L = 7 4 7 + V. Such operators have been
studied much in the last years. (See [Cyc 87], [Car 90].)
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o Harper Laplacians )
Let d = 2 and a;,a; € L®(X, SU(N)) satisfy a;(x)az(Tiz) = e***®az(z)a1(Toz) - 1,
where @ is an irrational number. In this case

L=ayn + e+ {an)" + (aem)”

is called a Harper Laplacian. It has by definition a constant curvature " and
27 has a physical interpretation as a normalized magnetic flux. A special case of
a Harper Hamiltonian is given by (X, T\, T, zt) = (T!,z + 2 + o,z — z,dx) with
a; = 1, ap(z) = €**=, which leads to the Hofstadter case of the discrete Mathieu
operator L = 7, + 77 + V', where V(z) = 2cos(2nz). See [Las 93] for recent results
on the spectrum.

o D’Alembert operator with Dirac operator

Let d = 4. The operator L = 1, gi( + 2+ 77) with g = ~1,00 = g3, g4 = 1
is a discrete version of the flat d’Alembert operator O = ¥, 9‘(‘1%‘ Define the
Dirac operator D = Y%, 7i(n + 77), where v; be the Dirac matrices, satisfying
{757} = 29:6;;. The square

D= g‘lgi(rf r24()

is a Laplacian over the Z¢-dynamical system (X,T? = (TZ,T2,...,T3), ).

o Periodic Leplacians

In the case |X| = M < o0, the automorphisms T; are just finite permutations of
X. Ergodic T; lead to periodic Laplacians which are mostly studied in the case
N=1¢g=1b=V. Ifd =N = 1, we get periodic Jacobi matrices. The case
d=2,N =1, a¢; =1 is the subject of the baok [Gie 93].

We think about elements in & as discrete versions of differential operators. They
can also be considered as the Hamiltonian of a quantum mechanical particle or
describing the geometry of a discrete manifold. We think of the a; as components
of a connection or a gauge potential or a one-form and of the F;; as the components
of the curvature or a gauge field or a two form, always depending on geometrical,
physical or algebraic preferences.

3 Discrete random Dirac operators

The classical d’Alembert operator O = ¥f, g,»%—z- can be factored as L = D?
with the Dirac operator D = ¥; v;4,,, where the Dirac matrices v; satisfy the anti-
commutation relation {v;,7;} = £2¢:6;;. Our aim is to construct a discrete random
Dirac operator, which is by definition the square root of a discrete random Laplace
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operator L. For doing so, it is necessary to construct a new dynamical system from
the given dynamical system (X, T, ). We get a new probability space (Y,v) by
defining ¥’ = Uycy,..,q) X1 to be the union of 2¢ copies X; of (X, u) and letting v be
the normalized measure on Y, such that for Z Cc X = X 1, (Z) = 2%0(Z). Define

- oy — x,i¢1,
e = Koaan 5@ ={ 1y £ 17
(Y,81,8,...,84v) is again a 2¢ dynamical system and because S%(z) = Ty(z) for
z € Xy, we get the old system back by restricting S? on X;. We call (Y, S, v)a2:1
integral extension of (X, T, u).

The dynamics of the 2:1 integral extension is illustrated as follows. The sets Y} are
ordered vertically according to the cardinality of the sets I. At the bottom is the
set Iy and at the top is the set Yi1,2...43- When going "up” one applys the identity
map Id.

Xiagag)
/ \
X1} Xiagiy
x /
X

When going "down”, one uses the transformation T;, where i is the index which is
deleted when going down:
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Xia{ag)

T; T;
X1agi} Xiagy
T; T;
X

Remark. The space of all z¢ dynam:ca.l systems (X, T, m) forms a complete metric
space U with distance
d(T,S) = Zd(T;,S’;) ,
i=1
where
d(T;, 5i) = m{z € X | Ti(x) # Si(=)}
is the usual uniform topology on the space of automorphisms. Unless d = 1, the
space U is not a group.

Forallz € Y = U; X; we get S? = T;. We can identify the probability space Y after
a normalization of the measure with the probability space (X, m). Starting with any
7? dynamical system and performing the renormalisation map again and again, the
system will converge to a ¢ version of the von Neumann- Kakutani system. This
fixed point depends only on the way, the identification of the probability space Y
with the probability space X is done in each step.

Proposition 3.1 The 2 : 1 integral extension & is a contraction on the complete
metric space U:

d(B(T), &(V)) < 5U(T,V).
Proof Denote by Y; the set, where Ti(x) # Vi(z). By definition d(T,V)
¥4, m(Y;). When building the new systems (Y, S,m) and (Y,U,m), where S

®(T),U = ®(V), there is a set U;¢; X/ of measure 1/2, where the maps S; and U;
are coinciding because they are there the identity from X; — Xjy(;;. The new set

Z; = {z € X | Si(z) # Ui(z)}
has thus half of the measure of the set
Yi={z € X |Tix) # Vi(x)} .
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This means d(S, U;) < 3d(T, Vi) and d(S,U) < Ld(S;, U). o

By Banach'’s fixed point theorem, there exists a unique fixed point of ® in Y. We
call it the von Neumann-Kakutani system.
Define Y to be the crossed product of B = L£L2(Y, M(N, €)) with the dynamical
system (Y, S, v). We will write elementsin Y as C = 22 CaOn, Where o; f = f(5;)o;.
Let

D= {D = Ed;a’; + (d;d,')‘ l d; € B} cy

be the set of discrete random Laplacians in ) which have zero scalar part. Define
Y :Y = X by Y(K)n(z) = Kou(z) for z € X = X, where we use the notation
2n = (2ny,...,2n4). We say, an operator D € D is a discrete random Dirac opera-
tor, if there exists E € C such that ¢(D*+ E) € £. In [Kni 2], we have constructed
Dirac operators to every one-dimensional random Jacobi operator. In [Kni 3] we
showed how the iteration of the factorization L — D satisfying L = D? + E leads
to operators with spectra on Julia sets.

If D = do + (do)" is a Dirac operator to L, we can rewrite YWD*+E)=1L =
at+ (at*)+ b as

{d;a.-,djoj} = 6,"'2(1,',
{dioi,(djo;)'} = &b,
with ©L, b; = b — E. This implies

laini,a57] = 0, (v
lasi, (0573)) = byes . (2

and the Laplacian L must have zero curvature.

4 Isospectral Toda deformations of discrete Lapla-
cians

Define the cones (2¢)* := {n € 7% | n; > 0} and (29)~ = —(z%)* in the lattice 2¢.
We define in X' the projections

K=Y K, - K*= 3 K,

ne(zd)x

and denote the images of these projections in X by X*. We remark that if X € X+
then K* € X~. Denote by C“(R) the set of all entire functions C — € which map R
into itself and define the space of Hamiltonians

C¥(X)={H: X > c| K ~ H(K) = tr(h(K)), h € C*(R)} .
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To such a Hamiltonian H € C¥(X) belongs the Toda differential equation
K = [W(K)* - K(K)", K]

which gives a globally defined isospectral flow in X. It is isospectral because B =
K(K)t —K(K)" is a skew symmetric operator. The first Toda flow is obtained with
the Hamiltonian H(L) = tr(L?/2). The random Toda flows do not leave £ invariant
unless d = 1. We have shown in [Kni 1} how one can linearize in the case d = 1
these infinite dimensional integrable dynamical systems. For finite |X|, the flows
are then the classical periodic Toda lattices which can be linearized explicitly using
algebraic geometry [Mor 76]. In more dimension, an isospectral Toda deformation
in £ is in general not possible. Already for finite |X|, there is a result of Mumford
[Mor 78] which dais that, generically, there exist no isospectral deformations of
higher dimensional real Laplacians (N=1). In the complex case, it is however trivial
to deform a selfadjoint Laplacian L = ¥; ;7 + (a;7:)* + b € £. Take any curve
g € L™(X,SU(N)) satisfying g(0) = 1. Then L{t) = g(t)Lg(t)* consists of
selfadjoint isospectral Laplacians.

5 A sufficient condition for isospectral deforma-
tions

Theorem 5.1 If there exists D € D and E € R such that L = ¢(D? + E), the orbit
of the isospectral deformation

d + 7~ ] =

dtL =[Lt - L7, L] =: (B, ]
stays in L. If L is not a stationary point of this Toda flow, there exists a curve of
isospectral Laplacians through L. The deformation can be written as

a,b(T;) -— ba,~ N

d
> 2Aaie] — (afa)(TTH),

i=1

a;

b

The differential equation for L = y(D? + E) is equivalent to
D =[(D** - (D", D]
in Y and this is a decoupled system of one-dimensional random Volterra systems
d; = [d}, df] = d; - (Wi )(T:) ~ (dFd:)(T7) - di -

Proof. The differential equation £L = [B, L] has a solution in X'. We want to show
that for an initial condition L having a factorization L = $(D? + E), the solution
stays in L. It follows from Equation (1) and (2) that

[L* = L7,L] = [ar—(a7)",a7+ (a7)" +}]
= |ar,b] - [(a7)",b] + [a7, (aT)"] — [(aT)*, a7]
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is in £. This holds true as long as L = ¥(D?) + E. To see that the factorization
L = ¢(D?)+ E is preserved by the flow we have to show that the Clifford structure

{d;a,-,djaj} = 6,-,-2a,~,
{d;o,-, (djaj)‘} 5,','6.' .

stays invariant under the flow. The differential equation

D = [(D** - (D%, D)

in Y can be written as a decoupled set of Volterra systems
d; = [df, df] = d; - (did?)(T:) - (d3d:)(T) - d;
We write from now on simply d instead of do and d* instead of {do)” in order to
simplify the writings. With the differential equations
di =[] s = —[(dF ],
we get for i # j using {d;,d;} =0

[t

d . . . .
E{dﬁ di} = didj+did; + d;d; + d;d;
= [d?y dz-]dj + d,-[d?, d;] + [df’ d;]di + d.i[dx?sd;]

didid; — &id3d; + didld; - didjd?

+did;d; — djd2d; + d;d?d} — d;d7d?
di(did; + d;d;) + d¥(did} + d}d)

~(did; + d;d})d? — (d;d; + did5)d?
dxz{dx-v d.i} + d?{dia d;} -

{di,dj}d — {&;,d}dl = 0.

Similarly, using {d;, d;} = {d7, d;} =0fori # j, we get fori # j

%{d.- &Y = ddj+dd;+dyds + dd;
[, d7) &5 - dil(d3)?, d;] — ()%, ;] d; + d;ld?, d;]
(d3d;d; + d3d2dy) — (di(d3)%d; + (d5)%dsd;)
~(d;did; + djd;d?) + (did;(d5)* + d;(d;)%d;)
d}(did; + d;d7) - (&5)%(did; + dyd;)
—(did; + d;d;)d} + (did; + djd;)(d})2 = 0 .

Il
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Remarks.
o The condition in the proposition is always satisfied in one dimension, where every
Laplacian can be deformed.

e The zero curvature conditions [e;7, 6;7;] = [a:7,{a;7;)*] = 0, i # j for L do not
imply in general that we can factor L = D? + E. We need that the zero curvature
holds true also after deformation. This would need for example that the equation

d » -
Fleim (7)) = 2llaim, 8], (a;73)) = 0
is valid which implies that also a condition for b must be satisfied in order to have

an isospectral deformation.

¢ Operators with unitary a; and constant b are stationary points of the first Toda
flow. Especially random Harper operators can not be deformed in this way.

o The necessary conditions
aia;(Ty) = a;a(T;),
gja; = ai(T;)ai(Ty), i#j

for isospectral deformations have only constant solutions if we require the a; to be
complex valued cocycles and if the maps T; are ergodic. (To see this, we divide
the first equation by the second one giving a;(T})? = a? which implies that a; is
constant if T; is ergodic.) We conclude that we need the entries of the Laplacian to
be matriz-valued in order to obtain interesting isospectral deformations.

6 Discrete random partial difference equations

Given a 2¢ dynamical system (X, T, 1) and a Lagrangian

(¢ — 0)*

d
g0, q1,---,00) =— 3 g >
i=1

+7-V(g),

where g; € R\ {0} and V € C%*(7},R) is a real-valued potential and 7 is a real
coupling constant. We define on the space L=(X, T!) the functional

5(0) = [ Ua(a),q(Tiz),o(Tp0), ..., o(Tex)) du(z)

on L®(X,T'). A critical point g of this functional satisfies the discrete random
partial difference equation

d
-2 9{9(T) ~ 29+ o(T7)) = v- V/(¢) = 65(g) = 0.

i=1
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The second variation at a critical point (the Hessian) is the random Laplacian
d
L= Zaﬂ',- + (a,'T,')‘ +b
i=1

with a; = —g; and b= Y- VY-~ :—i=l 2g,'.

It is a nontrivial problem to find nontrivial critical points of the above functional.
For large coupling constants 1, it is however quite easy using the anti-integrable
limit idea of Aubry [Aub 92]. Denote with

Z={oeT|V(6)=0, V(o) invertible}
the set of non-degenerate critical points of V.

Theorem 6.1 Assume that £ has at least 2 elements. Then there exists v9 € R
such that for coupling constants Il > o, there exist nontrivial critical points of the
functional S.

Proof. Write 7 = 1/¢ and take the equivalent functional

8@ = [ -3 o8I0 ) vy duge).

i=l

In the limit € = 0 every function ¢q € L™(X,Z) is a critical point. The Hessian
at such a point is L = V*(g) which is by definition of ¥ invertible. Applying the
implicit function theorem, there exists also a critical point g for small |¢|. g

We introduced the above functional S in [Kni 1] for the one-dimensional case, where
the problem of finding critical points is equivalent to embed a factor of the dynamical
system in a monotone twist map defined by the generating function l. In the case,
when the dynamical system is the irrational rotation on T, the functional S is called
the Percival functional. In [Kni 4], we used the functional together with a theorem of
Krieger and the anti-integrable limit of Aubry to show that every ergodic dynamical
system with finite metric entropy can be embedded into a monotone twist map. For
two-dimensional systems d = 2 with a; = —a, = 1 and V(q) = cos(q) a critical
point satisfies a discrete version of the Sine-Gordon equation.

One can not only establish the existence of critical points but also prove that there
exist uncountably many different critical points. This can be done with the help of
a generalized Morse indez at a critical point g which is defined to be the value of
the integrated density of states k(0) = f°_ dk(E") of the Hessian L = 5%(S) at the
energy E = 0. This number is lying in the interval [0,1] and measures, how much
of the spectrum of L is below 0. One could say that it measures the ”dimension”
of the infinite dimensional unstable manifold, which is passing through the critical
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point. If two critical points have a different index, then they must be essentially
different in the sense that it is then excluded that one critical point is a translation
of the other one.

Proposition 6.2 If there exist two critical points 01,05 of V with V*(0y) > 0 and
V"(02) < 0, then there exist uncountably many different critical points of S for ||
large enough. The Morse indez at a critical point near ¢ € L™(X, X)) is

m({z € X | V"(q(z)) <0}) .

Proof. In the anti-integrable limit, the Hessian is an invertible diagonal operator
and the density of states is a Dirac measure located on the set

{V"(o) | 3Y(s) C X, m(Y(0)) >0, Vz € Y(0), 0 = g(z) € T} .

Each point ¢ in this set has the mass m(Y(s)). The integrated density of states
at 0 is given by m({z € X | V"(¢(z)) < 0 }). Because the Hessian in the anti-
integrable limit is invertible, the mass of the spectrum below 0 does not change
under perturbations of the operator or (by the implicit function theorem) under
perturbations of the critical point. This means that the Morse index is constant for
critical points near the anti-integrable limit and it is given by the same formula. O

7 Suris-Bobenko-Pinkall maps

A discretisation of the pendulum equation leads to the Standard map
g =sin(g) ~ ¢(T) — 2¢+ ¢(T"") =sing..

The integrable ordinary differential equation has then become a map which is in
general not integrable. An analogue discretisation of the sin Gordon equation leads
to a discrete partial difference equation which seems not have been studied so far.

Gu ~ gzz = sing ~ ¢(T) + ¢(T™1) — ¢(S) — q(S7') = v - sin(g) .

Such equations above the lattice Z2 instead above an orbit of a 72 action has been
studied in recent work of Bobenko et al. [Bob 93], who showed that if the nonlin-
earity sin(q) is replaced by 4 - arg(1 + 7 - €'%), the equation becomes integrable and
the solutions gn = ¢(T7'T;"z) above an orbit of the Z% action describes a discrete
surface being the analogue of the pseudo sphere. In our case, we have a random
version of such surfaces above a z? action. The anti-integrable limit implies the
existence of nontrivial solutions.
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Remark. It has been found out by Bobenko and Pinkall [Bob 93] that the right
discretisation of the pendulum is

o(T1) + ¢(T7) ~ ¢(To) - q(T2) ™" = 2arg(1 + k- €9%)) 4 2arg(1 4 k - £4(™)7")

if one wants also in the discrete case to have an integrable equation. If T = Id,
Bobenko et al. [Bob 93] remarked that this equation reduces to an integrable family
of twist maps

(‘LP)H(q+p+7-4-arg(1+k-e""),p+7~4-arg(1+k-ei").

Already Suris [Sur 89] has found a family of integrable twist maps among other
families. We call the above family Suris-Bobenko-Pinkall-maps.

8 Zero curvature and the density of states

We consider in this section Laplacians in Lgy = {L € £ | a; € L=(X,SU(N)), b=
o cel G ={G € L] Gy e L™(X,SU(N)), G =0, n # 0}
the group of SU(N) gauge fields. For G € G, the map
L GLG™
on Lgy is called a gauge transformation. The a;7; are transformed as
ami = Ga;G(T) 'y .

Gauge transformations leave the set of zero-curvature Laplacians invariant. Also
the density of states is invariant under such transformations so that gauge trans-
formations are isospectral deformations. We will just see that the density of states
decides also, if the operator has zero curvature or not. In the special case of a Harper
Hamiltonian d = 2, N = 1 with constant curvature, the density of states determines
the curvature and so the normalized magnetic flux:

Proposition 8.1 a) The operator L € Lgy has zero curvature if and only if
tr(L4) = / E* dk(E) = NPy(d) ,
R

where Py(d) is the number of closed paths of length 4 starting at 0 € 79,
b) For a Harper operator L = a17y + agma + (a17)" + (agm)* with N = 1 satisfying

ala2(11"1)a1(T2)—la-2-1 = e2n'a ,
the density of states determines the normalized magnetic fluz 2mio:
tr(L4) = / E* dk(E) = 16 + 8 cos(2ia) .
R

¢) Harper Hamiltonians with different cos(2ma) are not isospectral.
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Proof.
a) If we know the density of states, we can calculate

(L") = / E" dk(E) .

The operator has zero curvature if and only if a;a;(T})(a:(T}))"(a;)™! = 1 and this
is the case if and only if

Tr(aia(T)(ai(T)) () ™) = N

for all 4, j. Because the trace of an element a in SU(N) is always < N with equality
in the case of zero curvature, this is equivalent to

tr(L%) = NPy(d)

where Py(d) is the number of closed paths of length 4 in Z¢ starting at one point.

b) L* contains 4 curvature terms like a;a5({T;)(a;(T3)"')*(a3')" for each positively
oriented plaquette at z € X and 4 curvature terms like a;a2(Ty 75} )"y (T3 V) aa(T5 1)
for each negatively oriented plaquette. There are additionally 16 constant summands
1 belonging to closed paths of length 4 which are not passing around a plaquette.

c) As a corollary of b), we obtain that Harper Laplacians with different cos(27a)
are not isospectral because isospectral Laplacians have the same tr(L?). O

The functional
Sgauge(L) =g (tl‘(L“) - NP4(d))

on Lgy is the lattice action of pure lattice SU(N) gauge field on a d dimensional
infinite lattice. For finite X, the lattice is periodic and the functional is a finite sum.
In general it is an averaged sum.

If we don’t assume « to be constant for the Harper Hamiltonian, we can make the
following remark about the relation between the curvature and the density of states.

Proposition 8.2 Given L € Lgy. The curvature F = a;a(T})a)(T2) a5 deter-
mines the density of states dk. On the other hand, the density of states dk does not
determine the curvature F.

Proof. If F is known, we can calculate tr(L") for each n € N because tr(L") contains
summands labeled by paths of length n and each path summand is the product of
all the curvatures belonging to the plaquettes which are surrounded by this path.
We can determine therefore also tr(log(L — E)) for In(E) > 0 and so the integrated
density of states

k(E) = Im(tr(log(L - E))), E€R

which determines the density of states dk = %k(E)dE. The curvature function
F € L*(X) and a translated function F(T™) belong both to the same density of
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states. It is thus in general not possible to determine dk from F. ]

It can be seen in the same way that also for higher dimensional Laplacians L =
Tl am + () with a; € L®(X,SU(N)), the curvature F = Zij Fijryry deter-
mines the density of states.

9 Some questions

We formulate some open points.
¢ Is the sufficient condition in the Theorem 3.1 also necessary? In other words, can
one factorize an operator if an isospectral deformation is possible?

¢ Assume we have two unitarily equivalent Jacobi operators Iy = U”L,U and as-
sume we can deform L,(t) in an isospectral way with a Toda flow. Is then also
U*Ly(t)U an isospectral deformation of Jacobi operators?

¢ Is the property of factorization a spectral property in the sense that the density
of states decides whether there exists D with ¥(D?) + E = L? (We know that for
special Jacobi operators L = ar (a7)* +b with a € SU(N, C), the density of states
decides whether the curvature [a:7:, a;7;) is zero or not.)
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Abstract
We consider differential equations in L®(X) of the form

% = Fu(T™Y), u,u(T))

where T is an automorphism of the probability space (X, m). Such systems
form a thermodynamic limit of cyclic systems of ordinary differential equa-
tions.

We define random generalizations of dynamical systems of the form
i) = [ Flu(z) - u(w)) dm(z)
which describe infinite particle motion with pairwise interaction.

The motion of random point vortex distributions can sometimes be described
by a motion of random Jacobi operators.

1 Introduction

The description of infinite particle motion is a branch of non-equilibrium statistical
mechanics. The problem of existence and uniqueness of the infinite particle motion
is not easy. We refer to [Lan 75 for more information and references. But already for
finitely many particles, there are outstanding problems. In the Newtonian N-body
problem for example, it is still not known whether the set of initial configurations
(in the 6N dimensional phase) having global solutions, has full Lebesgue measure
(see problem 1A in [Sim 84]).

A general problem is to find and investigate solutions of infinitely many particles
located at places ¢; € R? which move according to

G=) Fla-g),
i#j

where F is the inter-particle force. In order to prevent blow up in finite time, one
is either forced to restrict the set of initial phase points and prove existence and
uniqueness for initial conditions in the restricted phase space or to find a Gibbs
state which assigns probability one to a set of initial phase points with good reg-
ularity properties. A prototype of such a result with restricted phase space in one
dimension is a theorem of Lanford [Lan 68] which states that if F is Lipschitz con-
tinuous, there is a subset of the phase space, where the system has a unique global
solution. An initial point (g, p) in the allowed set satisfies bounds on the momentum
p; = ¢; and bounds on the mean density of particles in any interval.

If one wants a thermodynamic limit of the above problem in which the particles are
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assumed to be in a finite region of R? (which implies that infinitely many particles in
any bounded region) one is forced to rescale the force when going with the number
of particles to infinity. This can be done as follows:

Let F : R? = R? be smooth and having compact support. The differential equation
i(@) = [, Fla(@) - o(y)) dm(y)

in the Banach space L%(X,R?) defines then the evolution of a density field g. This
differential equation describes in some sense an infinite particle system: let (X,T,m)
be an abstract ergodic dynamical system: 7 : X — X. Using Birkhoff’s ergodic
theorem, the above differential equation can also be written for almost all z € X as

1 n+N
G = lim —L Flan - q0),
G = Jim oo kgzN (9. — )
where g, = ¢(T,z). (The inclusion of the self interaction F(g, ~ g,) is not relevant
in the thermodynamic limit.) The finite particle approximation is then

LY Fa-w)
q.n = o . F Gn — Gk
2N +1 yndmnen

which is (after a rescaling of time) equivalent to the original problem. In contrary to
the original problem, the evolution of the infinite particle system is in the thermo-
dynamic limit also guaranteed in the case when all particles are at the same position
which corresponds to a constant q.

In one dimensions, there are also interesting systems of particles which are situated
in a chain. In this case, not all the particles are interacting but only particles which
are neighbors. The systems look in general as

Gn = F(qn—lv qn, qu+l) .

An example is a chain of harmonic oscillators §, = gui1 — 2, + gu—y or the Toda
system §, = e¥+17% — @ ~%-1 Again we can consider a thermodynamic limit of
such systems which is defined by an abstract dynamical system. We consider flows
on the Banach space A = L®(X) defined by a differential equation

u(z) = F(u(T‘lx),u(x),u(T(x))) s

where F : R* — R is a smooth function. We call such a system a random kimit of
ordinary differential equations. In the special case when X is finite, such a system is
a cyclic system of ordinary differential equations. We will call this shortly the finite
cyclic case.
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2 Examples

We consider first some examples of random limits of cyclic systems of differential
equations over an underlying dynamical system (X, T, m). In order to simplify the
notation we write u, u(T), u(T!) instead of u(z), u(Tz), w(T-'z). Examples of such
random limits are.

o The discrete wave equation
We call the system

i =u(T) ~ 2u+uw(T71) =: A(u)
the random discrete wave equation. This system has not yet the form of a random
system but if we assume that 4 is an additive coboundary @ = v(T") ~ v then one
can write

2 = o(T)-v,
] u—u(TY).

Necessary for this is for example that & dm = 0 . We make an integral extension
(Y, S, n) of (X, T,m) by taking two copies X1, X3 of X with union Y = X, UX, and
defining $: X; — Xo,z — z and X : Xy = X,z — Tz. If we define for z € X
w(z) = u(z) and w(S~1z) = v(z), then the above two equations can be written as
one equation

W =w(S) - w(S).

This is a random system above the dynamical system (X, S,n) in the sense of the
introduction. The system is linear and there exists an explicit formula for w(t):

w(t,) = (€ = & Y(0,2) = T Sx(w(8"s) - w(S ™),
where ou(z) = u(Sz).

¢ The random Toda lattice
We system

a(b(T) - b) 1
b = 2a2-2a%T),

or
§ = etT)e _ g1-olT™)

is integrable and we know that the Titchmarsh-Weyl functions evolve according to
the random Kac-Moerbeke system

é=c(e(T) - e(T7Y))
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which has for ¢ — 1 as a limit the discrete wave equation.

¢ Random Sine-Gordon system
The system

§(z) = g(Tz) - 2q(z) + ¢(T"z) + 7 - sin(g(=))
has some interesting limits. The case when ¢ is time-independent corresponds to
a stationary solution called the Standard map. In the case when g is constant in
space we have the mathematical pendulum. In the case when v = @ we have the
random wave equation. On a fixed orbit T"z, the system describes an infinite chain
of pendulums which have a harmonic coupling. An obvious question is whether the
system is integrable.

¢ Discrete wave, heat and Schrédinger equation with Riemannian metric
There is the following generalization of the wave equation: take a random Jacobs
operator L = ao + (ao)* + b with a,b € L®(X) and consider the random wave
equation § = Lq or the random heat equation § = Lq or the Schrédinger equation
thg = Lg. All these equations are linear with respect to ¢ and they can be solved
in principle. Non-trivial is the study of the long-time bebavior. We look now more
closely at the random wave equation

tt=Lu

when there is a factorization L = D? with a Jacobi operator D over an integral
extension (X, §,n) which satisfies 2 = T. Such a factorization can always be done,
if L is positive definite. We have then also a factorization of the d’Alembert operator

02— L =(8,— D)(8, + D)

and a solution of # = Lu can be written as a linear combination of solutions of the
heat equations
uy = Du, uy = —Du.

There is a connection between the solution of the heat rsp. Schrédinger equation
and the random Toda lattice. The solution of the heat equation @ = Lu can be
written as u(t) = e’! - u(0) and the solution exists for all complex ¢ in contrary
to the differential operator case, where only a semi-flow exists. We can find a QR
decomposition

e =QR=RQ",

where Q*Q = Id and R is upper trigonal. It follows from an observation of Symes,
that one gets

e = Q()R(t)
where ((t) is obtained from the solution L(t) of the random Toda equation

L=[L*-L",I}
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which can be written as L(t) = @Q*(t)L(0)Q(t). If L(t)a(t) = Eu(t) then 4(t) =
Q*(t)&(0) and so e* = R(2)a(t).

e Gradient flows for twist maps
Given a monotone twist map with generating function h. Embedding a dynamical
system (X, T, m) as a factor in the twist map is equivalent to find critical points of

a functional
g+ L(g) = [ hg(@).q(T(2) dm(z)
A critical point ¢ satisfies the Euler equations

8£(g) = ha(g,9(T)) + ha(g(T™"),9) = 0.
The second variation is a Jacobi operator. Critical points of the gradient flow

§¢=26L(q)

correspond to solutions of the Euler equations. Interesting are invariant sets of this
gradient flows and their relation with the twist maps.

e Orszag-McLaughlin flow
The Orszag-McLaughlin flow [Str 89] has the following generalization as a random
flow. Given three real constants a, b, ¢ which satisfy a + b+ ¢ = 0. Look at

@ =a - w(Tu(T?) +b - w(THu(T %) +c- u(T)u(T?).

If X is a finite set, this is a differential equation and the system has measured pos-
itive metric entropy. (see [Str 89]). Because fy u? dm is a constant of motion, it
lives in the finite dimensional case |X| < oo on a sphere and the Lebesgue measure
on these spheres is invariant. In general, the ballsin L?(X) are invariant by the flow.

¢ Arnold-Beltrami-Childress flow (see [Str 89])
Given a € L™, the flow

i = a(T) - sin{u(T)) + a(T™) - cos(u(T™))

is called Arnold-Beltrami-Childress flow. Because u(z) can be taken modulo 27,
this is a differential equation in the space L®(X, T!) of circle-valued cocycles. When
X is finite, the system is defined on a finite dimensional torus and is leaving invari-
ant the Lebesgue measure. The metric entropy is also measured to be positive.

¢ The discrete Burger equation

See [Sha 90]. The discrete analogue of the Burgers equation v = v, + 2vv; is
pe=p(»(T) - p) - M

It looks similar to the Kac-van Moerbeke system. Because the integrable linear

system ¢; = ¢(T) goes with the substitution p = ¢(T')/q over into Equation (1), the
later system is also integrable.
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3 Other random systems

We want to exploit now another random generalizations of classical integrable dy-
namical systems. The aim is to describe a limit of particle motion with pair in-
teraction when the number of particles goes to infinity. The potential has to be
normalized suitably in the limit in order that a energy stays finite. In the special
case of a finite probability space, we want to get the classical systems back. The
differential equation in the finite case will go over into a differential equation on a
Banach space. One can also look at the infinite particle system as the motion of a
field or a density of particles.

Consider a classical dynamical system consisting of N particles with coordinates

g» € R? which are interacting by a potential U(r). Call p, = ¢, the momentum.
With the Hamiltonian

H(g,p) = Z%’g +3_Ullg: — gil)
i i#]
we get the Hamilton equations
Gi=pi Bi=) -VU(la - gl) -
i#]
We rewrite these equations a little bit: define the probability space X = zy with

the Haar measure and a cyclic transformation T : £ — z + 1 (mod N). Look now
at the motion of two bounded functions ¢,p: X = R

1 N-1 .
g=p p=-5 2 Fllg—oT)),
i=0

where F = V(U) : R — R? is a smooth function with compact support. This
motivates to define also for an aperiodic abstract dynamical system (X,T,m) a
differential equation for ¢,p € L*(X,R?) by

1 X ;
i=pp= lim ———— —o(TH).
¢=p,p= lim 2N+1,.=§_N: F(g - o(T")
By Birkhoff’s ergodic theorem, this equation can be rewritten as

i(@) = [ Flala) - o)) dmiy)

and the Hamiltonian becomes the functional
2
H@n) = [ 2+ ([ Uiata) ~ a(4)) dmis)) am(e)
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on L*=(X,R%)2. Using the functional derivative, the Hamilton equations are

. 0H
q = —67 =p,
b= =5 = [ VU@ - @) dn(y)

If we understand the integrals as [(,,, which doesn’t change anything in the ape-
riodic case, we get back the old ordinary differential equations for finite X. We
interpret g(z),p(x) as a position and momentum density field of particles. The
Hamiltonian is an invariant of the given dynamical system. The self-interaction of
each particle with itself (this is excluded in the finite case by taking the integral
only over disjoint points) disappears in the aperiodic case. We have only to take

care that
¢+ Flg)(e) = [ VU(g(e) - ou) dm(y) € L=(X)

is Lipschitz continuous in order to get local existence of the flow. A natural problem
is to find potentials U for which the flow exists for all times. The function space for
f is another free parameter of this set-up.

We give now a situation, where we can prove that the flow exists locally at least:

Proposition 3.1 Assume F : L®(X,R%) — L®(X,R?) is differentiable, then the
flow in L®(X,R?) defined by

i@ = [ Fla@) - o)) dm(y)
ezists locally.
Proof. The map
g€ L2(X) - f(@)@) = [ Flg(z) - q(v)) dm(y) € L=(X)
is Fréchet differentiable. (The derivative is
Df(q)u(z) = / F'(g(z) - ¢@))(u(z) — u(y)) dm(y) ,

where £ — F'(z) is a d x d-matrix valued function. Cauchy’s existence theorem (see
[Die 68]) implies then that the flow exists locally. ]

Examples:
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o Harmonic oscillator
For U(q) = £ < ¢, >, we get F(g) = g and

itw) = [ Flalo) - a(s)) dm(z) = [ ~(g(o) - a(v)) dm(s)
~g(a) + [ a(v) dm(y)

can easily been integrated because the center of mass I(g) = [y g(y) dm(y) is an
integral.

¢ Ezxponential potential
Take F(g) = —e?. This gives
i(z) = / —ef(®)-a(v) dm(y) .
We believe that this flow is existing for all times.
The following examples are formal because we are dealing with singular potentials

which lead to the problem that we have to choose the right function spaces and to
show the existence of the flows.

¢ The Calogero system
We are in one dimension. Take U(r) = r~2. We get the differential equation

i(@) = [ (a(@) - o)) dm(y) .

We assume that g is chosen in such a way that the right hand side is in L®(X). Is
this condition preserved by the flow? It is not clear if the system can also be writ-
ten as a Lax pair L = [B, L] in infinite dimensions like in the finite dimensional case.

e The Sutherland system

If we identify particles which have coordinate difference 27, the particles are located
on a circle. One is lead to the potential U(r) = sin~?(z) and has the differential
equation

i) = [ cotlale) - a(w)sing(z) - g(y)) dm(y) ,
where g € L®(X, T).

o Vortez motion in the plane
For U(r) = log(r), we get infinite vortex motion. We discuss this separately.

4 Random Vortices

We want to describe here a possibility to treat the motion of infinitely many vortices
in the plane. The idea is to treat the vortez distribution as a spectral distribution
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of a random Jacobi operator and to find the differential equation for the operator
which defines then a motion of the spectrum. This motion of the spectrum is a
thermodynamic limit of infinitely many vortices each having infinitesimal vorticity.
For information on vortex motion in two dimension we refer to Aref’s review article
[Are 83].

Given a dynamical system (X, T, m) which is given by an automorphism T of the
probability space (X, m). To a normal operator L in the crossed product X of
L>(X) with the dynamical system is attached a measure dk, the density of states
defined by the requirement

(L) = [ f(a) dm(z)

for every continuous function f on C and where tr is the trace in ¥. If L =
a7 + a(T1)7" + b is a random Jacobi operator with |a(z)] > § > 0 for all z € X,
the energy

= _ 7
H(L) = /c /c log |E — E'|dk(E") dk(E)
is finite. The Thouless formula allows to write the energy using the Floquet exponent
wi(E) = —tr(log(L — E))

which has as the real part the negative of the Lyapunov exponent.
H(L) / / log |E — E'| dk(E’) dk(E)
cJC
/ log|a] dm + / ME') dk(E')
/ —w(E') dk(E') = tr(wi(L)) .

Heuristically we look first at the following finite-dimensional situation. If dk is a
finite sum of Dirac measures, which is the case when L is a matrix, then the energy
H(L) would be —oo. But if we take out the "self interaction terms” we would have

H(L)=N"'Y log|E: - Ej],
i#j

where for 1 < i £ N the complex numbers E; are the eigenvalues of L. This is
exactly the energy of N vortices with constant vorticity N~! located at E;. The
motion of such vortices is given by the differential equations

d— 1 1

—F = —— —

dt " 2xiN & B - E;

which is a Hamiltonian system for the variables ¢; = Re(E;) and p; = Im(E;). It
can be written as a differential equation for the matrix

d— 1 8H
@~ oL 2)
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being a Hamiltonian system for ¢ = Re(L) and p = Im(L)

._0H . oH
with H = 5 H.
We consider now a general random Jacobi operator L which is moving according to
the differential equation (2). We have now no longer to care about the self interaction
problem which was urgent in the finite case, but there is another problem, namely

that the energy is not necessarily Fréchet differentiable. Because H(L) = tr(w(L)),
we have the formula
0H(L)

oL

So, we need only to know that the Floquet exponent w(E) is twice differentiable
and remains differentiable in order to assure the existence of the flow.

=2ui(L).

The following Mathematica program makes a film from the evolution of arbitrarily
many vortices.

I il
RKStep[f_List, y_List,y0_List, dt_]:=Block({ki,k2,k3,k4 },
ki=dt N[ £ /. Thread(y -> yol 1;k2=dt N[ £ /. Thread(y -> y0+k1/2]1];
k3=dt N[ £ /. Thread[y -> y0+k2/2]];k4=dt N[ £ /. Thready -> yo+k3 11;
yO+(k1+2+k2+2+k3+k4) /6] ;
RKLastPoint[f_List,y_List,y0_List,{t1_, dt_}J:=Block[{yy},
yy=y0;Do[yy=RKStep[£f,y,yy,N[dt1],{i,1,Round [N[t1/dt]I}1;yy ]
Variab[n_):=Table[z[il,{i,n}];
Diffeq[n.] :=Table[N[1/(2 Pi I)]*
Sun[(z[i]-z[Mod[j-1,0]+11)/(Abs[z[i]-z[Mod [j-1,n]+1]]1"2+0.0001),
{j ,i+1, 1"'“'1}] ) {i ,l}] H
VortexFlow[cc0_,t1_,dt_] :=Block[{1=Length[cc0]},
cc=Variab[1] ;hh=Diffeq[1]; RKLastPoint[hh,cc,cc0,{t1,dt}] 1;
Init[n_]:=Block([{s=2+Pi/n}, N[Table[Exp[I*s*jjl,{jj,n}]] J;
Pict(z_]:=ListPlot[Table[{Re{z{[kk]]],In[z[[kk]]1]},{kk,Lengtk[z]}],
PlotRange->{{-3,3},{-3,3}},DisplayFunction->Identity,Axes->False] ;
Film[NumbPart_,NumbPict_,TimeInt_] :=Block[{c=Init [NumbPart] ,Movie={}},
Do [Movie=Append [Movie,Pict[c]];
c=VortexFlow[c,TimeInt,0.01],{m,NumbPict}]; Moviel;
Display["!psfix -land -stretch > vortex.ps”,
Show[GraphicsArray [Partition[Film([31,16,1.5],4]],
DisplayFunction->$DisplayFunction,Frame->True,
PlotLabel->FontForm["A vortex flow with 31 particles",{"Helvetica",12}]]]
L J
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The program produced the following film of vortex motion:

A vortex flow with 31 pasicies

5 Questions

We add some questions.

o We would like to understand better what happens with a cyclic dynamical system
in the limit when passing from the finite case to a general random limit determined
by an ergodic dynamical system (X, T, m). Can one hope to understand the finite
case better through the infinite system or are there new features in the infinite case?
Especially we would like to know what happens in the limit if the finite cyclic case
is integrable or if the global existence of the flow in the finite cyclic case implies
the same in the infinite dimensional case. Is there a relation between the structure
of the periodic orbits in the finite case and the random infinite dimensional case?
How does non-integrability, positive topological or metric entropy in the finite case
manifest itself in the infinite case?

o Can one extract from the evolution of the random system some information about
the dynamical system (X, T, m) ? Can new invariants for (X, T, m) be found through
the study of the random differential equation?

o For which potentials U € CZ°(R,R) does there exist a function space and a man-

ifold in this space such that the flow §(z) = fx VU(l¢(z) — q(¥)|) dm(y) exists for
all times on this manifold? For which potentials is the flow integrable?
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¢ We have not yet an example, where the flow of random Jacobi operators describes
by its spectrum the the motion of a vortex distribution. We need a linear space of
Jacobi operators for which the density of states is smooth. What further conditions
have to be satisfied in order that the flow exists for all times?
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Abstract
Embedding an abstract dynamical system in a monotone twist map S, : T2 —
T2
(@p) (g+p+7-V'(@p+7-V'(9)

is a variational problem.

Let T be the set non-degenerate critical points of V € C%(T,R). Using the
anti-integrable limit of Aubry and Abramovici [Aub 92a],[Aub 90b], we show
that there exists a constant 4y > 0 such that every ergodic abstract dynamical
system (X, T,m) with metric entropy hm(T) < log(|Z|) and |y] > 7o can be
embedded in the twist map S,. For such v, the topological entropy of Sy is
at least log(|Z)).

Using a generalized Morse index, the integrated density of states of the Hessian
at a critical point, we prove the existence of uncountably many different em-
beddings of an aperiodic dynamical system (X, T,m) if hm(T) < log(JZ| — 1)
and |y 2 .

1 Introduction

An abstract dynamical system (X,T,m) is embedded in a topological dynamical
system (Y, 5), if there exists an S-invariant probability measure 4 on Y, such that
(X,T,m) and (Y, S, p) are isomorphic as abstract dynamical systems. Interesting
topological dynamical systems are monotone twist maps which are discrete Hamil-
tonian systems.

A general question is to decide whether a given abstract dynamical system (X, T, m),
an automorphism T of a standard probability space (X, m), can be embedded in a
given monotone twist map like the generalized Standard map

-V'(q)
s (9 )\ (etrty ,
v (p)'_' (p ) ( p+7-V(g)
with V € C%(T!,R) and real parameter v € R. Such a twist map (¥,5,) is a
diffeomorphism on the two dimensional cylinder Y = T x R leaving invariant the
Lebesgue measure. Because S,(q,p + 1) = (¢, + 1), the map S, acts also on the

torus T2, For each abstract dynamical system (X, T, m), the embedding question is
a variational problem for a Percival functional

9+ £(0) = [ a(a),o(Tz) dm(z)
on the Banach manifold L*(X, T!), where
_ a2
e,y = -9LZL 5. v(g
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is the generating function. Given a critical point g satisfying the Euler equations
6L(q)=q(T) - 2q+¢(T7") ~7-V(9) =0,

a factor of the dynamical system is embedded in the twist map. The homomorphism
between (X,T,m) and the embedded system (Y, S, z1) is given by the map

$: X —STXR,
z - (g(z),p(2)) = (g(z). 9(Tz) ~ oz) —7- V'(g(2)) -

The measure p is defined by p(Z) = m(¢~1(Z)). If ¢ is not constant, then the
factor is non trivial. If ¢ is injective on a subset of X with full measure, the system
(X, T, m) itself is embedded. The Fréchet derivative of the operator

6L : L™(X) — L=(X), g+ o(T) - 2¢+¢(T™") —7-V'(g)
is a linear Jacobi operator on L®(X) given by
Lu=uT)—2u+uT ) -7 -V'(qu.

If this operator is invertible, then the embedded system is structurally stable in the
sense that a small change in the generating function doesn’t destroy the embedding.

Examples of known embeddings are :

¢ For every S-invariant probability measure m on the cylinder T x R, one has an
abstract dynamical system (X, T, m) = (supp(m), S, m), where T is the restriction
of S to X. There exists the critical point g(z) = 71(z) of £, where =, is the projec-
tion on the first coordinate on the cylinder T x R.

o Well studied is the question of embedding a finite ergodic dynamical system be-
cause this is equivalent to finding periodic orbits. For the existence of periodic
orbits in twist maps see for example [Bro 75], [Kat 82|, [Hal 88], [Ang 88].

o Also the embedding of irrational rotations of the circle is well investigated.
Smooth functions ¢ correspond to KAM tori (see [Mos 73], [Cel 88], [Her 83a),
[Sal 89] and references therein), discontinuous critical points g belong to invariant
Cantor sets like Aubry-Mather sets (also nicknamed Cantor-Aubry-Mather (CAM)
sets). There exist several proofs of their existence [Mat 82, {Kat 82], [Den 76],
[Mos 87], [Gol 92]; see also [Ban 88], [Mos 86].

o Bernoulli shifts can be embedded, if the topological entropy is positive [Kat 80] or

if there exists a homoclinic point of the twist map. See [Fon 90] for existence results
or [Zeh 73],[Gen 90] for genericity results. Angenent [Ang 92], [Ang 90} shows in
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some cases that the topological entropy is positive.

The above mentioned results are in general difficult to prove. A simple approach to
the embedding problem (which doesn’t cover most of the above mentioned results)
is due to Aubry and Abramovici [Aub 92a],{Aub 90b), who introduced the so called
anti-integrable limit lo(q,q’) = V(q) of the variational problem. The idea works if
there is a nonempty set T of non degenerate critical points. Every g € L*(X,Z)is
a critical point of £y. The anti-integrable limit doesn’t correspond to a twist map
any more. The variational problem, however, still makes sense. Under the condition
that there are finitely many non degenerate critical points of V', a critical point of £
has an invertible Hessian and the implicit function theorem allows the continuation
of the critical points to situations which correspond to twist maps. It follows that
each abstract dynamical system has a nontrivial factor embedded in a twist map.
In contrary to [Aub 90b], [Mac 92], we don’t prove the existence of embedded orbits
but the existence of embedded abstract dynamical systems. The main result is that
we can embed every ergodic abstract dynamical system of finite entropy in a mono-
tone twist map. More precisely, every ergodic dynamical system of metric entropy
< log(|Z]) can be embedded in the twist map S, if |y| is large enough. This implies
immediately, that the topological entropy of the map 5y is > log(|Z]). As an ex-
ample, we know then, that the topological entropy of the Standard map is > log(2)
provided |v| is large enough. The proof of the embedding result Theorem 4.1 uses
Krieger’s theorem, which states that a system with finite entropy has a finite parti-
tion as a generator.

In Section 5 we will also assign to each embedding an indez which is just the in-
tegrated density of states (at the energy E = 0) of the Hessian L = §2£(q) at the
critical point ¢. This index is a generalized Morse indez, because in the case of a
finite dynamical system with N points, the integrated density of states k = k(0) of
L is related with the Morse index K, the dimension of the stable manifold of the
critical point, by the relation k = K/N. Because two critical points with different
index belong to different embeddings, this leads in general to uncountably many
different embeddings of the same dynamical system namely to an embedding for
each Morse index in an interval.

2 Monotone twist maps

Given a function I € C*(R?). We write I; for the derivative to the #'th variable in L.
Assume [ satisfies the following twist and periodicity conditions

ll2(q1qJ) 2 6>01
lg,d) = lg+2n,q +27)

for all (¢,q') € R%. (The second condition is sometimes also called "no-flux condi-
tion”). With p(q,¢') = li(q,9'), P'(a,4) = —12(g,¢'), the real variable ¢ and thus
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also p/ can be expressed as a function of ¢ and p. The mapping S: TXxR— T xR

S:(g,p) —~(d,7)

is a monotone twist map with a generating function l. The Lebesgue measure v is
invariant on the cylinder T x R, where T = R/(2nZ).

Take any aebstract ergodic dynamical system (X,T,m), where T is a measure pre-
serving invertible map on the Lebesgue space (X, m). A critical point ¢ : X — T!
of the Percival functional (see [Per 80], [Mat 82}, [Laz 84])

£(@) = [ Ug,q(T)) dm

on the Banach manifold L®(X, T) exists, if and only if

8L(g) = (g, a(T)) +(a(T7),0) = 0.

This Fuler equation can be written with

i(g(=), ¢(Tx))
—l(g(z), ¢(Tz))

p(z)
?'(z)

as
p=pT7).

A factor (X' ,’f‘,ﬁz) of a dynamical system (X,T,m) is a homomorphic image of
(X, T, m). In other words, there exists a measurable not necessarily invertible map
¢ : X — X with ¢T = T'¢. Every dynamical system has the factor (X,T,m) and
the trivial factor | X| = 1. Factors different from |X| = 1 are called nontrivial.

A dynamical system (X, T, m) is embedded in a topological dynamical system (Y, S),
if there exists a S-invariant Borel probability measure p on Y, such that (S, T, m)
and (Y, S, p) are isomorphic as abstract dynamical systems.

Lemma 2.1 If there exists ¢ € L®(X,T!) satisfying
6L(q) = li(q, o(T)) +1x(a(T71),9) = 0,

then a factor of the given dynamical system can be embedded in the twist map. If q
is not constant, this factor is nontrivial.

Proof. Let (X, T, m) be an abstract dynamical system and let ¢ be a critical point
of the functional £ which belongs to the monotone twist map (T x R, S). Define the
map

$:X —=TXR,
= (g(x), hilg(z),9(Tx))) .
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As g is a critical point, we get, using the Euler equation ~Ip(g(T™1), q) = li(q, o(T)),

S¢(z) 5(q(z), p(x)) = ((¢(2),7'(2)) = (a(Tz), ~la(g(z), ¢(Tz)))
(¢(Tz),h(g(Tz),¢(T?))) = (q(Tz), p(T)) = $(Tz)
or shortly S¢ = ¢T'. The image Y of ¢ is a measurable set and the dynamics of S in-

duced on'Y is a factor of T if we take the S-invariant measure u(Z) = m(¢-1(Z ) on
Y. If g is not constant, then ¢ is not constant and the factor (Y, S, 1) is nontrivial. O

Given a critical point g of the Percival functional £, the second variation (the Hes-
sian) of £ is a bounded operator on L®(X) given by

L(g) = 6°L(g) = a + (ar)* +b,
with the multiplication operators a,b € L®(X) given by

a(z) ha(g(2),¢(Tz)) ,
b(z) n(g(2), ¢(T2)) + lo(g(T'z), g(z))

where 7, 7% are the shifts 7(f) = f(T) and 7*(f) = f(T"!). The operator acts also
in the same way as a bounded selfadjoint operator on the Hilbert space L¥(X).

n

3 The existence of critical points for the Percival

functional
What abstract dynamical systems (X, T,m) can be embedded in a given monotone
twist map? This question is equivalent to the problem of finding a critical point ¢
of the Percival functional £ on L*(X,T?), so that ¢ : z = (g(2), 1 (g(2), 9(T'z))) is
injective on a set of full measure in X.

Assume, the generating function [ has the form

bad)=-I v,

where V € C%T,R) has a non empty set T of non degenerate critical points. It
defines the twist map

q ¢ q+p+7-V’(t1))

S: =

(p)'_'<p’) ( p+7-V(g)

which we call generalized Standard map. For v =0, the map is integrable. Denote

by £, the Percival functional belonging to the generating function L.
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Proposition 3.1 Given any abstract dynamical system (X, T, m). For |y} big enough,
there exists a nontrivial factor of (X, T, m) embedded as a subsystem in the twist map
generated by L,.

Proof. Following [Aub 90b], we take for € := ;1,- the equivalent generating function

with corresponding functional £, and Hessian
Li=e-(r-247)-V"(q)

at a critical point g, and prove the claim for € small enough.

The case € = 0 is called the anti-integrable limit. It does not generate a twist map
any more but the variational problem for the Percival functional £(g) still makes
sense.

Any function ¢ € L®(X,X) C L*(X,T!) is a critical point of £y. The second
variation Ly at such a critical point gy is the multiplication operator

Ly = -V"{(q) .

Applying the implicit function theorem, we know that for ¢ small enough, there still
exists a critical point g, of £.. If go was a non-constant critical point, then for €
small enough, also g, is not constant and gives a nontrivial critical point. Applying
Lemma 2.1 leads to an embedding of a nontrivial factor of (X, T, m). o

We obtain immediately from Proposition 3.1

¢ Embeddings of Bernoulli shifts, because a nontrivial factor of a Bernoulli shift is
a Bernoulli shift [Orn 70]).

e Mixing systems, because a nontrivial factor of a mixing system is mixing ([Cor 82]
p 231).

¢ Periodic orbits with prime period P, because a cyclic permutation (X, T,m) of
|X| = P elements has no nontrivial factor except the system itself. One obtains at
least

(=i - [=)/P
(€ N by Fermat) different periodic orbits of period P, because there are |Z|P — |Z|
different non constant functions in L*(X,T) and P of them belong to the same orbit.

e Irrational rotations, because every factor of the dynamical system (T,z ~ z +
a,dz) has the form (T,z — z + n - @,dz) for some n € N. The reason is that
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every group translation has discrete spectrum and the spectrum of a factor is then
a subgroup of the spectrum. The fact that a system with discrete spectrum can
be reconstructed uniquely by the spectrum, leads to all the factors of the irrational
rotation.

(Compare also the results in [Mac 92], where it is shown, how Cantori can be em-
bedded in the more general case of symplectic twist maps.)

Remark. The anti-integrable limit in discrete Hamiltonian systems like twist maps
can also be defined in the continuous analogue where the Lagrangian is

.2
/:m~%+m(t)) dt.

For example, the continuous analogue of the Standard map is the pendulum with
V(z) = sin(z). The anti-integrable limit is defined to be the case, when the mass
m venishes. In such a case, there are critical points z(t) = o, where o is a critical
point of the potential V. We see that because time is continuous, there are only
constant critical points in the anti- integrable limit and these points keep on being
non-interesting also for positive mass. In the discrete case the discreteness of time
allows to jump in a time step from a critical point oy of the potential V to another
critical point o3 of V. These critical points of the functional persist, when the mass
is switched on and give interesting nontrivial solutions of the system.

4 Ergodic dynamical systems with finite entropy
can be embedded in a monotone twist map

We will show now that every ergodic dynamical system (X, T, m) with finite metric
entropy can be embedded in a monotone twist map S on T2. There is some ob-
struction in that the metric entropy Am(T) of T can’t be bigger than the topological
entropy h(S) of S because of the variational principle [Wal 82]

K(S) = sup h,(S),
HEMs

where M is the set of S-invariant probability measures on T2. It turns out that a
restriction in the entropy is the only one:

Theorem 4.1 Given an abstract ergodic dynamical system (X,T,m) with metric
entropy h,.,(T) < 0o. Denote by T the set of nondegenerate critical points of V €
C¥T). If

iz] > ehm(T) ,
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there ezists 7o > 0 such that for any |[y] > ~o, the system (X,T,m) can be be
embedded in the twist map S, : T2 — T2

(q)H(d) (q+p+7 V’(q)) _

P 4 p+7-V'ig)

Furthermore, there exists 41 > 0 such that for v > v, the metric entropy of S, is
bounded below by log(|Z|).

Proof. We first deal with the periodic case | X| < oo.

If X = {z¢,21,...,2x_1} is finite and TT; = Tiy1 (mod N), We choose a sequence
(00,01,...,0n-1) With 0; € ¥ such that

OisD(mod N) = 03, Vi=0,...N -1

is excluded for all nontrivial integer factors D | N of N. Take in the anti-integrable
limit the critical point

o(z:) = 0i .
For small ¢, the embedded periodic orbits must have period N.
We assume now that the system (X, T, m) is aperiodic. We are looking for critical
points ¢ of £ such that ¢: X — T XR,

z = (g(z), p(=)) = (g(2), li(g(=), 9(Tz)))

is injective on a set of full measure in X.

According to Krieger’s theorem (see [Wal 82] p.97), every ergodic aperiodic abstract
dynamical system (X, T, m) of finite entropy has a finite partition (¥;,...Y,) with
n > e*=(T) which is a generator for the dynamlcal system. The system (X, T, m)
is then isomorphic to (X,T,1h), where X = {1,2,...,n}? and T is the shift trans-
formation leaving invariant some ergodic measure /. If one defines for £ € X the
sequence

Z, =7, for T*(z) €Y;

the conjugation of (X,T,m) and (X, T, ) is given by the measurable map
Yz {Za}nez -

We work now with the shift dynamical system ().( T, ) denoted again by (X, T, m)
and forget about the the old equivalent system. Choose n different points 4,...,0, €
Z. Take in the anti-integrable limit the critical point g, defined by

%(z) = 20 .

Knowing the function gy and the shift transformation (X, T, m) allows the recon-
struction of the dynamical system (X, T, m):
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Claim, For small enough € > 0, the map ¢, : X — T xR,

7 (4(2): pe(2)) = (ge(2), h(9e(=), 4(T2)))

is injective on a set of measure 1.
Proof. Because € — g € L®(X, T!) is continuous for € small enough, there exists
€0 > 0 such that for € < ¢ and the usual metric d on T?,

d(ge(=), 9(¥)) 2 d(g0(z), qo(¥))/2 -

Given = # y € X, there exists n € Z such that z, # y, and so 0{T"z) # go(T"y)
and also ¢(T"z) # ¢(T"y) or

S™(8e(2)) = ((T"2), p(T"2)) # (4(T"y), p(T")) -

Because the twist map S is invertible, it follows that ¢ {z) # ¢(y). This finishes
the proof that ¢ is injective.

We have shown therefore that the system (¢(X), S, m) which is embedded in the
twist map, is isomorphic to (X, T, m) if ¢ is small enough.

There exists 7; > 0 such that we can embed the Bernoulli shift with entropy log(|S]).
From the variational principle, we know that the topological entropy is at least

log([Z{), if [v] > m. O

For the Standard map, where V(z) = —cos{z), the set of nondegenerate critical
points of V' satisfies |[Z| = 2 and we get

Corollary 4.2 Any ergodic abstract dynamical system (X, T, m) with entropy b, (T) <
log(2) can be embedded in some Standard map S, : T2 — 72,

(g,p) = (g+p+7-sin(g),p + 7 -sin(g)) .

There exists 70 > 0 such that for |y| > v, the topological entropy of S, is at least
log(2).

Theorem 4.1 tells that monotone twist maps are very rich from the ergodic theo-
retical point of view. The classification problem for abstract dynamical system is
already present in monotone twist maps and because this classification problem is
believed to be intractable, there is also no hope to classify in general all ergodic
invariant measures for a monotone twist map up to isomorphism.

Remark. There exists a one parameter family of real tori

V, = {(z,w,u,v) € ¢4 | [2] = 4] =%,|v} =|u|=1,z=7,w="7}
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in C* such that the analytic map U : ¢ — ¢*

z zwe ™

w we* ™"
U: —

u uyer™*

v ve*~*

induces on V, the Standard map S, [Kni 5]. It follows that every ergodic abstract
dynamical system (X, T, m) with metric entropy < log(2) can be found in the ana-
lytic map U.

5 A generalized Morse index at the critical points

We call two embeddings of abstract dynamical systems in a monotone twist map S
different, if the measures of the two systems are different as invariant measures of S.
Even if two different critical points ¢;, ¢o of the variational problem have a positive
distance, these critical points may correspond to the same embedded system. If ¢ is
not constant, then for example g and ¢(T') have positive distance but are belonging
to the same embedded dynamical system.

We will define now a generalized Morse indez, which allows to distinguish different
critical points belonging to different embeddings.

5.1 The Hessian at a critical point

The Fréchet derivative L, of C at a critical point §L.(g) = 0 is a Jacobi operator.
It acts on L*(X) as

u (u(T) = 2u+ u(T™Y) - V(q)u.

The operator is in the same way as a selfadjoint operator on L?(X) and it can be
rewritten as

L=¢r-2+7)-V"(g),
where 7 : u — u(T) and 7* : u — u(T™!) are the unitary shifts belonging to T and
T-! and V"(q) is a multiplication operator.

5.2 A von Neumann algebra with a trace

It is advantageous to look at L not as an operator acting on L*(X) or L3(X) but as
an element of a von Neumann algebra X’ having a trace [Kni 3]. This algebra is the
crossed product of L*(X) with the dynamical system (X, T, m) defined as follows:
Consider the set of sequences K, € L®(X), where K, # 0 only for finitely many
n € Z. This is an algebra with the multiplication

(KM)a(z) = Y Ki(z)Mu(T*)

k4+m=n
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and involution

(K" )a(z) = K_(T"z) .
& is the completion of this algebra with respect to the norm

MK =K@ e ,
where K(z) is the bounded operator in I?(Z) given by the infinite matrix

[K(2)lmn = Kn-m(T™z) .
There exists a trace
tr(K) = /xKo dm.
The elements K € X can be written in the form
K=Y K.

The multiplication in X is the multiplication of power series with the additional
rule 7K, = K,(T*)r* for shifting the s to the right and the requirement that

7 =771 If 7 is taken to be the shift operator f — F(T) in L*(X) with K, as the
multiplication operator, we get a representation of X in B(L?(X)) by

Kf=3 K.f(T").

5.3 Jacobi operators and the density of states

Selfadjoint operators of the form L = a7 + (ar)* +b with a,b € L®(X,R) are called
Jacobi operators. They form a real Banach space in X. The functional calculus for
a normal element K in the C* algebra X defines f(K) for a function f € C(o(K))
where o(K) is the spectrum of K. The mapping

f = te(f(K))

is a bounded linear functional on C(¢(K)), and by Riesz representation theorem,
there exists a measure dk on ¢(X) with

w(f(K)) = [ FE) dk(B).

This measure dk is called the density of states of K. For selfadjoint elements K € X,
the density of states dk has its support on R. The integrated density of states is for
E € R defined by

E 1
KE) = [ dk(E') = tr(arg(L - E)).
—-00 T
To a Jacobi operator L is attached the Floguet exponent
w(E) := —tr(log(L - EY}),

which is defined for Im(E) > 0. The branch of the logarithm is chosen so that
log(1) = 0.
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5.4 Rotation number and Lyapunov exponent

For the transfer cocycle
Ag(z) = a (T 'z) ( E _lb(z) —a2(€_lx) )
of L = ar + (ar)* + b, the Lyapunov ezponent is defined by
M4g) = Jim o™ [ logl|l A ()| dm(a)

where A%{z) = Apg(T" '2)... Ap(Tz)Ap(x) and the rotation number is given by
p(Ag) = wk(E). The rotation number can be defined for real E by the cocycle Ag
alone [Del 83].

Remark. Rotation numbers have been found by Herman [Her 83] in the case of
continuous cocycles homotopic to the identity and by Ruelle [Rue 85] in the case
of measurable cocycles with values in the universal covering of SL(2,R). For co-
cycles arising from discrete Schrédinger operators, one obtains a rotation number
by counting the average number of sign-changes of a sequence u = u, satisfying
Ly = Eu. The relation between such a rotation number and the integrated density
of states is shown in [Del 83]. A rotation number for sl(2,R) cocycles over flows is
defined in [Joh 82]. For finite {X| the relation between the rotation number and the
Morse index is given in [Mat 84].

The Thouless-formula (see [Cyc 87]) relates the Floquet exponent w(E) with the
Lyapunov exponent and the rotation number of the cocycle Ag:

—MAg) +ip(Ag) = w(E) .

This shows that the Floquet exponent is defined also for Im(E) = 0. The Floquet
exponent w(E) as well as the rotation number and the Lyapunov exponent are
averaged quantities of the embedded dynamical system.

5.5 A generalized Morse index
We return now to the Jacobi operator which is the Hessian at a critical point g,
for € > 0. For simplicity, we take again the old equivalent functional £./e and the
corresponding Hessian
1
L¢=T—2+T'—;~V"(q¢).
The transfer cocycle

s Ag(z) = ( E+¢ V';(‘?(“)) t2 -l ) € SL(2,¢)
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of L, is for E = 0 conjugated by the matrix
1 0
o-(1 %)

1+3V"(g(z)) 1
+V"(g(z)) 1

of the twist map S, : T xR~ T x R with y = 1/e.

to the Jacobean cocycle

T+ dS,(z) = BAg(z)B™! = ( ) € SL(2,R)

Given a critical point g, of the functional L., the generalized Morse indez is the
integrated density of states

K(E) = (S arg(L - E))

at E = 0 of the Hessian L, at the critical point g.. We chose arg(F) € {0, 7} for
real E in a gap of the spectrum. The generalized Morse index is then a real number
in [0,1].
The integrated density of states is in the anti-integrable limit € = 0 and for E in a
gap of the spectrum of

Ly = -V"(q)

given by
K(E) = tr(%arg(Lo —E)=m({z e X| - V"(a(z)) < E}).

The Lyapunov exponent goes to oo in the anti-integrable limit. Notice that for E
in a gap of the spectrum of the Hessian at gg, the integrated density of states is
constant for all ¢ in a neighborhood of gy, because an open gap in the spectrum
stays open for L in a neighborhood of Ly.

6 Critical points near the anti-integrable limit
correspond to hyperbolic sets

The embedded dynamical system (X,T,m) can always be chosen to be a closed
subset Y of the cylinder:

Lemma 6.1 To each critical point q of an abstract dynamical system (X, T, m),

there is @ continuous critical point € C{X,R") embedding a topologicel dynamical
system (X, T, ) isomorphic to (X,T,m).
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It follows that the image of ¢ = (7,1,(3,3(T))) is 2 compact set in T X R.

Proof. A successful embedding of (X, T, m) gives a S invariant Borel measure p
on Y = T x R defined by u(Z) = m(¢~2(Z)) for all measurable sets Z C T x R.
Such a Borel measure is automatically regular and its support is a compact subset
of T x R. The abstract dynamical system (Y, S, ¢2) is isomorphic to (X, T, m). Start
with (X,T,m) := (Y,S,u) as the abstract dynamical system. The function § :
TXR— T,

(e.p) =4q

for (¢,p) € T XR is a critical point of this variational problem and the corresponding
map ¢ has a closed image. u]

Proposition 6.2 (Aubry-Mackay-Baesens) Given a critical point g, of L with
Hessian L, = §2L(q). If 0 is not in the spectrum of L, the embedded factor of the
dynamical system (X, T, m) is a hyperbolic set.

See [Aub 92¢] for a proof. One has to show that the Jacobean cocycle dS, with
v = 1/e is uniformly hyperbolic. This is equivalent to show that the conjugated
transfer cocycle Ag of L, is uniformly hyperbolic which means that there exist one-
dimensional vector spaces z — W1)(z), W (z) C R? satisfying

Ao(2)WO(z) = WE)(Tx)

and real constants I' > 0, < 1 such that for all z € X, n € N and unit vectors
w(z) € Wl)(z)

|45 (z)wM(2)] < Ta"jw®(z)],
|45(z)wP(z)] < Ta"lw®(z).

An other proof different from [Aub 92¢] can also be done also by constructing a
strict invariant cone bundle of the cocycle and using a theorem of Ruelle {Rue 79a).

Remarks.

a) The existence of a non-atomic invariant measure with non-zero Lyapunov expo-
nents implies again that the topological entropy for the twist map is positive [Kat 80]
for |y| large enough.

b) Hyperbolic Mather sets have been constructed by Goroff [?] for the Standard
map with parameter v > 2v/1 + 72,

c) For results about hyperbolic sets like the shadowing property see [Lan 85]. In
[Aub 92¢] there is an argument why the constructed hyperbolic sets have zero
Lebesgue measure. This argument needs a review, because it relies on a result
of Ruelle and Bowen [Bow 75] which assumes that the hyperbolic set is locally max-
imal. In general, the constructed hyperbolic set Y may fail to be locally mazimal.
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(Local maximality is defined as follows. There exists an open set U containing the
hyperbolic set Y such that
Y=[T).

nez

7 Multiplicity of critical points. Simultaneous
embedding

We have seen that for || big enough and prime P € N, the twist map generated by
L, has at least (JZ|¥ — |Z[)/P different hyperbolic periodic orbits of period P. For
general N € N, the number of periodic orbits can be estimated also. In the next
proposition, ; denotes the Mébius function in number theory defined as

1 n=1,
p(n) =< (1) nis the product of r different prime numbers ,
0 n is divisible by a prime square .

The notation D | N means, that D is a divisor of N.

Proposition 7.1 o) For |4| large enough, there are at least

o) =+ 3 uD) 317

periodic orbits of period N in the twist map S,.
b) The classical Morse indez of such a hyperbolic periodic orbit with period N is the
cardinality of the set

{reX| -V(g(z)) <0}.

It can take any integer value K with3 < K < N.

Proof.
a) Because

> D-p(D) =5
DIN

the function p is the Mdbius transform of the function 5(n) = |Z|*. The M&bius
inversion formula (see for example [Hua 82), p.108) gives

N-o(N)= ¥ u(D)- () = ¥~ u(D)- S
DIN DIN
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b) The rotation number p takes its gap-values in the set
K
{WN | K=0,1,...,N}
and for p = 7% the integer
K=H{reX| -V'qz)) <0}

is the classical Morse index of the periodic orbit, i.e. the dimension of the stable
manifold of the variational functional £ (see [Mat 68]). o

Remark. If || > 2, one obtains also minimal and mazimal periodic orbits for |y|
large enough, because then, there are non-constant critical points with index 0 and
index N in the anti-integrable limit.

Of course, if we find two critical points ¢;, ¢o which have different Morse indices, the
critical points must be different. We obtain

Proposition 7.2 Let (X,T,m) be an ergodic aperiodic abstract dynamical system
with metric entropy hn(T). If |Z| > et=(D 4 1, then there are uncountably many
different embeddings of the system (X,T,m) in the twist map (T2, S,) if |y| is large
enough.

Proof. Take a generating partition (¥1,Y,...,Y,) with n € N satisfying
D < p < hn@ 41

and take a critical point go in the anti-integrable limit defined by go(z) = 0; € T if
z € Y;. The assumption |E| > ") 4 1 allows that gy takes different values o; on
different sets Y;. The generalized Morse index of the critical point g (and any small
enough perturbation of gp) is

r= Y mY).

=V"(g(0:))<0
Since we have at least one more critical point then necessary, we can split Y,, into two
disjoint measurable sets Y, = YV UY® and define a new function §p € L*(X,X)
satisfying

%o(z) = qo(z)
for z € X \ Y® and which assumes n + 1 values. This new critical point §, de-
fines for small € again an embedding of the system (X, T, m) and the new partition
(11,Y,,..., YD, Y?) is again a generator for the dynamical system (X,T,m). As-
sume ¢ € X is the additional value taken on Y,4; and that z — V"(§(x)) takes
positive values on ¥{!) and negative values on Y{?. The index of the new embed-
ding is 7 + m(Y; M) — m(Y{?) and this value can range in an interval

[r = m(Ya)r + m(Y,)]
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depending on the measure of Y1) and we get for each value in this interval a differ-
ent embedding. O

For any (not necessarily ergodic) aperiodic dynamical system (X,T,m), we can
make an ergodic decomposition (see [Den 76]).

There is a family of ergodic abstract dynamical systems (X,, T}, m,) indexed by a
parameter r in a Lebesgue probability space (R, p). The probability spaces (X, m,)
can be identified with ({0, 1], ), where ) is the Lebesgue measure. Also R can be
taken to be the unit interval [0,1] but the measure p can have atoms (points with
positive measure).

The aperiodic ergodic systems (X,,T,,m,) are called the ergodic fibers of (X, T, m).
The system (X, T, m) is isomorphic to the dynamical system given by the transfor-
mation (z,7) — (T,z,r) on [0,1]? leaving invariant the product measure ) X p.

Proposition 7.3 Assume V € C3(T,R). There exists a constant vy such that for
Y > v, every ergodic dynamical system (X,T,m) with hn(T) < log(|Z|) can be
embedded into the twist map S, y.

Proof. We want to find first a constant ey > 0 such that for all € < ey, the operator
Li=e-(T-2+71)-V"(q,)
stays always invertible. Write
Weq) = 6L(g) =€ (o(T) — 20+ o(T™) + V'(q) -
The solution g, of ¥(¢, g.) = 0 satisfies

d
229 =—LNa(T) - 20+ o(T7Y)) .
Wi
ith d

d _ . _ 1
Li=(r+1 -2)+V (Qe)dGQcy

de
we get
SL = = (b = 2= V(@)L ) - 20+ o) L2

We obtain a bound
2L < AL P + B+ ©

where A, B, C are positive constants which are only depending on V and not on the
dynamical system. There exists ey > 0 such that the initial value problem

d -
V=4 + By +C, y(0) = IL3'|
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has a positive solution y(e) for € < ey. This solution is then a majorant satisfying
WL < yle) (see [Lak 81] Theorem 4.1.1). This assures, that for € < ey, the oper-
ator L. stays invertible.

All ergodic dynamical systems (X, T, m) satisfying the entropy bound
h(Ty) < log(|Z]) - 1)

can be embedded simultaneously because for each of these systems, there is then
a critical point of £L.7. The map ¢, stays injective because the invertibility of the
operator L, for € < ey implies again, that the embedded system is hyperbolic and
so structurally stable. We have therefore a true embedding and not only embedded
a factor of the system. The faithful embedding can thus be continued until the
operator L, stops being invertible. ]

Having uncountably many different embeddings of the same system, the embedding
result can also be generalized in some sense to not ergodic dynamical systems.

Corollary 7.4 Let (X, T, m) be an aperiodic dynamical system such that for every
ergodic fiber T, the entropy satisfies hn(T,) < log(|Z]) — 1. Assume V € C3(T,R).
Then for || > v, every ergodic fiber of (X,T,m) can be embedded in the twist map
(12,5), such that two different fibers have different embeddings.

Proof. The multiplicity result in Proposition 5.2 tells that every ergodic dynamical
system can be embedded with an index r in some interval. We can assume that the
parameter interval is [0, 1]. We embed simultaneously all the fibers (X, T}, m,) with
corresponding critical point ¢, : X, — T having (normalized) index r € [0,1]. Two
different fibers have different embeddings because the generalized Morse indices are
different. O

Remark. We don'’t yet know, if we can embed every abstract (not necessarily ergodic)
dynamical system. In general, we can’t exclude that the supports of the S-invariant
measures p, corresponding to the embedded fibers (X, T;, m,) are not disjoint. The
critical point g (constructed in the proof of Corollary 5.3) belonging to the dynamical
system (X, T, m) could fail to be injective on a set of positive measure.

8 Generalization of the results for symplectic
twist maps
The results for monotone twist maps can be extended to higher dimensional symplec-

tic twist maps. For such maps there is less knowledge then in the one dimensional
case. For example, a higher dimensional Mather theory Is still missing. For periodic
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orbits see [Gol 924].

The generating function for such a higher dimensional symplectic twist map is a C?
function I : RV x R¥ — R. It should satisfy the twist condition in that the N x N
matrix

Ogbql
is positive definite and it is also required that

g+n,d+n)=1qdq), Vne2rz¥.

Again, we assume for simplicity that

lg,¢) = —q_g'—’zq_qlz—v-V(q) ,

where V € C*(T¥,R) with T¥ = R"/(27Z"). Given an abstract dynamical system
(X, T,m), the variational functional

£(g) = [ Ug(o), o(T2)) dm(z)

is defined on the Banach manifold (X, T¥). A nontrivial critical point g corre-
sponds to a factor of (X, T, m) embedded in the symplectic map

NEATNEANNELS SR
5:(3)~(7)=(5mma" ).
where p = l1(g(z),9(Tz)) and p' = —1(¢(T~*x),q(x)) and V' = VV is the gradi-

ent. A well known example of such a symplectic map is the Fréschle map with
V(g) = m cos(z1) + ¥z cos(za) + g cos(zy + z3). (see for example [Koo 86).)

The second variation is now a so called random Jacobi operator on the strip (see
(Kot 88])
L=1-2+7"-4-V'(g),

where V"(q(z)) is the Hessian of V at a point g(z) € T¥. Assume that the set of
non degenerate critical points T is not empty. Then, the Hessian L of a critical
point ¢ € L®(X, T) is invertible in a neighborhood of the anti-integrable limit and
as before, there exist nontrivial factors embedded in the twist map for v big enough.
The operator can be seen as an element in the crossed product X of the algebra
L=(X, M(N,R)) with the dynamical system (X, T, m). This algebra has the trace

t(K) = /X trace(Ko(z)) dm(z) ,

where trace(Kj) is the usual trace for the matrix Ko(z) in the finite dimensional
matrix algebra M(V,R). As before, there exists a density of states dk of the operator
L and a Thouless formula [Kot 88]

—MAg) +1k(E) = w(E)
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where

w(E) := —tr(log(L — E))
is the Floquet exponent of L and A Ag) is the sum of the first N Lyapunov exponents
of the SL(2N, C)-matrix cocycle

( E+V"(gz))+2 -1
1

z Ag(z) = 0

) € SL(2N, €)
and k(E) = [E_ dk(E') is the integrated density of states for E € R.

As before, every embedded dynamical system has an index, namely the value of the
integrated density of states k(E) at E = 0 and exactly in the same way, one gets
also the multiplicity results like for example the existence of

1
o(N) = 5+ = (D) [5IMP
DiN

periodic orbits of period N. Only for the embedding of periodic orbits, there is a
slightly different statement for the possible indices of the critical points. If ¥ is the
finite set of non degenerate critical points of V and —~V"(o) has k} positive and k;
negative eigenvalues for ¢ € X, then only indices

Yk, Icz

oel
can occur.

9 Discussion and some questions

We call a topological dynamical system universal, if every abstract ergodic dy-
namical system can be embedded into it and universal of order a, if every ergodic
dynamical system can be embedded into it. Our resuit shows, that twist maps with
potential V are universal of order o = log|Z| if ¥ is the set of nondegenerate crit-
ical points of V. This means, that such a twist map can be used to simulate every
dynamical system of metric entropy < log(|Z}).

Let us mention some results which hold for other mathematical structures and which
are from similar generality then the result discussed here. The general scheme is the
following: Given a categorie of objects. The aim is to find special elements in that
categorie, such that a large class of the categorie is "embedded” in this "universal”
element.

o (Turing) There exists a universal Turing machine, in which every Turing machine
can be embedded: the universal Turing machine can simulate all the possible ma-
chines.

295



¢ (Banach-Masur) Every separable metric space is embedded isometrically in the
Banach space C[0,1]. Spaces having this property are called universal spaces. (see
[Liu 61])

¢ (Higman) There is a finitely presented group G which contains every finitely pre-
sented group as a subgroup. Such a group G is called a universal finitely presented
group. (See {Man 77])

¢ (Whitney) Every smooth, connected, closed manifold of dimension n can be
smoothly embedded in R27+1,

A critical remark. In some sense the embedding result is not so surprising. Because
every dynamical system with entropy < log({Z|) can be embedded into a Bernoulli
shift with a state space |, it suffices, to embed a Bernoullishift inside a topolog-
ical dynamical system. So, it is enough to find a Horseshoe inside the dynamical
system. Often, one can prove the existence of a homoclinic point, which gives, that
an iterate of the dynamical system has a horse-shoe. The topological entropy for a
dynamical system with a horse-shoe is positive but can be arbitrarily small. In any
case, the anti-integrable limit gives a quantitative bound on the topological entropy
which has not yet been obtained by other methods. The use of the index gives
uncountably many different embeddings for aperiodic dynamical systems. It would
be probably difficult to construct uncountably many different homoclinic points for
a dynamical system. Necessary for this would be, that there are uncountably many
periodic orbits. So, even if qualitatively similar results could be obtainable with the
methods known, the anti-integrable limit gives in an easy way quantitatively much
stronger results.

To the end, we add some questions:

¢ Can every (not necessarily ergodic) dynamical system with finite metric entropy
for each ergodic fiber be embedded in a monotone twist map?

¢ What happens with an embedded system if the parameter y decreases and the Hes-
sian L becomes no more invertible? Does it bifurcate to other systems or disappear?

® What spectra do occur for the Hessians near the anti-integrable limit? Is it point
spectrum when (X, T,m) is a Bernoulli shift? Is it even possible that in the aperi-

odic case point spectrum (Localisation) persists?

¢ Can one find twist maps in applications like Poincaré sections for Hamiltonian
systems or for billiards, for which the results near the anti-integrable limit apply?

¢ Is the topological entropy of the standard map bounded above by log(2) for all 47

296



o Take as the dynamical system (X, T, m) the standard map (72, S,, dzdy) and em-
bed it into itself. The modulus of the real part of the Floquet exponent belonging
to the Hessian is the metric entropy of S, for which nothing is known. How does
the imaginary part, the index, behave for v — oo?

10 Appendix: Twist maps as Hamiltonian sys-
tems

A function f € L*°(X) has the discrete derivative

Vi=fT)-f

over the dynamical system (X, T, m).
Given a generating function [, one can define a Hamiltonian function

Hap) = [ p(T)Vqdm— L(g.p),

where p = Vg = ¢(T') — g. The twist condition l;2(g,¢) > r which plays the role of
the Legendre condition, assures that this discrete Legendre transformation

L—H
is possible. The twist map can be written as the Hamiltonian system

Vg = Hymy,
Vp = —-H,.

Example. The generating function

—m2
L(g,q) = —(ql—zq—) —7-V(g)

generates a generalized standard map. We get

¥(a.¢) = d-q-7V'(9),
¥(q.4) d-q.

The Euler equations for the variational problem

c@= [-402T i) anig)

o(T) —2¢+¢(T™") = —7V'(g).
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We get the Hamiltonian

H(g,p) = /x %2 +7V(g) dm

and the Hamilton equations

Vg = ¢(T)-g=Hyny =p(T),
Vp = p(T)-p=-H,=-V'(q),

which can be rewritten as

oT) = q+p(T)=q+p+V'(q),
oT) = p+V'(g).

Given more generally a Hamiltonian H(g,p) = [y h(q,p) dm, where h(z,y) is a
smooth function on the torus. The system

oT) = q+Hyny,
p(T) = p—an

is a discrete Hamiltonian system. It is defined for any abstract dynamical system
(X, T, m), if this system can be embedded in the map

(,9) = (2,¥) = (z + hao(2,), y — hu(2,9))

on the torus.

The advantage to write the system in a function space is that any subsystem of a
twist map like a periodic orbit or invariant circle can be written as a Hamiltonian
system.

11 Appendix: Embedded systems are hyperbolic
sets
We give here another proof of the fact, that the embedded systems near the anti-

integrable limit are hyperbolic.

Proposition 11.1 Given an abstract dynamical system (X, T, m) which is embed-
ded in the monotone twist map (Y, S). If the Hessian L of the embedding is invertible
the embedded system is a hyperbolic set.
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Proof. If 0 is outside the spectrum of L, the integrated density of states of L is
locally constant around E = 0 and the Lyapunov exponent A(Ag) is positive for
small |E|. The last statement follows from the fact that the map E — M Ag) is
harmonic near 0 and A(Ag) > 0 and the maximum principle for harmonic functions.
This implies with Oseledecs theorem the existence of two measurable mappings

Wg):XHPl,

where P! denotes the projective space consisting of all one dimensional subspaces of
R2. These direction fields W are coinvariant:

Ap(z)WE(z) = WE(Tz) .

We can write them also in projective coordinates with so called Titchmarsh-Weyl
functions

u}(T)

up(z) ’

where u(z) are unit vectors in W(z). The invariance of W3 is in these projective
coordinates given by the discrete Ricatti equation

- a?(z)
mﬁ(T) =FE —b(T) - 'ﬁ(z—) .

mﬁ(z) = a(z)

The Green function
Ge(z) = [(L(z) — E) Moo

satisfies 1

mE(@) - m5(@)
and because for E in a gap the resolvent L(z) — E is bounded, there exists ¢ > 0

such that [m}(z) — mg(x)| > ¢. This means that the angle between the stable and
unstable seperaratrices is bounded away from 0. We get also § > 0 such that

Gglz) =

{z € X | Im§(2)] < 6,|m§(z)] 2 67}

has measure zero. The reason is the constance of the integrated density of states
k(E) which can be expressed also by the formula

k(EYy=m({z e X|mt(z) < 0}.

Define for § > 0
r(6) = m({z € X | m*(z) € [-4,6]} .
Because of
k(E +6)— k(E) > r(8)/2
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for § small enough, there must be r(§) = 0 for § small enough. One gets now for 4y
and for € small enough the strict invariant cone bundle

2+ (M (z), mg)

for the transfer cocycle z — Ag(z), where I(z), u(z) € {+, -} are defined as m¥® <
m*®), A theorem of Ruelle [Rue 85] shows then, that Ag is uniformly hyperbolic:
3l > 0,a < 1 such that for almost all z € X and alln € N

145"(@)oD(z)] < TeMuw(z),
|45(z)w®(2)] < Ta"fuw®(z)|.

Because Ag(z) is conjugated to the Jacobian dT'(z) of the twist map at a point
#(z) € R X T, the invariant embedded subset is a hyperbolic set. O

12 Appendix: Topological and metric entropy

We add convenient definitions for the topological and metric entropies.

Let (X, T) be a topological dynamical system and denote with d the metric on X.
Define a sequence of metrics

du(z,y) = max d(T'z,T'y).

0<i<n—

Following Bowen, the topological entropy h(T) can be defined as

h(T) = lim Tim w

e—(0 n—oco ?

where N(n,¢) is the minimal number of € balls in the metric d,, covering the space X.

Let (X, T, m) now be an abstract dynamical system. We can assume that it is topo-
logical also because every abstract dynamical system is isomorphic to a topological
dynamical system. Let again d denote the metric on X and let d, be the sequence
of metrics defined above.

Following Katok [Kat 80], the metric entropy hy,(T) can be defined as

log(N(n, ¢, 6)) ’

(1) = lig Jim, =

where N(n,¢,8) is the minimal number of € balls in the metric d, covering a set of
measure > 1 —§ and 1 > 6 > 0 is arbitrary.
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Because trivially N(n,¢,8) < N(n,€)) one has immediately
ha(T) < K(T) .
The Variational principle says

sup h(T) = R(T) .

Measures which give the topological entropy are called equilibrium measures.
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Abstract
The analytic map U : ¢¢ — ¢4,

U

(2, w,u,v) — (zwe” ", we*™* uve "%, ve"~?)

has a one parameter family of two-dimensional real tori S, invariant, on which
U is the standard map family T,.

We provide a rough qualitative picture of the dynamics of U and give some

arguments supporting the conjecture that the metric entropy of the standard
map T, is bounded below by log(v/2).

1 The positive metric entropy conjecture

For the Chiricov or standard mapping on the torus T2 = R2/(2r7)?

T, : ) z+y+:ysm(:c)
y y + ysin(z)
with real parameter v, the metric entropy is measured to be greater or equal then
Y
log|5] -
It is an open problem whether this estimate holds true.

1.1 A numerical test

The plot in Figure 1 shows a graph of the entropy of the Standard map calculated
numerically with a Mathematica [Wol 91] program given by

I 1
Tl{x_Real,y_Real},g Real] :=N[Mod[{x+y+g*Sin[x],y+g*Sin[x]},2 Pil);
A[{x_Real,y_Real},g_Reall:=N[{{1+g*Cos[x],1},{g*Cos[x],1}}];
Lyal{x_,y.},g.Real,n_Integer] :=Module[{t=0,B=IdentityMatrix[2],p={x,y}},
Do[B=A[p,g] .B;p=T[p,gl; t=t+RelLog[BL[1,1111];B=B/B[[1,1]],{i,n}];¢t/n];
Entropy(g.] :=Module [{n=1000,1=10,R:=N[2#Pi#Random[1]},Sun[Lya{{R,R},g,n] ,{n}]1/m];
L |

determines numerically the integrated Lyapunov exponent

. 1
MdT;) = lim, [ = logllaTy(z,y)lldady,
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(which we will denote shortly by Lyapunov ezponent), by calculating

131
An,m(dq-"y) = ; Z ;l()g”dq?(z.‘i’ y])“

j=1

for m random poiats (z;,y;) € T2. For m,n — oo, the values A, m(dTy) converge by
Oseledec’s theorem (see [Rue 79]) and Pesin’s formula (see [Man 81]) to the metric
entropy of the Standard map T,.

1.3

0.5

The figure shows the numerical calculation of the metric entropy u(+y) of the Stan-
dard map T, for parameters between ¥ = 2 and 7 = 10 in comparison with the
conjectured lower bound log(1). The plot was produced with

| I
Plot[{Entropy([sl,Log[s/2]},{s,2,10}]
L J

which takes some time due to the fine interpolation. We recommend just to compare
by hand some values, instead of plotting the graph. Increasing the values of m,n
should give more reliable results.

The measurements of our runs fit well with measurements done with other methods,
see for example [Par 86]. However, one has to be careful with the interpretations of
Lyapunov exponent measurements. The convergence of ergodic averages can be slow
even for real valued cocycles (see [Pet 83], p.94): Given any sequence of positive real
numbers b, with Y, b, = oo then there is 2 measurable bounded function f such
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that Lo
T Y ST @) - [ fay) = oo
n k=0

for almost all (z, y).

An other danger is that the Lyapunov exponent isin general a discontinuous function
of the cocycle if one is away from the uniform hyperbolic domain [Kni 91). Positive
Lyapunov exponents could be a numerical artifact. We give now three arguments
supporting the quantitative and qualitative believe in positive metric entropy.

1.2 A first argument: The Lyapunov exponent of the co-
cycle dT, over the dynamical system Tj.

There is an explanation, why the number log 13| is a good choice for a lower bound
of the metric entropy:
If one takes the Jacobian

e = (11 )

of the mapping T, as a cocycle over the dynamical system Ty instead of T,, one
gets indeed, with a method of M.Herman, a lower bound log|3| for the Lyapunov
exponent A(dT,,) of this cocycle.

Proof. The argument uses complex analysis. The standard map for vy = 0 is inte-
grable and can be written as a holomorphic map

(z,w) = (2w, w)
on the torus {(z,w) € C?| |2| = |w| = 1}. This torus is lying inside the polydisc
{(z;w) € ||z} Ju] <7},
where 7 > 1. The cocycle dT, is in these coordinates

z -1
aw=(13EED 1)

For |z| = 1, the Lyapunov exponent

A(4,) log || A, (U™ (z,w)) ... A, (U(z, w)) A, (2, w)|| dzdw

im —
7= 13 J|zl=1,lw|=1

log ||A3(z, w)|| dzdw

mi
=00 1 Jisj=1 ful=1
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of the cocycle A, is the same as the integrated Lyapunov exponent of the analytic
parameterized cocycle

3 _[(z+3P+% 2
B.,(z,w)—zA.,(z,w)—( %zgz-i-l z)

Because (z,w) — 1 log||B?(z,w)|| is plurisubharmonic, the Lyapunov exponent can
be estimated from below as

. 1 a
M4, = MB))= Jim eLiulel 7 log||B2(z, w}|| dz dw
.1 n Ty
2 lim ~log||B;(0,0)]] = log(3) -

1.3 A second argument: A huge class of cocycles has pos-
itive Lyapunov exponents

There is another argument why it is reasonable to believe that the entropy in the
standard map is measured to be positive for ¥ big enough. Assume, we determine the
Lyapunov exponent and make random mistakes in the calculation of the cocycle in
that each Jacobian dT is multiplied with a random rotation R(¢(z,y)) € SO(2,R),
where ¢(z,y) is a random angle measurably depending on (z,y) € T2. This corze-
sponds to an error in the calculation of the angle of the images of tangent vectors.
There is an astonishing result of Herman [Her 83] which implies that an arbitrary
error can be shifted in a deterministic way to get positive Lyapunov exponents:

Given any error-function ¢(x,y) (also ¢(z,y) = 0 is allowed), the Lebesgue measure
of the set of values f € [0,27) giving zero Lyapunov exponents to the cocycle

R(¢(z,y) + B)dT,

is smaller then 8

log(1 +~2/2)’

Proof. The estimate can be derived from a result of Herman ([Her 83}, p.498 ) and
the hint, that the Jacobian cocycle

e = (1410 1)
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satisfies

7, 1 1 0 T
dT"I(z»y) = R(Z)OE ( 14+2.7-cos(z) 2 ) = R(Z)OD‘Y(I’y) .

Herman’s result is a subharmonic estimate of the Lyapunov exponents: For any
cocycle R(8)A(z,y) = R(¢(z,y) + ) o D(z,y) with

s 0
D)= (528 2 ).

where the functions b,¢,c™! are in L*(T%,R), one has

/I  MBw) dw > / log‘/Z((c+c‘1)2+b2) dzdy .

The proof of this estimates goes as follows. Define w = €¥ and the complex cocycle

B(w)(z,y) = w- 49 . D(z,y).

Because |w - €*%)| = 1, we have A(R(f)A) = \(B(w)). With G = i ( _lz- ; ),

one can write )
B(w,z) = (G + w? - ¥¥=¥G) 0 D(z,y) .

The Lyapunov exponent w — A(B(w)) is subharmonic leading to Swj=1 MB(w)) dw >
A(B(0)) . We calculate with L = ( L0 )

/I _ NB@)) dw > A(B(0)) = XGD) = XL'GDL)

/ log \, -1-((c+ c1)2 + 8?) dxdy .
T2 4

MR(B)A) < / Jogy/(c+ )P+ ) do dy
that the Lebesgue measure of values 8 with A(R(8) o A) = 0 is smaller then
/ -1)2 3 p2
1/ (_[,2105 (c+c 124 ¥ da:dy) .

Putting in the specific values ¢(z,y) = 1/v?2 and b(z,y) = 1/v2+ v/27-cos(z) from
the cocycle dT., gives the desired estimate. ]

This implies with
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1.4 A third argument: Positive Lyapunov exponents for a
dense set of bounded measurable cocycles

One can change a given cocycle over an aperiodic dynamical system on a set of arbi-
trary small measure, in an arbitrary small way, to get positive Lyapunov exponents:

Given e > 0, there is a set Y C T2 of Lebesgue measure < € and a cocycle C(z,y) €
SL(2,R) with ||C(z,y) — 1]| < € and C(z,y) # 1 only on Y, such that the cocycle

B=dT,C

has positive Lyapunov ezponents [ L log||B(z,y)||dzdy.

The proof [Kni 92] uses Herman’s result treated in the last subsection.

The density of cocycles with positive Lyapunov exponents explain in a qualitative
way the obtained results in the numerical experiments. More convincing would be a
result showing that the set of cocycles with positive Lyapunov exponents is residual
or that this set even contains an open dense set. These questions are open.

We outline the proof which can be found in [Kni 92]. We first give the four ingredi-
ents used for the proof.

¢ Rohlin’s lemma: If (X,T,m) is aperiodic, there exists a (n,€)— Rohlin set Y’
such that Y, T(Y),...,T""}(Y) are pairwise disjoint and m(Y;est) < €.

¢ Oseledec’s theorem: For A € P, there exists a stable direction field W €
L=(X, P!) satisfying the co-invariance AW = W(T) and A\(A) = - fx log|Aw| dm
where w(z) € W(z) is a unit vector.
¢ Result of M.Herman: Call v the Lebesgue measure on SO(2,R}),
v({6| MAR(9)) = 0}) < X(4)™".
For A ¢ L™(X, SO(2,R)), there 3
BER, AR(B)eP.

o Abramov type result: Let (X,T,m) be ergodic and Z C X be of posi-
tive measure. Let (Z,Tz,mz) be the induced system, Ay the derived cocycle.
MAy) = m(Z)™! - MA).

The main steps in the proof of the density result are:

1) Ergodic decomposition: Assume (X,T,m) to be ergodic without loss of gen-
erality.

2) Rohlin: Build Z =Y U Y.y, where Y is a (n, ¢) Rohlin-set. We use the aperi-
odicity here.
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3) First perturbation: Perturb A a first time so that Az is not in L(X, SO(2, R)).
4) Herman: There exists §, with AzR(8) € P and also AR(126,) € P.

5) Oseledec: There exists W € L°(X,P') with AR(150,)W = W(T). We use
ergodicity assumption here.

6) Second perturbation: Given u > 1, one estimates for
E = R(w(T))Diag(u~", ) R(w(T))AR(120) ,
the Lyapunov exponent A(E) > log(u) > 0.

7) Abramov formula: A(Ez) > log(y:)-n/2. With this, we achieve a big Lyapunov
exponent for the derived cocycle.

8) Herman: 36, < 4r/(nlog(y)) with A(EzR(B; ~ G)) > 0.
9) Third perturbation: B = ER(1z(8, ~ f,)) € P because B; = EzR(B) — ).

10) Choice of parameters: Give ¢ > 0. Choosing z—1 > 0 smalland n € N large
depending on ¢, z, achieves that B € P is in a € neighborhood of A.

2 Analytic extension of the standard map family

For the first heuristic argument, it was crucial that the integrable dynamical system
Tp could be embedded into an analytic system and that the Jacobian cocycle could
be extended to an analytic cocycle.

Is it possible to embed in a similar way the standard map into a holomorphic map
of €*? There is an obvious embedding into the holomorphic map in €2 by just ex-
tending x,y to C (see for example [Gel 92]). A handicap is that one has to take the
real parts Re(z), Re(y) modulo 2, in order to get the standard map. Of course,
one could skip this identification. But this has some disadvantages like for example
that periodic orbits in the quotient space are no more periodic in the lift.

We propose an embedding of the Standard map family T, in one single analytic map

zwer ™"
wez—u

uved™*
veu—z

e 2 8 n
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The standard map is induced on a one parameter family of invariant real tori
S ={Gzwuv)ect s =l =L bl =l =1,z=T0=7}.

Notice that the parameter ¥ doesn’t appear in the map U. We didn’t succeed in
estimating the Lyapunov exponents by estimating with a subharmonicity argument
the Lyapunov exponent of an analytic cocycle over U. Such an estimate (if at all
possible !) would probably need additional ideas. The problem is, that the torus S,
is not a so-called distinguished boundary of a polydisc in contrary to the invariant
tori

S ={ewu) ectll =l =gl =l =1 =uww=0},

where U induces the integrable map Ty and on which the Lyapunov exponent could
be estimated from below by log(%) as we saw before.

Nevertheless, we think, that the map U is interesting itself. It allows to study the
whole family of standard maps with one analytic mep and it could be, that bifur-
cation phenomena and critical phenomena will be analyzable better like this. Why
not try to understand more about a holomorphic map which contains a family of
discrete Hamiltonian systems as subsystems? On the other hand, one has already
a lot of information about U inherited from results about T',. We think of results
like existence of periodic orbits, existence and nonexistence of invariant tori, Aubry-
Mather sets, homoeclinic points, special chaotic orbits, universality in bifurcation
scenarios of periodic points or renormalisation schemes in the break-up of invariant
curves. And who knows, if in future, mathematics will have results about iteration
of multidimensional analytic maps, which will give back results about twist maps.

In the next section, we want to begin a modest qualitative study of U,. We give an
integral, symmetries, a list of all the fixed points with their stability properties and
other invariant sets like tori and vector spaces.

3 Some properties of the analytic map U
An integral. An integral of U is the determinant

I{z,w,u,v) = det(DU) = wv

of the Jacobean

(w+w2)e*™® ze*™* —zwes™® 0
wer™¥ er —we* ™ 0
DU(z,w,u,v) = -
(z,0,u,0) —uve'™? 0 (v+uv)e"™ ™ wue**
—pet? 0 vet™* er*
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and on I7!(1) there is another integral J = 2uand the map on an invariant set
wv =1,uz = J,z # 0 the map is given by

g zwe /2
Nw )7\ weite |

which is product of the two integrable maps

()7 (etr)- (2)- (),

For J = 74:, the map U leaves invariant the torus
8= {(zw) e[|l =1 jul =1}

and induces there the standard map 7.,.
Invariant vector spaces. There is the obvious direct sum of invariant real vector
spaces
R, 4R C ¢t
There is also the two dimensional invariant complex plane
E = {(0,w,0,v) | w,v €},
consisting of fixed points. Also the complex 2 dimensional plane

{z=v,w=1}

which contains the tori S, is invariant. Finally, for n € Z, the 1-dimensional complex
lines
G,
H,

{(0,w,2n7i, 1) |w e},
{(2n7i,1,0,v) |vec},

consisting on fixed points are invariant.

Maps commuting with U. There is an involution

20 u Pz,

v W e,

commuting with U.
Reversibility on I"}(£1). On the two invariant sets I=1(+1), the map U is conju-
gate to its inverse U~!

U=vVUY,
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where V is the involution

z u
wez—u
\4 Ll
u z
v ver™*

Because I = det(DU) is invariant under conjugation, we have no reversibility on
I ifp#1,-1

Invariant two dimensional real tori. The map U, leaves invariant the tori

S, = {(z,w,u,0) €C*| 2| = |u| = ;l,|w| =l|=1,z=%,w="0},

5,

{(zw,u,0) €| o] = ful = L o] = ol = 1,z = w,w =}
Write z = 262", w = €2 on S; and S,,. The analytic map U restricted to S, is
the standard map
[z z + y+ ysin(x)
I ( ] ) - ( y + vsin(z) ) )
The map U restricted to S, is the integrable map
T‘l : (Ivy) Land ($+y,y)-
For v = 0, both tori Sp, Sg collapse to 1-dimensional tori

So = {(0,0,v,7) | o] =1},

So = {(0,0,v,%) | |v] =1}.
The fized point at the origin. The point O = (0,0,0,0) is a fixed point of U.
The Jacobean DU(O) = Diag(0,1,0,1) at this point shows that there is a two
dimensional complex stable manifold

Wt = {(z,w,u,v) | U® - 0}

passing through O. The center manifold to the two eigenvalues 1 is the two dimen-
sional invariant line
E={(0,w,0,v) | wecC,vec}

containing O. It consists of fixed points.

Fized point lines. The 1-dimensional complex line

Fo={z—u=2nmi,w=1v=1}
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and each point of such a line is a fixed point of U. The spectrum of DU at a point
P=(u,1l,u+2nni,1)€F,is

{11, )‘n(u)r’\;l(“)}:

An(w) =14 u+nmi+ /(u+nmi)(2+u) .

We see, that except for positive real (v + nmi)(2 + u), there is an eigenvalue inside
and an eigenvalue outside the unit ball in €. It follows that in this case, there is a
complex 1-dimensional stable W} and a complex 1-dimensional unstable manifold
W, passing through P. This is especially true for v = v € R,n = 0, where the
stable and unstable manifolds cut the tori S,.

For n € z, the 1-dimensional complex lines

Gn
Hn

with

{(0,w,2nwi, 1) | w € ¢},
{(2n7i,1,0,v) | v € C}

consist on fixed points. The spectrum of DU at a point (0, w, 2ni, 1)eG,is
{w,1,1 4 nmi — m,l+n7ri+m} ,
the spectrum of DU at a point (2n7i,1,0,v) € H, is
{v,1,1 + nmi - \/2_nm'——nz7r2,1+n7ri+\/m} .
Fized point plane. The two dimensional fixed point plane
E={(0,w,0,v|w,vec}

is the center manifold passing through the origin O, The spectrum of DU at a fixed
point (0,w,0,v) € E is

{1,1,v,w}.
The eigenspace to the eigenvalues 1 is of course E. The eigenspace to the eigenvalue
v is spanned by (0, —w,v — 1,v) and the eigenspace to the eigenvalue w is spanned
by (1 - w,-w,0,v).

In summary, we have found all fixed points of U:

Every fized point of U is contained in the set
{O}UEU |y F,UG,UH,.

nel
Proof. f z-w-u-v # 0 then w = 1,v =1 and 2z ~ 4 = 2nxi. Thus (z,w,u,v) € F,.
If z-w-u-v =0, we get the other sets by combinatorial reasoning, using that w = 0
implies z = 0 and v = 0 implies u = 0. o
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Partial uniform hyperbolicity Because the determinant I = detDU = wwv is an
integral, we know that for [I{ > 1

detDU® = I - 00, n >
detDU™ = I" >0, n— —.

This means that the map is dissipative in the domain I < 1 and expansive in the
domain I > 1. For any periodic orbit in I > 1 there is an unstable manifold of
positive dimension and for any periodic orbit in I < 1 there is a stable manifold of
positive dimension. Given any U invariant probability measure in I > 1, there is
a positive Lyapunov exponent. Analogous, for any U invariant probability measure
in I < 1, there is a negative Lyapunov exponent.

4 Questions

‘We repeat and add some questions.

¢ Is the at the beginning mentioned bound for the metric entropy in the standard
mapping true? The numerical calculations are convincing.

¢ What is the dynamics of U on the invariant manifolds of the various fixed points?
What are the Julia sets of the map induced on the one dimensional invariant mani-
folds?

o Can one draw a qualitative picture of the stable and unstable complez manifolds of
a periodic hyperbolic orbit on an invariant torus S, where U induces the standard
map?
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Abstract

We discuss some cohomological constructions for dynamical systems.

A group dynamical system is a pair (R, G), where R is a group acting on G by
group automorphisms. An algebra dynamical system is a triple (R, M, ir),
where R is a group acting on the C* algebra M by automorphisms leaving
invariant a trace tr.

(1) For a group dynamical system (R, ) there is the Eilenberg-McLane co-
homology.

(2) For a group dynamical system (Z,G) we define a sequence of Halmos ho-
mology and cohomology groups.

(3) For an algebra dynamical system (2, M, tr), there is a discrete version of
de Rham'’s cohomology and an abstract version of Stokes theorem holds.

(4) For a group dynamical system (Z4,G), there is a de Rham cohomology for
groups.

1 Introduction

There are different cohomologies which are useful in ergodic theory. They all lead
to algebraic invariants for ergodic dynamical systems. We are dealing with two cat-
egories of dynamical systems. A group dynamical system is a pair (R, G) of Abelian
groups, where R is acting by group automorphismson G. An algebra dynamical sys-
tem (R, M, tr) is an Abelian group R acting by automorphisms on the C* algebra
M. We will always assume R = 29 or the cyclic case R = 7.

¢ The cohomology of groups for a group dynamical system. We illustrate this co-
homology by an example. Let (X,T,m) be an abstract dynamical system and
G = L*(X, T) be the group of measurable circle-valued functions on X. The trans-
formation T induces a group automorphisms f +— f(T') giving the group dynamical
system (R, G). The group G has a subgroup C = {g(T)g~'} of so-called cobound-
aries. The group HY(T,G) is the first Eilenberg-McLane cohomology group of the
group dynamical system (R, G). Assume T and T2 are ergodic. The constant func-
tion f(z) = —1 is not in C because g(T') = —g would imply g(T?) = g and g = const
which contradicts g(T') = ¢~ unless g = 1. This non-trivialityce of the cohomology
is in some sense a global constraint coming from the requirement that g has to be
measurable. If we would give up the obstruction that g has to be measurable, we
could easily build functions g satisfying g(T)g~! = —1. In other words, if we would
use algebra instead of ergodic theory and take any bijective map T of a set X and
form the group G = T of all maps from X to the circle T, then #!(R,G) would be
trivial. The measure theoretic structure of the dynamical system acts as a boundary
condition which makes the algebraic topology more interesting.
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e Halmos homology and cohomology groups for a cyclic group dynamical system.
An automorphism T of an arbitrary abelian group G gives a discrete differentiation
f > df = f(T)f! on the group G. If £ is the trivial group {1} in G, then d™"€ is
a subgroup of G and one can think of them as ”polynomials” of degree < (n — 1)
because n times "differentiation” makes them vanishing. Halmos defined the groups

Ho(R,G) =d"E[d" Vg,

which he called generalized eigenvalues in the case § = L*(X), where the group au-
tomorphism is coming from a dynamical system (X, T, m). Then, H1(T,R) = d~1&
is the space of functions f left-invariant under T and the first Halmos homol-
ogy group H; measures how many ergodic components T has. The next group
Ha(T,R) = d~2€/d~1€ is the vector space of nontrivial eigenfunctions to eigen-
values different from 1. This second Halmos homology group measures the point
spectrum of the unitary Koopman- operator belonging to T' and Halmos called the
other groups H, generalized eigenvalues.

There is a dual construction. Start with G and form the groups

H = d*1GdG

which we call the Halmos cohomology groups. The first of these groups is identical
with the first Eilenberg MacLane cohomology group defined above.

o de Rham cohomology groups for an algebra dynamical system. We illustrate the sit-
uation with an example. Let T}, Ty, ... Ty be an ergodic 2¢ action on the probability
space (X, m) and take M = L*(X). Look at the vector field

v =(v1,%,...,7%) € L°(X,R)%.
The rotation of this vector field is
(dv)ij = (v(Ty) - v = (v5(T3) — v;)) € L™(X,R),
where i, 7 runs over all pairs ¢ < j. For f € L*(X) is defined the gradient
(fT) - £,/ (T2) - f,... f(Ta) - £)

which is a vector field. One sees immediately, that the rotation of a gradient is
vanishing. A cohomology problem of de Rham type is to determine the vector space
of vector fields with vanishing rotation modulo the vector space of gradients.

For any constant vector field v = (¢, ¢z, ..., ¢q) With ¢; € R, the rotation is zero but
except in the case when all ¢; are vanishing, the vector fields v are not gradients
because there is no measurable function f on X, such that ¢; = f(T;)— f for¢; # 0.
(To see this, just integrate the equation ¢; = f(T;) — f.) So, the first cohomology
group contains at least the group RY.
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® de Rham cohomology groups for a group dynamical system. We consider a group
dynamical system (R,G) with R = 2. We think of A = (A;, A, ... AJ) as a one-
form or connection or gauge-field depending on topological, geometrical or physical
preferences. Each A; is attached at one of the transformations T; generating R. The
curvature of a gauge field is

Fj = dA = AAy(T)A(T) 451

and each Fj; is attached at a plaguette spanned by two transformations T}, T;. An
element B in G can also act as a Gauge transformation on gauge fields

A= (A Ay,...,As) » AdB = (BAB(T{ '), BA: B(T; "), ... BA4B(TSY)) .

Fields A = dB, which are cohomologuous to 1 are gradients of a function B. They
satisfy automatically dA = 1, which means physically that they are zero curvature
fields. Geometrically one knows then that parallel transport around a closed curve
is the identity and space is flat. -The problem is to find the moduli space of zero
curvature fields, how many zero curvature fields exist modulo Gauge transforma-
tions. This can also be considered as the second cohomology group of a de Rahm
cohomology which is defined in the group dynamical system (R, G).

After these examples, we turn to the history of cohomologies for dynamical systems.
The general framework for cohomology has been worked out by Eilenberg and
McLane [Eil 47). 1t is called cohomology of groups. The "cohomology of dynamical
systems” was invented in the beautiful paper [Kir 67] of Kirillov in 1967. We owe this
reference to J.P. Conze. Kirillov asked a lot of interesting questions for this coho-
mology and used also H'(T,Z,) what we call the cohomology of sets. Cohomology of
dynamical systems also appeared in the paper [Liv 72] without mentioning Kirillov’s
work. But already before, people were using cohomology in dynamical systems with-
out using this name. The first appearance we could locate is in von Neumann’s paper
[Neu 32] (p.641) who was investigating the spectra of ergodic flows. (In Hilbert’s
list of problems [Hil 02], the cohomological equation f(T)— f = g appeared in a side
remark in problem 5 already. Hilbert gave it as an example of an analytic functional
equation which has only a continuous non-differentiable solution). We mention also
[Anz 51} who used the name "equivalent” instead of cohomologuous. In the book
of Halmos [Hal 56], the notion of "generalized eigenvalues” is introduced. This is
a cohomology construction which Halmos used it to distinguish dynamical systems.
The same notation is found in [Ake 65]. Also influenced by Halmos was [Ste 71|,
who continued the work aiming to find invariants for dynamical systems. The coho-
mology of dynamical systems as a special case of group cohomology was worked out
in [Moo 78] (and references therein) in the context of ergodic equivalence relations.
Some ideas have been followed further and we refer to the book [Sch 89] (chapter
2).
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Cohomolocal equations appear at different other places in other function spaces.
They are important when studying structural stability of dynamical systems. When
conjugating two dynamical systems T', T = T+ f with a conjugating map ¢ = Id+h,
the unknown function h has to satisfy the functional equation

T(z) + KT (z)) = T(z + h(z)) + f(z + h(z)) .
In the case T : T! — T,z — z + ¢, this equation can be written as
h(z + a) — h(z) = f(z + h(z))
which has the linearisation the so called homological equation
h(z + a) — k(z) = f(z) .

Solving this equation in a space of analytic periodic functions is important in
Arnold’s proof {Arn 88] of the theorem, that an analytic diffeomorphism of the circle
T with Diophantine rotation number can be conjugated to the rigid rotation T if
the two diffeomorphisms T, T are close enough to each other. {Arnold conjectured,
that this is true independent of the closeness of T and 7. This conjecture was later
proved by Herman.)

2 Cohomology of groups and dynamical systems

Let R be a group acting continuously on an abelian topological group G. We write
the group operations in R muitiplicatively and the group operation in G additively
and the action of R on G as g — rg . Denote by C* the set of functions from
R" — G which are called n— dimensional cochains. They form in a natural way a
group. The coboundary operator d® : C" — C"*! is defined as

d™f(ry,...tap1) = rif(re,...Tag1)

+ (=1 f(reye . TiTigts ey Tapt) +

i=1

+ (CD)™ ()

The elements in 2" = ker(d™)) are called n— dimensional cocycles and B" =
im(d(®~Y)) is the set of coboundaries. They are both subgroups of C*. It is of
advantage to write the cochains also in a homogeneous way using one variable
more:

Fro, 71, 7)== 1o f(r5 1,11 2y oo T2 T0) -

The function F satisfies the homogeneity condition F(rry,...7r,) = rF(ry,...,Ts)
and the old function can be recovered with the formula

f(riy...ra) = F(1,ry,my70,...,71T2. .. Tp) .
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In such homogeneous variables, the coboundary operator is
n+1 .
d(")F('I‘o, e ,T,..H) = Z(—l)'F(To, e ,f,', ceey T,..H) .
i=0

(7; means that the variable r; has been taken away). If the coboundary operator is
written in this form we see immediately that

dr+ g™ = ¢,

This implies that B is a subgroup of 2" and one can form the cohomology group
H"=2"/B". This is the group cohomology of Eilenberg-McLane [Eil 47).

Examples.
o For n = 0 we get

zO

{7 €Glrf - £},
=0

and so
H={geG|rg=g,Vre G}

is the subgroup of G consisting of elements which are left invariant under all r € R.
eForn=1,

zl
Bl

{f:R =G| f(rir2) = f(n) + 1 f(r2)} ,
{f:R-G|f(r)=rg—g|geG}.

In the case when R is abelian then an element f € Z is also called simply a "cocycle”.
It follows then that

fr) +rif(r2) = f(r2) + rof(n1) .

In the case when R = 7¢ has the generators ey, ..., €4, one can define 4; = f(e;)
and the above cocycle condition is equivalent to the zero curvature condition

A+ e,‘Aj = Aj + ejA; .
o For n = 2, one gets

z2
BZ

{f(r1,m2) = r1f(ra,r3) + f(r1,mor3) — f(r1ra,13)} ,
{£(r1,r2) = r19(r2) + g(r1) — g(r1m2) } .

A special case of the cohomology of Eilenberg McLane is the cohomology of abstract
dynamical systems.

324



If the group R acts by automorphisms on a probability space (X,m), we call
(X,R,m) a dynamical system. We are mainly interested in the case R = Z and
write then (X,T,m) with < T >= Z. Let G be a commutative locally compact
topological group and define G = L®(X,G). The group R is acting in a natural
way on G. The action of an element T € R on G is A(z) — A(T(z)). The above
group cohomology of (R,G) gives a cohomology of dynamical systems. The inven-
tion of this cohomology is due to Kirillov [Kir 67} who made also the simple remark
that if two dynamical systems (X;,Ry,m;) and (X, Rz, m2) are conjugate, they
have isomorphic cohomology groups.

We are mainly interested in the first cohomology group because of the following
theorem

Theorem 2.1 (Eilenberg-McLane, Feldmann-Moore) If R is free or hyperfi-
nite, then the groups H"(R,G) are trivial for n > 2.

The zeroth cohomology group H“ is also not so interesting. If the action of R is
ergodic, then this group is isomorphic to G. The first cohomology group is the
quotient H! = G/C, where

C={A€G|3B€G,3Te€R, A=B(T) - B}.

This is the group of interest and we will turn to this group in the next section.

3 The cohomology group HX(T,G)

In this section we deal with the first cohomology group in the case G = L*(X, G),
where T : G — G comes from an abstract dynamical system (X,T,m) and G =
SL(2,R). With non-abelian groups G, this leads only to cohomology classes and
not to cohomology groups. We also want to treat the case, when G is an abelian
subgroup of SL(2,R). Especially G = Z; or G = SO(2,R) are interesting and the
cohomology question for these groups sheds also light on the case SL{2,R).

3.1 Circle-valued cocycles

The case when the group G is SO(2,R) and R = Z =< T > has been investigated
extensively already (see for example [Bag 88]). Especially the case when the dynam-
ical system is an ergodic group translation on the torus has attracted much attention
especially in the context of ergodic skew products which bear the name Anzai prod-
ucts. In this case G = SO(2,R), the elements in G are called circle-valued cocycles.

They have already been studied by von Neumann in 1932 ([Neu 32] p. 641) in
connection with ergodic flows obtained by suspension. The dynamical system is the
irrational rotation £ — z + a on the circle. The problem can be formulated as a
spectral problem for an operator A given as

Ae'9®) = if(2) ig(x+a)
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which is also called a weighted composition operator. Finding an eigenvalue 2* with
eigenfunction g for A is equivalent to have discrete spectrum of 4 because gelriz
is then a complete orthonormal system with eigenvalues e2%ik+8) The existence
of the eigenfunction g to the eigenvalue ¥ is equivalent to the solvability of the
cohomological equation

ol +0) = 9(2) = (=) — 6(mod 21)
for the 2 periodic L? function g. Taking Fourier series f(z) = T . fre®*= this
equation has the formal solution
_ fk 2mwikz
9(z) = lgz (1 = e2rika) e

If this Fourier series converges, one has discrete spectrum for A.

It is not known how to determine the cohomology group
H(T,G) =G(T,G)/C(T,G) .

In the case when |X| is finite, and the dynamical system is ergodic, it is easy to
show that (T, SO(2,R)) = SO(2,R). In general, when X is a finite set, on has also
H(T,G) = G for any group G. In the aperiodic case, the question is open and it
seems that the determination of the group is hopeless.

We know ([Kni 2}) for G = SL(2,R)
Proposition 3.1 If (X, T,m) is aperiodic, the subgroup C is dense in G.

and therefore the cohomology group is not a topological group when taking the
quotient topology from G.

3.2 Cohomology of measurable sets

An interesting case is G = 7,, because the group G is then isomorphic to the group
of measurable subsets of X and the coboundaries are the subsets Y which can be
represented as Y = Z(T)AZ. On G we can take the metric d(Y, Z) = m(YAZ ).
We showed in [Kni 1}:

Theorem 3.2 If (X,T,m) is aperiodic, the subgroup C as well as its complement
are both dense in G with respect to the metric d.

The problem to determine whether a measurable set Y C X is a coboundary is
called the cohomology problem of measurable sets. Open is also how to determine
the first cohomology group H(T,Z;). The cohomology of sets appeared already in
[Kir 67] and from the same reference, the following result can be deduced which
shows that in general #(T,G) # G unlike in the finite case |X| < oo.
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Proposition 3.3 In the case (X,T,m) = (T!,z = z+a,dz), where a is irrational,
the first cohomology group H'(T,1,) has at least 3 elements.

Proof. The set X itself is not a coboundary because T? is ergodic. Choose n € N
and decide X into n intervals Yj,...Y, of the same length. Assume one of these
intervals Y; is a coboundary. Then all of them are coboundaries and also

n
X = U Y:
k=1
is a coboundary. This is a contradiction and the assumption that Y, was a cobound-

ary is wrong. For n = 2, the sets X,Y},Y5 are pairwise not cohomologuous. O

This idea can be generalized. A dynamical system is called reversible if there exists
an involution S such that STS = T~

Proposition 3.4 Given a reversible aperiodic ergodic dynamical system (X, T, m)
with STS = T~ such that T? is ergodic. If there ezists a set Y with m(Y) =1/2
such that YAS(Y) = X then the cardinality of H'(T,Z,) is bigger then 2.

Proof. We show that all of the sets Y, S(Y), X are not coboundaries and that they
are pairwise not cohomologuous.
X is not a coboundary because T? is ergodic. The set Y is a coboundary if and only
if S(Y') is a coboundary because

Y = ZAT(Z) = S(Y) = S(2)AST(Z) = S{(Z)AT'S(Z) .
So, if Y would be a coboundary also X = YAS(Y') would be a coboundary. From
YASY)=X,YAX =Y,5(Y)AX = 5(Y)
follows that no pair of them can be cohomologuous. 0

The following remark we owe to J.P Conze:

Remark. It follows from a recent result by Derrien [Der 93] that there is an infinite
countable group contained in #!(T,7;) when working over the dynamical system
(T!,z > z+a,dz). If there exists a partition X = Y UYzU...UY, of T! where Y; are
intervals with rational length then any of the sets Y = U;c;Y; is not a coboundary
and two different such sets are not cohomologuous.

3.3 Relation between cohomologies
Let £ = L*(X,7;)) denote the group of Z,-valued cocycles, with

O = L*(X,SO(2,R))
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the group of circle-valued cocycles and with
A= L*(X,SL(2,R))

the group of SL(2,R) cocycles. The group £ is the center of the multiplicative group
A and O is the maximal abelian subgroup of .A. We have already prove, that A € £
is not a coboundary in &, then A is reither a coboundary in @ nor a coboundary in
A. This implies that if we find cocycles, which are not coboundaries in £ then we
have found cocycles in A which are not coboundaries in A. Here is again the result.

Lemma 3.5 (a) A € £ is o coboundary in € if and only if it is a coboundary in O.
(b) If Ay, A2 € O and 3C € A such that A, = C(T)A,C~1, then there ezists C € O
with Ay = C(T)A,C-".

(c) A€ O is a coboundary in O if and only if it is a coboundary in A.

(d) A € & is coboundary in € if and only if it is a coboundary in A.

This has a consequence for the cohomology groups:

Corollary 3.6 H!(T,Z,) is a subgroup of HYT,SO(2,R)), which is a subset of
HNT,SL(2,R)).

4 Halmos homology and cohomology groups in
the cyclic case

We are dealing in this section with a cyclic group dynamical system which means
that there is given an abelian group G with a group automorphism T : G — G.

There is a generalization of the first cohomology group
HYT,G)=G/{B(T)-B| Beg)

leading to a sequence of cohomology and homology groups which we call Halmos
cohomology groups, because Halmos was dealing with such constructions under the
name "generalized eigenvalues” in the case when G = L(X). Define the discrete
Lie derivative

d:G-G, A—dA=A(T)-A

and the sequence of groups H°(T,G) =G,
HYT,G) =d*"'G/d"G

called Halmos cohomology groups as well as the sequence of groups Hy = {0}=¢&C
g,
H, = d~"E/d~ Vg
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called Halmos homology groups, where
d'A={Be€gG| dB=A}.

Like this, there are defined two sequences of groups
Ho, H1, Hay -, HEHLHY,

which are invariants of the dynamical system G,T). In the special case when
G = L*™,G) we denote the groups H;(G,T) also H;(G,T). I two such dynami-
cal systems (X, T}, m) and (X, Ty, m) are conjugate, then H;(T1,G) = H{T>,G)
and H(Ty,G) = H'(T2,G). Also the numbers

w(T,G) = min{n>1|H,={0}} eNU{o0},
v(T,G) = min{n 21| H" = {0}} e NU {0},
are invariants of the dynamical system. Halmos {Hal 56] used the number y [Hal 56]
in the case G = L*(X,R). With
d'€ = {A(T)= A},
a2 {A(T)- A=Bed€} = {A(T?) - 24(T)+ A =0},
d36 = {A(T)-A=Bed?}={AT® -3A(T% +3A(T)- A=0},

we get the homology groups

Ho d71EJE = {A(T) = A},
Hi = d72E[d7'E = {A(T?) - 2A(T)+ A=0}/{A(T) - A=0}.

On the other side, we have
dag {A=B(T)-B},

d’g {A = B(T?) -2B(T) + B},
d®¢ = {A=B(T% -3B(T)-3B(T? + B}

and the cohomology groups

"' = G/{A=B(T)-B},
H? = {A=B(T)-B}/{A=B(T? - B(T)+B}.

There is the obvious problem to determine the groups H", H,, and to find out, what
they say all about the dynamical system. Also interesting would be to understand
the dynamics of d : G — G. which is already a nontrivial problem in the case when
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the the group G is finite.
Examples:

¢ If we take for G = L®(X, 2,), the algebra of measurable sets and for T an auto-
morphism of the probability space, we define

T:6-5G6,Y-T(Y),

and the determination of H'(G, T) is the " cohomology problem for measurable sets”.
More generally, with G = L*(X,G) one gets the situation described below with
G = L*(X,G) where G is an abelian group and T is an automorphism of a proba-
bility space.

o Take any abelian group Gand T : g+ g, For G = 2,, where p is a prime, we
have H'(Z,,T) = 7, because half of the residue classes are quadratic residues. For
G =1 we get H" =1, and H, = {0}.

o For a finite abelian group G, we calculated experimentally with a Cayley program
that H™(G,T) = Ha(G,T) holds. This suggests, that in general, a duality could
hold.

¢ Let G = C“(U) be the additive group of all analytic functions on a domain U C C.
Define d(f) = f' and £ = {0} C G. d~"€ is the group of polynomials having degree
< n and H,(T,G) = R. On the other hand H"(T,G) is the trivial group because
any analytic function is also a derivative.

5 de Rham cohomology for C* dynamical sys-
tems

In the case R = 7", G = L®(X,G), only the first Eilenberg- McLane cohomology
group is interesting. More interesting groups are obtained by mimicking the de
Rham construction.

Let M be any C* algebra with trace tr and R =< Tj,...T, > be a representation
of 2" as automorphisms of M which leave invariant the trace. The triple (M, R, tr)
is called a C* dynamical system with time R = z".

For example, one can take M = L*(X,G), where G = M(N,R) is the algebra of

matrices on RY and take T}, ... 7, as ergodic commuting measure preserving trans-
formations on the probability space (X, m).
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The crossed product X = M ® R with multiplication
f-9=Yfir- X =Y fi(Tgimis = Y (f9)xTk »
] J LJ

IJ=K
is a graded Banach algebra having the involution
(K")i(z) = K_[(T'x) .

An other algebra is obtained if the multiplication of the 7; is not symmetric but
anti-symmetric. Denote by € the algebra generated by =, 77, i = 1,...,d which
satisfies

{T"’TJ'}
TAT]

{T‘-‘,T;} =0,
1"- /\Tj = 6;_1' .

A basis in § is given by the elements
Ta A AT AL AT 1SPpS R

with #; < 73 < ... < i;. The algebra has dimension n{n —1)— 1. The tensor product
A = M @ the space of difference forms or the skew-crossed product of the algebra
M with the dynamical system R. It is a graded algebra

A= ®:=_4Ap
with exterior multiplication

fAg=Y fimY fima=Y fig(Tm A7y
I J 1J

If f is a p-form and g is a g-form, then fg is 2 p + ¢ form. The space of 0~ forms
Aq can be identified with M. The algebra A has an involution

3 fire 3 @
7 7

and a trace

()" frrr) = tr(fo)
1
giving the scalar product

<fig>=te(fAg)=te(3 fra) .
T

Define the 1-form 7 = ¥4, 7 and

d:Ay = Apr, f=) frmmdf =3 [r, filme
T T
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The operator d is called a coboundary operator. The adjoint of 7 is the —1 form
=32, 7. Dual to d is the operator d* defined by

dy g =", gilm .
7
Examples. For f € A® we get the gradient

& = ST - .

i=1

For a 1-form f = ¥, fi7;, we get the rotation
i = SUAT) - fyr A
i
2T = £ = (F5(T) - fi)rs -

i<j

Fora (d—1)-form f = %, fy,7,, with 77, = A A ... A7 A... A7y, one obtains
the divergence

d
df = Z(f!.(Tt) - fl.-)Tl,Q,....d -

i=1

Lemma 5.1
@f=(d)f=0

Proof. Given f = ¥ fy7;, we calculate

&Ef = Y (F(TT) = f(T) - F(T) + fym Ay Ay .

Lijg

Interchanging a specific pair ¢, j on the right hand side changes the sign but not the
value of the sum. This implies d2f = 0. Analogous we get (d*)2f = 0. o

It follows that the image of di = d on A* is contained in the kernel of di; on A*+1,
When M is abelian this allows the definition of the de Rham cohomology groups

H*(M,T) = Ker(dpy,)/Im(d}) .

In the non-abelian case, H*(M, T) is only a set, which we call the Moduli space of
k-forms.

Proposition 5.2 Let (M, R,tr) be a C* dynamical system with time z*. For each
(p—1)— form f and each p— form g one has

<df,g >=< f,d*g> .
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Proof. By linearity, it is enough to show it for f = fr7; and g = gisms

< df,g >=te((fi(T:) ~ f)giy) = o fu(gi(TT") — gip)) =< fid'g > .

0
This can be seen as a version of theorem of Green-Stokes-Gauss. We will illustrate
later with examples how the classical theorem of Green-Stokes-Gauss can be ob-
tained as a limit of the above proposition.

Hodge theory
There exists the involution called Hodge-* operator

*ZAP_)An—py f=ZfITIHf;TI‘ )
I

with (77)" = 75, where J = I” is the unique complementary index satisfying IA J =
71 A ... A 74. This gives a natural isomorphism between A, and A,_,. The operator
* satisfies *+ = Id.

It is natural to ask if a Hodge-theory analogous to the classical case exists. One can
define the Laplace-Beltrami operator

L=dd" +dd

which acts on A and leaves each space A, of p-forms invariant. The Laplace-Beltrami
operator is essentially the usual discrete Laplace operator:

Lemma 5.3

LY firr = =23 (f(T) = 2fr + fi(T7 V)7 -
I

il
Proof. We calculate

cdfr = LTI - f(T7) - (@) + fyrim,

i

ad'frr = 3 (fTI7Y) = fi(T7Y) = T + fo)mr
ij
Because for i # j we have 7}7; = —7i7}, We get

(@ d+ dd") fyrr = =2 3 (fu(T) = 21+ fu(T) s
The claim follows by linearity. O

Remark: The coboundary operator d can also be defined by taking a one form

T= ZG;T,'
i
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satisfying the zero curvature equation
[aimi, 053] = 0.

In the same way one has then d2 = 0. The Laplace-Beltrami operator satisfies under
the condition [a;%, (a;7;)"] =0

(d‘d + dd')f;'r; = - Z 2a,—f;(f1})a}' - b,'f] - f[b,‘ + 2(1:(1“-_1)‘&(‘1}_1)(1;1’1 ,

where b; = a(T7")ai(T;!) + a;a]. Define on A the operator
D=d+d
and the operator P which satisfies
P=(-1y
on A,. With d? = (d*)2 = 0 one checks the simplest version of super-symmetry
D*=L,P*=1,{D,P}=0.

The kernel of L = L acting on A; is called the space of rendom harmonic k-forms
Ezamples

ed=1.

(i) Let f be a 0-form and g = g7 be a 1-form. With

df = (f(T) = fir, &*(gr) = g(T ) - ¢
we get
<df,g> tr(dfg") = tr((f(T) - f)rr*g")
tr(f(g(T™) — 9)*) = tr(f(d"g)") =< f,d"g> .

In the case M = L*(X) with tr(f) = fy f dm, this can be read as a discrete partial
integration.

ed=2.
(i) Given a O-form f and a l-form g = g;7; + go7» we calculate

d = (fM)-Hm+{f (@) - Hm,
g = [Maln+[ren=aT-a+e@) -

and get

<df,g>
< f,d*'g>

tr(f(T1) - gt + (F(T2) - f)gd),
tr(f(e1(T) ~ 6i + 5(T5 ") - 63)) -
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Comparison of the right-hand sides gives < df, g >=< f,d*g >.
(ii) Take a 1-form f = fi1y + fom and a 2-form g = gj2 73 A 7. With
i = (f(Th) - fo) - (A(T2) - filnAm,

d'g = (02T — g2) — (92(T5 ) - gi2)11
we get
<df,g> = ((fo{T1) - fo— fi(l2) + f1)gi, dm(z) ,
<fidg> = tr(~filgh(T5) - i) + folgia(TTY) — 632)) -

Again both right hand sides coincide.

The classical de Rham theory as a limit

We will see in examples that in some sense the classical Gauss-Green-Stokes theorem
can be obtained in the limit. For this we take on the d dimensional torus T¢ the
measurable 74 action defined by the group translations

Tz =z + €ex 5,

where e; forms the standard basis in R*. The unitary operators U; : h — h(T}) give
then the z¢ action on M = L®(X) with the trace tr(h) = [y h dm.

ed=1.

Let I be an interval [¢,b] C T witha # band g=1; € L®(X). Let f: T! > R be
differentiable. We get

1 flz+e€) - f(z)
S<dig> /Ifdz

tepde> = d [T i@ da- [T s an).

and for € — 0, we get
1 '
s<dig> » [fl@)d
1
S<hdg> [~ f).

This shows that the usual Hauptsatz of calculus is obtained in the limit when the
translation parameter ¢ approaches 0 and some regularity for f and g is assumed.

ed=2.
We take the dynamical system

(X =T, Ti(z,y) = (z + &,9), Ta(z,y) = (z,y +¢) .
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(i) Given a smooth 0-form f. Given a smooth curve 7 : [0,1] — T2 with velocity
vector ¥, we define the smooth 1-form
9="nlrn +%lrn,

where
L={yt)+s-(—%) | (¢t s) €[0,1] x [-¢,¢ C T2
is a thick curve of thickness e. We calculated

tr(f(T1) = fai + (F(T2) - fgs),
tr(f(G(T7Y) — gt + 3(T5 ) — 63)) -

For € — 0, 1 < df, g > is approaching the line integral [,Vfdsand ! < f,d*g>is
approaching f(v(1)) — f(+(0)).

il

<df,g>
< f,dg>

(if) Given a smooth 1-form f = f17,+ fo7; defined by 2 smooth functions f; : T2 — R.
Take a region G C T2 with a smooth boundary and define the 2-form g=1lg A
We calculated

<df,g> = t((fo(T) - fo = Hi(T2) + f1)g}, dm(z),
<fid'g> = tr(=filgh(T5") - gia) + ol0ia(TT") — 632)) -
For € — 0,
<df,g >— /Grot(f) dm
and

< f,d’g>— /mf ds

so that the Theorem of Green is obtained in the limit.

6 de Rham cohomology for group dynamical sys-
tems

We do a related construction of de Rham cohomology with less structure by replac-
ing the algebra dynamical system by a group dynamical system.

The idea is to define with a dynamical system a geometry on a group. A geometry
is in the non discrete case defined by differential operators on a smooth structure.
For example a connection (covariant derivative) on a Riemannian manifold defines
the geometry. Here, the geometry is given by d commuting antomorphisms on the
group G.

The application we have in mind is the group § = L(X, G), where G is an abelian
group and T; come from automerphisms of the probability space (X,m)

T:i:A— A(T}).

336



We are trying to do a de Rham cohomology on a group instead on an algebra by
taking the cohomology for algebras and to identify the additive and multiplicative
structures of the algebra.

Given a group dynamical system (R,G), where R = Z¢ is generated by d automor-
phism T3,...Ty. For 1 € k < d, the group A, of k — forms

f=3 fim

U=k

isa ( Z ) tuple of group elements in G. Addition of two k — forms is defined as

Y hm+Yam =3 figm
1 7 1
and the inverse is defined as

(z;: fim) = ;(fl)_lTl .

Given two index sets I, J of the same length. If an odd permutation of indices in I
gives J, we require that

fi=()™!
holds. We define a multiplication Ay X Ap = Aiym

N hm Y gmi =Y f19/T s
I J J
With special 1-form is 7 = ¥_; 7; we define an exterior derivative by

f=3fim—df =Y f(T)f'mm .
7 T

In the case when the group G is abelian one gets
=0

in the sense that
d?A=1

for every k-form A. This implies that the image of d = dj on Ay is contained in the
kernel of di4; on Agyq. This leads to the cohomology groups

H*(G, T) = Ker(des1)/Im(dy)

which are invariants of the group dynamical system (R, G).
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If G is abelian, the space H'(R,G) is the moduli space of zero curvature fields over
the group dynamical system (R, G). This moduli space labels the equivalence classes
of zero curvature Gauge fields modulo the Gauge fields which are gradients.
Examples: Take d = 3.

(i) A 0 form f is just an element in G. The exterior derivative defines the gradient
df = f(T)f'n + f(T)f ra+ f(T)f '

The zeroth cohomology group H° consists of the space of group elements which are
invariant under all T}:

H={feG|f(T)=f)

(ii) The exterior derivative of a 1-form f is the "rotation”

df = d(fin+ fora+ fam)

RIS s An+ (D) nAn
AT An+ @) AT
HBOF n A+ AD) AT
LG5 s fs(To) s A my
+H(OT (M) e An
+HTO)EAALT) A

For an abelian group G, this exterior derivative is equivalent to the curvature

Yl Fimiln A

n+ + 1

of the one-form A.

The first cohomology group H! is the moduli space of zero curvature fields:

H = {£(T)F7 = (T ;7
fi=g(T)g™! ’

(iii) The exterior derivative of a 2 form is

df

d(fsma ATs+ faiTs AT+ flam A )
Fa(M) s () i fa(T) fRn A AT,

The second cohomology group H? consists of all the 2-forms (fa3, fa1, fr2) which
have "zero divergence”

fa(M) f5 (D)t fu(D) G =1

modulo the space of 2-forms which arise as curvature of a 1-form (fi, fa, f3)

fis = F(@) L 5@)

338



7 Questions

We add some questions.

e A main problem is the concrete determination of the defined groups in special
examples.

¢ Does a duality for the Halmos cohomology and homology groups hold? Is H"(G,T)
isomorphic to H,(G,T)?

® Does the classical Hodge theory have an analogue for the situation here? Espe-
cially: is ker(Ly) = H*? Is there a Poincare duality

HI=HT

for the de Rham cohomology groups?
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Abstract

We study hyperbolic properties of bounded SL(2,R) cocycles over a dynami-
cal system.

Nonuniform hyperbolic cocycles have by definition Lyapunov exponents which
are different almost everywhere. We reprove a theorem of Wojtkowski which
states that sufficient for positive Lyapunov exponents is the existence of an
invariant cone bundle. We make the remark that the condition in the theorem
is also necessary.

A cocycle is uniformly hyperbolic if a strict invariant cone bundle exists. We
reprove a theorem of Ruelle which states, that in this situation, the Lyapunov
exponents depend real analytically on the cocycle.

We investigate the relation between the rotation number of Ruelle for mea-
surable matrix cocycles and the hyperbolic behavior of the cocycle. We show
that a cocycle is uniformly hyperbolic if and only if the rotation number is
locally constant along a so called Herman circle 8 — AR(B) which is obtained
by multiplying A with a constant rotation R(8) with angle 8.

In the end we study spectra for SL(2, C) matrix cocycles and prove that the
spectrum of a cocycle acting on L2(X,C2) is the same then the Sacker-Sell
spectrum, which is the set of complex numbers such that z- A has exponential
dichotomy.

1 Introduction

Many numerical experiments support the believe that unstable behavior in conser-
vative dynamical systems on a two dimensional manifold is typical. Anosov systems
are prototypes of systems showing erratic, chaotic motion. It is just this extreme
form of hyperbolicity which makes them tractable and the disorder in the system
brings simplicity in the mathematical description.

A weaker form of hyperbolicity is present if there is a splitting of the seperatrices
which is no longer uniform. This is the case when the Lyapunov exponents are
different almost everywhere. Pesin theory shows that there are present still strong
stochastic properties in this case. The mathematics of nonuniform hyperbolic dy-
namical systems seems to be much more difficult than the uniform hyperbolic sys-
tems.

What distinguishes uniform and non-uniform hyperbolic dynamical systems? How
large are both classes in the space of all dynamical systems and how looks the bound-
ary, where a transition between uniform and non-uniformity happens? Not much
seems to be known about these questions. We just mention an unpublished result
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of Mané [Man 83|, [Man 83a] which states that a C* generic diffeomorphism on a
compact connected manifold is either Anosov or has zero metric entropy.

In this chapter, we want to investigate the question of uniform and non-uniform
hyperbolicity from a slightly different point of view: we fix a dynamical system and
look at the set A of all bounded measurable SL(2,R) cocycles over this dynami-
cal system. In reality, the cocycles are coupled with the dynamical system but we
think that understanding of general uniform and non-uniform cocycles over a fized
dynamical system could also help to understand some differences between uniform
and non-uniform dynamical systems.

There is a subset P of the manifold A of measurable SL(2,R) cocycles, where the
Lyapunov exponents are positive almost everywhere. We have shown [Kni 2] that P
is dense in the L™ topology and that P \ intP is not empty if the dynamical system
is aperiodic [Kni 1]. P contains an open subset S, where the cocycles show uniform
hyperbolic behavior. Ruelle’s theorem (we will give in this chapter again a proof)
tells, that Lyapunov exponents depend real-analytically on S. Together with our
discontinuity result, we know that for aperiodic dynamical systems P \ § is never
empty.

This chapter can be viewed as an appendix to our above mentioned works [Kni 1]
and [Kni 2] and is organized as follows: we formulate and reprove a theorem of
Wojtkowski which is a criterion for showing positive Lyapunov exponents almost
everywhere. It is the only criterion, which works over general dynamical systems. It
says, that a measurable invariant cone bundle, which is strict invariant on a sweep-
out-set of positive measure implies positive Lyapunov exponents almost everywhere.
We prove a remark which says that this criterion is also necessary.

Next, we formulate some equivalent definitions for uniform hyperbolic cocycles. Such
cocycles have been investigated by Ruelle [Rue 79}, who showed that in this open set
&, the Lyapunov exponents are depending real analytically on the cocycle. Ruelle
gave also explicit formulas for the Fréchet derivative. We reprove this and illustrate
his formula by calculating the derivative of the Lyapunov exponent on a special
curve. This result illustrates that the derivative can get big in modulus, if the sta-
ble and unstable co-invariant direction fields get close.

Ruelle also defined a rotation number for measurable SL{2,R) cocycles [Rue 85).
This rotation number is not unique. It is defined for cocycles with values in the
universal covering of SL(2,R) and the rotation number depends on the chosen lift.
In certain cases, one can define a rotation aumber which is unique modulo 27. One
of these cases is treated by Herman [Her 83|, who defined a rotation number for
continuous cocycles homotopic to the identity.
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The Lyapunov exponent and the rotation number can be joined together to a com-
plex function w = —A + ip defined on the space L*(X, SL(2,R)) of cocycles taking
values in the universal covering group of SL(2,R). In the theory of discrete Jacobi
operators, (where no universal covering is necessary because of the special form of
the cocycles), the number w is the Floguet exponent and a result in [Dei 83} shows
that there is then a link between the Lyapunov exponent and the rotation number.
We believe that this should be the case also in the more general set-up of general co-
cycles but have no results in this direction. Instead we will prove a relation between
the Lyapunov exponent and the rotation number which says that local constance of
the rotation number along a circle 8 — AR(B) (where R(8) is a rotation about an
angle f), is equivalent with 4 € S.

There are different types of spectra which can be defined for matrix cocycles. First
of all, a cocycle A7* is an element of a C* algebra which is the crossed product of
L=(X,M(2,c)) with the dynamical system. It can also be viewed as an operator
acting on L*(X, C?) acting as u ~ Au(T!) generalizing the Koopman operator in
ergodic theory. For almost all z € X, A7* defines an operator on (C?) defined by
(Au), = A(T"z)u,_, leading to another spectrum which we call individual spee-
trum. An other spectrum is the Sacker-Sell spectrum which is defined to be the set
of complex numbers z such that z - A has exponential dichotomy on L?(X,C?). In
the end of the chapter we will have a look at such spectra.

2 Invariant cone bundles and nonuniform hyper-
bolicity

A dynamical system (X, T, m) is an automorphism T of a probability space (X, m).
We define the Banach manifold A = L*(X, SL(2,R)) in the real Banach algebra
X = [*(X,M(2,R)). The elements in X are called matriz cocycles. We use the
notation A(T) for the cocycle z — A(T(z)) and write A® = A(T"!)... A. For an
element A € X the Lyapunov ezponent is defined as

M4,z) = lim n™'log||A™(z)|

and the integrated Lyapunov exponent M(4) = fy A(A4,z) dm(z). We define the set
P C A as the set of SL(2,R)-matrix cocycles, where A(4,z) is positive for almost
alz € X.
A cone is a closed proper subset in R?, such that for a,b € C, also a + b € C and if
a€CandteRt thent-a € C. A cone C is determined by two vectors ¢ (),
namely

C={ver |3, taeRt, v=t;c W + t,¢P} .
A measurable cone bundle C is a map z — C(z) U (—C(z)), where C(z) is a cone
and where the two mappings

cWe®. xR
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determining the cone bundles are measurable.
We identify the one dimensional projective space P! with R/(7Z) and identify an
element in P! with an angle in [0, 7). Define the mapping

R*\ {0} = P, v T €[0,7),

where ¥ is the angle v makes with the first basis vector e () = (1,0) in R? taken
modulo 7. We define on P! the metric

lu®—u @) =]sin(uV—u @),

The cone bundle C given by the mappings ¢ () and ¢ ® can also be described by
two measurable mappings
tWe®: x -p!

and we write

C= [E (1),'5 (2)] R
The notation AT means Ac. If we assume to have given an orientation on P! it
makes sense to speak of intervals in P! and the cone C(z) is just represented by the
interval [¢ ((z),& @®(z)] in P
We say a cocycle A € A admits an invariant cone bundle if there exists a cone
bundle [¢ M),z )] such that for almost all z € X, there exists ¢ = (z) > 0 with

[A(z)e (), Alz)e P (2)] € [e D(T(2)) + €(z),8 P(T(x)) - ()] -

We have not changed the notation when A(x) acts on P! instead on R?.
We say, that A admits a strict invariant cone bundle if there exists ¢ > 0 independent
of z such that for almost all z € X

[A(z)e D(z), Az)e B(z)] € e D(T(2)) + 6,¢ DT (=) - .

The following theorem of Wojtkowski states that invariant cone bundles give positive
Lyapunov exponents.

Theorem 2.1 (Wojtkowski) If A admits an invariant cone bundle [c (V),¢ 9]

then
/\(A)Z/Xlog%dm>0
with

e (T) - 4c M. 14e® ¢ Oy
- [e B(T) - O(T)]- |4 @ — 4z O]

We took the formulation in [Woj 86]. In another form, the theorem has been proved
in [Woj 85]. Because we have changed the language a little (we have a measurable
cocycle, where Wojtkowski has a piecewise continuous cocycle being the Jacobean of
a piecewise C! mapping on a two dimensional manifold) and used another notation,
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we will give again a proof.

We need preliminary lemmas for the proof. The first lemma is an Abramov type
result (formulated by Wojtkowski) which relates the Lyapunov exponent of A with
the Lyapunov exponent of the derived cocycle Az.

Lemma 2.2 If (X,T,m) is ergodic and Z C X has positive measure, then

For a proof see {Kni 1].

Define the function F : R? = C by
v = (vy,v2) = F(v) = (vg - )2
For a matrix
A€ SL(2,R)* = {A € SL(2,R) | [4];; > 0}
define
p(A)= inf F(Av).
The functior p as a kind of norm in SL(2,R).

Lemma 2.3 (Wojtkowski) For 4, B € SL*(2,R),
) lAll 2 p(4)

) p(AB) 2 p(A)- p(B),

)

)

o 8

C

A2 5 )=ty oo,

d) Ay 2By, 1,5=1,2= p(A) > p(B)
Proof.
a) Take v = (1,1). Then ||4]| > 2 -1?72 > p(A).
b)
P(AB) =  inf F(ABv)
v =
F(ABv)
2 B FB)  Al9n B
= p(A)-p(B).

c) Direct computation: take the vector v = (r,r~!). Then F(v) =1 and
F(Bv) = (ar + br =) (cr + dr )2
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The infimum is attained for r* = (bd)/(ac) which gives the result.
d) Follows from c). |

Corollary 2.4 For A € L=(X,SL(2,R)*) one has

MA) 2 [ log(p(4)) dm .

Proof. Using lemma 2.3 b), one has

A(4)

n—1
Jim o~ /X log||A"]| dm > lim n~! /X tlog( [T A(A(T*))) dm
k=0

n-1
Jigy 1™ [ X 0g(o(A(T)) dm = | log(p(4)) dm
=0

(m]

Proof of the theorem of Wojtkowski. We can assume without loss of generality that
the dynamical system is ergodic because the general result is obtained by integrating
over the Choquet simplex of ergodic invariant measures.

Assume A € A admits the invariant cone bundle C = [¢) +2®)]. We find a
sequence of measurable sets Y; with m(Y;) — 1 such that the derived cocycles
A| := Ay, over the induced dynamical systems (V},7;,m;) have a strict invariant
cone bundle C; which is just the restriction of C onto the set ¥;. (Note however that
this does not imply that A, is uniformly hyperbolic because 4, is not bounded in
general.) From Lemma 2.2 we obtain for n — co M4;) — A(A). We get

|z ®(T) - A M].14c @ —¢ (1)(T)|

[e @(T) - O(T)| - |4z @ — Ag ]

sin(¢ B(T) — Ac W) - sin(Ac @ —¢ O(T))

sin(e &(T) — ¢ I(T)) - sin(Ac @D — Az M)

(cot € A(T) — cot AT 1)) - (cot AT @) — cot T )(T))
(cot€ B(T) — cot T M(T)) - (cot AT @ — cot Az )
= [cot Az M), cot Az @), cotT W(T),cotT (T)),

£ =

where [i1, p2, 43, 4] is the cross-ratio which is independent of the coordinate system.
Take in the fiber over z the new basis ¢ ()(z), ¢ ¥)(z) and assume that for each I € N
the coordinate transformation from the standard basis to the new basis is given by
the bounded measurable mapping

D;:Y, - SL(2,R).
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In the new coordinates, the cocycle
= DI(TI)AzDi_ 1

is a cocycle with values in SL*(2,R) and ome has A(4;) = A(B)). The cocycle
B; € L*(X,SL(2,R)*) maps the cone bundle

D(Ci) = {v = (v1,23) | w10 > 0}
inside the cone bundle D,(A(C))). Denote by
Efz) = ( ‘c’((g Zg)) ) € SL*(2,R).

a cocycle which maps the cone bundle C; exactly on D;(A(C))). Because such
a cocycle E; satisfies [Bj];; > [Ej]ij, we have with lemma 2.3 d) p(B)) > p(E)).
Because the cross-ratio is invariant under coordinate transformations, we can write

£(z) as

olz) dx), _ ala)d(e)
0G0 = Hotw >
We check

_VE+1
\/a_al+s/b_—\/5__1

and get with lemma 2.3 d) and corollary 2.4

NA) = MB) 2 [ log(p(By) dm,
/Y, log(p(Ey)) dmy
/ log((ad)”"' + (b)V2) dmy

=/1

The claim of the theorem follows after takmg the limit [ — oo.

A(A)>/log‘/_dm>0.

\

3 The converse of Wojtkowsky’s theorem
The theorem of Wojtkowski can be reversed. The idea for this remark is a slight

modification of the concept of the Lyapunov metric. We refer to [You 86}, where we
take the essence for the following result:
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Theorem 3.1 [f A € P then A admils an invariant cone-bundle.

Proof. Fix A € P and call A := A(A) and for i = 1,2 denote with W{)(z) the two
measurable co-invariant direction fields. Let w(?(z) be a unit vector in W{(z) and
denote with e ) and e ® the usual basis in R%,

We show first that there exists a measurable map B : X — GL(2,R) such that

B(T)AB™! = Diag(u,v)

with ¢ > €2 and v < e7¥2,
Define for £ € X the matrix B(z) through

B = (3|4 Ofa) | ) Ofa),
n=0

Bl @ = (3 |A"(z)w @(c) | ) tu O() |
n=0

‘We show now that

|B(T(z)) ™ A(z)B(z)e | 2 e¥2.
If we define for & € N the number

si(z) = |A (T z)w WD(Tz)|eM?
we can write

B(z)e M = (i 5_15_9...5-n) tw ((z)

n=0
and

]B(T(z))'lA(z)B(z)e (1)|
E:?- $95—-1...5-(n-1)
M OO0l 2

Alz)yw D(z)] - 55+ Zuz1 0521 $-(a-)
|A(z)w X(z)] - 5o T o S0 5

Ao O(@)] - 50
Az} V@) |4 @y V@)le™? > &2

In the same way one checks, that
|B(T(z)) ! A(z)B(z)e @ | <e 2.
To construct an invariant cone bundle for the cocycle A, one just takes an invariant

cone bundle C(z) for the diagonal cocycle B(T')"* AB. The image B(C) is then an
invariant cone bundle for A. o

Remark. Unlike in the case of uniform hyperbolicity to which we will turn in the
next section, the diagonalisation in the above proof is in general not possible in a
bounded way.
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4 Uniform hyperbolicity

‘We consider now the open set
S={A€eA|3C€ A 3>, [C(TVACTY;; > ¢} -

Ruelle ([Rue 79]) defined S as the set of cocycles leaving strictly invariant a cone
bundle. We will prove the equivalence of these two definitions and also reprove the
result of Ruelle which says that the Lyapunov exponent A : S — R is real analytic.
We consider a simpler case than Ruelle because we deal only with 2 x 2 matrices.

The next lemma of Wojtkowski [Woj 85] gives an estimate of the Lyapunov exponent
in the uniform hyperbolic case.
Lemma 4.1 (Wojtkowski) If A € SL(2,R)*, [A];; > € then

p(A) 2 (1+28)'/?

and so )
A(4) 2 > log(1 +26%) .
Proof. f A= ( z 3 ) and w = (w;, wy) with F(w) = (wjw;)*2 =1 then
FlAw) = (aw) + bwy)/*(cwy + dw,)/?
> (ad - be+ 2bc)/? > (14 28)1/2.

0

Lemma 4.2 If A € A has a strict invariant cone bundle then also B = D(T)AD™!
has a strict inveriant cone bundle for every D € A.

Proof. A strict invariant cone bundle C = [¢ (U, @] satisfies
AC)=[Ae M A D) ceWD+62P — ¢
and the cocycle B = D(T)AD™! has the strict invariant cone bundle D(C). o

Lemma 4.3 Given two measurable mappings
i93®. x e
such that for some € > 0 and almost allz € X
@) -2%) | 2,
then there exists B € A such that fori=1,2
B(z)d"(z) =9(z) .
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Proof. Let d)(z) be unit vectors in the equivalence classes 3(0(3:). Define the
cocycle E by ) )
E(z)e)(z) = d)(z) .

The cocycle B(z) = E(z)/det(E(z)) satisfies
B(T)*ABe" = &9 ,
Because for almost all z € X
@0 -2%@) 2 €

we have
det(E(z)) > Const - €

and B is bounded. In]

Lemma 4.4 Given A,B € A with C(T)AC™' = B. There erists T > 1 such that
foralln €N
I |IBY @)l < J|A™@)I| < T ||B*(@)]] -

Proof. We have C(T")AC~! = B". The claim follows with
T ={liciit- el

Proposition 4.5 The following statements are equivalent:
e) A€S.
b) The cocycle A admits a strict invariant cone bundle.

c) If w9 € WO then there ezist T' > 0,a < 1 such that for almost all z € X and
allneN

A~ (=) O(a)|
A=) B(a)]

Ta*lw V(z)]|,

<
< Totjw ®(z)| .

d) 3C € A such that C(T)AC™ = Diag(y,7™)) and y(z) < /2 < 1.

Proof.
b) = a): Assume A admits the strict invariant cone bundle C = [¢ (), @] with

[A2, AP C e + 5, P — g},
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By Lemma 4.3, there exists E € A with Ee®¥) = &9, where () is the standard basis.
The cocycle B = E(T)AE™! has the strict invariant cone bundle

D =[d%(z),a (=) = [o,7/2),

because E maps the cone bundle C into D and A(C) into
AD) = [42 V(2), 47 ®(2) ¢ [ Ve) + SIEN,E D) - BN -
We have therefore
[Bl:; > tan([ILEI)IIBIIT

which shows that A € S.
a) = b): Assume A € S. There 3F € A and € > 0 with [F(T)AF~');; > ¢. Because
B = F(T)AF~! admits the strict invariant cone bundle

Cla) = [e Va),e z)) = [0,7/2]
satisfying

[Bz X(z), Be ®(z)] C [arctan(el||B||| ™), 7/2 — arctan(el|| BI|| )] ,

the cocycle A admits the strict invariant cone bundle F~1C(z) (Lemma 4.2).
a),b) = c): Assume A € S. There 3F € A and ¢ > 0 with [F(T)AF-Y; > e
From Lemma 4.1, we have p(B) > (1 + 2¢%)/2 =: 8 and so ||B*|| > p(B)* > 8"
and therefore A(A) > log(8) > 0. According to Oseledec’s theorem, there exists a
splitting RZ = W W@ W @ which is co-invariant AW()(z) = W)(T'z). We assume

that w M)(z) € C(z) which means that @ ()(z) is the expanding direction.
Because A has a strict invariant cone bundle, there exists 6 > 0 such that

@ O (z) - w B(z)| 2 6.

From Lemma 4.3 we get E € A such that

E(T)"'BE = D = Diag(7,77}) .
We have

1D (@) = 7*(2) = M 1(T'z) .
From Lemma 4.4 follows that there exists ['; > 0 such that

7"(z) = [|D*(2)|| 2 Tu||B™(=)|| 2 T16™ .
There exists I'y > 0 such that
|4 (2)w O(z)] < To|D™(z)e Vz)| =Tay™(z) STy -Tof™,
|4*(z)w @(z)] < To|D™(z)e Pz)| = To(y")(z))! < T2 Tuf™".

IA
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The claim follows now with ' =T, - Ty and a = 5} .

c) = d): Let w')(z) be a unit vector in W()(z). Define for z € X the matrix B(z)
through

Bz)e M = (3 14" (@w Voo Oa)
n—D

B(.’z:)e @ = E lA" (2)(1' Ia n/2) w (2)(1,)‘
n=0

Because we have |A"‘(:c)u; M(z)| £ a"T and |A™(z)w @(z)] < o"T, both sums
2 1A (@)w D(@)a=?), 3 AN @)w B(z)|o/2)!
n=0 n=0
converge to positive limits. The cocycle C(z) = B(z)/det(B(z)) can be diagonalised
D(z) = C(T(2))™' A(z)C(z) = D(¥(z),7"*(z)) = Diag(y,7™")
and we calculate like in the converse of Wojtkowsky’s theorem
IMz)| = ID(z)e V| = |B(T(z))} A(z) B(z)e V| < /2

d) = a): Assume C(T')AC~! = Diag(y,7™!) is diagonal with v(z) > a!/2. Define
€:= (@ — a™')/2 > 0. With the rotation R about the angle —/4 one gets

R(T(z)) o Diag(y(z),7™"(z)) o R™}(z)
( (v(z) = (=) /2 (v=z) +(z)N)/2 )
(@) +v(=z) /2 (v(z) = v(=)™1)/2

and A€ 8. o

5 Analyticity of the Lyapunov exponent

The space
U=L>(X,p)

is a real-analytic Banach manifold. We will write in this paragraph for @(z) € P
simply u(z). Given u € U lying in a cone bundle C = [c ), ¢ @). We can look at
the cone bundle C As a neighborhood of u in Y. The mapping

C—L2X),ve (v—u)

maps C into a neighborhood of 0 in the Banach space L®(X). A collection of cone
bundles C' together with such mappings gives an atlas of the Banach manifold U.
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We can redefine a cone bundle to be a nonempty convex simply connected closed
set in the manifold i.

Also the group A = L*(X, SL(2,R)) is a real analytic Banach manifold in the
Banach algebra L*(X, M(2,R)) and A is acting on ¥ in a natural way: define

Y AXU - U, (A ) > Au(z) = AT 2)u(T'z) .

We can say that a cone bundle C is strictly invariant if A maps C into its inte-
rior. Oseledec’s theorem can be restated in saying that for A € P the mapping
84(-) = ¥(4,") has exactly two fixed points w I)(A4),w @(A). A part of Proposi-
tion 4.5 can be reformulated in saying that that A € S if and only if there exists a
nonempty convex simply connected set C' C I which is mapped into its interior by
d4.

A differentiable mapping ¢ on a Banach space is called hyperbolic if the derivative
d¢ is a linear hyperbolic operator. A fixed-point P of ¢ is called hyperbolic, if d¢(P)
is hyperbolic. A fixed point is called stable if it is hyperbolic and if the spectrum
is inside the unit disc. It is called unstable, if it is hyperbolic and if the spectrum is
not intersecting the unit disc.

Lemma 5.1 For A € S, the two fized points w O, w ® of ¢, : U — U are hyper-
bolic fized points. One is stable, the other is unstable.

Proof. If F(T)AF~! = B, then the mappings ¢, and ¢p are conjugated. To see
this we write ¢4 = AT*, where

iU Uu e (T
and Au(z) = A(z)u(z). This gives ¢p = Fpo F ', because
¢p = Br = —F—¢A-F‘—l = ﬂT‘Fﬁl .

From this fact follows that d¢g(w?) = dFdg,dF~1(Fw') and dg 4, dpp have the
same spectrum.

We apply this now to A € § which is cohomologous to a diagonal D = Diag(v~,7)
with 7(z) < @ < 1. We can calculate the derivatives dgp : L®(X) — L=(X) at the
two fixed points w M) = 0 and w @ = 7/2 as

dép(0)f(z) = Y2)’f(T7'2),
dép(n/2)f(z) = ()2 f(T '),

because the diagonal cocycle D is acting on V as u — arctan(7? - tan{u)) which has
around u = 0 the linearisation © — 42 - u. From the fact that 1(z) £ @ <1 and
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771 > a7! > 1 follows that the spectrum of dop(7/2) is located outside the disc
with radius a~2 and the spectrum of d¢p(0) is located inside the disc with radius

o2 a

The above lemma can be reversed. The existence of two hyperbolic fixed points for
¢4 implies also that A € S. We prove this later.

Proposition 5.2 Given A € S there exists a neighborhood N of A and neighbor-
hoods V) of w(A) in U such that the mappings w® : N = V) are real analytic.

Proof. Given A € S and assume that A has the cone bundle C strict invariant.
Take a neighborhood M of A such that a cocycle B in AV has also the cone bundle
C strictly invariant. The set V = int(C) is an open neighborhood of w ({A). We
have a mapping w : N’ — V which assigns to a cocycle B € A the fixed point of ¢p
in V: ¢4(w(A)) = w(A). The mapping

YN XV oV, (4,u) dau

is real analytic. Because the spectrum of ¢, doesn’t intersect the unit circle, the
linear mapping

dpg —1d: L®(X) — L=(X)
is invertible. By the implicit function theorem, there exists a real analytic mapping
w: N — V such that ¢4w(A) = w(A). This implies that the fixed point w ) € V
depends real analytically from A. The same can be shown for the other fixed point
where one has to take the cone bundle If — C which is strictly invariant for A~1. O

We give now the proof of Ruelle for the following theorem
Theorem 5.3 (Ruelle) The mapping A: S — R is real analytic.

Proof. Given A € § which has the fixed points w® in U. Denote by v(z) a unit
vector such that B(z) = w ()(z) and with w(z) a unit vector orthogonal to w ®(z).
We can write

A(A) /log |A(z)v(z)| dm(z) = n? /log[A"(z)v(z)] dm(z)

Jim 0! / log(w(T"z), A*(z)v(z)) dm(z) .

The last equation was obtained because
(w(T"z), A(z)o(z)) = |[A(2)o(2)] - (w(T"z),v(T"2)) ,

where the scalar product on the right hand side is bounded away from zero. The
formula

N4) = lim o™ / log(w(T"z), A*(z)v(z)) dm(z)
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is still correct if we replace v and w by functions in U close enough to v and w.
By definition we have (w(T'), Av) = 0. Therefore {(A*w(T),v) = 0. The element
w € U is a fixed point of the cocycle A* which is a cocycle over the dynamical system
(X, T, m).

We can calculate now the Fréchet derivative d) For U € L®(X, M(2,R)), we get

(AU Jim n“ld( / log{w(T"z), A™(z)v(z)) dm(z))U

i gl (0(T), AP A ()
= lm Z; (w(T"z), Ao(z))

_ {( A‘)"'k(T“z)w(T":z),UA""I(:c)v(:t))
Jig ™ Z (AT z)w(T"z), AFv(z))
_ (W(Tx),Uv(x))
= [ ay -

dm(z)

dm(z)

The mapping

{w(T),Uv)
(w(T), Av)
is real analytic in A and U because it is linear in U/. The mappings A — w'¥ are real
analytic. So, A — dA(A) is real analytic and hence also the mapping A — A(4). O

A,U)~ € L™(X)

6 Illustration of the formula of Ruelle

We want to illustrate this formula of Ruelle for the derivative of the Lyapunov ex-
ponent by calculating the directional derivative along a special curve in A.

Denote by R(f3) the constant cocycle in ©@ = L®(X, SO(2,R)) which assigns to all
z € X the matrix belonging to a rotation about the angle 8. For each A € A we
have a circle
B A(B)= R(B)A.

We call this circle Herman circle. A result of Herman (see [Kni 1]) implies that
the Lebesgue measure of values § with A(A(B)) > 0 is larger than 1 — 1/A(A).
Roughly speaking: as bigger as the Lyapunov exponent is, as longer we stay in P
when moving on the circle 8 — R(B)A. We assume now that A € S and we want
to calculate

d
@/\(A(ﬁ))
at the parameter 8 = 0. With
R(e)A(B) = A(B) + oU(B) + O(a®)
we obtain

U(B) = lim o™ (A(a + B) — A(B)) = JA(B) ,
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0 1

where J = ( -1 0

). With the above formula of Ruelle we have

d, o [((Ta)JAve) [ (@) Ju(z)

350 = [ s mten, = G -
If we denote with w(z) the angle between w ()(z) and w ®}(z), we have

{w(z), Jv(z)) = cos(w(z)),
(w(z),0(z)) = sin(w(z)),
and so

diﬂ,\(p) = /cot(w(z)) dm(z) .

1)

This formula tells us that the Lyapunov exponent can change drastically if the stable
and unstable direction fields are close together. We get also the following corollary.

Corollary 6.1 The Herman circle f — A(f) can not lie completely inside S. We
always pass a region with zero Lyapunov ezponents or a region with nonuniform

hyperbolicity.

Proof. We calculate from Formula 1 the second derivative
&2

dw
0=~ / 35 *sinlw)? dm

which is negative because dw/df > 2. A periodic real-analytic function can not

have everywhere a negative second derivative.

As an example, we can calculate for a trigonal cocycle

A= (5 %))

the derivative d/dBA(A(SB)) at the point § = 0.
We have w (U(z) = 0 and w ®(z) = w(z). Then

¢ cos(w(z)) + b{z) - sin(w(z))
¢ sin{w(z))

cot{w(Tz)) = = % cot{w(z)) + b(z)c

and after integration

%A(A(ﬂ)) = [ cot(w(a)) dm(z) = == [bdm.
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The same formula is true for

10=(4y &)

We apply this to the Standard mapping on the torus T2 = R?/(2772):

= z +y + vsin(z)
Sk ( y ) - ( y + ysin(z)) )
which has the Jacobian cocycle

_ (147 cos(z) 1
aa= (13 1)

It is an open problem, whether there exists a parameter v such that the Lyapunov
exponent of A = dT, over the dynamical system (72, T,,m) is positive. One mea-
sures numerically the value

log(7) .
On the Herman circle A(3) = R(B)A, there is the point

2—1/2 0
A(-7/4) = 2-1/2 4 9U/2%y . cos(z) 2V/2

lying in S. As an application of the above formula we can calculate the derivative

d
—A(-n/4)=V2.

AT = V2

A side remark. We take the opportunity and mention what Herman’s result implies
in the case of the Standard map. Given

w0=(F 4G).

Herman’s estimate gives

/ MA(B))dE > 6 = /x log‘/(c-“;_l )2+ b2 dm .

This implies that the measure of the set
{8 € 7| MA(8)) > 0}

can be estimated from below by 6/(6 + v/2) because the Lyapunov exponent of
AM(A(B)) can not get bigger then § + v/2. For ¥ — 00, the measure of this set goes
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to 1.

‘We add an other application of formula 1. Consider the dynamical system (X,T,m) =
(T}, z — z+ @,dz) and the cocycle

A(z) = R(z)Diag(c,c™)

where R(z) is the the rotation about the angle x and ¢ is a constant ¢ > 2. The
above estimate of Herman gives

C+C

[ A8 > tog(“E)

On the other hand
A(4) = MA(T™)) = MR(n - a)A)
implies that the mapping 8 — A(8) is constant. Because the second derivative of

A(A(B)) is always negative, whenever A € S, we conclude that the Herman circle
A(p) lies entirely in P \ S.

7 Relation between Lyapunov exponents and ro-
tation number

A rotation number for SL(2,R) cocycles is a mapping p : A — R which measures
how much a vector v rotates in average under the evolution n — A"(v). Because
a canonical definition of a rotation number is in general not possible, one is forced
to look at cocycles with values in the universal covering group SL(2,R) of SL(2,R).
A definition of a rotation number in this case has been given by [Rue 85]. We will
review here his definition and the properties.

For A € SL(2,R) we denote with A its projection onto SL(2,R). We can make polar
decomposition of A by o

A=R(#(A))o|A],
where |A| = (AoA‘)l/ 2 and R(¢) is in the universal covering group of SO(2,R). We
can think of R(¢) as a rotation about ¢ € R. For two elements 4, B of SL(2 R) one

has o ~ _
[¢(Ao B)— ¢(A) ~¢(B)| <« (*) .
Proof. One can write

AoB = R(¢(A)+ ¢(B))o R(~¢(B)) o |A| o R(¢(B))o|B]

R(¢(A)+ ¢(B))oPoQ,

where . . oL
P = R(-¢(B)) o |A] o R(¢(B)
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and Q = |B| are positive selfadjoint. The claim follows from the fact, that [6(PQ)| <
7. We take on SL(2,R) the "norm”

NAIl = 11411 + l#(4)]

which allows to give the distance ||A — B|| Let A be the space L(X, SL(2, R)) of
all measurable mappings from X to S L(2 R) with the topology

A - Bill =1 14 - Bl | -

As in A we use the notation
A™(z) = AT Y (=)o...0 Alz).

Theorem 7.1 (Ruelle) The limit

p(A,2) = Jim 0 9(A"(a))
exists for almost ell x € X and is T invariant. The rotation number

o(4) = [ (4 z) dm

depends continuously on A.

Proof. Fix m € N and write a number n € N as n = km + r, where k,m > 0 and
0 <7 < m. We get from (*)

-1
(km)~![(A") — $(A"(T*™z) Eqs A™(T™2))| < (km)~Ykr = 7/m .
i=0
Birkhoff’s ergodic theorem implies that
Jim (Jm)~ 2 $(A™(T™z))
i=0

exists for almost all z € X. Because m can be chosen arbitrarily big and for
¢ € L*(X) i
Jim (k)" A"(T*"z) = 0,

we have -
Jim (A (@) = fim (km)™' Y G(A™(T™2))
oo i=0
Clearly p(4,z) = p(4,Tz).
We want to see now that the mapping

p:.;l—vR
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\N

is continuous. We know that for n — co
pu(A) = [n719(Am)dm — p(4) .

From (%) we have . . .
[p24(A) = pu(A) — pu(A) | <77
and so R _
|p2“n(‘4) - p2"’n(A)’ < 2_(k_1)n_l7r .

Summing up gives _ .

lo(A) = pa(A)| < 4n7'x .
The sequence p, of continuous functions on 4 is uniformly convergent. Therefore p
is continuous. O

There is a connection with Herman’s rotation number [Her 83] which is defined
if we have a dynamical system (X,T,m) such that X is compact metric and T
a homeomorphism which leaves invariant a Borel probability measure m. If X is
connected, A € C(X,SL(2,R)) is homotopic to the identity and one can define a
rotation number which is unique up to 27. ([Her 83]). If A is homotopic to the
identity, one can define a continuous lifting A:X-> SL(2,R). If Aj and A, are two
liftings of A then . B
AAy" = R(¢(x)) ,

where ¢(x) is a continuous mapping X — Z. Because X is connected, ¢ must be
constant ¢ = 27k. This implies that

(A1) = p(Az) + 27k .

Define . _
S={A|A€S}.

Lemma 7.2 The rotation number p is constant on every connected set in S.

Proof. It is enough to prove that p is locally constant in &

The projection A of A admits a strict invariant cone bundle C = [c ), ¢ @} and there
exists a neighborhood N of A which has the same cone bundle strictly invariant.
Take a neighborhood A of 4 such that

Ncl{AdeA|AeN}.
Take B € N. Because

#(4"(z)) = (B"(@)] < |e D)) — e V(z)| < =,
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we get p(A) = p(B). m]

We want to reverse now the above lemma showing that the set S is characterized by
the fact that the rotation number is there locally constant along the Herman circle

B A(B) at B =0.
Given A € A we look at the function
B o(R(p)A).
In contrary to the rotation number p, the difference
pa(B) = p(R(B)A) - p(A)

is independent of the chosen lift.
To every A € A is like this assigned a continuous circle mapping

pa:T—T

which is not invertible in general because we have just seen that it is locally constant
when A(f) € S.

Proposition 7.3 A € § if and only if there is an open interval I containing 0 such
that ps(8) =0 for B € I.

We need some prepara.txon for the proof. In the same way as A acts on P, a lift A of
A acts on the covermg P of P which is isomorphic to R. We write @ for an element
in P. The fact that P allows an ordering allows also an ordering of A:

A<B &3>0, A(z)i < B(z)i—e¢, ae.

for all % € P.
The next Lemma shows that the rotation number

p:A—R
is continuous and monotone.

Lemma 7.4 Assume A < B < ~C‘ .
a) There exists a neighborhood N' of B with

A<N<C
b) . . "
p(A) < p(B) < p(C) .
c) If p(A) = p(C), there erists a neighborhood N' of B such that for B, € N
p(A) = p(N) = p(C).
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Proof.

a) I |}|B, -—Bm < € then for every @ € P and almostallz € X IBl(x)u B(z)ul <e
b) From A < B < C follows A" < B* < C* and so HAYY -7 < ¢(B") <B")+.
¢) Using a), there exists a neighborhood A" of B such that for B, € &/

A<B <C.

From b) follows ; _ ;
p(A) < p(B1) £ p(C) .
The claim follows from the assumption

p(A) = p(C) .
o

Proof of the proposition. We have already seen the = direction. Assume now that
pa(B) =0 for B € I, where I = [~¢,€]. The aim is to construct a strictly invariant
cone bundle.

Define

A = R(-¢/2)A,
Ay = R(e/2)A

For § > 0, we denote with NV; the é balls around A;. Because P is dense in A (see
[Kni 1]), also P is dense in A and there exists B; € A; with B; € A; N P.

Because of the above lemma c) we have for § > 0 small enough o(B)) = p(4) =
Denote by w; one of the two co-invariant direction fields of B; and look at the cone
field

E=[w1,w1+e—6] .
We claim that every T X B, invariant probability measure u on X X P satisfies
1(E) = 0. To prove this we use that

By(2)iy(z) = @iy (z)
while R

By(z)iy () > @y(z) +e— 6

so that . B

p(Bz) 2 By + u(E)2r .

Choose a generic pomt z € X for which the rotation number p(4, z) exists and take
a point @,(z) € P on the Bj-co-invariant direction field. We compare the orbits of
(z, %) under both skew-products

TXél,TXBQ.
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If after n steps, the orbit of (x,) of (T x B;)" has hit k(n) times the set E then
we must have ¢(B3) > ¢(B}) + (k —1)2x. According to Birkhoff’s ergodic theorem
the sequence k(n)/n converges for n — oo to p(E) and we get

p(B2) 2 By + p(E)2r .

Especially for the T x B, invariant measure o with support on the direction field
W, of By, we have py(E) = 0. The sector bundle C = [w;, wy] is strictly invariant
for B := R(¢/2)B; and it is mapped into the sector bundle

[T, + ¢/4, @y — /4]

if § is small enough. Because |||A — BJ|| < 4, also the sector bundle [, ;] is
mapped into [@; + ¢/8,; — ¢/8] by A for § small enough. Thisshows A€ S. 0O

8 Overview: spectra of cocycles

Denote by X’ the crossed product of L*(X, M(2,C)) with the dynamical system.
Elements in X' have different kind of spectra. First of all, they have the spectrum
as elements in the C* algebra X'. There is a representation of X in B(L?(X,C?))
defined by
Ku=Y K,u(T")
n

and a representation of X' in B({%(C?) defined for almost all z € X given by

(K(@)u)n =Y Knem(T™z)u,, .

Both representations give spectra and if T is ergodic, there exists a set & such that
the spectrum of K(z) is T for almost all z € X (see the proof in [Cyc 87]). In
general, when the dynamical system is no more ergodic define

T ={z€cC]|3Y, m;) >0, suchthatVz €Y, z € o(K(z))} .

We call T the individual spectrum of K. It is in general different from the spectrum
of K as an element of the C* algebra X or from the spectrum of K as an operator
on LA(X,c?).

Interesting special operators in X' are random Jacobi operators on the strip L =
AT 4 (AT)" + B or cocycles AT which are also called weighted composition opera-
tors, weighted translation operators or transfer operators. An important special case
is A=1, when K = 7" is Koopman’s operator for the dynamical system (X, T, m).
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Cocycles A7* are discrete versions of linear differential operators d/dt — a(t), where
a spectral theory has been developed by Sacker, Sell [Sac 78], (see also [Joh 87]). We
will consider here operators defined by a function A € L*(X, M(2,R)) or a function
A € L~(X,SL(2,R)).

In the case of A € L*(X, SL(2,R)), one can define the following other type of spec-
tra for cocycles.

o The Sacker-Sell spectrum is defined by
{z€c]||z]- A has exponential dychotomy} .

Exponential dichotomy will be defined later and means roughly speaking that the
operator acting on L2(X, C2) has a stable and/or unstable fiber bundle invariant.

o We define a Herman spectrum by

zj;z" z—z~!
{zec|Alz)= ( 2 B ) A is hyperbolic} .
T T2

Parameterized cocycles with |z| = 1 have been considered by Herman [Her 83] who
mentioned there that the Lyapunov exponent can be written with an abstract Thou-
less formula as

Xz) = [ log(lz - #] k() + g(2)

with a harmonic function g and a measure dk having support on the set, where A(z)
is not uniformly hyperbolic. Having in mind the Schrédinger case, where the sup-
port of the measure (density of states) is the spectrum of the operator, it is natural
to think of the support of dk as a spectrum also.

o We define a Schrddinger spectrum by
{zeC|VC, [C(T)AC Yy =0= C(TYAC + ( g 8 ) is hyperbolic} .

This definition makes sense, when the dynamical system (X, T, m) is aperiodic, be-
cause there exists then always C € L(X,SL(2,R)) with [C(T)AC ™Y = 0. In
other words, the Schrédinger spectrum of a cocycle is just the set of points z in
the complex plane such that a conjugation of the cocycle is a transfer cocycle for a
discrete Schrodinger operator having z in the spectrum.

The Schrddinger and the Sacker-Sell spectrum are invariants of the cocycle because

conjugation doesn’t change it. On the other hand, the Herman spectrum, which is
lying on the unit circle for real cocycles is not an invariant of the conjugacy class.
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We will consider here only the Sacker Sell and not the Herman spectrum and not
the Schrddinger spectrum. The aim is to show that the Sacker-Sell spectrum is the
same as the spectrum of K as an operator on L?(X,C2).

For more information on cocycles treated as operators, we refer to [Gro 90] and the
extensive work in [Lat 91].

9 The individual spectrum and Lyapunov expo-
nents
Define
W={KeX|K=Ar}.
There is a simple relation between the individual spectrum of K = A7 and the

Lyapunov exponent of A:

Proposition 9.1 Assume (X,T,m) to be ergodic. Given A € X,K = A7, where
A € L™(X,M(2,R)). Then the Lyapunov ezponent of A, MA) is related to the
spectral radius of K(z) through

™ = rspec(K(z))
for almost allx € X.
Proof. We observe K"(z) = A™(z)r™. Furthermore, we have the definitions

log(rspec(K(z))) = lim n™" log|[K™(z)|| = lim n™"log||A™(z)]] = A(4) .

n~ oo

m}

This proposition tells us, that the problem of Lyapunov exponents is a spectral prob-
lem. In the theory of random discrete Schrédinger operators, the Thouless formula
gives another, deeper relation between Lyapunov exponents and the density of states.

In the finite case |X| < oo, the spectrum of K as an operator K = A7* on the
finite dimensional space L%(X) is a discrete point spectrum which can be calculated
explicitely:

Proposition 9.2 Assume |X| = N is finite and T is a cyclic permutation of N

elements in X. Every K = At* has then pure point spectrum spec(K) = {/\,V N},
where X; are the eigenvalues of AN .
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Proof. Denote by u; € €2 the eigenvector to the eigenvalue X; of AV, If 4; is one
of the N roots of /\i/ ¥ then n vi(n) = p? 1A lu; is an eigenvector of K to the
eigenvalue ;. [m]

Two elements K,L in X are conjugated, if there exists a M € X, such that K =
MLM™. In the case of cocycles K = Ar*,L = B> € W, a special conjugation
is defined, when M is only a multiplication operator M = C7°. We say then, that
K = M~'LM, L are cohomologous. The relation is

A=C"BC(T™).

It follows, that cohomologous cocycles have the same spectrum and the same indi-
vidual spectrum.

The investigation of the spectra of cocycles is a generalization of the spectrum of
the unitary operator 7, which plays an important tool in ergodic theory.

What is the individual spectrum of a cocycle? Let us look first at the simplest
case when the cocycle is trivial L = 7*. It can be seen (with help of a Fourier
transformation) that the individual spectrum is then the unit circle: the operator
7 is acting on 1>(C?) and is a product of operators T acting on (X, C). The later
operator is the shift

({z)e)n = Uy -

The Fourier transform F : u — @ € L*(T) diagonalises the operator 7(z)
Fr(z)F'i(s) = e®ifs) .

We see that in this case L = 7, the individual spectrum does not contain any infor-
matjon about the dynamical system. In contrary to the operator 7(x), the operator
7 acting on L2(X) can have interesting type of spectra.

The approzimate point spectrum called 0,,{L{z)) of L(z) is defined as
{rec|3u, € B(2), [ua] = 1,|L(z)un — Aua| — 0} .

Because the boundary of the spectrum is always contained in the approximate point
spectrum, it is never empty.

Proposition 9.3 The individual spectrum of a cocycle is rotational symmetric.
Proof. The individual spectrum of the unitary operator r is the unit circle and is

the same than the approximate point spectrum. It is enough to prove, that for every
A € 04p(7(z)) and i € 0,4,(L(z)), the complex number A-4 is in 0ap(L(z)). Let up, v,
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be two sequences in I2(Z?) such that |L(z)un — Mta| = 0 and |7(z)v, — pv,| — 0.
We have

IA(x)un-an-l-l - /\l‘“n?}nl
|A(2)tn 410041 = Mtppitnga| + [Atin pVn sy — Mtnpsvn]
[Anyr = Mto| + [A] - [ng1 — pvn|

|L(z)unvn — Apttnvy|

A

and this goes to 0 for n — oo. Therefore A - p is also in the approximate point
spectrum of L(zx). m]

We conclude that the individual spectrum is determined by its radial component.

10 The Sacker-Sell spectrum

There is a discrete version of the Sacker-Sell spectrum for cocycles. We will show
here that the Sacker-Sell spectrum is the same as the spectrum of the operator acting
on L%(X,C?). There is something to prove because the definition of the Sacker-Sell
spectrum was adapted to the original definition of Sacker-Sell in the case of cocy-
cles over flows instead of mappings. What we will have to prove essentially is that
hyperbolicity=exponential dichotomy.

We say, a cocycle A7* € W has exzponential dichotomy , if L?(X,C?) is the direct
product of two measurable sub-bundles H* @ K~ satisfying: for w* € H*, there
Il > 0,a < 1 such that for almost all z € X and alln € N

|47 (2)w*(z)] < Totlw(z)],
|4*(z)w™(z)] < Ta'fw(z)].

Call D C W the set of cocycles having exponential dichotomy.

For the real Banach manifold A of operators K7 satisfying K € L™(X, SL(2,R)) is
defined the open set

S={A€A|3C e ATe>0[CT)AC ;> ¢} .

We have shown already that every A € S is conjugated to a diagonal cocycle: there
exists C € A,a < 1 with

C(T)AC™" = Diag(v,7™)
and y(z) < a < 1. We proved also that S = DN A.
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For complex cocycles A € A = L*®(X,SL(2,C)), we define
S={A€A)3C € A a<1with C(T)AC™! = Diag(y,7}) and |y(z)| < a < 1.
For complex cocycles A € M = L*(X, M(2,C)), we define S to be the union of

8§ = {A€A|3ICE A4 Fa<1, C(T)AC™ = Diag(y,y ), Iy(z)] < e < 1}
s* {Ae M|3Ce ATe<, [CTMAC ()| < 1(=z), [r(z)l € < 1}
§ = {Ae M|3C e A 3a<1,||CMAC (@) > 7 Y(z) (@) < ¢ < 1}.

Lemma 10.1 S=D.

Proof. Every A € S has exponential dichotomy.

Less trivial is the converse direction, namely that exponential dichotomy implies
that A € S. The idea to the proof of this is essentially due to J.Mather [Mat 68
who characterized Anosov diffeomorphisms.

If A has exponential dichotomy on L%(X,C?), then there exists a splitting H =
‘H* @& H~ which is invariant under the operator A and the spectral radius of A
restricted to H* is smaller than 1. Also the spectral radius of A~! restricted to ™
is smaller than 1. (Both H* or 2™ can also be trivial.)

Assume first that the splitting is not trivial. It follows, that the two Lyapunov
exponents are different. According to the multiplicative ergodic theorem, there
exists another invariant splitting = V¥ @ V"~ into two measurable sub-bundles.
We show that V* = H*. Given v € H* € L®(X,C2). For each z € X (A™v)(z) is
approaching v*(z) where v* € V*. This implies that v(x) = v*(z) for all z and so
v € V*. We have shown that H* C V*. In the same way, also H~ C V. From
H=HtOH™ C V'@V~ = H we get H* = V*. For wt € W, there IT > 0,a < 1
such that for almost allz € X and alln € N

[A™(2)w*(z)] < Tea"|lw*(z)],
|A%)w™(z)] < Ta"fw™(z)|.
Let w*(z) be a unit vector in W#(z). Define for z € X the matrix B(z) through

B@)et = (3 A (@)t (@)l ) e (a),
n=0

Bl = (X4 (@) e (@)
n=0

Because |A~"(z)w*(z)| < a"T and |A*(z)w(z)| < a"T, both sums
(2. AT@wt (@)l
n=0

(io A" (Y (z)]a"/2)
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converge and the limit is positive. With C(z) = B(z)/det(B(z)) we can do the
diagonalisation D(z) = C(T(z))'A(z)C(z) = D(v(z),7'(z)) = Diag(y,7™!) and
get [\(@)| = |D(z)e®] = |B(T(z))-! A(z)Blz)e)] < at/2.

In the case when either H* or H™ is the whole space fiber bundle, we proceed
similarly. Assume that H* = L?(z, C%) (the other case is parallel). Define for z € X
the matrix B(zx) through

Bla)et = (3 [A-(@)e (@)la~"2) et (z)
n=0
B(z)e = (io A" (@)e (@)]a~"/2) e~ (z) .

Because |A~"(z)e*(z)| < T, both sums converge and the limit is positive. With
C(z) = B(z)/ det(B(z)) we have C(T(2)) "' A(z)C(z) = D(z)y(x) with || D(z)|| < 1
and |Mz)| € o!/2.

A € Wis called hyperbolic, if the spectrum of A as an operator on L2(X, C?) does
not intersect the circle
{zec]lz =1}

Corollary 10.2 A € W is hyperbolic as an operator on L?(X,C2) if and only if A
has ezponential dichotomy.

The Sacker-Sell spectrum of a cocycle A € A is
OSacker-sell = {2 € C| zA ¢ D}.
This spectrum gives nothing new:

Proposition 10.3 The Sacker-Sell spectrum of A is modulo |2| = 1 equal to the
spectrum of At as an operator on L*(X,C?).

Proof. We know that A € S if and only if 2z ¢ o(A) for all [z] = 1. This implies
that zA € § = D if and only if |z| ¢ |o(A)]. Qa

11 Questions

Some questions.

¢ In the theory of discrete one-dimensional Jacobi-operators one deals with transfer
matrices

3={A(z)eA,|A=(f ‘01),be1;°°(X)},
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b+E -1

1 0
theory of Jacobi matrices: given an interval I = (E;, E;) in R and A € B such that
for E € I we have A(Ag) = 0 then

| cos(p(Ez) — cos(p(E1)| 2 (B2~ Ey)/2.

In this case there exists E € I such that A(Ag) > 0.

This result suggests that also for general A € A, we can expect that a slow change
of the rotation number along the Herman circle AR(S) implies positive Lyapunov
exponents. More precicly we conjecture that if

|0(A(B2)) — p(A(B))| < [B2— Bl ,
there exists 3 € [, 2] such that
MA(B) >0.

and we write Ag = ( ) In [Dei 83] is proved the following result in the

This is true if X is a finite set.

o What are the invariant sets for the mapping ¢, : U — U if A is not in P? There
can be exactly two fixed points in the case A € P, (which are hyperbolic in the case
A € S.) There can be exactly one fixed point (example: A(z) has diagonal elements
1 and Ay = 2), or uncountably many fixed points like for example A(z) = 1) or no
fixed point like for example

A€ O =L"X,S50(2,R))

is not cohomologous to 1.) Every A € A such that ¢4 : i — U has 3 separated
fixed points is conjugated to 1. Can there exist other types of invariant sets?

¢ What are the cohomology classes of cocycles in S?7 Because cocycles in S can be
conjugated to diagonal cocycles, the question is equivalent to find the cohomology
group HY(T,R).

¢ We would like to know the various spectra of a cocycle. What spectral types can
occur? Cocycles are not normal in general. Does there exist an analogue of a density
of states, a measure dk with support on the individual spectrum of the cocycle?

o Is the Herman spectrum of a cocycle lying on the unit circle? An analogy with the
spectrum of a Jacobi operator would suggest that the rotation number 8+ p(3) on
the Herman circle is continuous.

¢ Is there a relation between the spectrum (or spectral type) of the cocycle Ar* and

the random Jacobi operator L = Ar* + (A7")* ?

371



¢ Can one use the spectra of cocycles to distinguish different abstract dynamical
systems (X, Ty, m), (X, T, m)? The union of all spectra of cocycles in L°(X, {a, b})
with a,b € R would be a possible invariant of a dynamical system.
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The language of dynamical systems has entered in different parts of mathematics
and physics. The reason is, that the widest definition of a dynamical system, an
action of a group or semi-group on a space is so wide, that it can appear everywhere.
Also it seems intuitively to be better to work with a group as time instead of dealing
with static objects (a little essay on this can be found in [Rue 82]). A change of
language allows also interesting generalizations of classical problems or give a new
view on old questions.

We list some examples, where dynamical systems appear naturally. Our choice of
examples should show that generalizations of mathematical structures were obtained
by just looking at a theory in a more ”"dynamic way”. Some examples should also
indicate how dynamical systems enter naturally in other a priori unrelated domains
of mathematics. We restrict ourself to dynamical systems with time Z or 2°.

1 Stochastic Processes

A stochastic process is obtained by taking any abstract dynamical system (X, T, m),
a measurable function f : z — R and forming the sequence of random variables
fo = f(T™). Independent identically distributed random variables f, on a probabil-
ity space (I, v) are given in the language of dynamical systems by a Bernoulli shift
(X = I*,T,m = v*) and a measurable function f : X — R and f, = f(T").

Many results in probability have generalizations. For example, Birkhoff’s ergodic
theorem generalizes the law of large numbers. This nowadays little step in review-
ing stochastic processes clarified in past the "ergodic hypotheses” standing at the
beginning of statistical mechanics.

2 Random walks

A random walk on a d dimensional lattice is obtained by taking an abstract dynam-
ical system (X, T, m), 2d translations 4; = Ai’+ld, i=1...d on R and a partition
X =%, Y;. The map

A(.’B) =A©zeY;

defines the random walk
ne A%z) = A(T"'2)A(T"%)... A(z) CR?

on the orbit of z. The classical random walk is obtained, when the partition (¥;)4,
is a generator of the Bernoulli shift (X, T, m) with 2d symbols.
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3 Percolation

Given any 7¢ dynamical system (X, T,...Ty,m) and a measurable set Y C X. The
points on the orbit

O(z) = {T"z =TTy ... Tj*z | n € 2%}

which belong to Y are called activated sites on the lattice O(z). Connected com-
ponents of activated points are called clusters. Choosing a one-parameter family of
sets Y, with m(Y,) = pand Y, C Y, (p < q), one finds a critical point p,, above
which there is an infinite cluster and below which, there are only finite clusters.
See [Mee 90] for examples of this dependent percolation. Usually, percolation prob-
lems deal with a lattice (for example 7¢) and the rule that each site is activated
independently with probability p.

4 Thermodynamic formalism

Parts of the thermodynamic formalism for Statistical mechanics on a lattice 2¢ can
be extended to statistical mechanics of a Z¢ action on a compact metric space. This
theory has been developed by Bowen {Bow 75], Ruelle [Rue 78] and others. One can
see it as a step to push the mathematics of equilibrium statistical mechanics into
more deterministic domains.

5 Renormalization

A dynamical system in infinite dimensional spaces are often called a renormalisation
group. The infinite dimensional space is then a large space like a space of interval
maps [Lan 82], circle maps, a space of two dimensional twist maps [Mac 83), two
dimensional area preserving maps [Eck 84] or a space of quantum field theories
[Fer 92]. Universality phenomena can be explained by the existence (most of the
time only conjectured) of hyperbolic fixed points periodic orbits or hyperbolic in-
variant sets.

6 Combinatorial number theory

The multiple Birkhoff recurrence theorem for a 24 action (X,Ti,...,Ty) on a com-
pact metric space X states that there exists a point £ € X and a sequence n; — oo
such that T"z — ¢ for all { = 1,...d. Fiirstenberg [Fur 81] showed, how this result
can be used to prove Van der Waerdens theorem which tells that any partition of
N into two disjoint sets A U B has the property, that one of the two sets contains
arithmetic progressions of arbitrary length. He obtained also various generalizations
of this combinatorial result by ergodic theoretical tools or methods from topological
dynamics.
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7 Encryption

Iteration of a dynamical system with sensitive dependence on initial conditions can
be used to render clear textinto encrypted code. The iteration of a dynamical system
works as a trap door. It is easy to mix up things by letting the time run forward. The
reconstruction, however is difficult to perform, if one does not know the dynamical
system (the key). In practice, one works with dynamical systems over finite fields.
Encryption schemes like DES (Data Encryption Standard) (see [Den 82]) base on
the fact, that iterating a simple dynamical system produce good codes. DES for
example consists (roughly speaking) of an iteration of a twist map over a finite field.

8 Discrete logarithm problem

The discrete logarithm problem for a dynamical system (X, T') is the problem to find
for a given pair of points =,y € X a number n € Z such that

T'z=y

or to tell that no such number exists. The classical discrete logarithm problem (used
for example for secrete key exchanges like the Diffie-Helleman scheme) is obtained
with the dynamical system (z},T)

T:z+—a-zmod N.
It is the question to find the number n in the equation

a"=bmod N .

9 Pseudo random number generators

One problem in finding good pseudo random number generators is the problem of
find a finite dynamical system with large periodic orbits. Many attacks to encryption
systems base on the hope, that a relatively small number of iterations of the encryp-
tion give the decryption. Pseudo random generators are also used in algorithms to
factor large numbers. Example: Pollard’s tho method uses the discrete quadratic
map z — 22 + a over a finite field.
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