
Diss. ETH Nr. 10189

Spectral, ergodic and
cohomological problems in

dynamical systems

A dissertation submitted to the
SWISS FEDERAL INSTITUTE OF TECHNOLOGY ZÜRICH

for the degree of
Doctor of Mathematics

presented by
OLIVER KNILL
Dipl. Math. ETH

born Oktober 22, 1962
citizen of Appenzell/AI

accepted on the recommendation of
Prof. Dr. Oscar Lanford III, examiner

Prof. Dr. Alain-Sol Sznitman, co-examiner

1993



Diss. ETH Nr. 10189

Spectral, ergodic and
cohomological problems in

dynamical systems

A dissertation submitted to the
SWISS FEDERAL INSTITUTE OF TECHNOLOGY ZURICH

for the degree of
Doctor of Mathematics

presented by
OLIVER KNILL

Dipl. Math. ETH
born Oktober 22, 1962
citizen of Appenzell/AI

accepted on the recommendation of
Prof. Dr. Oscar Lanford III, examiner

Prof. Dr. Alain-Sol Sznitman, co-examiner

1993



Spectral, ergodic and cohomological problems
in dynamical systems



Abstract
• We showed for K = R,C that every SL(2, K) cocycle over an aperiodic dynamical
system can be perturbed in L°°(X,SL(2,K)) on a set of arbitrary small measure,
so that the perturbed cocycle has positive Lyapunov exponents. We applied these
results to show that coboundaries in L°°(A',T1) or L°°(X, SU(2)) are dense.
• We proved, that Lyapunov exponents of SL(2,R) cocycles over an aperiodic dy
namical system depend in general in a discontinuous way on the cocycle. We related
the problem of positive Lyapunov exponents to a cohomology problem for measur
able sets.
• We showed the integrability of infinite dimensional Hamiltonian systems obtained
by making isospectral deformations of random Jacobi operators over an abstract
dynamical system. Each time-1 map of these so-called random Toda flows can be
expressed by a QR decomposition.
• We proved that a random Jacobi operator L over an abstract dynamical system
can be factorized as L = D2 + E, where E is real and below the spectrum of L
and where D is again a random Jacobi operator but defined over a new dynamical
system which is an integral extension. An isospectral random Toda deformation of L
corresponds to an isospectral random Volterra deformation of D. The factorization
leaded to super-symmetry and commuting Backlund transformations.
• We showed that transfer cocycles of random Jacobi operators move according to
zero curvature equations, when the Jacobi operators are deformed in an isospectral
way. We showed that every SX(2,R) cocycle over an aperiodic system is cohomo-
loguous to a transfer cocycle of a random Jacobi operator. We attached to any
SU(N) random discrete gauge field a random Laplacian. From the density of states
of this operator, it can be decided whether the gauge field has zero curvature or not.
A cohomology result of Feldmann-Moore leaded to the existence of random Harper
models with arbitrary space-dependent magnetic flux.
• We gave a new short integration of the periodic Toda flows using the representation
of the Toda flow as a Volterra flow. We made the remark that the Toda lattice
with two particles is equivalent to the mathematical pendulum. This gives a Lax
representation for the mathematical pendulum. We rewrote the first Toda flow as a
conservation law for the Green function of the deformed operator. We described a
functional calculus for abelian integrals obtained by looking at an abelian integral
on the hyperelliptic Toda curve as a Hamiltonian of a time-dependent Toda flow.
• By renonnalisation of dynamical systems and Jacobi operators, we constructed
almost periodic Jacobi operators in £(/2(z)) having the spectrum on Julia sets JE
of the quadratic map z i-* z2 + E for real E < -R with R large enough. The
density of states of these operators is equal to the unique equilibrium measure fxE
on JE. The set of so constructed random operators forms a Cantor set in the space
of random Jacobi operators over the von Neumann-Kakutani system T : X -> X,
a group translation on the compact topological group of dyadic integers which is
a fixed point of a renormalisation map in the space of dynamical systems. The



Cantor set of operators is an attractor of the iterated function system built up by
two renormalisation maps $f.
• We proved that a sufficient conditions for the existence of a Toda orbit through a
higher dimensional Laplacian L is that L is not a stationary point of the first Toda
flow and that it is possible to factor L = D2 + E, where D is a random Laplacian
over an integral extension. Random Laplacians appeared in a variational problem
which has as critical points discrete random partial difference equations.
• We considered differential equations in L°°(X) which form a thermodynamic limit
of cyclic systems of ordinary differential equations. We considered also infinite di
mensional dynamical systems describing the motion of infinite particles with pairwise
interaction. The motion of random point vortex distributions can have a description
as a motion of Jacobi operators.
• We constructed an analytic map U : C4 -* C4, having a one-parameter family
of two-dimensional real tori S7 invariant, on which U is the Standard map family
T7. We provided a rough qualitative picture of the dynamics of U and gave some
arguments supporting the conjecture that the metric entropy of the Standard map
T7 is bounded below by log(7/2).
• We introduced a generalized Percival variational problem of embedding an abstract
dynamical systems in a monotone twist maps like for example the Standard map
57. Using the anti-integrable limit of Aubry and Abramovici, we showed that there
exists a constant 70 > 0 such that every ergodic abstract dynamical system (X, T, m)
with metric entropy hm(T) < log(2) and |7| > 70 can be embedded in the twist map
ST For such 7, the topological entropy of 57 is at least log(2). Using a generalized
Morse index, the integrated density of states of the Hessian at a critical point, we
proved the existence of uncountably many different embeddings of some aperiodic
dynamical systems.
• We studied several cohomologies for dynamical systems: For a group dynamical
system (R, G) (the abelian group R is acting on the abelian group G by automor
phisms) there is the Eilenberg-McLane cohomology. For a group dynamical system
(Z, G) we define a sequence of Halmos homology and cohomology groups. For an al
gebra dynamical system (ld, M, tr) or for an group dynamical system (ld, G), there
is a discrete version of de Rham's cohomology.
• We studied the hyperbolic properties of bounded SX(2, R) cocycles over a dynam
ical system. We investigated the relation between the rotation number of Ruelle for
measurable matrix cocycles and the hyperbolic behavior of the cocycle. We showed
that a cocycle is uniformly hyperbolic if and only if the rotation number is locally
constant along a special deformation of the given cocycle. We proved that the
spectrum of a cocycle acting on L2(X, C2) is the same as the Sacker-Sell spectrum.



Kurzfassung
• Wir zeigten, dass fur K = R,C jeder SL{2, K) Kozyclus fiber einem aperiodis-
chen dynamischen System im Raum L°°(X, SL(2, K)) auf einer Menge von beliebig
kleinem Mass gestort werden kann, so dass der gestorte Kocyclus einen positive
Lyapunovexponenten hat. We wendeten dieses Resultat an, um zu zeigen, dass
Korander dicht in L^iX,!1) oder L°°(X,SU(2)) liegen.
• Wir bewiesen, dass Lyapunovexponenten von 5X(2, R) Kozyclen fiber einem ape-
riodischen dynamischen System im Allgemeinen unstetig vom Kozyclus abhangen.
Wir finden eine Beziehung zwischen dem Problem, positive Lyapunovexponenten zu
zeigen und dem Kohomolgieproblem fur messbare Mengen.
• Wir zeigten die Integrabilitat von unendlich dimensionalen Hamilton'schen Syste-
men, die durch isospektrale Deformation von zufalligen Jacobioperatoren fiber einem
dynamischen System erhalten werden. Die Zeit-1-Abbildung von diesen sogenannten
zufalligen Todafliissen kann durch eine Qi?-Zerlegung ausgedriickt werden.
• Wir bewiesen, dass ein zufalliger Jacobioperator L faktorisiert werden kann als
L = D2 + E, wo E reell und unterhalb des Spektrums von L liegt und D wieder
ein zufalliger Jacobioperator fiber einer Integralerweiterung des alten Systems ist.
Einer isospektralen zufalligen Todadeformation von L entspricht eine isospektrale
zufallige Volterradeformation von D. Die Faktorisierung ffihrte zu Supersymmetrie
und kommutierenden Backlundtransformationen.
• Wir zeigten, dass Transferkozyklen unter isospektraler Deformation von zufalligen
Jacobioperatoren sich gemass Nullkrummungsgleichungen bewegen. Wir zeigten,
dass jeder SL{2, R)-Kozyklus fiber einem aperiodischen dynamischen system koho-
molog zu einem Transferkozyklus eines zufalligen Jacobiopertators ist. Wir ad-
jungierten zu jedem diskreten SU(N) Eichfeld einen zufalligen Laplaceoperator
dessen Zustandsdichte entscheidet ob das Eichfeld Kriimmung Null hat oder nicht.
Ein Kohomologieresultat von Feldmann und Moore ffihrte zur Existenz von zufalligen
Harpermodellen mit beliebigem ortsabhangigem magnetischem Fluss.
• Wir gaben eine neue kurze Integration des periodischen Toda Systems. Wir
machten eine Bemerkung, die zu einer Lax-darstellung des mathematischen Pen-
dels ffihrte. Wir transformierten den ersten Todafluss als Erhaltungssatz fur die
Greenfunktion des deformierten Operators. Wir beschrieben ein Funktionalkalkul
fur abelsche Integrale indem ein abel'sches Integrale auf einer hyperelliptischen To-
dakurve als Hamiltonfunktion fur ein zeitabhangiges Todasystem betrachtet wurde.
• Mittels Renormalisierung von dynamischen Systemen und Jacobioperatoren kon-
struierten wir fastperiodische Jacobioperatoren in B(l2(l)), die das Spektrum auf
Juliamengen JE der quadratischen Abbildung z •-▶ z2 + E haben. Die Zustands
dichte von diesen Operatoren ist gleich dem eindeutigen Gleichgewichtsmass \iE auf
JE. Die Menge der so konstruierten zufalligen Operatoren bilden eine Cantormenge
im Raum der zufalligen Jacobioperatoren fiber dem von Neumann-Kakutani-system
T : X —> X, einer Gruppentranslation auf der kompakten topologischen Gruppe
der dyadischen ganzen Zahlen die ein Fixpunkt einer Renormalisierungsabbildung



im Raum der dynamischen Systeme ist. Die Cantormenge von Operatoren ist ein
Attraktor eines iterierten Funktionensystems, das durch zwei Renormalisierungsab-
bildungen $f gebildet wird.
• Wir zeigten, dass eine hinreichende Bedingung fur die Existenz von einem Todafluss
durch einen hoher dimensionalen diskreten Laplaceoperator L ist, dass L nicht
ein stationarer Punkt vom ersten Todafluss ist und dass es moglich ist, eine Fak-
torisierung L = D2 + E zu machen, wo D ein zufalliger Laplaceoperator fiber einer
Integralerweiterung ist. Zufallige Laplaceoperatoren gibt es in einem Variationsprob-
lem, dessen kritische Punkte durch partielle Differenzengleichungen beschrieben wer
den.
• Wir betrachteten Differentialgleichungen in L°°(X), die einen thermodynamischen
Limes von zyklischen Systemen von gewohnlichen Differentialgleichungen oder die
Bewegung von unendlich vielen Teilchen mit Paarwechselwirkung beschreiben. Die
Bewegung von zufalligen Punktwirbelkonfigurationen hat manchmal eine Beschrei-
bung als Bewegung von einem Jacobioperator.
• Wir konstruierten eine analytische Abbildung U : C4 —▶ C4, die eine einparametrige
Familie von zwei-dimensionalen reellen Tori 57 invariant hat, auf denen U die Stan-
dardabbildung T7 ist. Wir machten eine grobe qualitative Beschreibung von U und
gaben ein paar Argumente, die die Vermutung unterstutzen, dass die metrische En-
tropie der Standardabbildung von unten durch log(7/2) abschatzbar ist.
• Wir fuhrten ein verallgemeinertes Percival'sches Variationsproblem zur Einbet-
tung von abstrakten dynamischen Systemen in einer monotone Twistabbildung 57
ein. Unter Benutzung des anti-integrablen Limes von Aubry und Abramovici zeigten
wir, dass fur grosse 7 jedes ergodische abstrakte dynamische System (X, T, m) mit
metrischer Entropie hm(T) < log(2) in die Standardabbildung 57 einbebettet wer
den kann. Fur grosse 7 ist die topologische Entropie von 57 mindestens log(2).
Unter Benutzung eines verallgemeinerten Morseindex bewiesen wir die Existenz von
uberabzahlbar vielen verschiedenen Einbettungen von dynamischen Systemen.
• Wir studierten verschiedene Kohomologieen fur dynamische Systeme: Fur ein dy-
namisches System (R,G), wo eine abelsche Gruppe R auf einer abelschen Gruppe
G operiert, gibt es die Eilenberg-McLane-Kohomologie. Im Falle R = Z definierten
wir eine Folge von Halmos Kohomologie- und Halmos Homologie gruppen. Fiir
ein dynamisches System, (ld,M,tv), wo Zd auf der Algebra M mittels Spur erhal-
tenden Algebraautomorphismen operiert, definierten wir eine diskrete Version von
de Rham's Kohomologie.
• Wir studierten das hyperbolische Verhalten von beschrankten, messbaren SX(2, R)-
Kozyklen fiber einem dynamischen System. Wir untersuchten die Relation zwischen
der Rotationszahl von Ruelle fur messbare Matrixkozyklen und dem hyperbolischen
Verhalten der Kozyklen. Wir zeigten, dass ein Kozyklus uniform hyperbolisch ist,
genau dann wenn die Rotationszahl konstant ist in einer Umgebung des Kozyklus.
Wir betrachteten auch verschiedene Spektren von Matrixkozyklen und bewiesen,
dass das Spektrum des Kozyklus als Operator auf L2(X, C2) gleich dem Sacker-Sell
Spektrum ist.
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1 Guide for the Reader
Each chapter is self-contained. This implies for example that some definitions occur
several times and in different versions according to the generality needed at the
corresponding places.

Because of the inhomogeneity of the themes, the notation is not uniform in different
chapters throughout the theses.

Several chapters are already published and we plan to publish some parts separately
hoping also to obtain in future more answers to some questions not yet solved. The
already published chapters are partially updated to newer developments and some
times, parts were added to the published version. Especially some illustrations and
examples have been added.

Each chapter contains its own bibliography. There is also a collected bibliography
at the end.

We added quite freely questions following each chapter. These questions help to
keep organized the loose ends.

The current state of the chapters is the following:

• Chapter "Three problems":
This chapter introduces into three circles of problems which are treated in the theses.

• Chapter "Density results for positive Lyapunov exponents":
A large part of this chapter is published in [Kni 2]. We added a proof of a similar
result for SL(2, C) cocycles and updated some references.

• Chapter "Discontinuity and positivity of Lyapunov exponent":
This is essentially the version in [Kni 1]. We added two appendices concerning co
homology and a theorem of Baire.

• Chapter "Isospectral deformations of random Jacobi operators":
published in [Kni 3]. We added appendices in which the Thouless formula and in
tegration of aperiodic Toda lattices is shown. These results in the appendices are
known but not available in collected form. We added a short appendix about the
definition of the continuous analogue of random Toda flows, the random KdV system.

• Chapter "Factorization of random Jacobi operators and Backlund trans
formations":
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published in [Kni 4]. We clarified one aspect in the published proof of the fact that
Backlund transformations are isospectral. We also added a short appendix about
Backlund transformations for KdV flows.

• Chapter "Cohomology of 5L(2,R) cocycles and zero curvature equations
for random Toda flows":
This chapter can be viewed as part III of the two previous chapters. It is quite
inhomogeneous and leads to different topics like zero curvature equations, lattice
gauge fields, cohomology of cocycles and Harpers Laplacian.

• Chapter "Some additional results for random Toda flows":
This is a continuation and unpublished work of research done for the previous chap
ters on random Jacobi operators. Also this chapter is not homogeneous and it has
some loose ends.

• Chapter "Renormalisation of Jacobi matrices: Limit periodic operators
having the spectrum on Julia sets":
A more compact version of this chapter will soon be submitted. This chapter is
a continuation of the study of one dimensional Jacobi operators. Iteration of the
factorization L = D2 + E constructed in [Kni 4] leads to "renormalisation" in the
fiber bundle of Jacobi operators over the complete metric space of dynamical sys
tems. Projecting this renormalisation to the spectrum of the operators leads to the
quadratic map z *-> z2 + E. Relations of random Jacobi operators with complex
dynamical systems appear like for example that the density of states of the operators
in the limit of renormalisation is the unique equilibrium measure on the Julia set
or that the determinant det(L - E) is the Bottcher function for the quadratic map.
We hope that results from the theory of iteration of rational maps will shed light on
what happens at points where the renormalisation set up breaks down.

• Chapter "Isospectral deformations of discrete Laplacians":
We study higher dimensional Laplacians and isospectral deformations of such Lapla
cians. We show that the existence of a Dirac operator is related to isospectral de
formations of Laplacians. We consider also random partial differential equations
over a 2d dynamical system. We use the anti-integrable limit of Aubry to prove the
existence of such equations. An version of this chapter is planned to be presented
in July 1993 at Leuven.

• Chapter "Infinite particle systems":
We study the idea to use ergodic theory in order to obtain the thermodynamic limit
of infinite particle systems in one real or complex dimension. This generalization
applies for ordinary differential equations describing particles. One idea is to get the
particle coordinates qn = q(T"x) along the orbit of a point x. The thermodynamic
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limit is then a well defined ordinary differential equation in the Banach space of the
coordinate field q. An other idea is to look at a vortex configuration in the complex
plane as the spectrum of an operator and to describe the vortex flow as a flow of
operators.

• Chapter "Embedding abstract dynamical systems in monotone twist
maps":
This chapter [Kni 6] was submitted in October 1992 to Inventiones and in December
1992 to Ergodic Theory and Dyn. Syst. In both cases the paper was not accepted.
We take the opportunity to comment on the results. The main point of the chapter
is that it allows to give an quantitative explicit bound on the topological entropy
for monotone twist maps. This is a new application of the anti-integrable limit
of Aubry and is (according to our opinion) an interesting result. It has not been
obtained by other methods and other approaches (like finding homoclinic points)
for positive topological entropy are more complicated. The use of the generalized
Morse index in the paper is also new. The multiplicity result of uncountably many
different embeddings has not been obtained by other methods.

• Chapter "An analytic map containing the standard map family":
This chapter was submitted in October 1992 to Nonlinearity [Kni 5]. We formulate
a quantitative conjecture about the metric entropy of the standard map and show
that the whole standard map family can be embedded in one complex analytic map
of C4. We begin a qualitative study of the map.

• Chapter "Cohomology of dynamical systems":
In this chapter we discuss some cohomological constructions for abstract dynamical
systems with the aim to build algebraic invariants of the systems. We think that
interesting research in this direction is still possible and necessary. The chapter
illustrates that the definition of the cohomologies is quite easy but that the explicit
computation of the cohomology groups seems to be very difficult even in the sim
plest cases.

• Chapter "Nonuniform and uniform hyperbolic cocycles":
In this chapter, we discuss the relation of uniform and nonuniform hyperbolicity
for cocycles. We study also the relation between Lyapunov exponents and rota
tion numbers and the relation between Lyapunov exponents and spectra of cocycles
treated as operators.
This chapter was written in an early stage of the theses and does not contain so
much new material. It can be viewed as an appendix to the first two chapters on
matrix cocycles and one can find for example detailed proofs of a theorem of Ruelle
and a theorem of Wojtkowsky in the special case of measurable SL(2, R) cocycles.
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2 The basic objects
The basic (sometimes hidden) mathematical structure appearing in all the chapters
is a non-commutative von Neumann algebra X obtained as a crossed product
of the von Neumann algebra M = L°°{X, M(N, C)) with the 2d- dynamical system

{X,T\,T2,...,Td,m),
where Tu... ,T«/ are commuting automorphisms of the Lebesgue probability space
(X,m).

The basic question is to find spectral, ergodic
and cohomological invariants of elements or
subsets in X and relate them to invariants of
the dynamical system.

• Spectra are obtained by choosing a representation of M in an algebra of oper
ators and taking as the spectrum of an element A in M either the set of complex
values z such that z — A is not invertible or to define a spectrum by taking the set of
points z, where z • A is not invertible. Choosing special cocycles (like for example the
Jacobean of a map,or the Koopman operator associated to an abstract dynamical
system) leads to invariants of the dynamical system.

• Ergodic invariants are numbers obtained by ergodic averaging. Examples are
the Lyapunov exponent, the rotation number or the total curvature of a cocycle or
field. Choosing special cocycles leads to invariants of the dynamical system like for
example the entropy or the index of an embedded system.

• (Co)homology groups or Moduli spaces of conjugacy classes of a subset in X
give algebraic informations about a dynamical system. Examples are cohomology
groups ?i1(T, G) defined by the quotient of all cocycles with values in the group G
modulo the space of coboundaries.

The elements in X we are going to study are:

• d = 1,7V = 2, At is called a matrix cocycle over the abstract dynamical sys
tem (Xy T, m). Such cocycles appear as transfer cocycles of one dimensional discrete
Schrodinger operators, as Jacobeans of diffeomorphisms on compact two dimensional
manifolds and which are also called weighted composition operators or weighted trans
lation operators.
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• £?=i A'TV are called one-forms, or connections or non-abelian gauge fields.

• d = 1,JV = 1,L = ar + (ar)* + 6 is a discrete version of a one dimensional
Schrodinger operator. Such operators serve as models in solid state physics. They
appear also as Hessians of variational problems in monotone twist maps. For general
iV, they are called Jacobi operators on a strip.

• L = £ <Wi + (aiTi)* + b is a discrete version of a Laplace operator. We call it
random Laplace operator. We allow also TV > 1.

3 The role of Lyapunov exponents
The title of the theses could also be "Some topics about Lyapunov exponents" be
cause Lyapunov exponents will appear in almost all chapters, sometimes with other
names. They are connected with

• the "entropy" of a dynamical system,

• the "determinant" of a random Jacobi operators,

• "integrals" of random Toda flows,

• the "Hamiltonian" used for the interpolation of Backlund transformations,

• the "energy" of a random Coulomb gas in two dimensions,

• the potential theoretical "Green function" of some Julia sets,

• the logarithm of a "spectral radius" of a weighted composition operator,

• some "gauge invariants" of random gauge fields.

4 The intuitive idea
We will formulate in the first chapter three problems which should give a first com
ment on the key words "ergodic invariants, spectral invariants, cohomological in
variants" in the title.

A guiding idea for the whole theme is the following analogy between differential
topology on manifolds and the ergodic theoretical concepts treated here.

16



If we think of the probability space (X, m) as a manifold, the group action defines
a geometry on this space. The orbit of a point re is a lattice is playing the role of a
chart at the point and the set of all orbits serves as an atlas.

L°°{X, M(N, C)) or a multiplicative subgroup L°°(X, G) corresponds to a fiber bun
dle. The crossed-product X is an operator algebra playing the role of differential
operators and contains objects like Laplacians or connections.

The classification of differentiable manifolds is analogous to the classification of
group actions. Spectral problems of differential operators, numerical or cohomological
invariants of manifolds are analogous to spectral problems of random operators,
ergodic and cohomological invariants of dynamical systems.
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Abstract
We give three examples of problems which should illustrate some topics of
this theses.

The first problem is the problem of proving positive metric entropy in a given
conservative dynamical system.

The second problem is the problem of determining the spectrum of random
Schrodinger operators.

The third problem is to determine a cohomology group for abstract dynamical
systems.

All three problems are related to the problem of calculating Lyapunov expo
nents of matrix cocycles over an abstract dynamical system.

1 An ergodic problem: positive metric entropy
"Is there positive metric entropy ("chaos") in a given conservative
dynamical system?"
One of many definitions of "chaos" in a Hamiltonian system is the property of having
positive metric entropy. Hamiltonian systems with this property show sensitive
dependence on initial conditions on a set of positive measure. Moreover, one can
find quantities accessible to measurements which are actually independent random
variables. The system could be used as a true random number generator !
(We refer to the Les Houches Lecture of Lanford [Lan 83], the Bernard Lecture
[Rue 90] or the Lezioni Lincee [Rue 87] of Ruelle for an introduction into some of
the topics.)

From the physical point of view, there is evidence that chaos is the rule and zero
metric entropy is the exception. The entropy has been measured in many systems
and found to be positive. It seems, however, that mathematical proofs for chaos are
difficult. It could even be that most measurements show numerical artifacts and
that positive metric entropy is the exception.

There are milder requirements for a system to belong to the fashion class of "chaotic
systems". One of these is positive topological entropy which is easier to prove. For
topological dynamical systems, there is a definition of chaos due to Devaney [Dev 89]
which requires that the homeomorphism of the metric space is (i) transitive and (ii)
that periodic orbits are dense. (A third requirement of Devaney, sensitive depen
dence on initial conditions, turned out to follow from the requirements (i),(ii) if the
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system is not itself periodic [Ban 92].)

We want to insist on positive metric entropy as the more relevant quantity for Hamil
tonian systems. It is based on the belief, that physically significant quantities for
Hamiltonian systems must be accessible on sets of positive measure. Also from a
mathematical point of view it is not satisfactory to use a quantity like topological
entropy from the category of topological dynamical systems when having a natural
invariant measure, the Lebesgue measure. (Of course, invariant sets like periodic or
bits or horse-shoes, which have in general zero measure, can also have consequences
for sets of positive measure. For example, invariant curves of zero measure can form
barriers in a two dimensional phase space and prevent ergodicity.)

The answers to the following general problems in classical mechanics are not known.
(We assume implicitly that the Hamiltonian systems considered have a compact
energy surface and that the entropy is understood with respect to the flow on such
a surface.)

t How does one decide if a given finite dimensional Hamiltonian system has positive
metric entropy or not?

• How big is the class of Hamiltonian systems having positive metric entropy? Does
positive metric entropy occur generically?

• Does every non-integrable Hamiltonian system have positive metric entropy?

• Does there exist Hamiltonian systems which have positive topological entropy but
zero metric entropy?

t Does there exist a Hamiltonian system in which true coexistence occurs? ([Str 89])
True coexistence means that a part of phase space is the union of two flow-invariant
dense subsets both having positive Lebesgue measure such that the metric entropy
of the flow is zero on the first subset and positive on the other subset.

The main obstacle in solving the above problems is that proving positive metric
entropy is a hard problem. Because a formula of Pesin shows that in many cases the
entropy is the sum of the integrated positive Lyapunov exponents, the problem of
positive metric entropy is often equivalent to prove that there are positive Lyapunov
exponents on a set of positive measure.

There are several examples, where positive metric entropy is conjectured but not
proven (compare [Str 89]). Prom special interest is the example of our solar sys
tem, where positive metric entropy was also measured [Las 90]. (See also the review
article [Wis 87] for chaotic motion in the solar system.) We will give now a list
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of examples which include discrete Hamiltonian systems (which are mappings) and
classical Hamiltonian systems (which are flows). We consider also conservative dy
namical systems, flows or maps which leave the Lebesgue measure invariant but
which need not to be Hamiltonian.

• For the Chiricov mapping Chiricov map or Standard mapping on the torus
T = R2/(2ttZ)

T• : (*)„( * + y + 7sin(*)\
\y J \ y + -ysw(x) J

the entropy is measured to be greater or equal then log(|7/2|). Some orbits of
the map are shown with the following Mathematica program which produced
a little "film" which shows the situation for larger and larger "coupling con
stant" 7.

T [{x_Real, y.Real}, g_Real] : =N [Mod [{x+y+g*Sin [x] , y+g*Sin [x] }, 2 Pi] ] ;

Orbit[pO_,n_Integer,g_Real] :=Module[{},S[pJ :=T[p,g] ;NestList[S,pO,n-l]] ;
OrbitSet [k_Integer .n.Integer, g_] : ^Module [{s={}},

Do[s=Union[s,0rbi t [ {0.0,N[2Pi*(0.741629+(i- l ) /k) ]} ,n,g] ] , { i ,k} ] ;s] ;
Pict Ck_ ,a_, gJ : =ListPlot [OrbitSet [k, m, g] ,PlotRange->{{0, N [2Pi] }, <0, N [2Pi] >},

DisplayFnnction->Identity ,Frame->True, Axes->False ,FrameTicks->None,
FrameLabel->{FontForm[g,{"Helvetica",12}],"","",""}] ;

F i l n [ k_ ,m_ , l J :=Tab le [P i c t [ k ,m ,0 .0+M[ ( j - l ) / 4 ] ] , { j , l > ] ;
Display[""psfix -land -stretch > standard.ps",

Show[GraphicsArray[Partition[Film[7,500,12] ,3]],
DisplayFunct ion->$DisplayFnnction, Frame->False,
PlotLabel->FontForm["The Standard Map family", {"Helvetica",^)-]]]

This program has generated the following picture:
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Tit* StWKtetd M«p tetnOy

If one considers the Jacobian c?T7 of the map T7 as a cocycle over the dynam
ical system (T,To,m) and calculates the Lyapunov exponent of this cocycle,
one gets indeed with a method developed by M.Herman) the lower bound
log(|7/2|). But it is an unsolved problem whether there exists a value 7 such
that the metric entropy is positive for the standard map 57. (This entropy
problem has been mentioned already in [Spe 86]). For the topological entropy
more is known: there is a result of Angenent [Ang 92] which states that a
C1+e twist diffeomorphism of the annulus has either positive topological en
tropy (and therefore a transversal homoclinic point) or else has invariant circles
for any rotation number in the twist interval. In [Ang 90] is shown that for
7 > 1, there must be positive topological entropy. Fontich has also shown
[Fon 90], that for 7 > 0 the standard map has a heteroclinic point and there
fore a horse-shoe embedded and one has therefore positive topological entropy.
In the chapter "Embedding of abstract dynamical systems in monotone twist
maps", we will show that for 7 large enough the topological entropy of the
Standard map is at least log(2).

Among monotone twist mappings, billiards have been investigated extensively.
There is no known example of a strictly convex smooth billiards with positive
metric entropy. (On the other hand one has also the unsolved question, which
tables produce integrable billiard maps. Guillmin conjectures that every bil
liards which is not integrable must be an ellipse ([Gui 87]). An other open
question is whether every billiards with zero metric entropy is an ellipse.)
There are known classes of examples of not smooth billiards having positive
metric entropy. The most famous example is Bunimovitch's stadium billiards
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(see [Woj 86] or [Don 91] and references therein for newer results). A candi
date for a smooth billiards with positive metric entropy is the Robnik billiards.
It is defined by the curve

«.* _fcos(<) + 7cos(2*n7,r \ sin(t) + 7sin(2*) ) '

where 7 € (0,1/4). One measures positive metric entropy with values like for
example 7 = 0.2. Other candidates are C1 billiards, where the curve consists
of 4 arcs (see [Hay 87]) or the Benettin-Strelcyn Billiard [Ben 78],[Hen 83].

• A far as we know, no smooth dual billiards map with positive metric entropy
has been constructed. The dual billiards or exterior billiards is a mapping
defined outside a convex curve in the plane. It preserves Lebesgue measure.
Application of KAM methods [Dua 82] (111-12) show that for smooth dual
billiards curves, there exist invariant curves of the dynamics. Therefore, the
dynamics is defined on regions of finite Lebesgue measure and the question
of positive metric entropy is well defined. Tabatchnikov [Tab 93] has recently
shown that if two dual billiards maps are commuting then the tables are con-
formal ellipses. Dual billiards at polygons is already very interesting and there
are many open questions (see [Viv 87], [Gut 92] in this case and general refer
ences).

The following Mathematica program allows the numerical calculation of a dual
billiards with arbitrary real analytic table. The program calculates and plots
a picture of 20 orbits each consisting of 1000 points.

r

a={ l .0,0.0,0.0,0.0,0.0,0.0,0.01,0.001};
r[t_] :=Snn[a[[n]] Cos[(n-l)*t] ,{n, Length [a]}] ;
rdot[t_] :=Sum[-a[[n]]*(n-l)*Sin[(n-l)*t] ,{n,2,Length[a]}] ;

BilliardMap[{x_,y_}] :=Module[{psi=Arg[x+I*y] ,eta},
e ta= t / . F indRoo t [ ( r [ t ] *Cos [ t ] - x ) * ( rdo t [ t ] *S in [ t ]+ r [ t ] *Cos [ t ] )~

-C r [ t ] *S in [ t ] - y ) * ( - r do t [ t ] *Cos [ t ] + r [ t ] *S in [ t ] ) , { t , ps i+P i / 2 } ] ;
{-x+2*r [eta] *Cos [eta] , -y+2*r [eta] *Sin [eta] }] ;

T=Parametr icP lo t [ { r [ t ] *Cos[ t ] , r [ t ] *S in [ t ] } , { t ,0 ,2 P i } ,D isp layFunct ion->Ident i ty ] ;
Orbi t [p_,n_]:=NestList [Bi l l iardMap,p,n] ;
OrbitSet [n_,m_] :=Module[{s={}},Do[s=Join[s,Orbit [{1.0+i*0.05,0.0},n]] ,{i,m}] ;s] ;

0rbitSetPict[n_,m_] :=ListPlot [OrbitSet [n,m] ,DisplayFunction->Identity] ;
JoinedPict [n_ ,n_] : =Show [{T, OrbitSetPict [n ,m] },
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DisplayFunction->$DisplayFunction, PlotRange->All ,Frame->True, Axes->False] ;
Display["Ipsfix -land -stretch > billiard.ps",

Show [JoinedPict [1000,20] , DisplayFunction->$DisplayFunction, Frame->True,
PlotLabel->FontForm ["Exteriour billiards", {"Helvetica", 12}] ] ]

and here is the picture

• There are also interesting monotone twist maps in the plane R2 of the form

T = Tf: R2 -> R2

(;H/(t»).
where / is a continuous function / : R t-+ R. Examples are the Henon
map f(x) = ax2 + b, the Lozi map f(x) = 1 + a\x\ or the map given by
f(x) = y/a2 + x2. The entropy question makes sense when these maps are
restricted to a measurable invariant subset of R2 which has finite nonzero
Lebesgue measure. For f(x) = y/a2 + x2, Aharonov and Elias [Aha 90] have
shown the existence of invariant curves far away (even for a more general case
when T is the composition of two such maps with possibly different a,-). It
seems however (a conjecture of H.Cohen communicated by Y.Colin-de Verdier
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to J.Moser April 10 1993) that the map with f(x) = y/a2 + x2 is integrable!
(For a = 0 there is an additional integral F(x,y) = y + \y - |rzr|| + \x - \y -
kill + \V - k - bill +1* - M + llf -1* - Mill). For the Lozi map, it is known
that it has positive metric entropy for example for a = 1 [Dev 84]. Nothing
about the metric entropy seems to be known for the conservative Henon map.

t A promising strategy to find true coexistence is to start from a system with
positive metric entropy and to move into a region with zero entropy. One
expects then to pass a region of true coexistence. Coexistence of stable (exis
tence of an elliptic fixed point) and unstable (positive metric entropy) behavior
has been constructed by Przytycki [Prz 82] by constructing a real analytic arc
starting at an Anosov system. It is however not known if this example satisfies
true coexistence. An other candidate of a perturbation of an Anosov map is

. . ( * ) „ ( 2 x + y \
\y ) \ x + y + 7sin(2:r + y) J '

It is not known if one can deform this Anosov map To to a system which has
zero metric entropy. It would also be interesting to know what happens at the
boundary, where the system looses uniform hyperbolicity.

• Among Hamiltonian systems, there are many candidates with two degrees of
freedom which are believed to have positive metric entropy:

• The Henon Heils system : [Hen 64]

H(P, q) = 5(P? + Pi + «i + <&) + 0i fc - \<&

on the energy surface H = E with 0 < E < 1/6 is a famous example of a
Hamiltonian system with two degrees of freedom.

• The Stormer problem (see [Bra 81]) :

for energies 0 < E < 1/32 is an example of great physical interest because
it describes the motion of electrons and protons in the van Allen radiation
belts. It would be desirable to know more about this system. There are
mathematical proofs that particles can be trapped for ever [Bra 81], but one
still does not know why the actual existing van Allen belts around the earth
are so stable. Numerical experiments indicate that the system shows chaotic
behavior. Braun has proved that a related discrete model problem, a so called
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linked twist map has homoclinic points [Bra 81a]).

• The Contopoulos,Barbanis system [Con 89]

H(p,q) = -{p\+pI + q2 + 4) + qh2 - qi4 •

or the Caranicolas-Vozikas system [Car 87]

Hfa q) = \(p2i + vl) + q\ + q\ + 27^2

for jE? = 1, 7 = 6, or the Sahos-Bountis system

H(p, q) = i(pj + pi) + \{q\q\ + 7(<?? + flS)).

are interesting because of the simplicity of their Hamiltonians.

• Unequal mass Toda system:

H(p,q) = k£- + §-) + e«-«+e<»-»l m \ m i
for mi 7^ m2. For m\ = m2 the system is integrable and is related to the
physical pendulum.

t The planar isosceles 3 body problem (see for example [Dev 80])

p\ (2mi + mz)p\ Tn2 AmimzH{p,q) = ^- +m i 4 m i m 3 ^ i { q \ + A q f j 1 ! 2 '
Here mi = mi, m$ are the masses of the body, gi is the distance from q\ to
22 which axe lying symmetric with respect to the y— axes, qi is the distance
from the center of mass of q\ and qi to <fe.

• Interesting Hamiltonian systems arise from geodesic flows. The question is
then which smooth Riemannian metrics on a compact manifold have positive
metric entropy for the geodesic flow. Donney [Don 88a],[Don 88b] proved that
on every compact orientable surface, there exists a C°° Riemannian metric,
for which the geodesic flow is ergodic and has positive metric entropy.

• There axe interesting cyclic systems of differential equations which are candi
dates for systems having positive metric entropy.

26



• The Orszag-McLaughlin flow is given by the differential equation

X{ = a • ar,-+ia:,-+2 + b • Xi-iXi-2 + c • rr,-+i£,-_i ,

where the index i is taken modulo n with n > 3. If one takes a + b -f c = 0
and a6c ̂  0, this system preserves the Lebesgue measure and leaves invariant
the spheres

t = l

The measurements indicate that the dynamics restricted to such spheres is
chaotic.

• The Arnold-Beltrami-Childress flow or ABC-flow (see [Zha 93] for more in
formation) is a flow on T3 defined by

x = Asin(z) + Ccos(y)
y = Bsin(x) 4- Acos(z)
z = C sin(y) + B cos(x) ,

where A, B, C are nonzero constants. More generally with given real numbers
a,- € R, a system of differential equations is given by

ii = at_! sin(a;t-_i) + aI+1 cos(a:t+1),

where X{ G R/Z and i is taken modulo n. This system preserves Lebesgue
measure on the torus Tn.

# The heavy top and its higher dimensional generalizations. Given M € s/(n,R),
B e so(n,R) and J = J* € GL(n,R). For L = JB + BJ the differential
equation

L = [B,L] + M
generalizes the motion of the heavy top in any dimension. For M = 0 one
obtains the motion of the free n dimensional top which is an integrable system
and can be viewed as a geodesic flow on the Lie group SO(n, R) (see [Am 89]).
For M ^ 0, one expects to have positive metric entropy in general.

t The Hamiltonian for n vortices zt = qi + ipi in the complex plane C is

2m\

For n < 3 the system is integrable. For n > 4 one expects that the dynamics
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has positive metric entropy. Point vortices can also be defined on any two
dimensional manifold. Interesting is the situation on the cylinder which is also
called the periodic Kantian vortex street. The Hamiltonian is in this case

H(z) = £log(sin|zt— z,\) •

We summarize: for conservative dynamical systems the problem of positive metric
entropy is often reduced to the decision whether the highest Lyapunov exponents
for symplectic cocycles is positive or not (the flow case can be reduced by a time-one
map or a Poincare map to the case when time is discrete). Calculating the highest
Lyapunov exponent of a general measurable symplectic cocycle over an abstract
dynamical system is an example of an ergodic problem.

2 A spectral problem: random Jacobi operators
Does a given 1-dimensional Schrodinger operator of an electron have
absolutely continuous spectrum ("good conductivity")?
In classical quantum mechanics, the evolution of a system is governed by a Hamilto
nian L which is a self adjoint operator on a Hilbert space. The evolution of a wave
function u is given by the Schrodinger equation ihu = Lu. An important problem
is to calculate and analyze the spectrum of the Hamiltonian because many physical
properties of the system are determined by the spectrum. Because the spectrum is
accessible by measurements, one would also like to solve the inverse problem, namely
to find out the Hamiltonian of the system from the spectrum.

These mathematical problems are not easy even for the motion of a particle in one
dimension in a given external field. In such a one body approximation one neglects
the interaction of the electrons. One often considers the so called tight binding ap
proximation, where the continuum is replaced by a lattice. This is technically more
simple and the model is commonly used for describing the electronic properties of
disordered media.

An important qualitative spectral problem is the question whether the spectrum is
absolutely continuous or not. For one-dimensional Laplacians or Laplacians on the
strip, this question can be reduced to a question about positive Lyapunov exponents
for symplectic cocycles.

A main problem is: Given a random Schrodinger or Jacobi operator L.

• What is the spectrum of LI

• What type of spectrum (point, singular, or absolutely continuous) does occur?
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• What spectra do occur generically? Is there generically no absolutely contin
uous spectrum?

There is an inverse spectral problem which is however closely related to the above
spectral problem. It can be formulated as:

• Can one describe the set of all Jacobi operators which are unitarily equivalent or
the set of operators which have the same density of states. Can one reconstruct the
isospectral set back from the spectrum. How large is the set of operators which one
can reach by isospectral deformations?

Similarly to the positive entropy question, which has the same mathematical prob
lem in the background, there are several examples, where absence of absolutely
continuous spectrum is conjectured but not proved. The general belief is that for
high disorder, there is no absolutely continuous spectrum any more. A more precise
formulation of this conjecture could be:

Given any aperiodic dynamical system (X,T,m) such that T1 is ergodic for each
n € Z. Given a one- parameter family of discrete random Schrodinger operators

(Lgu)n = un+1 + un_! + g • Vnun
with non-constant potential V € L°°(X, R) and with Vn = V^x). Does there exist
g € R, such that Lg has no absolutely continuous spectrum?

We list now some classes of operators.

• The Anderson model

(Lu)n = wn+1 + Un-l + Vnun ,
where Vn are non-constant independent identically distributed random variables.
Fiirstenberg's theorem assures positive Lyapunov exponents for all E € R and there
is no absolutely continuous spectrum.

• Almost periodic operators.
Let T be an ergodic translation of a compact topological group X and a, b two

continuous real-valued functions X i-» R. Given x € X, define an = a(Tnor),6n =
b(Tnx). The operator

(Lu)n = an«n+1 + a„_i«n_i + bnun
is called almost periodic.
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Example. If the group X is the circle and T is an irrational rotation x v-* x + a and
V(x) = cos(rc), one obtains the almost Mathieu operator

(L(x)u)n = un+1 + un-i + 7cos(z).

This is a famous model for an electron in a quasi-crystal. About the spectrum
o = o-pp U asc U aac is known that for A < 4/(2 + tt/\/5) the absolutely continuous
spectrum aac is not empty. For almost all a, the measure of the absolutely continuous
spectrum is 4-7. This was proved recently by Last [Las 93] following previous work
of Avron, van Mouche and Simon [Avr 90]. The general conjecture of Aubry and
Andre that this should hold for any irrational a is still not proved. For large 7,
one knows that in the case of Diophantine a, there is point spectrum [Fro 90] and
that for Liouville numbers a and any 7 > 2, there is purely singular continuous
spectrum (see [Cyc 87]). For any irrational a, there is no absolutely continuous
spectrum for 7 > 2. In general, the question is open, whether for irrational a and
all 7, the spectrum is a Cantor set (Martini problem). In the critical Hofstadter case
A = 2, which is also called Harper's model, Last has recently shown [Las 93] that
the spectrum is in this case a zero measure Cantor set for almost all a. Plotting the
family of spectra parameterized by a gives the Hofstadter butterfly. A review with
other developments can be found in [Bel 92].

A numerical illustration. The periodic functions a, b on T1 are fixed and the spectra
of the operators L = ara + (ara)* + b over dynamical system (T1, x i-» x + a, dx) are
calculated with the following program

a[alpha_,n_Integer]:=Table[N[2+0.01*Sin[k*alpha 2 Pi]],{k,n}];
b[alpha.,n.Integer]:=Table[N[ 2*Cos[k*alpha 2 Pi]],{k,n}];
m[i.Integer,n_Integer]:=Mod[i-1,n]+1;
d[k_Integer,l_Integer,n_ Integer] := Identity Mat rix[n] [[m[k,n] ,m[l,n]]] ;
JacobiMatrix [a_List, b.List] : =Module [{n=Length [a] },
Table[d[k, i ,n]*b[[k]]+d[k, i+l,n]*a[[ i ] ]+d[k, i- l ,n]*a[[m[i- l ,n]]] ,{k,n},{ i ,n}]] ;

Spec[a_List,b..List] :=Sort [Eigenvalues [ JacobiMatr ix [a, b]]];
anti[a_List] :=Block[{n=Length[a]},Table[a[[k]]-2*d[k,n,n]*a[[k]] ,{k,n}]];
AntiSpec[a_List,b_List] :=Sort[Eigenvalues[JacobiMatrix[anti[a] ,b]]] ;
DoubSpec [a.List ,b_List] :=Sort[Join[Spec[a,b] ,AntiSpec[a,b]]] ;
SpecInterv[a_List,b.List] :=Partition[DoubSpec [a,b] ,2] ;
Hofstadter [m.Integer ,n_Integer] : =Block [{p={},S, alpha=0.0},
Do[S=SpecInterv[a[alpha,n] ,b[alpha,n]];

Do[p=Append[p,Line[{{S[[i]] [[1]] ,alpha},{S[[i]] [[2]] ,alpha}}]] ,
{i, Length [S]}] ;alpha=alpha+l/m,{m+l}] ; Show [Graphics [p] ,
PlotLabel->FontForm["Spectra of Jacobi operators",{"Helvetica",12}] ] ];

Display["ipsfix -land -stretch > spectrum.ps",Hofstadter[200,23]];
I I
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which produces the following picture which shows the spectrum of such an opera
tor changes when the parameter a (which is increasing along the x— axis) of the
dynamical system is varied.

• Operators generated by substitutions.
A substitution dynamical system (we follow [Hof 92]) is defined by a map S from

a finite alphabet A into the set of finite words A* built by A. This substitution
generates a fixed point x € AN of the map S if there exists a symbol a € A such
that Sa begins with a. Take any word x € A2 which coincides with x on the positive
integers and form the set X of all limit points (in the product topology) of Tnx,
where T is the shift. This gives a dynamical system (X, T) which is uniquely ergodic
and minimal. The potential V for the Jacobi operator is V(x) = x0. The spectrum
is expected to be singular continuous in general and having zero Lebesgue measure.
This has been proved for the Thue-Morse systems defined by S(a) = ab, S(b) = ba
or Fibonacci sequences defined by S(a) = ab, S(b) = a and other examples. Kotani
[Kot 89] dealed in a more general context with potentials over an ergodic dynamical
system which take values only in a finite target space. He proved that in such a case,
there is no absolutely continuous spectrum. See [Hof 92] or [Ghe 92] for references
and recent results.

• Operators which are second variations of twist mappings
If l(x, x1) is a generating function of a twist map and T : X

system embedded in the twist map by a measurable function

? : I h T

A" is a dynamical
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which satisfies

The operator

with

h(q{z),q{Tx))+h(q{T-lx),q(x)) = 0 .

(L(x)u)n = anun+i + a„_iun_i + bnun ,

«(*) = h2(q(x),q(Tx)) ,
b(x) = liMx)MTx))+h*(q{T-lx),g(x))

is the second variation of a variational problem. It would be interesting to know
what are the spectra of these Hessians.

We summarize: for one-dimensional discrete Schrodinger operators (on the strip),
the problem of existence of absolutely continuous spectrum is reduced to the decision
whether the highest Lyapunov exponent for a one parameter family of symplectic
cocycles is positive or not. Calculating the spectrum of random operators or cocycles
over an abstract dynamical system is an example of a spectral problem.

3 A cohomological problem: cohomology of mea
surable sets

" What is the cohomology group defined as the group of measurable
sets of a probability space modulo the sets of the form Z(T)AZ, where
T is an automorphism of the probability space? "
Given an aperiodic ergodic automorphism T of the Lebesgue space (X,A, m). The
measurable sets Y € A are called cocycles and form an abelian group with multipli
cation A. This group has the subgroup

C = {YAT{Y) \Y€A}

of coboundaries. How big is the cohomology group

W(T,Z2) = w4/C?
We call the problem the cohomology problem for measurable sets. An other problem

is to decide whether a given measurable set is a coboundary or not. We call this
problem the coboundary identification problem for measurable sets. We will see in
the chapter "Discontinuity and positivity of Lyapunov exponents" that solving this
problem is easier than calculating Lyapunov exponents.

For finite periodic dynamical systems, the problem can be solved: assume AT is a
finite set and A is the set of subsets of X. An ergodic measure preserving map
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T : X t-¥ X is just a cyclic permutation of X. The group A consists of all subsets
of X and has 2'x' elements. It is quite easy to see that C consists exactly of the sets
with even cardinality. In this case %(T,Z2) = A/C is isomorphic to Z2.

There are a lot of other related unsolved questions. For example, there is a conjec
ture of Kirillov. assume two automorphism of a fixed probability space (X, m) have
the same measurable sets as coboundaries. Are they conjugate?

The cohomology problem for measurable sets can be generalized as a question in
group theory: let Q be an arbitrary abelian group and T a group automorphism.
What is the group H{G,T) = G/C, where

C = {g(T)g-1\geG}?

Let (X,T,m) be a ld action. A generalization of the cohomology problem for
sets is to find the moduli space of all zero curvature Z2 fields. A gauge field
Y = {YX,Y2,...,Yd) is given by d measurable sets Y{. The space 8 of all fields
is the d-fold direct product of the group of all measurable sets. The curvature of
such a gauge field Y is

Fa(Y) = YiAYjWAYiWAYj .
A field Y has zero curvature if Fij(Y) = 0 for all i,j. There is a subgroup of 8 called
the group of gradients

C = {Y e 8 I 3Z, Vi = l,...d,Y{ = ZAZ(Ti)} .

On 8 are defined the Gauge transformations

Yi -> YiAZ(Ti)AZ.
The gradients are just the fields which can be gauged to the identity.
The question is to find the moduli space of all zero curvature fields. In other words,
we want to find the group

H = 8/C.
We have used only the additive group structure of the measurable sets. Taking the
ring structure also gives also interesting problems which lead more away from the
subject. The problem is however of the same type. As an example we consider
a random version of a nonlinear cellular automata recently studied by Bobenko,
Bordemann, Gunn and Pinkall [Bbgp 92]. It is an "integrable" system and the
evolution can be interpreted as a collision process of soliton like particles. The
cellular automata can be described as a Z2-valued field Xnm on a two-dimensional
lattice Z2 satisfying the rule

Xn,m + -Xn+i,m+i = A*n>m+iXn+ijm + Xn>m+i + Xn+iyTn (mod 2). (1)
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We translate this automata now into a random setting. Given a Z2 dynamical system
(X,Ti,T2, m). Assume we have given a measurable set Y C X satisfying

YAYCrir2) = Y(Ti) n Y{T2)AY(TX)AY{T2) . (2)

Define the random variable X(x) = ly. For almost all x € X we can write XntTn =
X(TJlT2m) and get from Equation 2 the rule 1. Equation 2 is equivalent to

YAY{TXT2) = Y(Ti) U Y(T2).

The problem is to find nontrivial sets satisfying this equation. Is there for any
cellular automata rule

Y(TUT2) = F(Y,Y(T1),Y(T2)),
where F is one of the 28 possible functions a measurable set which solves it?

An abstract generalization of the cellular automata is obtained as follows. Let
(R, -f, •) be a commutative ring over the field Z2. Given two automorphism T\,T2 of
this ring. Use the notation 7i(r) = r(Ti) for r € R. The question is if there exists
a non-zero ring element r € R satisfying

r + r{TxT2) = r{Tx) • r{T2) + r(Ti) + r(T2).

In this case, every ring element TJT2m(r) describes the cellular automata BBGP.
We summarize: the cohomology identification problem would be solved if we could
calculate the Lyapunov exponents of symplectic cocycles. Cohomology problems
over an abstract dynamical system with structure group is Z2 lead to interesting
questions. The general problem of calculating the cohomology groups Hl(T\,G) is
an example of a cohomology problem.
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Abstract
Let T be an aperiodic automorphism of a standard probability space (X, m)
and K be either C or R. We prove that the set

{A e L°°(X,SL(2,K)) | J&n n-1log(||A(TB-1*)...A(r*)il(a;)||) > 0, a.e.}
is dense in L°°(X, SL(2, K)).

We apply this to show that the set of coboundaries are dense in L°°(X, SO(2, R))
or that coboundaries are dense in L°°(X,SU(2)).

1 Introduction
Lyapunov exponents are useful in different domains of mathematics: in smooth
ergodic theory, one is interested in the ergodic behavior of smooth maps. The
Lyapunov exponents can be used to determine, if a power of a given smooth map is
equivalent to a Bernoulli automorphism on a set of positive measure. Moreover, with
Pesin's formula the metric entropy can be expressed as a function of the Lyapunov
exponents [Pes 77][Kat 86]. In the theory of discrete one-dimensional Schrodinger
operators, Lyapunov exponents can decide if the spectrum of such operators is not
absolutely continuous [Cyc 87].
Thus, there is a strong enough motivation to calculate these numbers. It seems to
be a matter of fact that calculating or even estimating the Lyapunov exponents is a
difficult problem. Attempts in this direction have been made by several people: Wo-
jtkowsky estimated the Lyapunov exponents under the assumption that an invariant
cone bundle in the phase space exists [Woj 86]. The subharmonicity property of the
Lyapunov exponents was used by Herman [Her 83] in order to estimate them for cer
tain special mappings. In the case of random matrices, a criterion of Furstenberg,
[Fur 63] later generalized by Ledrappier [Led 84] applies. Chulaevsky has analysed
the skew product action and claimed that the Lyapunov exponents are positive for
certain cocycles arising in the theory of Schrodinger operators [Chu 89]. This re
search is a part of the problem to prove localisation for quasi-periodic Schrodinger
operators [Fro 90], [Chu 91]. Young investigated certain random perturbations of
cocycles [You 86] (see also [Led 91] for higher dimensional generalisations). She
proved that with this random noise the Lyapunov exponents depend continuously
on the cocycle. Furthermore, they converge to the Lyapunov exponents of the un
perturbed cocycle as the noise is reduced to zero. While analysing holomorphic
parametrized cocycles Herman [Her 83] found a surprising result, which will be cru
cial for our work. (See section 2.4). Ruelle [Rue 79a] investigated the case in which
a continuous cone bundle in the phase space is mapped into its interior. He found
that in this case the Lyapunov exponents depend real analytically on the cocycle.
The method of Herman was refined in [Sor 91],[Gol 92],[Gol 92a] to much more gen
eral situations. A new method was designed by L.-S. Young in [You 92] to construct
open sets of nonuniform hyperbolic cocycles in a C1 topology of cocycles.
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Numerical experiments suggest that in the case of 5L(2, R)-cocycles, positive Lya
punov exponents are quite frequent. Such cocycles arise in the case of smooth
area preserving mappings on a two dimensional manifold or if one investigates one-
dimensional discrete ergodic Schrodinger operators. Even for very special systems
like the standard mapping of Chirikov on the two-dimensional torus, no estimates
for the numerically measured Lyapunov exponents [Par 86] are available. There
is still a wide gap between the numerical measurements and the effectively proved
properties.
We want to investigate the Banach algebra X of all essentially bounded M(2, R)-
cocycles over a given dynamical system. We are interested in the subset V of cocy
cles, where the upper and lower Lyapunov exponents are different almost everywhere.
We show that V is dense in X in the L°° topology, if the underlying dynamical sys
tem is aperiodic. In X lies the Banach manifold A of SL(2, R)-cocycles which forms
a multiplicative group. Also here, if the dynamical system is aperiodic, A fl V is
dense in A.
We find further that an arbitrary small perturbation located on sets with arbitrary
small measure can bring us into V. This can provide some explanation for the fact
that one gets often positive Lyapunov exponents when making numerical experi
ments.
We will also make a statement about circle-valued cocycles which are here modeled
as 50(2, R)-cocycles. The density result for positive Lyapunov exponents implies
that the subgroup of coboundaries is dense in the abelian group of 50(2, R)-cocycles.
We show also, that the statements stay true, if R is replaced by C. Analogously,
the subset of coboundaries is dense in the group of 5*7(2, C)-cocycles. We have
separated the proof of the real case from the complex case, because for the later,
more technical complications are involved, which make the proof less transparent.
In section 2, we introduce the concepts and cite some known results, which are
used in section 3 to prove our statements. In section 4, the results and some open
problems are shortly discussed .

2 Preparations
2.1 Matrix cocycles over a dynamical system
A dynamical system (X, T, m) is a set X with a probability measure m and a mea
surable invertible map T on X which preserves the measure m. The probability
space (X, m) is assumed to be a Lebesgue space. The dynamical system is aperiodic
if the set of periodic points

{x e X | 3n e N with T^s) = x}
has measure zero. If the dynamical system is aperiodic, there exists for every n €
IM, n > 0 and every c > 0 a measurable set Y such that Y,T(Y),...,^^(Y) are
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pairwise disjoint and such that m(Yreat) < e where Yrest = X \ \J^Tk(Y). This
is Rohlin's lemma (for a proof see [Hal 56]) and the set Y is called a (n, e)- Rohlin
set.
Denote by M(2, R) the vector space of all real 2x2 matrices and by * matrix
transposition. We will study the Banach space

X = L°°(X,M(2yR)) = {A : X - M(2,R) | A{j € L°°(X)}

with norm
IPIIMPOIIIi^x),

where || • || denotes the usual operator norm for matrices acting on C2 with the
Euclidean norm. Define also

A = L°°{X,SL{2,R)),

where 5L(2,R) is the group of 2 x 2 matrices with determinant 1. Take on A the
induced topology from X. Denote by o matrix multiplication. With the multiplica
tion

AB(x) = A(x) o B(x)
X is a Banach algebra. Denote by A(T) the mapping x *-* A(T(x)). For n > 0, we
write

An = A(Tn-1)A(Tn-2)---A
and A0 = 1 where l(ar) is the identity matrix. With this notation, A satisfies the
cocycle-identity

An+m = ^rpm^m
for n,m > 0. The mapping (n,x) i-> An(x) is called a matrix cocycle over the
dynamical system (X, T, m). With a slight abuse of language, we will just call the
elements in X matrix cocycles. The Banach manifold A C X is a multiplicative
group. This group contains the commutative group

0 = L°°(X,SO(2,n)),

where 50(2, R) = {A € 5L(2,R) | A*A = 1}. The group O is called the group of
circle-valued cocycles.

2.2 Lyapunov exponents and the multiplicative ergodic
theorem

According to the multiplicative ergodic theorem of Oseledec (see [Rue 79]), the limit

M(A)(x) := Km ((A")'(x)A"(x))1'i"
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exists pointwise almost everywhere for an element A € X. Let

exp(A"(A,a:)) < exp(X+(A,x))

be the eigenvalues of M(A)(x). The numbers A+/~(A,s) are called the Lyapunov
exponents of A and they are measurable functions on X taking possibly also the
value —oo. We define

V = {A € X | \~(A,x) < X+(A,x),a.e.}

and call the elements in V nonuniform partial hyperbolic. For A € V, there exists
(still according to the multiplicative ergodic theorem ) a measurable mapping from
X into the space of all one-dimensional subspaces of R2

x i-> W(x)

which is coinvariant
A(x)W(x) = W(T(x))

and such that for every w € W(x), w ̂  0, we have

\~(A,x) = Km rrMoglA'XaOH

In the case A € A, we will refer to

X(A,x) = X+(A,x) = -X~(A,x) > 0
as the Lyapunov exponent. It is for fixed A € A a function in L°°(X) and if
A €Vf)A , this function is positive almost everywhere. We shall call a cocycle in
A PI V nonuniform hyperbolic. For Ae X,

X(A) = Urn n-1 J \og\\An(x)\\ dm(x)

is the integrated upper Lyapunov exponent. The existence of this limit (taking possi
bly the value —oo ) can be seen also easily without knowledge of the multiplicative
ergodic theorem, because the sequence

Cn = ^log||A"(a:)||dmW

satisfies Cn+m <Cn + Cm.
The integrated Lyapunov exponent is in the same way also defined for complex-
valued matrix cocycles A € L°°(X,M(2,C)). The next lemma gives a formula for
the integrated Lyapunov exponent. In [Led 82] , one can find a more general version
of this lemma.

43



Lemma 2.1 IfAeVnA and w(x) is a unit vector in W(x) then

X(A) = -J \og\A(x)w(x)\ dm(x).

Proof. Call
il)(x) = -log|i4(x)w;(a;)| .

From the multiplicative ergodic theorem, we have

X(A) = -Km n"x J \og\An(x)w(x)\ dm(x)

= Km n"1 / J21>(V(x)) dm(x)

BirkhofTs ergodic theorem gives now

X(A) = / xr(x)dm(x) = - / log\A(x)w(x)\dm(x) .J X J X

D

2.3 Induced systems and derived cocycles
If Z C X is a measurable set of positive measure, one can define a new dynamical
system (Z,Tz, mz) as follows: Denote by n(x) the return time for an element x e Z,
which is n(x) = min{n > l[Tn(rr) € Z}. Poincare's recurrence theorem implies,
that n(x) is finite for almost all x 6 Z. Now, Tz(x) = T^x\x) is a measurable
transformation of Z, which preserves the probability measure mz — m(Z)"1 m. The
system (Z,Tz,mz) is called the induced system constructed from (X,T,m) and Z.
It is ergodic, if (X,T,m) is ergodic (see [Cor 82]).
The cocycle Az(x) = An(x\x) is called the derived cocycle of A over the system
(Z,TZ,mz). If Y is a (n,a) -Rohlin set and Yre3t = X\U^o1 Tk(Y), then the return
time of a point in Z = Y U Yrest is less or equal to n. This implies, that for A e X,
the entries of Az axe in L°°(Z).
In the foUowing lemma 2.2, we cite a formula, which relates the integrated Lyapunov
exponent of an induced system X(Az) with X(A). This formula is analogous to the
formula of Abramov (see [Den 76]), which gives the metric entropy of an induced
system from the entropy of the system. Lemma 2.2 is also stated in a slightly
different form by Wojtkowsky [Woj 85].
Lemma 2.2 If (X,T,m) is ergodic and Z C X has positive measure, then

X(AZ) • m(Z) = X(A).
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Proof: Given Z CX with m(Z) > 0, the return time

n(x) = min{n > 0 | Tn(x) € Z}
of almost all x e Z is finite. Define for x € Z

Because (X,T,m) is ergodic, we have for almost all x € Z

\{AZ) = feat!"1 log ||(il*)-(*)||
= Um»- i logp«-M(*) | |

= / n(x) dmz(x) • A(A) .
./z

In the last equality, we have used BirkhofTs ergodic theorem applied to the system
(Z,Tz,mz)toget

ton Nn(x)/n = / n(x)dmz(x)
for almost all x € Z. The recurrence lemma of Kac [Cor 82] gives

/ n(x)dmz{x) = m(Z)~1 .

D

We write
RU\ - ( cos^ sinW "\
nW)-y _sin(0) cos(<j>) )

Given a cocycle A 6 A, we are interested in the parametrized cocycle /? i-> AR(/?)
where /? G R/(27rZ).
Let Z be a measurable subset of X with positive measure. We denote with xz the
characteristic function of Z. We will use later the following little technical lemma:
Lemma 2.3 ForAeX and pen, we have {AR(xz • P))z = AzR{fi)
Proof. Take a x € Z and call A; = nz(:r). By definition

Az(x)R{0) = A^"1^)) o • • • o A(x) o /*(/?).
Because T(x),T2{x),... ,Tk-1(x) are not in Z, we have also

(AR(Xz • flWi) = A^"1^)) o • •. o A(s) o R(P).
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2.4 A result of M.Herman
We can write A(x) in the QR decomposition A(x) = D(x) o R(<l>(x)) with

■ > » - { • ¥ % > ) ■
where c,c_1, and b are in L°°(X) and <j>: X h+ R/(27rZ) is measurable. Crucial for
us is the following result of [Her 83], the proof of which we will repeat here.

Proposition 2.4 (Herman) £ j£* X(AR(P)) dp > fx log ^((c + c"1)2-^2)^ dm .

Proof. Define the complex number w = ei0 and the complex cocycle

Bw(x) = w • e'"**> • Afl(j0).
Because |w • c,'̂ *̂ | = 1 we have

X(AR(I3)) = \(Ba)
One can write

Bw(x) = D(s) o(G + w2- e2i^G),
where

n •• i' J •
We choose r > 1 and extend the definition of Bw from {\w\ = 1} to {\w\ < r}. The
mapping w »-+ Bw is a holomorphic mapping from {w| < r} to the Banach algebra
L°°(X,M(2,C)). We claim that the mapping

w h-> A^)

is subharmonic. Proof. For each n € N and almost all x € X, the mapping

w^bn(w,x) = fTllog\\B^(x)\\
is subharmonic on {|tu| < r}, because

w .-> BZ(x)

is analytic there. Define for k € N

an,k(w,x) = max(bn(w,x),-k) .
From Fubini's theorem follows that also

an*(w) = J an,k(w,x)dm(x)
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is subharmonic. The sequence k *-* an^ is decreasing and therefore

an(w) = inf {an,k(w)} = n~l j£ \og\\Bl{x)\\dm(x)

is also subharmonic.
Finally, also

A(Bu,) = infKH}
is subharmonic. We conclude

1 f2* MAK[P))dpf= f
AH

and calculate with

— /o * X(AR(fi)) d/3 = jTj)=i A(B„,)da, > A(B0)

A(B0) = X(DG)
= X{L~lDGL)
= / l o g ^ c + c - ^ + ^ d m .

Denote by 1/ the Lebesgue measure on R/(27rZ). Herman's proposition impKes the
following corollary:

Corollary 2.5 v{p € R/(2ttZ) | X(AR(p)) = 0} < 1/A(A).

Proof. Because
X(AR(p)) < J logsJ{c + c-l)2 + b2)dm

for all P e R/(2ttZ), we have

^eR/(2.Z)|A(^)) = 0} < .A^^AIAA^B^
fx log ^((c + c-^ + ft2) dm

= log(2)/ J log ^((c + c">)2 + 62) <fm
< log(2)/A(>l) < 1/A(,4).
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3 Results
3.1 Density of nonuniform hyperbolicity
Theorem 3.1 If the dynamical system (X,T,m) is aperiodic, then Vr\A is dense
in A.

Proof. We assume without loss of generaKty that the dynamical system is ergodic:
In the general case, we can decompose the system in its ergodic components (See
[Den 76]). The union of ergodic fibers, which are aperiodic, has measure 1. So, it is
enough, to prove the statement for an ergodic aperiodic dynamical system.
Take an arbitrary A 6 A and an e > 0. We show that there exists B € V n A, with
\\\B — A||| <e. Choose first a constant \i > 1 such that

2 P | . | / , - „ - 1 | < f / 3 . ( 1 )
Take next n € N, n > 0 so big that

Take now a (n, l/n)-Rohlin set Y and call Z = Y U Yrest, where

Yrest = (X\X)Tk(Y)).
fc=0

Note that
m(Z) = m(Y) + m{Yrest) < 2/n .

We can easily find a cocycle C € A, with

| | | C - A J | | < 6 / 3 ( 3 )
such that Cz(z) 0 50(2, R) for z € Z and so that additionally

l l | C | l l < 2 | P | | | . ( 4 )

Looking at the induced system (Z, Tz, mz) and the derived cocycle Cz and applying
Proposition 2.4 we see that there exists /?0 € R/(2irl), such that

KCzR(Po)) > 0.

Using lemma 2.3, we find that the cocycle
D = CR(XzPo)

satisfies Dz = CzR(Po) and so

X(DZ) = X(CzR(po)) > 0 .
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Lemma 2.2 gives
X(D) = X(Dz)-m(Z)>0.

Because the dynamical system is assumed to be ergodic, the Lyapunov exponents
of D are nonzero almost everywhere and there exists according to the multiplicative
ergodic theorem a function x h-> W(a;),which is coinvariant: A(x)W(x) = W(T(x)).
Call u(x) € [0,7r) the modulo 7r unique angle a unit vector w(x) e W(x) makes with
the first basis vector in R2. This means that the rotation R(u(x)) turns the first
basis vector into the space W(x). We use the notation

The cocycle
E = i?(«(T))Diag(Az"1)iE(w(r))-1D

has the same coinvariant direction W(x) as D and if we take for x e X a unit vector
w(x) e W(x), we can write using lemma 2.1

X(E) = - J \og\E(x)w{x)\dm{x)
= - / logl/i"1 D(x)w(x)\dm(x)

= - J log \D(x)w(x)\dm(x) + log(fi)
= X(D) +\og(n).

It follows with lemma 2.2 and m{Z) < 2/n that

> KDz) + \og(fi)^

Corollary 2.5 applied to the cocycle Ez over the system (Z, Tz, mz) implies that

u{P e R/(2kZ)\X(EzR(P)) = 0} < .2 .n • log(/x)
We find therefore a Pi e R/(27rZ) with

Air
A < , % v ( 5 )

n - l o g ( j z ) v '
such that X(EzR(Pi - p0)) > 0. But then

B = ER(xz(Pi-Po))eVDA
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because of lemma 2.2 and because lemma 2.3 implies that Bz = EzR(Pi - Pq).
We claim that |||£ - A||| < e. To see this, we define

F = i2(«(T))Diag(^1)iE(w(T))-1C.

The norm of F can be estimated as

111 * 111 < l l | C | | | - 0 ' + / i - 1 ) . ( 6 )
Recall the definition of B

B = fl(U(T))Diag(/i-1)iJ(«(T))-1Cil(xzA).

Using the inequalities 6, 4, 5 and 2, one gets

Ills-F||| < IPM-IAI
< |||C|||.&i+/r,HAI
< 2|||il|||.0i+ /*-»)• |A|

Further, with the inequalities 1 and 4, we have the estimate

\ \ \ f -c \ \ \ < l l iq i l - l l l i - ^ t t jD iagOi -1)^ ) -1 ! ! !
= HiciH-illiiWIi-Diag^pw-1!!!
= lllciH-illDia^i-/.-1)!!!
< llicill-lii-p-1!
< 2| | |A| | | . |^- / i - I |<«/8.

From these two estimates and the inequality 3, the claim

l l l * -4 | |<e.
f o l l o w s . n

3 .2 Dens i ty o f nonun i fo rm par t ia l hyperbo l i c i ty

Corollary 3.2 If the dynamical system (X,T,m) is aperiodic, then V is dense in
X.

Proof. Given € > 0 and A e X, we will show that there exists B € V, such that
III A - B||| < e. Note first that the set

{A e X | 35 > 0,det(A(:r)) > S ,a.e.}
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is dense in X. Take an element C out of this set with

| | |A-C|| |<€ /2.
Then D = C/ det(C) 6 A. We can apply theorem 3.1 to get E € A n V, with

| |p-£; | | |<| . |det(C)|Lcc(x).
Call B = E • det(C). Then

HIC-5IH = |||D - det(C) - S - det(C)|||
< \\\D-E\\\.\det(C)\L«ix)
< «/2

and we got an element B € V with

IP-BUI <|||A-C||| + |||C-B||| < e.
□

3.3 Perturbations located on sets of small measure
The proof of theorem 3.1 gives even more information about how one can perturb
a given cocycle A € A, to get into A PI V: the proof shows that there exist cocycles
Hi and H2 arbitrarily near to 1 such that B = HiAH2 €Vf)A.
The Lyapunov exponents of

C = HilBHi(T-x) = AH2Hi{T~l)

are the same as the Lyapunov exponents of B, because for every n 6 N

Hi(Tn)-1BnH1(T-1) = Cn .
This implies

Corollary 3.3 // the dynamical system (X, T, m) is aperiodic there exists for each
cocycle A € A a cocycle H eA arbitrary near the identity such that

A H e V H A .

In the same way, for A 6 X, there exist cocycles H G X arbitrarily near the identity
such that AH eV.

We think that the next corollary could be an explanation for the fact that one
measures so often positive Lyapunov exponents in numerical experiments.
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Corollary 3.4 Assume (X,T,m) is aperiodic. Given e > 0. For A € A, there
exists BeVnAfforAeX, there exists aBeV ) such that \\\B - A||| < e and

m{x € X | B(x) # A(x)} < € .

Proof. Again, we can assume that the dynamical system (X,T,m) is aperiodic
ergodic, because if the result is true for all aperiodic ergodic fibers of a given system,
it is also true for the system itself.
Given A e A (the case A e X follows the same lines) and given e > 0. Take n € N
with 2/n < e and choose a (n, l/n)-Rohlin set Y C X and define

Z = YU(X\\jTk(Y)).
fc=0

The above corollary 3.3 applied to the induced cocycle Az assures the existence of
a cocycle H over the dynamical system (Z,Tz,mz) such that

A z H e V
and

\UzH-Az\\\<e.
If we extend the cocycle H to X by setting it to 1 outside Z and define B = AH
we see by Lemma 2.2 that B € V, because

Bz = AZH e V .

The cocycle B is different from A only on Z . We have m(Z) < e and also

\ \ \B -A \ \ \<e .

□

3.4 An application to circle valued cocycles
We say that A, B € A are cohomologous, if there exists &C €A, such that

A = C{T)AC~l.

What are the cohomology classes in Al Cohomologous cocycles have the same
Lyapunov exponents. So the Lyapunov exponents could help to distinguish different
cohomology classes. One could ask further what are the cohomology classes in the
set

{A e A | X(A) = Ac} ,
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where Ao is a given non-negative number. We will try to deal with this question.
Cocycles cohomologous to 1 are called coboundaries. How big is the set of cobound
aries? We have to restrict the problem still more in order to make a statement.
By a circle-valued cocycle, we mean an element in

0 = L°°(X,SO(2,R)).

The Banach manifold O is an abelian subgroup of A. We say, A € O is a coboundary
in O,'if there exists a B € O such that A = B{T)B~l. It is not difficult to see ( we
will give a proof in the next chapter), that A € O is a coboundary in A if and only
if it is a coboundary in O.
There are no methods known to decide in general if a given circle-valued cocycle is
a coboundary or not. Even in the simplest cases, this remains a largely unsolved
problem. There exist some analytic conditions in [Bag 88]. The problem has been
studied intensively in the case, when the underlying dynamical system (X,T,m) is
an irrational rotation of the circle [Mer 85] and where the cocycle takes only two
values, because this has application in representations of Lie groups and in number
theory. The concept is also important in the construction of ergodic skew products.

We call C the set of coboundaries in O. They form a subgroup of O. The abelian
group ril(T, 50(2, R) = O/C is called the first cohomology group of the dynamical
system. We don't know how to determine this group. What we can tell is said in
the following theorem
Theorem 3.5 If the dynamical system (X,T,m) is aperiodic, C is dense in O.
Proof. Because O C A and V is dense in .A, we can find for every A € O a sequence
An —> A with An € V. As in the proof of theorem 3.1, we can find for almost all
x € X a. rotation R(un(x)), which turns the first bases vector of R2 into a coinvariant
space Wn(x) of An. We can then write

An(x) = RiuniTixWCnWRMx))-1 ,
where Cn(x) is upper tridiagonal. Because

An -> A e O ,
we must have Cn —▶ 1. Call

5n(i) = %(T(i)))%W)-1.
T h e n B n -▶ A a n d B n € C . D

In a more general setup when the group 50(2, R) is replaced by a general locally
compact second countable abelian group, Parthasarathy and Schmidt [Part 77] have
shown that a generic set of cocycles are coboundaries. They take the topology of
convergence in measure which is a weaker topology then the uniform topology we
have taken. Their result doesn't cover Theorem 3.5.
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4 Complex Matrix cocycles
4.1 Density of nonuniform hyperbolicity for complex ma

trix cocycles
We consider now the Banach manifold

AC = L(X>{X,SL{2,C))
in the complex Banach algebra

XC = L°°(X,M(2,C))
and ask if also here

Vc = {A e Ac | Km n-HogWA^W > 0 a.e.}

is dense in A, if the dynamical system is aperiodic.

The multiplicative ergodic theorem is true in general for matrix cocycles with entries
in a local field ([Rag 79]). One can also deduce the multiplicative ergodic theorem
over the complex field from the real case ([Rue 79]). The statement we need here is
the following:
For A e XQ, the limit

M(A) = Km ((An)*An)1/2n
exists pointwise almost everywhere. The Lyapunov exponents A+/"(A, x) are defined
again by the eigenvalues

exp(A"(A,ar)) < exp(A+(A,z))
of M(A)(x). For every A in the set of nonuniform partial hyperbolic cocycles

Vc = {A e Xc | A_(A,s) < X+(A,x) a.e.} ,
there exists a measurable mapping x \-> W(x) from X into C2, which is coinvariant.
Furthermore

A-(A,z) = Km n-MogHA^HI
for every w € W(x),w ̂  0. The results 2.1,2.2 and 2.3 are valid also word by word.
The result of Herman has to be formulated a little bit differently:

Proposition 4.1 Assume A can be written asA = Diag(c)R, where ReO. Then

54



The proof follows word by word the proof of proposition 2.4. Note, that because c is
now allowed to be complex, the right hand side can become negative or even -co.
We can also deduce from this a corollary:

Corollary 4.2 Assume
Ic + c-'Udd + ic-'DA

then
v{p € R/(2ttZ) I X(AR{p)) = 0} < 2/A(A).

Proof. Because

X(AR(P))<Jxlog(\c\ + \c-l\)dm
for all P € R/(2?rZ), we have

v{p e R/(2irZ)\X(AR(p)) = 0} < 1- ^lo^£±f1) dm
fxlog(\c\ + \c-i\)dm

< . J x l o g ( M ± ^ i i ) ^
/xlog(|c| + |c-i|)dm

= lo^/^logdcl + lc^Ddm

< log(4)/A(A) < 2/A(A).

We need still an other concept: dual to the construction of an induced dynamical
system is the If (X, T, m) is a dynamical system integral extension of a dynamical
system and / € Ll{X) is a positive integer-valued function, then one can define a
new dynamical system (Xf,Tf,mf), where

Xf = {(x,i) | x € Xand 1 < i < f(x)}

and the measure m^ is defined as follows: for any measurable subset (Y,i) in X*,
one puts

This measure is preserved by the transformation

i * . « ; - | ( r ( x ) > 1 ) i f i + i > f i x ) ■
The space X* can be visualized as a tower, whose foundation is X and which has
f{x) floors over each point x € X. Under the action of Tf, a point (x, i) is lifted
vertically up one floor, if this is possible and else lowered down to the ground floor,
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where it takes the position of the point (T(ar), 1). The space X is identified with
(X,l).
It is easy to see, that taking the induced system of the integral extension gives the
old system back

(Xfx,Tfx,mfx) = (X,T,m).
On the other hand, if (Xy,Ty, my) is an induced system and

f(x) = min{n > 1 | ^(x) e Y}
is the return time of a point x 6 Y, then

(XYf,TYf,mYf) = (X,T,m).
Also (X, T, m) is ergodic, if and only if (Xf, Tf, mf) is ergodic.
We say, a cocycle Af over the integral extension (Xf,Tf, mf) is an integral cocycle
of A e A, if

A f x = A
and [Af\ij e L°°(Xf). There are of course several possibilities to choose an integral
cocycle. It follows from lemma 2.2, that

A(A') = KA)Ixf dm
We call Xs, Af, Vs the spaces over (Xf, Tf, mf), which play the role of X, A, V over
(X,T,m). We also denote with ||| • ||| the norm in Xf.
We define U = L°°(X, 517(2, C)), where

SU(2, C) = {A 6 5L(2, C) | A*A = 1}
is the space of special unitary matrices. We will need still the following lemma:

Lemma 4.3 For every A € Ac, there exists U eU, such that U(T)AU~l = DR,
where D is diagonal and ReO.

Proof. Every A € .4c can be written as A = UiDiU2, where £/,- € U and Dx is
diagonal. So, A is cohomologous to B = D\Uz with U3 = U2Ui~l{T~l).

Every U eU can be written as

U = Diag((*)/*(<£)Diag(e)

withd,e,^GL°°(X).
We apply this to write U3 as U3 = D2RD3, where A € U are diagonal and R € O.
The cocycle B is cohomologous to

C = D^DiDiR.
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We have now the tools to prove the result analogous to Theorem 3.1. The proof is
very similar to the real case and there are only some technical changes which come
from the fact that Herman's result is no more directly applicable.

Theorem 4.4 // the dynamical system (X, T, m) is aperiodic, then ?cnic is dense
in Ac

Proof. Again, we assume (X,T, m) to be ergodic and deduce the general case from
this by an ergodic decomposition. There will be no confusion, if we leave away the
index C in Ac and its subspaces during this proof.

Given A € A. It is enough to show, that for every e > 0 there exists U € IA and an
integral extension C? of

C = U(T)AU"1
with f(x) < 2, such that

r'wn<2|p|ii2
and such that for some Bf € V1 we have \\\Bf - Cf\\\ < e. The reason for this is,
that we can define then B = Bfx, so that also U(T)~lBU is in V and close to A
independent of the extension and U

\\\u{t)-1bu - a\\\ = |||,y(r)(i7(T)-1i?<y - a)u~1\\\ = |||b - c|||
< 2|||S'-C'|||.|p|||*
< 2|p||p.e.

Choose first a constant \i > 1 such that

2||M||M/<-/*-1|<€ /2.
Take next n £ N, n > 0 so big, that

Take now a (n, l/n)-Rohlin set Y and call Z = Y U Yrest. We look at the derived
cocycle Az over the induced system (Z,TZ, mz). From lemma4.3 follows, that there
exists U e Uz such that U(TZ)AZU-1 = Diag(d)jR where R e O. We have

Cz = {U{T)AU-l)z = U{TZ)AZU-1 = Diag(Cl)B .
Define

f 2 1 < \ci{x)\ < 2
h(x) = I 2'1 2"1 < |Cl(a:)| < 1 .

I 1 else.
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C'(x,l) = {

With f(x) = 1 + Xz(x) we construct the integral cocycle

D'mg(h{x))C(x) x£Z
C ( x ) o t h e r w i s e

C'(*,2) = Diag^a:)-1) ,
which satisfies Cfx = C. Define Zs = (Z, 1)U(Z,2). Then (Cs)z, = Diag(c)fl with

Ic + c-'l^dcl + lcl-1)^.
We can also estimate

\\CS{x)\\<2\\\A\\\.
The aim is now, to find Bf e Vfc, with |||B' - C/||| < c, which will finish the proof
because then

\\ \B-C\\ \<2e.
From now on, we skip the upper index /. Also this will give no confusion, because
we don't need any more the old dynamical system (X,T, m). The only systems are
now (Xf,Tf,mf), which we will denote now with (X,T,m) and the induced system
{Z,Tz,mz) which would have had before the name (Xfzf,Tfzf,mfzf). The proof
foUows now closely the old proof in the real case.
We have seen, that the derived cocycle Cz can be written as Cz = Diag(c)B, where
c satisfies

Ic + c-^dcl + lcl"1)^
because

\c\il\,2).
Applying proposition 4.1, we see that there exists /?0 € R/(27rZ), such that

X(CzR(Po)) > 0.

The cocycle
D = CR(XzPo)

satisfies Dz = CzR(Po) and so X(D) > 0. Because then the Lyapunov exponents
are different from zero almost everywhere, there exists a mapping x i-> W(x) from
X to the 1-dimensional complex subspaces of C2, which is coinvariant: A(x)W(x) =
W(T(x)).
Call U the element in U which turns the first basis vector into the space W{x). The
cocycle

E = t/crpiagOi-1)^)-1^
has the same coinvariant direction W(x) as D and if we take for x e X a unit vector
w(x) G W(x), we can write

X(E) = -J \og\E(x)w(x)\ dm(x) = X(D) + log(^) .

58



It follows, that
X(EZ)> log(n)-^.

Corollary 4.2 applied to the cocycle Ez over the system iZ,Tz, mz) implies that we
can find aftG J?/(2ttZ) with

n •log(^)

such that XiEzRiPi - A))) > 0. But then

B = ERixziPi - Po)) eVcdAc
because Bz = EzRiPi - Po).
We claim, that |||B - C||| < e. To see this we define

f = ^(rpiagOr^Cn^c.
The norm of F can be estimated as |||F||| < |||C||| • (/z + /i_1). Recall the definition
ofB

B = UiT))VizgiiTl)UiT)-lCRixzPi).
We get

III*-fill < ll|f|ll-N<ll|c|||-(^+/i-1)-|/?,|
r , - l< 2\\\A\\\ ■ (p + „->) • |A| < lftr|||4|| • £±§^ < e/2 .

Further,

\ \ \ f - c \ \ \ < \ \ \ c \ \ \ ■ | | | i - r o i a g f r r ' j i r ' i i i = H i d l l • | | | t / [ l - D i a g ^ - 1 ) ] ^ - 1 ! ! !

= |||C|||-|||Di«g(l-/'-1)lll<ll|C|||-|M-A«-1|
< 2|p|||.|/i-^-1|<e/2.

From these two estimates, the claim

ins- cm <*
f o l l o w s . □

4.2 Corollaries for complex cocycles
In the same way then in the real case, we can deduce some corollaries. Because the
proofs are identical, we will leave them out.

Corollary 4.5 If the dynamical system iX,T,m) is aperiodic, Vc is dense in Xc-



Corollary 4.6 IfiX,T, m) is aperiodic, the density results hold also with the metric

diA,B) = |||A - B||| + m{x G X\A{x) # B(x)} .
The set of coboundaries in U don't form a group because U is not Abelian. But also
here we get

Corollary 4.7 If (X,T,m) is aperiodic, the coboundaries are dense inli.
Because 5C/(2, C) is a 2 :1 covering of 50(3, R), we get immediately

Corollary 4.8 IfiX,T,m) is aperiodic, the coboundaries are dense in

I~(X,50(3,R)).
Remark. Questions about coboundaries seem to be more subtle in the case of smooth
cocycles. Nerurkar [Ner 88] shows that the set of not-coboundaries in the set of of
Cr circle-valued cocycles is residual if the transformation T has a sufficient quick
periodic approximation. Elliasson [Eli 91] looked at real analytic o(3, R)-valued co-
cycles over an ergodic Kronecker flow on the torus Jd where the rotation vector is
Diophantine and showed that generically the skew product flow has a unique in
variant measure which implies that not-coboundaries are residual in the space of
cocycles.

5 Cocycles from Schrodinger operators
We would like also to calculate the Lyapunov exponent A on the subset

B = {A G A | Aix) = A(V,x) = ( V{*] "q1 ) , V G L~(X)}

of A, which can be identified with the Banach space L°°iX). To a random Jacobi
operator L = a + a* + V belongs the cocycle A{V) G B. The Lyapunov exponent
of the transfer cocycles A(V + E), with energy parameter E G R gives information
about the spectrum of L. If A(A(V + E)) > 0 for almost all E G R, then the spec
trum has no absolutely continuous part.

We would like to know the size of

PDB = {A(V)|A(A(V))>0}

or
iV n B)+ = {A(V)\ X(A{V + E) > O,for almost all E G R} .

One expects that for general V G L°°(X)

A{gV) eVC\B
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A(gV)e(VnB)+
for large enough \g\.

Proposition 5.1 If iX,T,m) is aperiodic then VDB is dense in B.

The idea of the proof is to use a induced dynamical system and to apply the density
result for V. The proof will need the following lemma.

Lemma 5.2 For every k > 0 there exists a measurable set Z C X of positive
measure such that the return time of a point z G Z to Z is in the set {k, k+1,..., 2k}.

Proof. Take a (fc, 1/2) Rohlin set Y and build the Kakutani tower (also called
Kakutani skyscraper)

x = \jxit
where Xi = Y and

Each point in the set
X n + i = Ti X n ) \ Y.

Z = \ j T - k + \ X k j )

h a s t h e r e t u r n t i m e i n t h e s e t { k , . . . , 2 k } . □

Proof of the proposition.
Fix a measurable set Z such that every point z € Z has return time in {4,... ,8}.
Define X{ = T{-\Z) for i = 1,..., 4.
Given A = A(V) G B and e > 0. We want to find A G B with

\ \ \A-A\ \ \<e

and A G V. Write

Azix) = AiTzx)AiT2x)AiTx))Aix)Rix).

A direct calculation for

AZR-' = f flS*j f\ )
= AiT3x)AiT2x)AiTx))Aix)
= AiV4ix))AiVzix))AiV2ix))AiViix))
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gives

d(x) = l-V2(x)V3(x)
6(x) = Vl(x) + V3{x)-V1(x)V2(x)V3(x) = V3(x) + V1(x)d(x)
c(z) = -V2(x)-V4(x) + V2'x)V3'x)V4(x) = -V2(x) + V4(x)d(x)

a(x) = Lzlgm.a\x)
By replacing V?(a?) with some suitable V^x) near Viix), we can find for some ex > 0
a cocycle A G B with

such that
|||i-A|||<i

AzR-\x)=(f\ f\)\ cix) dix) )
satisfies \dix)\ > ei > 0 and |d(x) -1| > ex > 0. We apply now the density result of
V in A. For every 6 > 0 there exists

such that
(J l)R€Aznvz

(a(x)-a(x) b(x)-b(x)\
\ c(x) -c(x) d(x) -d{x) / ' " - '

We define a cocycle A € B satisfying A(x) = A(K)(x) for x € Xj, where for

$(*) = V3(i)
V2(x) = (l-J(x))/F3W
V4(*) = (c + V2)/d(x)
Vi(x) = (S-V,)/i(«)

and A(x) = i(x) for x € X \ \)U\xi: Because V3(x) and d(x\ are bounded away
from 0, this map 6, c, d i-» (VJ, V2t V3, V4) is continuous near (a, 6, c, d). By choosing
5 small enough, we obtain for almost all x € ̂

| K ( z ) - y ( x ) | < |
implying

|||i-i|||<f.
Because Az is in V, also AeV. Furthermore

|||A - i||| < |||A - i||| + |||I - i||| < 6/2 + €/2 < € .
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6 Discussion
6.1 Aperiodicity
The aperiodicity condition for the dynamical system (J\T, T, m) is necessary in all
the results. A periodic ergodic dynamical system is just a cyclic permutation of a
finite set X. If the cardinality of X is N, and A G A is given, then the Lyapunov
exponents of A can be written as

A+/"(A,ar) = iV-1log|/x+/-|,

where fi+f~ are the eigenvalues of AN. The Lyapunov exponents are different, if and
only if It^A^)] > 2. We see, that V n A is an open set in A and also A \ V has
nonempty interior.

Given AeO. If A = B^B'1 is a coboundary, we have

an = B(tn)B~1 = 1 .

The necessary condition AN = 1 for A to be a coboundary is also sufficient: Let

AUA2,...,AN

be the values A takes on the set X = {1,2, ...N} and assume AN = 1. Define Bi = 1
and

Bk = Ai A2 • • • Ak-i
for k=2,..,N. Then Ak = Bjt+iBfc1 for all k = l,...,N and A is a coboundary.
So, coboundaries form a (TV — l)-dimensional manifold in the N dimensional torus
(D = SOi2,R)N.

6.2 Open problems
• We conjecture that V is generic in A or that V contains even an open dense subset.

• Do there exists analogous results for L°°(A',M(d,R)) and L°°iX, Mid, C)) for
d>2?

• Can one find also a density result in X° = C°iX, M(2, R)) if T is a homeomor-
phism on a compact metric space?

• Is it even possible to find analogous results in Xr = CriX, M(2, R)) if T is a
Or-diffeomorphism on a Cr-manifold?
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• More powerful methods to decide if A G V or not are still needed. Are the Lya
punov exponents of the standard mapping positive on a set of positive measure?

• We conjecture that for a general compact connected topological group G, the set
of coboundaries are dense in L°°iX, G).
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Abstract
Let T be an aperiodic automorphism of a standard probabifity space (X, m).
Let V be the subset of A = L°°iX, 51(2, R)) where the upper Lyapunov ex
ponent is positive almost everywhere.

We prove that the set V \ int(P) is not empty. So, there are always points in
A where the Lyapunov exponents are discontinuous.

We show further that the decision whether a given cocycle is in V is at least
as hard as the following cohomology problem: Can a given measurable set
Z C X be represented as YAT(V) for a measurable set Y C XI

1 Introduction
We want to investigate the Banach manifold

A = L°°iX,SLi2,R))

of all measurable bounded 5L(2, R)-cocycles over a given aperiodic dynamical system
iX,T,m). We are interested in the subset V of cocycles where the upper Lyapunov
exponent

A+(A,x) = nlimn-1log||yl"(x)||
is positive almost everywhere.
We have shown [Kni 2] that V is dense in A. This could give some explanation
why one encounters so often positive Lyapunov exponents when making numerical
simulations.
Numerical experiments suggest also that the Lyapunov exponents behave irregular
in dependence of parameters. We prove in this chapter that the set V \ int(^) is
not empty. On this set the Lyapunov exponent is discontinuous. Discontinuity of
Lyapunov exponents has been mentioned at different places (see [You 86]). The only
published result we found is in [Joh 84] in the case of s/(2, R)- cocycles over almost
periodic flows, proved there that discontinuities can already occur when changing a
real parameter of the cocycle. His situation is different from ours in that he has a
special flow and special cocycles occurring in the theory of Schrodinger operators,
where we have an aperiodic but else arbitrary discrete dynamical system.
The idea for producing examples where A+ is discontinuous, is to exchange the
expanding and contracting directions of the cocycle. This idea is not new and has
been used in [Kif 82] to give examples where the Lyapunov exponent of identically
distributed independent random matrices depend discontinuously from the common
distribution. Our situation is different, because Kifer changes the dynamical system
and not the cocycle. We will see that the exchanging of expanding and contracting
directions must be done carefully. It can happen that the exchanging is making
stable a part of the unstable directions and unstable a part of the stable directions.



This, we don't want. A cohomology condition for measurable sets wiU assure that
the stable and unstable directions become indistinguishable. This will give zero
Lyapunov exponents. For certain cocycles, which we caU weak, we can make such
an exchanging by small perturbations.
We mention now some results which concern the regularity of the Lyapunov expo
nent: Holder continuity (and in some cases even C°° smoothness) of the Lyapunov
exponent with respect to a real parameter has been shown by le Page [Pag 89] in
the case of independent identically distributed random matrices.
Ruelle's ([Rue 79a]) results show that there is an open set in A where the Lyapunov
exponent is real analytic. It is the set

5 = {A G A | 30 G A, 3e > 0, [C^AC'^x)]^ > e}

which is contained in int(P). One could call 5 the uniform hyperbolic part of A (or
the set with exponential dichotomy [Joh 86] ) and V \ S the nonuniform hyperboKc
part. The elements in V \ int7> which will be constructed here are not uniform
hyperbolic. But we will see that we can choose such elements in the closure of S.
Unsuccessful efforts to find more powerful methods to prove positivity of the upper
Lyapunov exponent of 5£(2, R)- cocycles led us to believe that the question whether
A is in V is difficult and subtle in general. We want to illustrate this by showing that
the decision is at least as hard as deciding whether a certain circle-valued cocycle is a
coboundary. The circle-valued cocycles considered here have the range Z2 = {1, — 1}.
The group 8 of such cocycles can be identified with the set of measurable subsets of
X with group operation A. The elements in ZATiZ) are called coboundaries and
form a subgroup. We will prove that the positivity of the Lyapunov exponent of a
cocycle can depend on the question whether a certain set is a coboundary or not.
This question about coboundaries has been investigated in [Bag 88]. In the special
case, when (A", T, m) is an irrational rotation on the circle and the sets considered
are intervals, the problem has been treated in ([Vee 69], [Mer 85]). Even in this
reduced form, the coboundary problem is still not solved.

2 Preparat ions
A dynamical system iX, T, m) is a set X with a probabiKty measure m and a measure
preserving invertible map T on X. We assume that (X, m) is a Lebesgue space and
that the dynamical system is ergodic. The later involves no loss of generality because
the arguments can be applied to each ergodic fiber of the ergodic decomposition in
general. The dynamical system is called aperiodic if the set of periodic points

{x G X | 3n G N with T"(x) = x}
has measure zero.
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Denote by M(2,R) the vector space of all real 2 x 2 matrices equipped with the
usual operator norm || • ||. In the Banach space

L°°iX,Mi2,R)) = {A : X -+ M(2,R)| A{j G L^X)}
with norm |||A||| = | ||A(.)|| | r~wlies the Banach manifold

A = L~(X,5L(2,R)),
where 5X(2,B) is the group of 2 x 2 matrices with determinant 1. Take on A the
induced topology from L°°iX, M(2,R)). Denote by o matrix multipKcation. With
the multipKcation ABix) = A(s) o Bix) the space X°°(A',M(2,R)) is a Banach
algebra. Denote by A(T) the mapping x h-> A(T(rr)). Forn > 0 we write

An = A(Tn-1)...A(r)A
and A0 = 1 where l(z) is the identity matrix. The mapping (n,x) k-> An(z) is
called a matrix cocycle over the dynamical system (X, T, m). With a slight abuse of
language we will call the elements in A matrix cocycles or simply cocycles.
Denote by * matrix transposition. According to the multiplicative ergodic theorem
of Oseledec (see [Rue 79]) the limit

M(A)Or) := Km iiAn)*ix)Anix))^2n
exists almost everywhere for AeA. Let

exp(A-(A,x)) < exp(A+(A,z))
be the eigenvalues of MiA)ix). The numbers A+/-(A,x) are called the Lyapunov
exponents of A. Because T is ergodic we write A+/"(A) for the value, A+/~(A,o:)
takes almost everywhere. Because MiA)ix) has determinant 1, one has -A~(A) =
A+(A). We call A(A) = A+(A) the Lyapunov exponent of A and define

V = {A G A | A(A) > 0} .
For AeV, there exist two measurable mappings W+/~ from X into the projective
space P1 of all one dimensional subspaces of R2 which satisfy the co-invariance
condition

Aix)W+/~ix) = W+l~iTix)) .
W+/~ix) are the eigenspaces of MiA)ix). Given A G A we can define the skew
product action T x A on the space Ix?1:

TxA:ix,W)» iTix),Aix)W) .
The projection 7r from XxP1 onto X defines a projection it* of probability measures.
We say, a probability measure fi on XxP1 projects down to 7r*/z. Ledrappier [Led 82]
has found an addendum of the multiplicative ergodic theorem. We report here only
a special case. For W G P1 we will always denote with w a unit vector in W.
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Proposition 2.1 a) If A G V, there exist exactly two ergodic T x A invariant
probability measures n+f~ on X x P1 which project down to m and one has

A+/"(A) = J i log \A(x)w\ dn+/'ix, W) .

The measures /i+/~ have their support on

x+/- = {ix,w+f~ix))\xex}.

b) For every ergodic T x A invariant probability measure \i which projects down to

KA) = \Jxxpilog\A(x)w\drtx,W)\.

Remark. Part a) of Proposition 2.1 has been stated also in [Her 81] and in the case
of cocycles with random noise in [You 86].

Let Z C X be a measurable set of positive measure. A new dynamical system
iZ,Tz,mz) can be defined as follows: Poincare's recurrence theorem implies that
the return time

nix) = min{n > 1 | Tn(z) G Z}
is finite for almost all x G Z. Now, Tzix) = T^{x) is a measurable transforma
tion of Z which preserves the probability measure mz = m(Z)~l • m. The system
iZ,Tz,mz) is called the induced system constructed from iX,T,m) and Z. It is
ergodic if iX,T,m) is ergodic (see [Cor 82]).
The cocycle Azix) = An^x\x) is called the derived cocycle of A over the system
iZ,Tz,mz). In the following lemma 2.2 we cite a formula which relates the Lya
punov exponent of an induced system A(Az) with A(A). This formula is analogue
to the formula of Abramov (see [Den 76]) which gives the metric entropy of an in
duced system from the entropy of the system. Lemma 2.2 is also stated in a slightly
different form by Wojtkowsky [Woj 85].

Lemma 2.2 (Wojtkowsky) J/m(Z) > 0 then A(AZ) • miZ) = A(A).

Remark. Wojtkowsky gives the formula

KAz) = f nix) dmzix) • A(A).Jz
The version given here follows with the recurrence lemma of Kac [Cor 82] which
says

/ nix) dmzix) = ra(Z)"1 .
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3 Cocycles with values in {1, -1}
We denote with 8 the set of {1, -I}-valued cocycles

8 = {A€ A\ Aix) G {1,-1}}.
To each A G 8 we can associate a measurable set

4>(A) = {xGX|A(a;) = -l}.
It is easy to see that

V>(A)AV(B) = ^(AB),
where A denotes the symmetric difference. The map ip is invertible. So the group
8 is isomorphic to the group of measurable sets in X with group operation A. We
call a measurable set Y a coboundary if there exists a measurable set Z such that
Y = ZAT(Z). Also A G 8 is called a coboundary if V>(A) is a coboundary. Call C
the subgroup of coboundaries.

T(Y)

The group
HiT,Z2) = 8/C

is the cohomology group of measurable sets. We don't know how to determine it.

We will use the notation Yc = X \ Y. Given a cocycle A G 8 we can build a skew
product T x A on X x {1, -1} as follows:

TxA:ix,u)»iTix),Aix)u).
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It leaves invariant the product measure mxv where v is the measure ^({1}) =
i/({-l}) = l/2on {1,-1}. One can see the skew product action T x A as follows:
Take two copies of the dynamical system iX,T,m). The dynamics is then given
on both copies as usual. Only when hitting the set ^(A) one jumps to the other
system.
A necessary and sufficient condition under which the ergodicity of iX, T, m) implies
the ergodicity of (X x {1, — l},TxA,mxi/)'is given in the following result of Stepin
[Ste 71]:

Proposition 3.1 (Stepin) For A G 8 the skew product T x A is ergodic if and
only if A is not a coboundary.
Proof. Assume A = ^_1(^) and Y = ZAT(Z). The set

Q = Z x { l } U Z c x { - l }

is T x A invariant. Therefore T x A is not ergodic.
On the other hand, assume A = ijrl{Y) and there exists a set Q C X x {1,-1}
satisfying 0 < (m x v)(Q) < 1, which is T x A invariant. Let Z be defined by the
equation

QniXx{l}) = Zx{l}.
One checks tha t Y = ZAT(Z) . So, A is a coboundary. D

Remark. There exists a generalization of the above result (as formulated in [Lem 89]).
Take a compact abelian group G with Haar measure v. A measurable map A : X —▶
G is called a G — cocycle. Such a cocycle defines a skew product T x A on X x G:

iTxA)ix,g) = iTix),Aix)g)
which preserves the measure mxv. The result is that T x A is ergodic if and only
if for any nontrivial character x € G the circle-valued cocycle x i-* x(Aix)) is not
a coboundary. The proof given in [Anz 51] in the case where G is the circle can be
modified easily to prove the general result. As a special case, if G is the cycKc group
of order 2, one gets the above result of Stepin.

Lemma 3.2 A measurable set Y with m{Y) > 0 is a coboundary if and only if
iTy)2 is not ergodic.

Proof. Assume first that Y is a coboundary Y = ZAT(Z). Call Zx = Z \ T(Z)
and Z2 = TiZ) \ Z. Then TYiZx) = Z2 and TYiZ2) = Z2 imply (Tr)2(Zi) = Zx.
Therefore iTy)2 is not ergodic because 0 < m(Zi) < 1/2.
If on the other hand (7V)2 is not ergodic then 3Z C Y with iTY)\Z) = Z and
0 < miZ) < m(Y). We claim that Y = ZATy(Z). Because

Z n TyiZ) = iTyfiZ) n TyiZ) = TyiTyiZ) Vi Z) ,
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the ergodicity of Ty implies that Y = Zn TyiZ) or miZ D TyiZ)) = 0. The first
case implies Y = Z which is not possible because of the assumption miZ) < m(Y).
So miZnTyiZ)) = 0. The same argument with Z' = Y\Z implies

miZ' n TyiZ')) = m(y \ (Z U Ty(Z))) = 0 .

imc

t/= {rfc(a;)|a; G Z, fc = 0,..., n(ar) - 1}

From y = Z U 2V(Z) and ro(Z n TyiZ)) = 0 we get Y = ZATy(Z).
If n(ar) denotes the return time of a point x G y to Y we define

Then
UATiU) = ZATy(Z) = y

a n d Y i s a c o b o u n d a r y . □

We define on 8 the metric

diA,B) = mi{x G A" | A(x) ? Bix)}) = m(^(A)A^(S))

which makes 5 to a topological group.

Proposition 3.3 // tfie dynamical system is aperiodic then the set of coboundaries
as well as its complement are both dense in 8 with respect to the metric d.

Proof. It is known that the set of A = ^(Y) such that (2»2 is not ergodic is
dense in 8 (See [Fri 70] p. 125). Applying lemma 3.2 gives that coboundaries are
dense.
It is known that the set of A = i>~l(Y) such that Ty is weakly mixing is dense in
£([Fri 70] p. 126). If TY is weakly mixing also (Ty)2 is weakly mixing ([Fur 81]
p.83) and iTy)2 must be ergodic. Apply again lemma 3.2. D

Remarks.

• In proposition 3.3 has entered the assumption that the probability space (X, m)
is a Lebesgue space. There exists an automorphism of a probability space such that
each measurable set Y is a coboundary. (See [Akc 65].)

• Proposition 3.3 gives some indication that the decision whether a set is a cobound
ary or not might be subtle, especially when trying to deal with the question numer
ically.

• Let us mention that for an ergodic periodic dynamical system (X, T, m) a set
Z C X is a coboundary if and only if the cardinality of Z is even. This follows
quickly from the above lemma 3.2. Proposition 3.3 is no more true in the periodic
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• Of course the construction of coboundaries is easy: take a measurable set Z C X
and form the coboundary Y = ZAT(Z). On the other hand, we don't know of an
easy construction of sets which are not coboundaries.

Lemma 3.4 Assume Z C Y C X with miZ) > 0. Then, Z is a coboundary for T
if and only if Z is a coboundary for Ty.

Proof. Because (Ty)z = Tz we have also ((Ty)z)2 = (Tz)2. The claim follows with
l e m m a 3 . 2 . D

We will use the following corollary of the Proposition 3.3:

Corollary 3.5 For every Y C X with m(Y) > 0 there exists Z C Y which is not a
coboundary.

Proof. Look at the dynamical system (Y,Ty,my). If iX,T,m) is aperiodic the
proposition 3.3 assures that there exists Z C Y such that Z is not a coboundary for
Ty. This means with lemma 3.4 that Z is not a coboundary for T. If iX,T,m) is
periodic, choose Z C Y which consists of one element. This Z is not a coboundary
b e c a u s e ( T z ) 2 i s t r i v i a l l y e r g o d i c . D

4 Continuity and discontinuity of the Lyapunov
exponent

Computer experiments indicate that the Lyapunov exponent A is discontinuous.
But from the topological point of view we have a big set, where A is continuous.
Recall that a subset of a topological space is caUed generic if it contains a countable
intersection of open dense sets. The complement of a generic set is called meager.

Theorem 4.1 The set

{A G A | A is continuous in A}

is generic in A.
V \ intV is meager.

Proof. We can write

with
\(A)=lim\n(A)

\n(A) = n-1f\og\\An\\dm.
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So, A is the pointwise limit of continuous functions A„. A theorem of Baire (see
[Hah 32] p.221 or the Appendix of this chapter) states that the set of continuity
points of such a function is generic.
The set V\iat(V) is a subset of all the discontinuity points. It is therefore meager. D

Definition. We say a cocycle A G V is weak on Y C X if the following three
conditions are satisfied:
a) the return time to Yc is unbounded,
b) Aix) = 1 for x G y,
c) (1,0) G W+ix) and (0,1) G W"ix) for xeY.
We call A weak, if A G V and there exists Y C X with 0 < m(Y) < 1 such that A
is weak on Y.

Lemma 4.2 There exist weak cocycles if iX, T, m) is aperiodic.

Proof. If the dynamical system is aperiodic, there exists for every n G N, n > 0
and every c > 0 a measurable set Z such that Z,TiZ),... ,Tn^iZ) are pairwise
disjoint and such that mflJElo TkiZ)) > 1 - e. This is Rohlin's lemma (for a proof
see [Hal 56]) and the set Z is called a (n, e)- Rohlin set.
Define the set

Y=\J\jTk(Zn),
n=l Jb=l

where Zn is a (n2n, l/2)-Rohlin set. Then miY) < 1/2 and the return time to Yc
is not bounded. Take a diagonal cocycle D(a;) = Diag(^z(a:),//"1(a;)) with nix) = 1
for x G y and /j(x) = 2 for x G yc. This cocycle D is weak. D

The main result in this section is:

Theorem 4.3 V \ int(P) is not empty if and only if (X, T, m) is aperiodic.

For the proof we will need another lemma. Call

PU\ _ ( C0SW sinM \
"W-^-s in fo) cos(<£) ;

and denote with Xz the characteristic function of a measurable set Z C X.

Lemma 4.4 If A eV is weak on Y and Z CY is not a coboundary then the cocycle

Bix) = Riir/2-Xzix))Aix)

isinA\ V.
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Proof. Given a cocycle A which is weak on Y C X. The two sets

X+/~ = {ix,W+'~ix))\x €X}cXxP1

are invariant under the skew product action TxA. We call T+/~ the action of T x A
restricted to X+/~ and fi+/~ the two ergodic TxA invariant measures projecting
down to m. The dynamical systems (JV+/~, T+/r~, /j+/~) are isomorphic to (X, T, m).
Define

B(x) = R{ic/2'Xz(x))A(x),
where Z CY is not a coboundary. The set X+ U A"" is invariant under T x B and
(/Lt++if)/2 is an invariant measure oiTxB which projects down to m. The system
[x+ U X",T x B, (/z+ + /0/2) is isomorphic to (X x {1, -1},T x ip^iZ^m x v)
which we have met in the last section. Stepin's result implies that the measure
ifj,+ + /i~)/2 is an ergodicTxB invariant measure onX xP1. This gives then with
proposition 2.1b)

A(B) = | flog\Aix)w\dfj,+ix,W) + jlog\Aix)w\dfi-ix,W)\/2
= |A+(A) + A"(A)|/2 = 0 .

Proof of theorem 4.3. Assume (X,T,m) is aperiodic. It is enough to show: if A is
weak then A G P\int(7>). With Lemma 4.2 follows then that P\intP is not empty.
Let A G V be weak on Y and let e > 0 be given. We wiU construct a B G A
such that A(B) = 0 and |||B - A||| < 6. Take n so big, so that |||A||| • n/2n < e.
Choose V C yc, such that T(V),...,TniV) are disjoint from Yc and m(V) > 0.
This is possible because the return time to Yc is not bounded. Then there exists
with corollary 3.5 a set Z C V which is not a coboundary. Define

U = X \ U T\Z)
k=i

and look at the induced system ((/, T#, m#). Then A\j is weak over Y fl U and with
lemma 3.4 follows that Z is not a coboundary for Ty, because it is not a coboundary
for T. Application of lemma 4.4 gives that

C = Ri7c/2'Xz)Au

has zero Lyapunov exponent. Define the cocycle

Bix) = B(?r/(2n) • Xu.{x))A(x) .
We check that

BV = C.
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This gives with lemma 2.2 and X(C) = 0 also X(B) = 0. Further

III* - 411 SIIWII-*/&»<£«.
We have shown that a weak cocycle is in V \ intV.
If (X,T, m) is periodic then the Lyapunov exponent is continuous and so V = mHV.

Remarks.

• We say A,B G A are cohomologous in A if there exists C e A, such that
C(T)AC~l = A. Cohomologous cocycles have the same Lyapunov exponents and if
A is conjugated to a weak cocycle then it is also in P \ intP.
• It was surprising for us to find diagonal cocycles in V \ intP. We expected that
the arbitrary closeness of stable and instable directions are responsible for the dis
continuity of the Lyapunov exponent. This can also be the case as the following
remark indicates.

• Assume A G V\ int(P) and An -> A with A(An) = 0. Because V is dense in
A (see [Kni 2]) we can find Bn-+ A with |||Bn - An||| < 1/n and Bn G V. If /zn
denotes a T x Bn invariant probability measure projecting down to m then /in con
verges weakly to (/j+ + /T")/2 where /i+/~ are the T x A invariant ergodic measures
projecting down to m. In some sense the stable and unstable directions of Bn come
closer and closer together as n is increasing.

5 Difficulty of the decision whether the Lyapunov
exponent is positive

There are only a few methods to decide whether A G V or not. The only method
which works for general dynamical systems is Wojtkowsky's cone method [Woj 85].
But there are many examples where one measures positive Lyapunov exponent nu
merically without being able to prove it. This suggests that the general problem is
difficult. The next theorem could be one of the reasons for the subtlety.
Theorem 5.1 Given a measurable set Y C X with 0 < m(Y) < 1. There exists
AG A, such that B = #(7r/2 • Xy)A eV if and only ifY is a coboundary.
Proof. Given Y C X with 0 < m(Y) < 1 we build the Kakutani skyscraper over Y,
which is a partition X = U>i Y{, where Yx = Y and Yn+i = T(Yn) \ Y.
We have m{Y2) > 0 because m(Y) < 1. Define U = Y2 and the diagonal cocycle
Aix) = Diag(2,2_1) for x G U and A{x) = 1 else. The Lyapunov exponent of A is

A(A) = log(2) • m(U) > 0 .
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Clearly the vector (1,0) is in W+ix) and the vector (0,1) is in W~ix). We denote
with /x+/"~ the two ergodic TxA invariant measures on X x P1 which project down
to m and have their support on

X+/- = {ix,W+/~ix))\x€X}.

If y is not a coboundary, we conclude Kke in the proof of Lemma 4.4 that ifi++/JT )/2
is an ergodic T x B invariant measure projecting down to m and so A(B) = 0.
If y is a coboundary, that is if Y = ZAT(Z), there is a T x A invariant set

Q = Hx,W+ix)) | x G Z} U {{x,W-{x)) | x G Zc} .
This set Q carries an ergodic TxA invariant measure \i which projects onto the
measure m. Because U = Y2 is disjoint from Y either U C Z flT(Z) or U is disjoint
from Z U TiZ). This implies £/ C Z or C/ C Zc and we have either

{ i x ,W+ ix ) ) \ xeU}QQ
or

{(ar,W(ar))| s G 17} C Q .
Because A(x) is different from the identity matrix only on U and is there Diag(2,2"*1)
we have

A(B) = \flog\Aix)w\dnix,W)\
J Q

= log(2) • m(U) = A(A) > 0 .

If we would have an algorithm to find out whether a given cocycle A G A is in V
or not we could also find out for a measurable set Z C X if Z is a coboundary or
not. So, the cohomology problem in 8 exhibits already a difficulty for calculating
or estimating the Lyapunov exponents.

6 Open questions
Let us mention to the end some open questions:

• Assume T is a homeomorphism of a compact metric space X leaving a Borel
probabiKty measure m invariant. Is the upper Lyapunov exponent continuous on

C(X,5L(2,R)) = {A : X — 5L(2,R) | A continuous} ?
• We believe that the cohomology problem in 8 is difficult. Is there a difficult math
ematical problem which is embeddable in the cohomology problem for measurable
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sets?

• For which r > 0 is there a nonempty set in A such that the Lyapunov exponent
is there r times but not r +1 times differentiable?

• Can discontinuities of the Lyapunov exponent A occur on special curves through
A? In the theory of random Jacobi matrices [Cyc 87] one would like to know about
regularity properties of A on the curve

- " ■ - C i ' v ) .
where V G L°°iX,R). Johnson [Joh 84] has examples for discontinuities in the case
of almost periodic Schrodinger operators. An other interesting curve would be the
circle

P~ARiP) = A( C0S(f) *°W).
\ -smiP) cos(/?) )

Can we always find A 6 A, where p *-* A(AjR(/?)) is not continuous?

• Is every AeV\ int(P) cohomologous to a weak cocycle ?

7 Appendix: A remark about cohomology
Let 8 denote the set of Z2 valued cocycles, O the set of circle valued cocycles and A
the set of 5L(2, R) cocycles over a dynamical system iX, T, m). The group 8 as the
center of the multipKcative group A and at O as a maximal abelian subgroup of A.
We will prove, that A G 8 is not a coboundary in 8, then A is neither a coboundary
in O nor a coboundary in A. This implies that if we find cocycles, which are not
coboundaries in 8 then we have found also cocycles which are not coboundaries in
A.

Lemma 7.1 (a) Ae 8 is a coboundary in 8 if and only if it is a coboundary in O.
(b) IfAuA2eO and 3C G A such that Ax = CiT)A2C~l, then there exists CeO
withA1 = CiT)A2C~1.
(c) AGO is a coboundary in O if and only if it is a coboundary in A.
(d) AeS is coboundary in 8 if and only if it is a coboundary in A.
Proof. We assume without loss of generality, that the dynamical system is ergodic.
In the general case, we can decompose the system in its ergodic components and
if the statement is true for every ergodic fiber, then it is also true for the system itself.

(a) Given A G 8. We have only to show, that 3B G O
A = B(r)B-J

80



impKes 3B G 8
A = BiT)B~l .

The other direction is trivial. From the relation A = Bp)B~l, we get BiT) = ±B.
Because the system is ergodic, |By(:r)| is constant for all i,j G {1,2}. This means,
that

B(x) = C(x)R(4(x)),
where </>ix) is a constant and C(x) G {-1,1}. We can choose <f> = 0 by replacing
B(x) by B(x)R(4)"1. We have thus found CtS with A = CCOC"1.

(b) Given Au A2 G O and C G A such that Ai = OCT^C"1.
We write C = BijD.R2, where D = Diag(^,^_1) is diagonal and Ri G (9. Then

R2iT)A2iqlD = DiT)RiiT)-xAiRi,

and we can write
B2D = DiT)Bi

for Bi = Ri(T)AiRfl. If B;(:r) is a rotation about an angle faix), we have

/ cos(<^)ax sin(02)^"1 \ _ / cos(<fo)/x(T) sin(<£i/z(T) \
^-sin(&)/* cosOfeK1 ; \^-sin(^HT)-1 sin^i^T)-1) j '

From these four equations, we can derive

cos2(<£i) = cos2(<fe),
sin2(^) = sin2(<fe)

and
cos(<£i)/cos(<fe) = ////i(T) > 0

which implies \i — ^(T) and </>i = <fe. If <fo ^ 0. We deduce from sin(^i)^"1 =
sini<t>2)niT), that \i = 1. If <fo = 0,

1 = Bi = BiCOAiflf1 = R2A2iql = B2 = 1

and C" = BiB2 gives
C\T)A2C'-1 = Ai .

(c) is a special case of (b).

( d ) f o U o w s f r o m ( a ) a n d ( c ) t o g e t h e r . D

This has the following consequence for the cohomology groups:

Corollary 7.2 W(T, Z2) is a subgroup ofHiT, 50(2, R)), which is a subset ofHiT, 5L(2, R)).
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Proof. There is a natural inclusions 8 C O C A. Denote in these groups the
coboundaries with C^,Cq,Cĵ . The cohomology groups are defined as 7i(T,Z2) =
£&£, HiT, 50(2, R)) = O/Cq and we have the set of cohomology classes ft(T, 51,(2, R))
A/Cj±. There is a trivial inclusion Cg C Cq C C4. The above lemma 7.1 showed
that Cs = Cpn£, and Cq = CACiG. It follows that HiT, Z2) = £/££ is a subgroup
of iO)/CQ and this is a subset of the set of cohomology classes in A. □

8 Appendix: The theorem of Baire
We add a proof of Bair's theorem. The theorem can be found in [Hah 32].

Theorem 8.1 (Baire) Given a complete metric space iX, d) and a sequence fn of
real valued continuous functions on X, which converge pointwise to a function f.
Then, the set of continuity points of f is generic.

Proof. Define for i,j > 1

^• = {x6X||/(x)-/,(x)|<l/ i}
and

A^lJ'mtiAij).
i=i

Then A = fl^li Aj is the set of continuity points of /.
Define further

B{j = {x G X | \fkix) - ftix)\ < l/j, for k, I > i}
The continuity of fk implies, that B0- is closed. The assumption, that the sequence
/„ is converging pointwise gives

{jB{j = X.
i = l

Because for each i > 1, we have int(B )̂ C Aj, we have also
00

|J int(B0) C Aj .
t=i

Because By \ int(B^) is nowhere dense, we conclude, that X \ Aj is meager. So,
also

X\A=\J(X\A,)
i= l

i s m e a g e r . □
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Abstract
We show the integrability of infinite dimensional Hamiltonian systems ob
tained by making isospectral deformations of random Jacobi operators over
an abstract dynamical system.
The time 1 map of these so called random Toda flows can be expressed by a
QR decomposition.

1 Introduction
Toda systems have been studied extensively since their discovery by Toda in 1967.
Since then, several approaches for their integration have been found and many gen
eralizations have been invented.

Examples are:
• The tied or aperiodic Toda lattice describes isospectral deformations of finite
dimensional aperiodic tridiagonal Jacobi matrices

L = 0

Vo

0
a*

a-N-2
0>N-2 &JV-1

0 a N - i

0 \

bN

The integration is performed by taking a spectral measure as the new coordinate.
From this measure, the matrix can be recovered. The measure moves linearly by the
Toda flow. For a generic Hamiltonian, the matrices converge to diagonal matrices for
t —▶ dboo. The integration of the first flow, which has an interpretation of particles on
the Kne, has first been performed in [Mos 75]. For the other flows see [Dei 83]. There
are Lie algebraic generalizations of this Toda lattice [Bog 76], [Kos 79], [Sym 80]
and interpretations as a geodesic flow [Per 90] or a constrained harmonic motion
[Dei 80].
• The half- infinite Toda lattice is an infinite dimensional generalization of the tied
lattice. It describes isospectral deformations of tridiagonal operators

L =
/6 i ax 0

ai 02 , a2
0 a 2 •

V - • • •/
on /2(N). The integration is technically more difficult and has been performed in
[Dei 85],[Ber 86] [Li 87]. It resembles the integration of the tied lattice. Again, the
operators converge in general to diagonal operators [Dei 85].
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( h a>\ 0 • 0 «JV
«1 h a2 0
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• The periodic Toda lattice consists of isospectral deformations of periodic Jacobi
matrices

L =

/
The first flow describes a periodic chain of particles interacting with an exponential
potential. The explicit integration uses methods of algebraic geometry [Kac 75]
[vMo 76] [vMo 78]. The flow is conjugated to a motion of an auxiliary spectrum.
Jacobi's map transforms this motion into a linear flow on the Jacobi variety of the
hyperelliptic curve attached to the matrix. The system is periodic or quasiperiodic.
• A rapidly decreasing case of the Toda lattice is a situation with free particle
boundary conditions at infinity. The integration is done by an inverse scattering
transform [Fla 74], [Fad 86]. It is an isospectral deformation of doubly infinite Ja
cobi matrices decaying at infinity. A recent detailed investigation of the long time
behavior of such a Toda system can be found in [Kam 93].

In this article, we discuss the Toda lattice with a new boundary condition: a so-
called random boundary condition. It is a generalization of both the periodic and
the aperiodic system and consists of deformations of random Jacobi operators. This
generalization is a special case of an abstract generalization found by Bogoyavlensky
[Bog 88],[Bog 90] p.172), who suggested to consider such differential equations in an
associative algebra.

Another suggestion for investigating such random systems is offered in ([Car 90] p.
436), where it is motivated by the problem of finding a complete inverse spectral the
oryfor random Jacobi operators, a project initiated by Carmona and Kotani([Car 87]).

The random Toda lattice is a discrete version of the Korteweg de Vries equation
defined over a flow. A special case of such a KdV equation leads to an isospectral
deformation of almost periodic Schrodinger operators. In the work of Johnson and
Moser [Joh 82] the Floquet exponent for such Schrodinger operators is introduced
and the Floquet exponent is shown to be an invariant of the KdV deformation. It
is natural to ask for analogous results in the discrete case.

The chapter is organized as follows:

In the second section, we define isospectral Toda deformations of random Jacobi
operators. Random Jacobi operators are selfadjoint elements L = ar + (ar)* + b
in the crossed product X of the commutative Banach algebra L°°iX) with an ab
stract dynamical system iX,T,m). The multiplication in X is just the convolution
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multiplication of power series £ L„rn in the variable r with the additional rule
that i^Ln = L„(TAr)rlr for all k,n G Z. The random Jacobi operators form a Ba
nach space C C X. For almost all x € X, one gets stochastic Jacobi matrices
[L(x)]mn = Ln_m(Tm:r). We are interested in deformations of Jacobi operators
which are given by a differential equation L = [BniL),L], where Bjy(L) is skew
symmetric in X and depends on a Hamiltonian H. These Toda flows generaKze
periodic and aperiodic finite dimensional Toda flows. The periodic case is obtained
when the cardinality of the set X is finite. If a(z) = 0 on a set of positive measure
one gets the aperiodic case. There is a trace in the C* algebra X and for each con
tinuous function / : C -» C there is an integral tr(/(L)) of the Toda flow. Another
integral of the deformations is the mass exp(/x log(a) dmix)). This integral cannot
be written in the form tr(/(L)).

In the third section we give an integration of the random Toda lattice in the fol
lowing sense: There is a mapping <j> from £ to an infinite dimensional vector space
G, in which the flow is linear. The mapping <j> has a left inverse rj> and the time
one maps Expff,Expff of the flow in the old and new coordinates are related by
ExpHiL) — ij) o Exptf o <£(L). The idea is to approximate the random Toda flow by
finite dimensional aperiodic Toda lattices which are known to be integrable. This
approximation is due to a lemma which says, roughly speaking, that a differential
equation x = fix) in a Banach space gives a flow which is also continuous in a
weaker topology, if / is continuous with respect to this weaker one.
There can be transient behavior for the random Toda lattice: The random Toda flow
splits into infinitely many aperiodic finite dimensional flows, provided that a(x) is
zero on a set of positive measure and the underlying dynamical system is ergodic.

In the fourth section, we show that QR decompositions generalize to the infinite
dimensional case. Such a generalization is known for half infinite Jacobi operators
[Dei 85]. The QR decomposition for invertible matrices can also be used to express
the time 1 map for each flow.

In the fifth section it is shown that random Jacobi operators L have a determinant
det(L — E) which is an integral of motion for the Toda flows. The Floquet exponent
wiE) satisfying det(L — E) = exp(—w(B)) is related by the Thouless formula to
the Lyapunov exponent and to the rotation number of the transfer cocycle of L.
These functions as well as the Taylor coefficients of wiE) calculated at a point Bo
outside the spectrum of L are also integrals. Random Jacobi operators appear in a
natural way for twist diffeomorphisms. They are the second variation of a Percival
functional.

At last, in the sixth section, we look at generalizations of random Toda flows, for
example at isospectral deformations in the crossed product of any Banach algebra
with a dynamical system. In the same way as the random Toda lattice, random

89



singular value decomposition flows can be defined.

2 Random Jacobi operators and random Toda
flows

2.1 Random Jacobi operators
A dynamical system (X,T,m) is an automorphism T of a probability space (AT, m).
Consider the set of sequences Kn G L°°iX), where Kn ^ 0 only for finitely many
n G Z. This forms an algebra with the multiplication

(KM)n(x)= £ Kkix)MmiTkx).
k+m=n

The algebra carries an involution given by

(jr).(*) = ET(T"*).
We denote by X the completion of this algebra with respect to the norm

111*111 =ll|tf(*)||U,
where Kix) is the bounded operator in /2(Z) given by the infinite matrix

l*(*)W = Kn-miTmx).
The multiplication and involution in X is defined such that

K e X >-> Kix) e Bii2iz))

is an algebra homomorphism:

KL{x) = Kix)Lix), K*ix) = K(x)\
The algebra X is a C*- algebra called the crossed product of L°°(X) with the
dynamical system (X, T, m). Elements in X are called random operators. ForK e X
we define the trace by

tr(ff) = J K0dm.
Foi all K,M eX,

tiiKM) = f'£KnM-niTn)dm= [52K-nMniT-n)dmJ n J n

= [ "EMnK-n i^dm^t i iMK) .
* * n
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It follows that for any invertible U G X and every K G X,

tiiUKU'1) = tr(K) .

In order to simplify the writing and the algebraic manipulations, we wiU write
elements K G X in the form

K = J^Knrn
n

and think of r just as a symbol. The multiplication in X is the multiplication of
power series with the additional rule r*/^ = /Tn(Tfc)T* for shifting the r's to the
right and the requirement that t* = r'1. If we interpret r as a shift operator
/ »-*• /(T) in L2(X) and Kn as a multiplication operator, we have a representation
ofAfin£(L2(X)):

*7 = £*n/Cr).
n

If the dynamical system (X, T, m) is ergodic, there exists for each K G X a set of
fuU measure such that for x in this set, the operators AT(x) have the same spec
trum E(AT(a;)) denoted by £(#). This is a version of Pastur's theorem. The proof
([Cyc 87] p. 168) which is written for a parallel case proves it. In general, when no
ergodicity is assumed, define

S(AT) = {E G C | mi{x G X \ E G E(tf(s))}) > 0} •

A selfadjoint element L € X of the form

L = ar + (ar)* + b

is called a random Jacobi operator if a, 6 G L°°(X, R). Denote by C the real Banach
space of all random Jacobi operators in X. We call

M(L) := exp( / log(a) dm) G R U {-co}

the mass of the operator L. (The branch of the logarithm in the definition of the
mass is chosen so that log(—1) = i • ir, and log(l) = 0.)
Remark. C* algebra techniques for random Jacobi matrices were promoted in
[Bel 85]. The crossed product construction goes back to Murray and von Neu
mann and plays an important role in the theory of C* algebras (non-commutative
topology) and von Neumann algebras (non-commutative measure theory).

2.2 Random Toda flows
We define the projections

K = J Knrn -> K* = £ Knrn
n = - o o ± n > 0
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which yield the decomposition K = K~ + K0 + K+. For a Hamiltonian

H G C»i£) := {L k, tiihiL)) \ h entire, fc(R) c R} ,

the differential equation
L = [BHiL),L],

with BHiL) = h'iL)+ - /i'(L)~ defines a flow which we call a random Toda flow or
a random Toda lattice.

Remark. The name "random Toda lattice" was proposed by Carmona,Kotani [Car 87].
They say there: We hope to be able to discuss the problems of some "random Toda
lattices" in the near future.

Theorem 2.1 For each B(L) = tr(/i(I)) G Cw(£), the flow

L = [h'iL)+-h'iL)-,L] = [BHiL),L)

defined on £ is Hamiltonian, isospectral and every G G Cw(£) as well as the mass
exp(J log(a) dm) are integrals. The flows are globally defined and commute pairwise.

Proof.

Invariance of the spectrum and local integrals:
In X, the differential equation Q = -BHQ with Q(0) = 1 has a unitary solution

Q{t), because BH is skew symmetric. The formula Qit)Lit)Qitf = L(0) shows that
the flows leave invariant the spectrum E(L).
For each g G C(E(£)) we have

GiLit)) = tr(Q*(i)(KL(0))Q(t)) = tr(s(L(0))) = O(L(0))

giving the local integrals O(L) = tr(^(I)) for g G C(E(L)).

Global existence:
The local existence of the Toda flows follows from Cauchy's existence theorem (see

[Die 68]) and the fact that

fH:£-+£,L» fHiL) = [BB(L),L]
is Frechet differentiable: denote with BR the ball with radius R in the Banach space
C and with DfuiL) the Frechet derivative of fH : £ -▶ £. The operator norm in
B(£) is written as ||| • |||la Claim: fH is differentiable and VB > 0 3CHR > 0 such
that for all L G BR

ll l /FW|||<Cjri i l l | | |D/jr(L)| | |1<CM.
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Proof. For L G Br we have necessarily lal^, |6|oo < R and we obtain the rough
estimate |(Ln)»|oo < 3nBn, leading with /i(z) = EnhnznMz) = EnlM*" to
|||h(L)±||| < ZRh'iZR) and

111/^(1)111 <12B2^(3B).

Similarly we obtain with

D(/i(L)+ - h(L)-)U = ih'iL)U)+ - (h'(L)U)'

the estimate
IIP/* Willi < l2R2ih"i3R) + h'(ZR)) =: CHyR .

D
Since E(L) is invariant by the flow, the norm |||L(<)||| is constant. This assures
global existence of the flow.

Hamiltonian character of the flow:
We will show that £ is a Poisson manifold and that the Toda lattice with the

Hamiltonian H can be written in Cw(£) as F = {F,H}.

Define the projection A : X —> £ by

K= f; KnTn»K* = K-iT-1+K0 + KiT.
n=—co

Given G = tr(#(L)) G Cw(£), we denote with

VG = g\L)* G £

the functional derivative of G : £ —> R. The Frechet derivative .DG satisfies
DGiL)U = tr(VG(L)£/) for all £/ G £. Claim. The foUowing formula of Moer-
beke ([vMo 76]) holds:

[fc'(L)+ - ti(L)',L] = [L+ - ZT,fc'(L)A] .

Proof. By linearity in h, it is enough to check this formula for h!(L) = Ln: For
|fc| > 2 we have

[iLn)+-iLn)-,L]k = [Ln,L]k = 0.
We use the notation Ln = E2=-n k7"* to verify also

[iLn)+-iLn)-,L]0 = pirf(arr]-p.lT*lar]
= [aT, l- iT*]- [ iary, l i r ]
= [L+-L-,(L»)A]o
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and

[(L-)+-(£")". I]i = [hT,b] + {l2T*,(aTy)
= -['<>,<"-] = [or, Z0]
= [ L + - I - , ( L » ) % ,

where we used the identity

0 = [IM], = plT) 6] + for2, (arfl + fo, ar].

With the Poisson bracket

{F, G} := 2 • tr(VF(L+ - I~)VG) = tr(VF[L+ - L~, VG]) ,

Gw(£) is a Lie algebra. An observable G = tr(#(L)) G Cw(£) evolves according to

G = ^tr(s(L)) = tiiDgiL)L) = tr(VGL)
= tr(VG(L)[L+ - X", VB(L)]) = {G,B} .

Since every G G Cw(£) is a constant of motion, we have {H, G} = 0 for all H, G G
Cw(£) and so aU these Hamiltonian flows commute: with the notation XHF =
{F, H} one has using the Jacobi identity

[XH,XG]F = iXHXG-XGXH)F = {{F,G},H}-{{F,H},G}
= {{B,G},F}=X{tf,G}ir = 0.

Conservation laws for mass and momentum:
The differential equation L = [B#(£), L] is equivalent to

|log(a) = /i'(L)0(T)-/i'(L)o,

^6 = 2ah\L)i -2aiT-1)htiL)iiT"1).
These are discrete conservation laws for the mass integral log(M) = fx log(a) dm
and the momentum integral fx b dm.
We can see from the above conservation laws that the imaginary part of log(a) does
not move. This impKes that the set Y(t) = {x G X \ a(x) < 0} does not move.

Remark. To approach the common notation for Hamiltonian systems, one could use
the notation JLK := [L+ - L~, K] for K, L G £ and < K, L >= tr(KL). The Toda
flows can then be written as

L = JLVHiL)
and the Poisson bracket is

{F,G}L=<VF,JiVG> .
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One can show that the 2-form wLiK, M) =< K, JLM > is degenerate. Like this,
£ is not a symplectic manifold but only a Poisson manifold. See [Sch 87] for more
information about infinite dimensional Hamiltonian systems.

Example. (The first Toda lattice). For B(L) = tr(^) one obtains the differential
equation L = [L+ — L~,L]. Expressed in the coordinates a, b, this gives

a = a(6(T)-6),
b = 2a2-2a2(T"1).

For fixed x G X we write an = a^rr), 6„ = 6(Xna;); this leads to

an = a„(6n+i - 6„),
bn = 2(a2-a2_1),

and reduces to the periodic Toda lattice in the case when |X| is finite.

Example. (The second Toda lattice). For B(L) = tr(^y) one obtains the differential
equation L = [(£2)+ - (L2)",L]. Expressed in the coordinates a,b, this gives

a = a(62(T)-62 + a2(T)-a2(T-1)),
b = 2a2(6(T) + 6)-2a2(r-1)(6 + 6(T"1)).

2.3 Visualisation of the first Toda flow
We can visualise the motion of {an, bn} as the evolution of infinitely many points

(log(a) + ityiTx) = log(an) + ibn G C .

Assume now X = T1 and a, b : X —▶ R are smooth. We get then a curve

xGT1 *-+ (log(a) + ib)ix) G C

in the complex plane. The motion of the Toda flow induces then a motion of this
curve which keeps on being smooth for all times. Because the Toda flow has the
integrals

/ log(a) dm, and bdm

the center of mass of the configuration is conserved.
We calculated numerically an example of such an evolution with the following Math-
ematica program
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RKStep[f_List, y_List,yO_List, dtj :=Block[{kl,k2,k3,k4 },
kl=dt N[ f /. Thread[y -> yO] ] ;k2=dt N[ f /. Thread[y -> yO+kl/2]];
k3=dt N[ f /. Threadfy -> y0+k2/2]] ;k4=dt N[ f /. Threadfy -> y0+k3 ]];
y0+(kl+2*k2+2*k3+k4)/6];

RKLastPoint[f_List,y_List,yO_List,{tl_, dt_}] :=Block[{yy},
yy=yO;Do[yy=RKStep[f ,y,yy,N[dt]],{i,l,Round[N[tl/dt]]}] ;yy ] ;

VariabCnJ :=Join[Table[a[i] ,{ i , l ,n}] ,Table[b[i] ,{ i ,n}] l ;
D i f feq [n_ ] :=Jo in [Tab le [a [ i ] b [Mod[ i ,n ]+ l ] -b [ i ] a [ i ] , { i ,n } ] ,

Table[2 a[i] a[i]-2 a[Mod[i-2,n]+l] a[Mod[i-2,n]+l] ,{i,n}]] ;
TodaLat [cc0_, 11_ ,dt_]: =Block Kl=Length[ccO] /2 ,k>,

cc=Variab[l] ;hh=Diffeq[l]; RKLastPoint[hh,cc,ccO,{tl,dt}] ] ;
InitCnJ :=Block[{s=10*Pi/n},

N[Join [Table [Exp[Cos[j*s]] ,{j ,n}] ,Table [Sin [j*s] ,{j ,n}]]]] ;
P ic tCcJ :=Block[{ l=Length[c] /2} , L is tPlot [Table[ {Log[c[ [ i ] ] l ,c [ [ i+ l ] ] } , { i , l } ] ,

PlotRange->{{-3,3}, {-3,3}}, DisplayFunction->Identity, Axes->False] ] ;
Filn[NumbPart_,NumbPict_,TimeInt J :=Block[{c=Init[NumbPart] ,Movie={}},

Do [Movie=Append [Movie, Pict [c] ] ; c=TodaLat [c, Timelnt,0.01],{i, NumbPict>] ; Movie] ;
Display ["Ipsfix -land -stretch > todafilm.ps",

Show[GraphicsArray[Partition[Film[101,16,0.05] ,4]] ,
DisplayFunction->$DisplayFunct ion, Frame->True,
PlotLabel->FontForm["The Toda lattice with 101 particles",{"Helvetica",12}]]]
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2.4 The flow in Flaschka coordinates
The Toda flows can sometimes be interpreted as a Hamiltonian flow in the new
coordinates q,p (see Flaschka [Fla 74]) defined by:

4a2 = e*<T)-*, 26 = p.

To introduce these coordinates q,p S L°°iX), the function a2 must be a multipKca-
tive coboundary: there must exist / G L°°iX) such that

«* = /(T)rx.
Not every a satisfies this. A necessary condition is for example that Jx log(a) dm =
0. The Toda differential equations transform into the Hamilton equations

4 = H P,
P = - H fl

where B(g,p) = B(L) = tr(/i(L)). The first flow, given by /i(B) = ^, describes an
infinite chain of particles with position qn = g(Tnx) moving according to

d2
d t * q " - e e

On the Banach space L°°(X) x L°°(X) there is a symplectic structure. With

z = (q,p) € L~(X) X L"(X) ,

the flows can be written as
z = JVB(z).

3 Integration of the random Toda lattice
If iX, T, m) is periodic, the integration of the random Toda lattice is known and the
solutions can be given expKcitly in terms of Theta functions. In the case of positive
mass one has a collection of periodic Toda lattices and in the case of zero mass one
has a collection aperiodic Toda lattices. In the following, we examine the case of
an aperiodic dynamical system. Nevertheless the periodic case can be viewed as a
special case of this also as we explain at the end of this paragraph.

Denote by ExpH : £ -> £ the time 1 map of the flow given by H. We want to
find new coordinates in an infinite dimensional vector space G where the time 1 map
Exp is easy to calculate.
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Theorem 3.1 Assume iX,T,m) is aperiodic.

a) There exists an infective map <£:£-><? = iL°°iX) x L°°iX))N,

a,6GL00W^(A,r) = {(Al-,rt)}t€N
which has a surjective left inverse $ defined on the flow invariant subset

H = {Ex?*(4(C)) | H G C%C)} c 0 .
The flow given by the differential equation L = [BH(L)y L] has in the new coordinates
the form

E^(V) = (A,e*(»»r) = {(Aj.e*™!-,)}*,
and is conjugated to the flow in £:

ExpH{L) = ̂  o Exp* o <f>iL) .
b) Assume iX,T,m) is ergodic. If L G £ is given such that Y = {a(z) = 0}
has positive measure, then there exists a generic set in Cw(£), such that for H in
this set, Lit)ix) converges in the weak operator topology to a diagonal operator for
almost allx eX.

3.1 Integration of the Toda flows in the case when {a(x) =
0} has positive measure.

Proof.
a) Call Ty the induced mapping on Y = {a(ar) = 0},

Ty(y) = T"fr>(y),
where

n(y) = min{n > 0 | Ty G Y} .
By Poincare recurrence, n(y) is finite for almost all y G Y. For fixed y G Y, we
write an = a(Tn2/),6n = biTny) and call the aperiodic Jacobi matrix

/ 6 i a i 0 • • 0 \
fli 62 a2
0 a2 •
' ' ' * ° ( n ( y ) - 2 ) 0
* ' * fl ( n ( y ) - 2 ) & ( n ( y ) - l ) 0 ( n ( y ) - l )

V 0 • • 0 a < n ( , ) - i ) b n { y )
a 6/ocfc. It evolves independently from the other part of the matrix L(y). (In the
case nix) = 1, the matrix Ly is a 1 x 1 matrix containing just a 0.) We have in this
way a measurable matrix-valued function

y G Y •-> Ly .
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The spectrum XyV < ...< Ayn(y)) of Ly is simple. We can label each x GX with a
value Xix) by defining

\(T\ _ \ (»»(«))

where m(ar) = min{n > 0 | T~nx G Y} and y(x) = T-m(z>:r. The mapping
x t-* A(x) is measurable and because A(z) < |||L||| for almost every a;Gy,we have
A G L°°(A:). Call

n(y)
^ = ^ A ( r y ) P ( r y ) ,

t = i

the matrix-valued spectral measure of Ly = / Ac?By(A) where P(s) is the projection
on the eigenspace of A(x). Define for y G Y the probability measure

My = [<2By]ii •

If 6iz) denotes the Dirac measure at z G R, the measure can be written as

^ E ^ - W ^ ) ) ,f c i ^ y ( r )

where
«(y)

By(r) = £r(T*2,).
fc=i

The function r G L°°(X) is uniquely defined when we require By(r) = 1 for y G Y.
We have so a map

0 : (a, 6) h(V)65 = L°°(X) x L°°(X) .

Define

(Infinitely many coordinates in 5 will be necessary only in the case a(x) > 0, a.e.
which is treated later.) In these new coordinates the flow is linear: A does not
change and the weights r(J*y) of the measure d\Ly evolve according to

riTy) = h'iXiTy)) • r(T''j,), i = 1,..., n(y) .

(See [Mos 75] for the first flow and [Dei 85] for all the Toda flows. We will give the
proof in an appendix.) Therefore

(X(t),r(t)) = (Aeh'mt-r).
From Expjy(A,r) G H, the operator Exp*(L) G £ can be reconstructed: Take a
point y GY. The values

XiTiy),r iTiy)i = l n(y)
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determine the measure d\iy and from this measure, a(7*y), 6(T,'y) for i = 1,..., n(y)
can be recovered. (See also the appendix.) We have thus an inverse tp on H C G
and by construction

Exp*(L) = ^oExp*o^(L).
b) The operator I(x) has countably many eigenvalues A G {At}t€Z =: <rp(£(a:)), and
because of ergodicity, £p(£(a:)) = SP(L) for almost all xGX. There exists a generic
set of entire functions h which are injective on S(X) because h is injective on S(L)
if and only if it is in the countable intersection

n {h\h(E')^h(E"))
E',E"€ZP(L)

of open dense sets. Denote by Sy be the spectrum of the block Ly. If ti is injective
on S(L), it is injective on Ey and Ly(t) converges with the Hamiltonian B(L) =
tr(/i(L)) to a diagonal matrix for |t| -> oo [Dei 89]. Because this happens for all
blocks Ly with y G {a(x) = 0}, the operator L(ar) converges to a diagonal operator
i n t h e w e a k o p e r a t o r t o p o l o g y . □

3.2 Weak continuity of a flow in a Banach space
The rest of the proof of Theorem 3.1 uses an approximation argument which is based
on the following technical result:

Given a Banach space iM, || • ||) endowed with a second topology which is weaker
than the norm topology and metrizable on each ball BR = {||2|| < R} c M. Call
Df the Frechet derivative of a differentiable map / : M -> M.

Proposition 3.2 Assume that a differentiable function f : M -> M satisfies
(i) / restricted to the ball BR C M is continuous in the weaker topology.
(ii) There exists a constant C GR, such that for z G BR

\ \Dfiz) \ \<C, \ \Dfiz)fiz) \ \<C.

(iii) The flow given by i = /(*) leaves each ball BR invariant.
Then, for each r G R, the time r map <j>T : BR —▶ BR of the flow given by the
differential equation z = /(*) is weakly continuous on BR.
The next simple lemma will also be useful.

Lemma 3.3 Given a sequence of mappings gN : BR -* B# C M converging
uniformly to a mapping g for N -* oo:

so? \\9n(*) - g(z)\\ ->o.
zZBr

If all the gN are weakly continuous on BR, then g is weakly continuous on BR.
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Proof. Denote by d the metric on BR U BR C M giving the weak topology. Take a
sequence zn G BR which is converging weakly to z G BR. Given c> 0. Because the
norm topology is stronger than the weaker topology

digiz),gNiz)) < 6/3, digNizn),gizn)) < c/3

for all n G N if N is big enough. Because gN is weakly continuous, we have
di9Niz),9Nizn)) < */3 for n big enough and thus

digiz),gizn)) < digiz),gNiz)) + digNiz),gNizn)) + d(gN(zn),g(zn)) < e .
D

Now to the proof of Proposition 3.2: Proof. Assumptions (ii) and (iii) together with
Cauchy's existence theorem assure that a unique solution of z = fiz) exists for all
times. Divide the interval [0, r] into N intervals,

[tt,ti+1] = [|,^±^],fc = o,...,i\r-i
of length h = r/N and define recursively the Euler steps

Zk+i = zk + hfizk), z0 = *(0).

Using the Taylor development

z(tM) = *(«») + */(*(**)) + / (* - h)Df{z(t))f(z{t)) dt,

the deviation ek := zk-zitk) from the orbit after k steps can be estimated as follows:
we have ||eo|| = 0 and from the estimates (ii), we obtain

HetfiH < INI + hC\\ek\\ + |/i2 = (1 + hC)\\ek\\ + |/i2 =: A||efc|| + B ,

and so ||e0|| = 0,||ei|| < B. Inductively, \\ek\\ < (A^ + A^ + .-. + A + lJB. This
yields to

as long as Zfc stays in B .̂ The error after N Euler steps is

| |2(r ) -Zjv | | = | |eN| |<(e^- l )^ .

This estimate is uniform for z G Br. (If N is so large that

(eCT-D^<fl-|NI
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also the linear interpolation of the points {zk}^ (the Euler polygon) is contained
in BR so that the estimates hold for these points also.) The orbit * G [0, r0] ■-♦ z(t)
is now approximated in norm by a piecewise linear Euler polygon. A simple Euler
step 2H z-r hfiz) is continuous in the weak topology if / is continuous in the weak
topology. So also the mapping </>N : z *-* zn, which is a composition of finitely many
Euler steps is weakly continuous. For N big enough, we have

My)-My)\ \<(eKT- i )^
uniformly for y G BR. Lemma 3.3 shows that <j> is weakly continuous. D

3.3 Integration of the Toda flows in the case when a(x) > 0
almost everywhere.

From Proposition 3.2 we get

Corollary 3.4 Given B(I) G Cw(£). The flow on B(/2(Z)) defined by the differ
ential equation L(a;) = [B#(£(:r)),L(:r)] is continuous in the weak operator topology
restricted to each ball BR C B(/2(Z)).
Proof. We can apply Proposition 3.2 to the Banach space B(/2(Z)). As a Toda flow
is isospectral, it wiU leave each ball BR invariant. We check first the weak continuity
of the mapping

U*) ~ hiLix)) := [BHiLix)),Lix)\
on BR. For polynomials h, the weak continuity is evident inductively, since the
multipKcation B(/2) x £(x) -> B(/2) is jointly weakly continuous: each matrix entry
of the product LM is the sum of only three elements. If h is analytic, it can be
approximated by polynomials hn -▶ h. Then /ffn(L(:r)) -» /jy(I(rr)) in norm,
uniformly on each ball BR. With Lemma 3.3 also L(ar) ^ fB(L{x)) is weakly
continuous.
The right-hand side of the differential equation L = /#(L) satisfies the boundedness
conditions of Proposition 3.2 We have seen in Section 2, that there exists a constant
C dependent only on |||Zr||| and h such that

\\!„(L{x))\\ < C, \\\p!B{L)\\\i < C

We prove now Theorem 3.1 in the case a(s) > 0 almost everywhere:
Proof.
Construction of sets with arbitrary large return time:
Rohlin's lemma (see [Cor 82]) implies that there exists for each N G N a measurable
set Zn C X of positive measure such that

T-N(ZN),...,ZN,T{ZN),...,Tf/(ZN)
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are pairwise disjoint and such that

YN = X\ (J T*(ZN)

has measure m{Yfi) < 1/N. The countable set

y = {Y!,Y2,Y3,...}

has the property that for almost all x G X and all N G N we can find Y = Y ĵv^) G y
such that Tn(x) £ Y for n = -JV*,..., N. ( This can be seen as follows. The sets
UN := u£"^_^)T,'(^Jv) satisfy m(^) -▶ 1 for JV -> oo. For almost every point
xGUN we get I^x £ YN for all |t| < y/N.)

A countable set of random Jacobi operators with zero mass
Given L G £ with m{aix) = 0} = 0. Define for each Y G y the new random Jacobi
operator

LY = (lyc)ar + ((1k< W + 6 ,
where lye is the characteristic function of the set Yc = X \ Y. The random
Toda flow for Ly can be integrated according to the already proved case because
Y = {iLy)iix) = 0} has positive measure.

Construction of <t>:
There exists a mapping

foiL^Ly*-* 4>iLY) G L°°(X)2

which linearizes the flow. Define

0 = {4>y}yey = (0yi,<£v2>---) :C-*G .

Construction of the left inverse ip:
Take Exp#(A, r) G H. For almost all x G X there is a sequence AT i-> fc(JV, rr) such
that

Tix) i Yk{N,x)
for i = — JV, ...,N. Proposition 3.2 implies that for JV —▶ oo

^ ( E x P / r ( V ) ) ( * )

converges to ExpH(L)(x) in the weak operator topology, where ^t(AJ, rj) is the op
erator Ly. calculated from the spectral data (A$,r-) satisfying fa o 0(I/y.) = Ly..
Define

^(Ex^(A,r))(:r) = ^im ^Ni.)(Expjr(A,r))(ar) ,
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where the limit is taken in the weak operator topology.
Conjugation of the flow:
Assume <t>(L) = (A,r). In the weak operator topology we have

ExpHiL)ix) = Jim i>YkiNtX)itovHiX,r))ix)
= rp(EkpH (A, r))ix) = $ o Ek^H o <£(£)(*)

and so
ExpHiL) = ipo Exptf o 4>iL).

D
Remark. The linearisation for general random Toda flows can also be used to prove
the integrabUity of the periodic Toda lattice. For this we take an ergodic dynamical
system (X, T, m) such that TN is not ergodic and leaves invariant a set Y of measure
1/JV. We take functions a, b which are constant on Y. Each isospectral deformation
for L = aT + iar)* + b is equivalent to a periodic Toda lattice because the functions
a, b keep on being constant on Y. We can now do the above linearisation.

4 QR decomposition
For a real nxn matrix M, there exists a decomposition M = QR, where Q is orthog
onal and R is upper triangular. For aperiodic Jacobi matrices, Symes [Sym 82]
found that the QR decomposition of exp(rX) integrates the first Toda flow L(t).
This was worked out further in [Dei 83] [Dei 89] leading to the observation that the
time 1 map of the Hamiltonian B(L) = tr(L • log(L) - L) is just one step in the QR
algorithm, an algorithm which is used to diagonalize a matrix numerically. More
generally, the following fact is known:

Proposition 4.1 Given h G C\r). In the matrix algebra M(rf,R), the solution of
L = [BHiL),L], L(0) = Lo

is given by L(t) = QmLQQ, where Q is obtained by the QR decomposition

expith\Lo)) = QR.
Proof. We can write

eth'(L0) = QR
in a unique way, because eth'^L^ is invertible. The dependence of Q,R on t is
differentiable. Differentiation gives

tiiL0)QR = QR + QR
and after multiplication from the right with R"1 and multipKcation from the left
with Q*, we get

Q*tiiL0)Q = QmQ + RR-1,
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where Q*Q is skew symmetric and RR~X is upper triangular. Call L(t) = Q*(t)£0Q(r)
with Q(0) = 1. It follows

ti(L{t)) = Q*tiiL0)Q = QmQ + RR-1.
We can compare this with the unique decomposition

h ' ( L ( t ) ) = - h ' { L ( t ) ) + + h ' ( L ( t ) ) -
+2h'(L(t))+ + h'{L(t))0

into a skew symmetric and an upper triangular part to get

Q'Q = -h'{L(t))+ + h'(L(t))- = -BH(L).
Now

jtL{t) = g*(i)ioQW + Q*WioQW
= (Q'{t)Q(t))Q'(t)L0(t)Q(t) + Q'(t)L0Q(t)(Q'(t)Q(t))
= (Q*«Q(*))£(<) + L(t)(Q'(t)Q(t))
= [ft'(L(t))+ - ft'(L(t))-,L(t)] = [BHa(t)),m\ ■

Because L{t), L(r) satisfy the same differential equation as well as the same initial
c o n d i t i o n s L ( 0 ) = L ( 0 ) , t h e y m u s t c o i n c i d e . D
This can be generalized to the random case:

Theorem 4.2 For L G £ and B(L) = tr(/i(L)) G Cw(£), there exists a unitary
QGX andR = L^J^r" G r~lX+ such that exp(^(L)) = QR.
If Lit) satisfies L = [Bff(L),L], one obtains Lit) = Q*L(0)Q with a QR decompo
sition exp(t/i'(Lo)) = QR.

Call T the Banach space of selfadjoint real tridiagonal matrices in B(Z2) and

f = { piL) | p polynomial, LgT} ,
T = { /i(L) | h entire, LgT} .

We call the weak operator topology on B(Z2) in the following also the weak topology.
Denote by BR the ball with radius R in the Banach space B(/2) and TR = T fl
Br,Tr = TC\ Br,Tr = T n Br. The weak topology is metrizable on each ball Br.
We denote this metric by d.

Lemma 4.3 a) Given an entire function f and R>0. The mapping

T R ^ B Q 2 ) , L ~ f ( L )
is weakly continuous.
b) Br x Tr —▶ Bil2), iL,K) *-* L- K is weakly continuous.
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Proof.
a) Because multiplication T x B(/2) -> B(I2) is weakly continuous, one obtains
inductively that L \-> p(X) is weakly continuous for every polynomial p. Applying
Lemma 3.3 gives that L h-> /(L) is weakly continuous for an entire function /.
b) The multiplication BRxfR-+ B(/2) is weakly continuous. We can approximate
L G T in norm by elements in T and this approximation can be made uniform in
t h e b a l l B r . U s e a g a i n L e m m a 3 . 3 . r j
We prove now Theorem 4.2:
Proof. Fix x G X. We can approximate L(x) in the weak operator topology by
tridiagonal aperiodic N x N Jacobi matrices L(iV). For such matrices we can form

expih'iL^ix))) = Q(N\x)R(N\x)
where Q(N\x) is orthogonal and R<N\x) is tridiagonal and we know also that
QWix)*LWix)QWix) is the time 1 map of the Hamiltonian flow

LiN\x) = [BH(L^ix)),L^\x)] = WlW).
We deform L(a;) with the same Hamiltonian flow

Ux) = [BHiLix)),Lix)] = fHiL)
to get ExpHLix) = Qmix)Lix)Qix). Claim. QiN\x) -▶ Qix) in the weak operator
topology.
Proof. Consider in addition to the above differential equations for L(Ar> and L also
the differential equations

QiN\x ) = -BH iL^ ix ) )Q^ ix )= :gH iL^ ,QW) ,
Qix) = -Ba(L(x))Q(x)=:gH(L%Q).

We can apply Proposition 3.2 to the system

£(L,Q) = (ML),gH(L,Q))
in B(/2(Z))2 in order to show that QW(z) -▶ Qix) in the weak operator topology.
The assumptions of Proposition 3.2 are readily checked: Because L *-* B^(L) is
weakly continuous, we can apply Lemma 4.3 b) to conclude that g is also weakly
continuous. There are for LgBrC B(f2(Z)) also the estimates ||^(X(x), Q(a?))|| <
Ch,r and |||00(jL,Q)|||a < 2Ch,r where ||| • |||2 is the norm in £ x X. Because BH
i s s k e w s y m m e t r i c , t h e n o r m o f Q ( t ) i s a c o n s t a n t . □
From Lemma 4.3 a) we have

eh'(L(")(z)) _> eh'(L(z))

With this, the just proved claim and Lemma 4.3 b) one gets

(g(w')'(x)e'''(i('"W) = RW(x) - Q'(x)ek,W*» = R(x)
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in the weak operator topology. It follows that B(ar) is also upper triangular and
efc'(L(x)) _ q(x)r(x) with Q*ix)L0ix)Qix) = ExpgLix). We have now constructed
Qix) and Rix) pointwise for x G X. There is an upper bound for [B(ar)]fj due to
the fact that the Toda flows are isospectral. By Lebesgue dominated convergence
theorem applied to each function [Q(ff )],•;, [R(x)]ij we get also random operators
Q,RGX which satisfy QR = exp(/i'(L0)) with Q*L0Q = ExpHL. D

Remarks.
• Theorem 4.2 is not yet very helpful in order to understand more about the quali
tative behavior Toda flows. It has been pointed out to us by a referee that the QR
decomposition in X is not unique: For example, r = r • 1 = 1 -r because r is unitary
and upper trigonal. We have used the Toda flows to construct a QR decomposition
for certain elements in X and we don't know how to find and perform directly the
right QR decomposition which leads to an integration of the Toda flow.

• Having the right QR decomposition for infinite matrices, one could calculate the
time r map of the periodic Toda lattice by a QR decomposition of an infinite but
periodic matrix. As the solutions of the periodic Toda lattice can be expressed by
Theta functions (see for example [Tod 81]), it would be interesting to know whether
the QR decomposition is a reasonable way to calculate Theta functions numerically.

5 Density of states, Lyapunov exponent and Ro
tation number, Floquet exponent, determinant.
Entropy and index of monotone twist maps.

5.1 The Floquet exponent as an integral of the Toda flow
The functional calculus for a normal element K in the C algebra X defines fiK)
for a function / G C(E(AT)). The mapping

/ ~ t r ( / ( t f ) )

is a bounded linear functional on C(S(i(r)), and by Riesz representation theorem,
there exists a measure dk on S(-fiT) with

tT(f(K)) = J^K)f(E)dk(E).

the density of states of K. Be<

1 = Jxl dm = tril) = j dHE),

JZ{K)

This measure dk is called the density of states of K. Because of
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the measure dk is a probability measure. For selfadjoint elements K G X, the
density of states dk has its support on R. The integral

k(E) = fE dk(Ef)J—oo
is called the integrated density of states of K. To an operator L G £, we attach a
complex valued function by means of

wiE):=-trilogiL-E)),
which is a priori defined only for Im(B) > 0. Here the branch of the logarithm is
chosen so that log(l) = 0. The function w is called the Johnson-Moser function or
Floquet exponent. This gives also a determinant

e-*(E) = etr(log(L-E)) = det(L _ E)

(It is a general fact for von Neumann algebras X that the existence of a finite trace
allows the definition of a determinant on the set of invertible elements in X [Dix 81]
p. 119). For the transfer cocycle

^W:=a-H:r-M(s-6« -^p))
of L = ar + (<"")* + 6 the Lyapunov exponent is

XiAE) = Km tT1 j£log||A£(s)|| dm(x),
where A|(rr) = AEiT"1x)...AiTx)AEix) and the rotation number is given by
p(4je) = 7rfc(B). The rotation number can be defined by the cocycle AE alone
[Del 83].
Theorem 5.1 In the case when a(x) > 0 almost everywhere, the Floquet exponent

wiE) = -tr(log(L - E))
as well as for E GR the Lyapunov exponent XiAE) and the rotation number piAE)
are integrals of the Toda flows.
Proof. The Thouless formula relates the mass M and the Floquet exponent wiE)
with the Lyapunov exponent A(Afj) and the rotation number p\ae)'.
if L has positive mass then

-A(AE) + ipiAE) = wiE) + log(M).
For the proof see [Car 90]. (We added two proofs in the appendix.) In the case of
zero mass, both sides are -oo.
In the case Im(B) > 0, the function giz) = - log(z - E) is continuous on the real
axis and wiE) = tr($(L)) is an integral of the Toda flows. The function E ^ wiE)
is a Herglotz function. Because wiE) is time independent for E in the upper half
p lane , i t i s a l so t ime independen t on the rea l ax i s . D

108



5.2 Monotone twist maps
Random Jacobi operators appear in a natural way when embedding an abstract
dynamical system in a monotone twist map. Assume we have given a generating
function I G C2(R2) and r > 0, such that

»(«,«T) = /(? + W + i).
If we define

pW) = -hM) = -jjiM),
of can be expressed as a function of q and p. The mapping

S :(«,p) -(</,?')

is called a monotone fa/is* map. It leaves invariant the Lebesgue measure dqdp on
the cyKnder T x R, where T = R/Z. Given an abstract dynamical system iX,T,m).
In order to have a critical point q of the Percival functional

C(q) = fxl(q,q(T))dm.
J X

on the Banach manifold L°°iX,l), we must have

6£iq) = hiqAT))+l2iqiT-lU) = 0.

If there exists a q which satisfies this Euler equation, we have embedded a factor
of the given dynamical system inside the twist map. (A factor iX,T,rh) is just a
homomorphic image of iX,T,m): there exists a measurable not necessarily invert
ible mapping <j>: X -▶ X with <j>T = f</>.) The second variation of £ is the random
Jacobi operator

Liq) = 62£iq) = ar + iar)m + b G £
where

a(x) = h2iqix),qiTx)) ,
Kx) = hi{q[x)MTx)) + ln{q(T-lx),q(*)) -

The twist condition
/i2(g,9,)>r>0

implies that L has positive mass. The random Jacobi operator L obtained as a
second variation of the Percival functional and the Floquet exponent w are carrying
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information about the embedded system. It follows for example with a result of
Mather [Mat 68] that the embedded system is a hyperbolic set if and only if L is
invertible, because in the resolvent set of L, the cocycle AE is uniformly hyperbolic.
In this case there is by the implicit function theorem also a neighborhood of gener
ating functions such that the Percival functional has a critical point near the given
critical point.

Examples.
• Assume X is a bounded subset on the cylinder T x R which is invariant under the
twist map 5 and has positive but finite Lebesgue measure. Call T the restriction of
S on X and m the normalized measure on X induced from the Lebesgue measure.
There is a critical point qix) = ttix where xi is the projection on the angle coordinate
of the cylinder. The real part of log(M) - w(0) is the entropy of the twist map
restricted to X. The imaginary part of w(0) is an index.
For generating functions of the type

l (x ,x ' ) = ^ l + V(x) ,

the twist map S can be defined on the torus X = T2. The system iX,T,m) with
T = S and m = dxdy can then be taken as the abstract dynamical system and the
Floquet exponent wiE) gives

w(0) = -entropy + i • index.
because M = 1 in this case.

• A finite dynamical system is just a cyclic permutation T of a finite set X. The Ja
cobi operator is then periodic of period \X\. Finding critical points of the functional
£ is equivalent to finding periodic points. Periodic points of period \X\ always
exist. The rotation number of the Jacobi operator is related to theMorse index
of the critical point [Mat 84]. When the Jacobi operator is restricted to the finite
dimensional Hilbert space of |X|- periodic sequences in Z2(z), it is just a periodic
Jacobi matrix.

• If iX, T,m) is an ergodic automorphism of the circle, nontrivial critical points
correspond to invariant circles or Mather sets. Mather's result [Mat 82] proves
the existence of nontrivial critical points. There are known examples, where the
corresponding random Jacobi operator is invertible because a Mather set can be
hyperbolic (see [Gor 85]).

• If X is a closed bounded S invariant set of the cylinder and T is the restriction of
S onto X there exists a T invariant probability measure on X. Again, a(z) = tti(x)
is a critical point of the functional.
An example. If the twist map has a transverse homoclinic point xQ coming from
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a hyperboKc fixed point, then X can be chosen as the closure of {5n(x0) \n GZ}.
Again one has a hyperbolic system and the corresponding random Jacobi operator
is invertible.

Remark. Toda deformations and twist maps are still unrelated. Our motivation
to study random Toda systems was the hope to make deformations of cocycles
appearing in twist maps like the Standard map in order to gain more information
about the Lyapunov exponents. It is thinkable that there are deformations which
lead to cocycles, where Wojtkowsky's cone criterion [Woj 85] (a necessary and
sufficient condition for positive Lyapunov exponents) is applicable to prove positive
Lyapunov exponents.

6 Generalizations and questions
6.1 Toda lattices over non-commutative dynamical sys

tems
Let A be any C* algebra and T : A -> A, a h-> a^T) be an automorphism of this
algebra. Assume A has a trace satisfying

trace(a&) = trace(6a).
The crossed product X of the algebra A with the dynamical system is again a C*
algebra. Elements in X can be written as K = £n Knrn where Kn G A. On X
there is also a trace defined by

tr(AT) = trace(Ko) .
Define the Banach space £ = {L G X \ Ln = 0 |n| > 1, L = Lm}. For H G C"(£),
the differential equation

L = [h'(L)+-h'(L)-,L] = {BB(L),L)

is a Hamiltonian flow in the subspace £ C X. It has the Hamiltonian H(L) —
tr(/i(L)). Let Q(t) be defined by the differential equation

Q = -BHiL)Q
with initial conditions Q(0) = 1. In X, the equality L(t) = Q(t)*L(0)Q(t) shows
that the flow is isospectral. It has the integral tr(/(L)) for each / G C(R). Given a
representation x : A —▶ B(B), which means that x(a) is a bounded linear operator
on the Hilbert space ri for all a G A. If we use the notation #(a) = aix) and
xiaiT11)) = aiTnx), each element K G X has a representation Kix) in the Hilbert
space /2(Z, H) defined by the matrix

[K(x)]mn = Kn.m(Tmx).
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The matrix Kix) is a Jacobi matrix where the entries are linear operators on H.
Examples.
• If A = L°°iX) we are in the case discussed already because an automorphism T
comes from a dynamical system (X, T, m).

• Assume X is a compact topological space and A = CiX). We have then a
deformation in

£c := {L = ar + (ar)* +6 | a,6 G C(X,R)} C £ .

Also if X is a compact manifold and A = Cr(X, R), the space

£r := {X = ar + (arr+6| a,6G Cr(X,R)} C £c C £
for r = 1,2,... is kept invariant by the Toda flows.

• A = L°°(X,M(/,R)) gives a quite natural non-commutative generalization of the
Toda lattice. Such as system could also be called quantum Toda lattice. A suggestion
to study such systems is in [Chu 86]. In the case |J\T| < oo, this gives new finite
dimensional systems which are candidates for being integrable. The flow can be
written as an isospectral deformation of operators called stochastic Jacobi matrices
on the strip [Kot 88]. They arise as second variations of higher dimensional twist
maps like the Froschle map (see [Koo 86]). A non-abelian Toda lattice for half
infinite matrices is proposed in [Ber 86b].

6.2 More general Hamiltonians
We have chosen Hamiltonians which are defined by entire functions h G C". Like
this, we could use Cauchy's existence theorem for differential equation in a Banach
space. One has to be careful in doing generalizations by choosing functions h which
are only analytic in a neighborhood of the spectrum E(£): it can happen that,
for a bounded operator K on J2(Z), the operator K+ - K~ is no longer bounded
[Dei 85]. Nevertheless one can consider functions ti G L°°(E(L)). The functional
calculus defines then h\L) G X. Even if BH(I) = n'(L)+ - h'(L)' is unbounded,
one can obtain in this way Toda flows in a weak sense ([Dei 85]): For all u,v G
{«G/2(Z)|3n0>0un = 0, V|n|>n0}

d— <u,Lv>=-< BHiL)u, Lv>-< Lu, BHiL)v > .

Remark. The Toda orbit obtained by weak flows would be bigger than the orbit
obtained by analytic Hamiltonians. It would be interesting to know whether it is
possible to reach like this every operator K in with the same spectrum and mass
then L in a strong neighborhood of L.
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6.3 Deformation of complex Jacobi operators and defor
mations with complex time

We considered only real Jacobi operators and deformations where time is real. If
a,6G£°°(X,C)then

L = ar + r*a + b G £c
is no more selfadjoint in general. Even if we make isospectral deformations, the norm
can blow up. There are actually isospectral operators to a given operator which have
arbitrary big norm. Given an arbitrary entire function h. The differential equation

L = [/i,(L)+-/i,(L)-,L]

in the complex Banach space £c has locally a unique analytic solution 11-* Lit) for
t in a disc Dr(0) C C.
If we restrict to real time, one can define deformations of complex finite dimensional
Jacobi operators (see [Chu 84a]): Also for the random version, the differential equa
tion

L = [BHiL),L]
with

BHiL) = h\L)+ - ih'iL)+Y + i • Im(/i'(L))0
defines an isospectral deformation in £c. Exactly in the same way as before, one
can decompose exp(£ • n'(L)) = QR into a unitary Q and upper triangular R such
that Lit) = Q*(t)L(0)Q(t). The flow does not extend to a flow with complex time.

6.4 Random Singular-Value-Decomposition flows
Toda like deformations have been generalized to arbitrary matrices [Dei 89]. Given
any real nxn matrix A and a real entire functions h, one can define the so called
Singular-Value-Decomposition iSVD) flow (see [Dei 91])

A = BHiAA*)A - ABHiAmA).

Under the map A «-▶ L = A*A the flow goes over in the Toda like flow

L = [h'iL)+-tiiL)-,L].

Both flows have a unique global solution and preserve the singular values of A
respectively the spectrum of L. The flow can be integrated explicitly as follows:
With the QR decompositions

e* ' (AM) = Ql { t )Rl { t ) i
= 02(*)B2(r),
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one gets A(t) = Q*2AQX.
Given now any element AgX where X in the C* crossed product of the Banach
algebra L°°iX) with a dynamical system. The deformation

L = BHiAA*)A - ABHiA*A)
is a random version of the singular decomposition flow. The qualitative behav
ior could be investigated in the same way by approximation in the weak operator
topology by finite dimensional SVD flows.

6.5 Deformation of operators with no boundary conditions
Why is it useful to study deformations of operators with random boundary condi
tions? The Toda deformations can also be done for any tridiagonal bounded operator
L on J2(Z) and the flow given by the differential equation

L = [BHiL),L]
can be approximated in the weak operator topology by finite dimensional Toda
flows. The advantage of looking at random operators is the existence of a finite
trace which is the ergodic average of the diagonal of the operator. Most integrals
can be expressed by this trace. Such integrals are invariant by the shift

Lij h-> Li+ij+i.

Mathematically the Random Toda flows are deformations in a von Neumann alge
bra of finite type while the general Toda flows are deformations in a von Neumann
algebra of infinite type.

Considering random operators instead of general operators gives an important sym
metry, in that shift-invariant "macroscopic quantities" exist.

6.6 Some questions
• The spectral and inverse spectral problem for random Jacobi operators is not
solved. What does the isospectral set look like? For which dynamical systems do
random operators with the same mass M and the same Floquet exponent wiE) form
a group? Does the determinant of the resolvent (L - E)~l determine the isospectral
set ? What spectra do occur over a given dynamical system? What kind of spectra
occur generically in £ for fixed dynamical system (X, T, m)?

• Can one find the explicit solutions of the random Toda lattice? The integration
proposed in this work is somehow artificial. The hope is that the solutions can
be written in terms of generalized theta functions. What are the properties of the
transcendental hyperelliptic curve

y2 = det(L - E) = e"^ ,
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where w(E) is the Floquet exponent? EspeciaUy interesting would be some knowl
edge about infinite dimensional Jacobians. Is there an infinite dimensional gener
alization of the Jacobi map?

• What is the asymptotic behavior of the random Toda lattice? What happens for
t -+ ±00 in the case when {a(ar) = 0} has positive measure? To our knowledge, the
general asymptotic behavior of the tied finite dimensional Toda lattice analogous to
the first flow [Mos 75] is not known. What happens for Hamiltonians outside the
generic set where one has convergence to diagonal operators? (See [Chu 84].)
Is there recurrence in the weak operator topology in the case when a(or) > 0 almost
everywhere?

• Is it possible to deform a random Jacobi operator in a way to make the spectral
problem or the problem of calculating the Floquet exponent more easy? Can one
deform a twist mapping in a way such that the corresponding random Jacobi oper
ator is deformed in an isospectral way?

• Is any isospectral deformation in the crossed product of any Banach algebra with
any dynamical system integrable?

7 Appendix: Proof of the Thouless formula
We want to show here the Thouless formula

wiE) + log(M) = -A(A£) + ikiE).
The proof of the Thouless formula needs some preparation: Define for the interval
A = {JV, JV + 1,... ,M - 1,M}, the matrix

[£A]«i = M»;, UeA
which is a linear operator on C|A|. If Ef are the eigenvalues of [LA] and 6(B) denotes
the Dirac measure located at a point E G R, we define the probability measures

on the real line. For the finite dimensional operators [LA], we define the normalized
trace

tr([LA]) = JiTE[^AU
so that

tr([LA])-*tr(L)
for |A| -* oo.
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Lemma 7.1 (Avron-Simon) dpA converges weakly to dk for |A| -▶ oo.
Proof. We have to show that for each continuous function / : R -▶ C,

tr(/(LA)) = jf dpA -+Jfdk = trifiL))
for |A| -▶ oo. It is convenient to introduce new probability measures dkA on R such
that for a function / G CispeciL)) we have

//^A = tr([/(L)A]).
Compare

/ /V = t r ( / ( [ IA ] ) ) .
For |A| -> oo the measures dkK converge weakly to dk because

/ / * * = t r ( [ / ( I ) A ] ) = T l j : [ / ( L ) A kI *€A

converges by Birkhoff's ergodic theorem to

JxfiL)0dm = jfdk.
It is therefore enough to show that for each continuous function /

t r ( [ /WA])- tr( / ( [LA]))- ,0
for |A| -▶ oo. It is enough to show this for polynomials /(B) = En because linear
combinations of such polynomials are dense in the set of continuous functions on R.
We calculate

t r ( [ ( I " )A] ) = ±A£ £ [£ ]* , , - [ Ik . , *

'"I *€Aj,,...,jn_j€A

and so, because [L]ij = 0 for \i - j\ > 1

tr(P»)A]-[IAn = -Lr £ [L]kjl...\L]h.lk
I'M *€A ju...ju-ilUL

< jXillWII-2.3-1.

(A rough estimate shows, that there are at most 2 • 3n_1 summands on the right
hand side.) The right hand side goes to zero for |A| -▶ oo. D

We will now prove the Thouless formula following Avron-Simon .
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Proposition 7.2 A(AE) = /Rlog|B - B'| dfc(B') - log(M)
Proof. Define BE = aiT~l)AE. The claim follows from

XiBE) = jlog\E'-E\dkiE').

First, we assume E G C \ R. In this case, the function /(£') = log|B - B'| is
continuous in the support of dk. We see by induction, that for fixed x G X

( P n Q „ - i \
E \ a„_iPn_i an_iQn_2 /

where Pn and Qn are polynomials of degree n in E with leading coefficient 1.
We have Pn = 0 if and only if Lu = Eu has a solution « with w0 = un+i = 0 and
Qn = 0 if and only if Lu = Eu has a, solution u with u\ = un+2 = 0. Thus,

Pn(E) = n(4° - E)> QniE) = f[(̂ n) " E) ,
* = 1 f c = l

where BJn) (rsp. B^n)) are the eigenvalues of L with boundary conditions u0 =
un+1 = 0 (rsp. «i = un+2 = 0). We can write therefore

i log|Pn(£)| = [ log\E'-E\dpi1 •>(#),n J
i log|Qn(£)| = / log|£'-£; |^2--n+1>(£') .n . /

and because dp*1'"**n* and dp*2'•'n+1> go weakly to dk for n —> oo we have

A t B ^ / l o g l B ' - B l e ^ B ' )
for 7m(B) ^ 0. Both functions

E h- /(B) = j log\E-E'\dk,
E h+ A(BE)

are subharmonic. So, we have for all E G R

- \ I X i B E . ) d i E ' ) = ^ o / fi E ' ) d E 'W r 2 J \ E ' - E \ < 1 i t r 2 J \ E - E > \ < \

and taking the limit r —▶ 0, we obtain

A(BE) = /log|B-B'|dfc(B')

f o r a l l E G C . a
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8 Appendix: A second proof of the Thouless for
mula

The Thouless formula

wiE) + log(M) = -XiAE) + ikiE)
has a simple proof with the help of a formula of Green, MacKay,Meiss, which relates
the determinant of the JV periodic Jacobi matrix

L =

( h ax 0
ai 62 0

aN \
0

0 0 • Oiv_i aN-i
V aN 0 • <*#_! 6^ y

with the trace of the monodromy matrix

An = An 0 A;v_i 0 • 0 Ai,

where At- is the transfer matrix

*(*) = a-(-6f) -ft)
and the number n,- *%• This relation is given by

Lemma 8.1
t r a c e ( A ^ ) - 2 = ^ lni=i *

Proof. Call A, A"1 the eigenvalues of the 51(2, R) matrix AN.

det(A" - 0
is a polynomial in f + f1 which vanishes for f = A, A-1. This implies that

det(A^-0 = (f + r1)-tr(AiV).
The zeros of

det(L(0) = det

/ 61 ax 0
ai 62 0 0

0 0 • 6 j v - i a ^ ^
\ aN£ 0 • a^r-i 6# >
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are the eigenvalues of AN. So

det(I(0) = C-((« + r1)-tr(^)))
where C is a constant. Because we have for f —*- oo

det(L(0) = -(ft <*.)£ + •••
t = l

the constant is C = - n£Li a* and

t=i

The claim foUows with £ = 1.

det(L(0) = -(fl"0' (£ + r1 - tr(A^)).

Proof of the Thouless formula. Given a random Jacobi operator L, we approximate
L weakly by periodic Jacobi matrices Lw. With the formula in the lemma we get
for E in the upper half plane

i log(trace(Ag) - 2) = JV"1 logdet(L - E) - JV"1 logM . (1)

AA/e have
*-l\\AN\\ < trace(A") - 2 < 3||A*||

if \\AN\\ is big enough. If \\AN\\ stays bounded then the left hand side goes to
zero for JV ->G oo as well as - l̂ogHA^H. Applying Kingman's subadditive ergodic
theorem to the left hand side of Equation 1 and Birkhoff's ergodic theorem to the
right hand side of Equation 1 gives the the Thouless formula

A(A£) = tr(log(L-B))-M.

The same subharmonicity argument like in the last proof proves the result for general
B G C . a

9 Appendix: The spectrum of elements in X
The following result generalises Pastur's theorem for random Jacobi matrices over
an ergodic dynamical system iX,T,m). The proof is the same.

Proposition 9.1 For every normal K G X, there exists SCC such that the spec
trum aiKix)) = S for almost all x G X. Moreover the discrete spectrum of Kix)
is empty for almost all x G X.
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Proof. Given a projection
P = P* = p2 € x .

Denote by Trace the usual trace for matrices which is also allowed to be oo. We
have

Trace(P(aO) = dimRan(P(a:))
and

IVace(P(rna:)) = Trace(P(s))
for all n G Z. Therefore

Trace(P(a;)) = J Trace(P(z)) dm{x)

> Z jP (x )udm ix )
\i\<NJX

= i2N + l)Jpix)00dmix)

Since JV can be arbitrary, lrace(P(ar)) = 0 or Trace(P(a:)) = oo. The ergodicity of
T implies that either Trace(P(a;)) = 0 for almost all x G X or Trace(P(s)) = oo for
almost all x G X. Given a Borel set A in the complex plane C, we can define with
the functional calculus the projection BA = 1a(#) G X. Let A be in B, a countable
basis for the topology in C. Then

77(A) = { oo for dim Ran(BA) = oo
0 for dim Ran(BA) = 0 .

The set
XA = {x G X | dimRan(BA) = n(A)}

has full measure and so also
X° = nAsBX* -

Given two points yuy2 G X0. We show that the spectrum of Kiyx) and Kiy2)
coincide. Assume E is not in the spectrum of Kiyx). There exists A G B such that
B G A and A fl spec(K(yi)) is empty. Because dimBan(BA(2/i)) = 0, we have

dimRan(BA(x)) = 0
for all x G X0 and E is therefore not in the spectrum of Kiy2). The claim follows
by interchanging the roles of yi,y2.

If there would exist E in the discrete spectrum of Kix) for x G X0 then 0 <
dimRan(BA) < oo for a A G B which would contradict the choice of x G X0. D
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10 Appendix: The integration of aperiodic Toda
lattices

The integration of the tied Toda lattice has been performed in [Mos 75] (see also
[Mos 75] or [Dei 85]). In [Mos 75] is a complete picture of this scattering problem.
Later [Dei 80] one has recognized that the tied Toda lattice (and many of other
integrable systems) is a constrained harmonic motion.

We want to repeat here this integration for all the higher Toda flows

L = [(L")+-(L")-.fl = lA.fl. n = l,...,JV-l

and see that the vector fields are linearly independent and give JV - 1 commuting
flows on a JV - 1 dimensional surface. It seems that the complete analysis of the
scattering properties of a general Hamiltonian flow

L = [BHiL),L]

is not yet done and we don't deal with the question here also. If B(L) = rr(n(L))
is so that h! is injective on the spectrum of L then L(r) converges to a diagonal
matrix for |r| -* oo. There are probably new features appearing when h' is no more
injective on the spectrum. Given L there exists a generic set of Hamiltonians such
that h! is injective on S.

The space of aperiodic NxN Jacobi matrices is a 2JV -1 dimensional vector space.
There are JV linear independent commuting integrals

Fk = ik + l)~hiiLk+1)

of the Toda flows. Fixing these integrals, there stays a JV - 1 dimensional surface
and at each point we have a natural coordinate system given by the flows generated
by the Hamiltonians Fk.

Given an aperiodic Jacobi matrix L acting on an JV-dimensional vector space with
basis {ei,... eN}. The spectral theorem allows to write L = /BdA(B), where dX is
an operator valued measure. We can also write this as

L = £AtP(&),
t = i

where P(<fc) is the projection on the eigenspace of the eigenvalue A,-.

Proposition 10.1 a) The mapping

L i-> dniE) =< eudXiE)e{ >= £ -*(A,-)
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with r = £« n linearizes the Toda flows:
Given hGCui£). The flow

induces the motion

of the measure dp,.

L = [h'(Lr-h'(L)-,L)

h(t) = e"'<**>Vt(0),
A* = 0

b) From the measure dp, the operator L can be calculated back by making Gramm-
Schmidt orthonalisation of the polynomials

{1,E, &,...,E»-1}
with respect to the scalar product

< P,Q >= JP(E)Q(E) dft(E).

If {Pi,... P„} is this orthonormal basis then

6„ = J EPn(E)Pa(E) dfi(E),

an = J EPn(E)Pn+1(E) d»(E).

c) The flows with h(L) = Ln, n € {l,...N - 1} are all linearly independent and
commuting. The isospectral set is homeomorphic to theN-1 dimensional simplex

{reR*|£>.- = l}.
1=1

Ifh! is injective on the spectrum, then for \t\ -> oo the matrix L(t) converges to a
diagonal matrix.

Proof, a) Given an aperiodic N xN Jacobi matrix L. By the spectral theorem it
can be written as L = f Bdfc(B) where dk is the spectral measure of L. Define the
real-valued spectral measure d/x(B) =< eudkiE)ei >, where ex is the first basis
vector. One has then for example Lxx = / Ed^iE). The measure d/i is a sum of
Dirac measures:

where A* are the eigenvalues of L and r = 5>*. The matrix L has JV simple
eigenvalues if ak > 0 because the equation Lu = Xu shows that there can be only a
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one dimensional space of eigenvectors belonging to A (if we have given t*i, the other
components are determined by the equation Lu = Xu).
Call u = u(Afc) the eigenvector to the eigenvalue Xk which is normalized by ||w|| = 1
and uxiXk) > 0. From Lu = Xu we get

Lnu = ((Ln)+ + (LT + iLn)°)u = Xnu .

From Lu = Xu and £ = [Bn, L] we get L(t) = £/(t)L(0)t/(t)* with 17 = BnU, 1/(0) =
J and u(t) = tf(r>(0). It foUows

u = Bntt = ((Ln)+-(L*)>.

Especially, because (Ln)~wi = 0

Ui = iiLn)+u)i = iXn-iLn)°)ui.

JVom the spectral representation

we obtain

r

From

»i(At) = (Mn-E^i(At).
3 = 1 r

i(L-\) ei,ei) = E A v -Exri;

(2)

we get Wi(Afc) = rjb/r and putting this in Equation 2 gives

h = A£rfc.

Call & = Ui(Afc) = rk/r. Since the JV eigenvectors must span the whole space, the
number & can't be zero (else u(Afc) would be zero). Because the van der Monde
determinant

det

1
Ai

1
A2

1
Ajv-i

1
Xn

\

(A,)"-2 (X,)"-1
V(Ai)""1 (Aa)""1

(A*.,)""2 (A*)""2
(A^-0"-1 (A*)""!

= II(Ai-A*)#0,
•<i

all the flows given by h(L) = I", with n e {1,..., N - 1} are linearly independent:
Given f* = «*»> we can find a suitable linear combination of higher Toda flows which
realises this flow. There are only N — 1 linear independent flows because the zero'th
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flow rk = rk does not give a flow when constrained to £r* = 1. We can directly
calculate that the flow generated by Fk axe commuting: The Poisson bracket

{Fk,Fl} = 2tviLkiL+-L-)Ll)
is vanishing because taking the adjoint doesn't change the trace but the sign. One
can also see it differently. The functions Fk are also integrals under the flow gener
ated by Ft and 0 = Fk = {Fi,Fk}.
The isospectral set of a given aperiodic Jacobi operator is the simplex of probability
measures on the spectrum o-(L) which have the support on the whole set.
Given now a Hamiltonian

B(L) = tr(ft(L))GCw(£)
we get by linearity

r* = £MAjb)nrik.
n

We have now translated the motion from the (a, 6) coordinates into (A, f) coordinates
which have a simple evolution:

A* = 0, & = n'(A*)&.

tyj10™ (A*>&) we can calculate back (a, b): To see this define the measure dfi =Ejb=i &<$(A*) and make Gramm Schmidt orthogonalisation of the functions

( l ,B,B2,. . . ,B"- i )
with respect to the scalar product

<PiQ>=JpiE)QiE)dfiiE).
This gives an orthonormal bases (PuP2,...,PN) from which one (a,6) can be re
covered:

bn = |BPn(B)Pn(B) d/iiE), an = JEPniE)Pn+xiE) d//(B).

Proof. Define for each E an infinite vector PniE) which satisfies

iLPiE))n=EPniE), n = l,...JV,

Pn(B) = 0, n<0,P!(B) = l.
From the fact that

CiwS'MiMS)
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we see that Pn is a polynomial in E of degree n - 1. The vectors

(/,(1), /,(2),..., /,(#)) := (^Pi(A(), • • •, V&VM)

are eigenvectors of L and 0y = /,(j) is an orthogonal matrix if we choose the scalar
product in order that /,- are orthonormal. We have then

<fl,fm> = E </«(*)./«(*)>=E </*('). AM >
l b k

= E A(A*)P.(At)f* = [PiPm dp.

We can write

and so
L = UmDiagiXi,...,Xn)U ,

&/ = £a,/?(/) = [ErndniE),

a, = £ A,/«(l)/<(/ +1) * = / ^flfl+1(E).

Remark. We can look at the map

Wi = 5>/i(l) - wiE) = £t;/P/(B)

as a kind of Fourier transformation. The inverse transformation is

w(E) -> JwiE)PiiE) dniE) = wa- .

The transformation is unitary because of the equality

< v, w >= Y^ vxwi = / v(E)w(E) dpiE) =<v,w> .

c) We consider now the asymptotic development for t —* oo and t —> — oo. In
general, if h'(E) takes different values at E = Xk, we have the same situation like in
the first flow. There is a pairwise exchange of velocities where the pairing depends
on the ordering of h'iXk). The number k which gives the biggest h'iXk) exchanges
with the number which gives the smallest value. In this non-degenerate case also
the Jacobi matrices converge for t —▶ oo and t —▶ —oo to diagonal matrices. This
a r g u m e n t c a n a l s o b e f o u n d i n [ D e i 8 5 ] . □
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11 Appendix: About random KdV flows
We will quickly have a look at the continuous analogue of the random Toda flows
the so called random KdV flows. In comparison with the discrete case, the set up is
technically more difficult partly because one has to deal with unbounded differential
operators.

Take a probability space (X,m) and an invertible flow Tt on X leaving invariant
the probability measure m. We denote with D the selfadjoint Lie-derivative with
respect to the flow Tt.

Call C°°iX) the set of elements in L°°(X,R), which are infinitely many times differ
entiable with respect to the Lie-derivative D. We build the algebra X of elements

K = £qnD\
n=0

where only finitely many qn G C°°(X, R) are different from zero. The multiplication
is given by the usual multiplication of power series with the Leibniz rule

Dnq = t(kn)q(n-k)Dk-

The algebra has a representation on L\X) if D is the Lie-derivative. Each element
is acting there as a symmetric differential operator. We call the algebra the algebra
of real symmetric differential operators over the dynamical system iX,Tt,m). We
have local Junctionals on C°°iX) defined by

FiK) = JxfiK,K',...,K^)dm.
Such functional are integrals of the KdV flows we are going to define. Second order
differential operators in X of the form

L = D2 + q

are called Schrodinger operators. We write £ for the space of these operators. The
functionals

EiiL) = fxq dmix) Mass integral
F2iL) = fx q2 dmix) Momentum integral
FziL) = fxqz-r \un dmix) Energy integral

will serve as Hamiltonians of random KdV flows which can be defined by a Lax pair:
If we take a suitable operators

B i q ) = i K
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with K € X such that the differential equations

L = [B,L]

make sense in the space £ of Schrodinger operators, we have isospectral deformations
of q G C°°iX). If the flow exists locally, it exists for all times. There is a whole
hierarchy of such flows and the corresponding skew-symmetric B can be determined
by making an ansatz and solving a linear system of equations.
The momentum functional F2 generates translation flow q i-» Utq and the energy
functional F3 generates the usual KdV flow

qt = 6ggr - qxxx .

There is a whole hierarchy of functionals leading to isospectral deformations.

Examples of dynamical systems.

• Periodic KdV flow. The dynamical system is (JV = ll,Ttix) = x + t,dx).
$E = <j>Ei 1) time-one map of the fundametal solution.

A(B) = itr$E = A* + /i_1

is called the discriminant. The spectrum of L is

o-iL) = \jFi,
»=i

where Ft are closed intervals and JV < 00. The Floquet exponent is w = log(//).

• Almost periodic KdV flow. Take a Bohr-almost periodic function q and take
X =< q >, the hull of q{t). This is a compact topological group and translation
qit) h-* ait + s) gives a flow on X leaving invariant the Haar measure.
Jacobi operators over such dynamical systems have been considered in [Joh 82]. An
integration has not yet been performed.
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Abstract
We show that a positive definite random Jacobi operator L over an abstract
dynamical system T : X -▶ X can be factorized as L = B2, where D is again a
random Jacobi operator but defined over a new dynamical system S : Y —» Y
which is an integral extension of T.
An isospectral random Toda deformation of L corresponds to an isospec
tral random Volterra deformation of D. The factorization leads to commut
ing Backlund transformations which can be written expKcitly in terms of
Titchmarsh-Weyl functions. In the periodic case, the Backlund transforma
tions are time 1 maps of a Toda flow with a time dependent Hamiltonian.

1 Introduction
Backlund transformations for Toda lattices have been given in a non-expKcit form
by Toda and Wedati [Wed 75],[Tod 81]. Adler [Adl 81] found that Backlund trans
formations have their origin in a factorization L = AA* in analogy to the Miura map
for the KdV equation. It has been mentioned already by Moser [Mos 75a] that the
relation between the Kac van Moerbeke system and the Toda lattice has its algebraic
origin in a factorization L = D2, where D is a matrix on a vector space with twice
the dimension of the vector space on which L acts. In those papers D or A are
given first and L is obtained by forming L = AA* = D2. The Backlund transformed
operator L is obtained by commutation L = A*A. Recently, the Poisson structure
of the Backlund transformations was studied in [Dei 91] for the periodic Toda lattice
and also in the more general context of Toda equations on Lie groups.

In [Kni 92] we studied Toda lattices with random boundary conditions. They were
obtained by making isospectral deformations of random Jacobi operators. The ran
dom Toda lattice is a generalization of both the periodic and the tied Toda lat
tice. It is defined over an arbitrary abstract dynamical system. We will show here
that Backlund transformations can also be done in this case. They generalize the
Backlund transformations known for periodic and aperiodic Toda lattices investi
gated in [Tod 81],[Adl 81],[Dei 91]. What is new here, (beside the fact that we are
working with random Jacobi operators and not with finite dimensional matrices),
is that we have explicit formulas for the transformations in terms of Titchmarsh-
Weyl functions. These functions are Green functions and play an important role for
the study of spectral problems [Sim 83] and inverse spectral problems [Car 87] of
stochastic Jacobi matrices.

We will prove that all of the Backlund transformations commute. This follows from
the fact that there is an interpolation of the transformations by time dependent
Hamiltonian flows in the periodic case. The Toda flow deformation of the operator
L gives a random Volterra flow for D.
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The relation of the Toda and the Volterra flows is discovered first by Henon in 1973
(in a letter to Flaschka). This bibliographic remark and the publication of the re
lation between these two systems can be found in [Mos 75a]. It is possible that
different rediscoveries of this appeared later. Recent work [Dam 91] is dealing with
this question. A very recent independent approach appeared in [Ges 93], where also
explicit formulas for Backlund transformations are given.

There are known also other relations between Volterra and Toda systems. The fact
that the Volterra system sits in the second Toda flow as a subsystem appeared in the
paper [Mos 75b]. In [McK 78] the same relations have been shown for the periodic
boundary conditions. The birational equivalence of the two systems goes back to a
transformation of Stielties (1918).

In the last part of this paper we deal with symmetries of the Toda systems. We
remark that the factorization L = D2 leads to a kind of super-symmetry for random
Jacobi matrices. This super-symmetry was invented by Witten and is also called
zero-dimensional super-symmetry. The operator D plays the role of a charge- or
Dirac operator. Under super-symmetry the Hilbert space splits into a direct sum of
two Hilbert spaces, a Fermionic and a Bosonic part. The Backlund transformations
interchange the Fermionic and the Bosonic parts.
An other symmetry of the Toda flows is CPT. The involution C (change of charge)
flips the Fermionic and the Bosonic parts by interchanging the two copies of the
probability spaces. The involution P (change of parity) is reversing the dynamical
system. The transformation in the dynamical system S is replaced by its inverse
S l. The involution T is changing the time parameter t of the Toda flow. Applying
CPT together maps the system into itself.

2 Random Toda flows
We redefine shortly the definitions in [Kni 92] needed here: An ergodic dynamical
system (X,T,/x) is a probability space iX,p) together with a measurable ergodic
invertible map T on X that preserves the measure p,. The crossed product X of
L°°iX) with the dynamical system (A", T, p) is a C* algebra and consists of sequences
Kn G L°°iX) with convolution multiplication

iKM)nix)= £ Kkix)MmiTkx)
k+m=n

and involution
(K-)n(x) = WZ{Tnx).

An element K € X is written in the form

tf=E*»r",
n€2
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where r is a symbol. The multiplication in X is the multiplication of power series
with the additional rule r*A:n = tf„(T*)T* for shifting the r's to the right and the
requirement r* = r"*1. The norm on A* is given by

ipnii=iii*(*)iii-.
where Kix) is the infinite matrix

[̂ W]mn = irn_m(Tma:).
The multiplication and involution in X is defined such that

K € x h» Kix) G B(/2(Z))

is an algebra homomorphism:

KLix) = K(x)L{x\ Kmix) = Kix)*.

According to Pastur's theorem (adapted to the present situation), the spectrum
of Kix) is the same for almost all x G X. The algebra X has the trace tr(if) =
fx Ko dp,. An element K has the decomposition K = K" + Kq + K+ defined
by requiring K* = E±n>o KnTn • With £ C X is denoted the real Banach space
consisting of random Jacobi operators

L-ar-r iar)* + b

if a, 6 G L°°(X, R). The number

M(L) = exp (j^og(a) <*/*)

is the mass of L. We say it has positive definite mass if there exists 6 > 0 such that
a(:r) > 6 for almost all a: G X. For a Hamiltonian

H G Cw(£) = {H(L) = tr(/i(L)) | h entire, n(R) C R}

the random Toda lattice
L = [BHiL),L],

with B#(L) = n'(L)+ - n'(L)~ is an isospectral flow in £. It reduces to the periodic
Toda lattice in the case when \X\ is finite. The flows all commute and exist globally.

Remark. The assumption a(x) > 6 > 0 could be replaced by |a(x)| > 6 > 0 because
every infinite Jacobi matrix L(x) can be conjugated with a diagonal matrix Dix) to
a Jacobi matrix B(x)L(x)B(a:)"1 with non-negative side-diagonal entries. The map
x i-* Dix) is however not measurable in general. Only if Y = {x G X \ a(x) < 0}
is a coboundary, (which means that there exists a measurable set Z such that Y =
ZAZiT)), the map rr *-> Dix) is measurable. The random operator D = B0 is then
defined by £>0(a:) = e *̂1*.
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3 Factorization of random Jacobi operators
3.1 Definition of the Titchmarsh-Weyl functions.
Given a random Jacobi operator L G £ with positive definite mass. For almost
all x G X, Lix) is a bounded operator on /2(Z). We consider it also as a matrix
acting algebraically on R2. Fix an energy E outside the spectrum of L. The time-
independent Schrodinger equation

Lix)u = Eu
admits a two dimensional family of solutions K(s)} G Rz. If we fix for example
u0, ux, all the other values un can be calculated recursively by

anUn+l + Gn-lUn-i + bnUn = Eun ,

where an = a(Tnar) and bn = 6(7». With the vector

Mx) = ianix)un+iix),unix)),
the Schrodinger equation can be written as the first order system

AEix)w-iix) = woix),
where AE is the transfer cocycle

AE(x) = a-\T-^x){E-1b^ -^(T-1*)) .
The name "cocycle" is usually used for the function ZxX ^ 5L(2, C),

ix, n) h- AnEix) = AE(rn~1(o;))... AEiTx)AEix).

Claim. For E outside the spectrum of L, the cocycle AE has a positive Lyapunov
exponent

A(A£) = nlimn-1^log(||A^)||) dtfx).
Proof. The Thouless formula

Re(tr(log(L - E))) = log(M) + X(AB)
shows that the Lyapunov exponent E -> A(AE) is harmonic outside the spectrum.
Because det(AE(s)) = 1, the Lyapunov exponent takes values > 0. According to
the maximum principle for harmonic functions, the minimum 0 can not occur in the
r e s o l v e n t s e t . q
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It foUows from the multiplicative ergodic theorem (see [Rue 79]) that for E in the
resolvent set, there exist one dimensional co-invariant stable and unstable vector
spaces W±ix) such that

AB(x)W±(x) = W±(Tx).
For almost all x G X we can take a unit vector w^x) G W±ix) and define u^x)
as the second coordinate of w±ix). Like this, there exist solutions u+,u~ G Rz of
Lix)u = Eu satisfying {u+ix)} G Z2(N) and {«"(*)} G Z2(-N). (The sequence un is
determined by defining Uq as the second coordinate of w±ix) and aix)ux as the first
coordinate of w±ix). The other entries un are then defined by Lix)u = Eu.) The
Titchmarsh-Weyl functions are

, . x , . u + i T x ) _ , . , ^ u ' j T x )
m+ ix ) = a ix ) - ^ , m ( * ) = « ( * )——,

n+(x) = a(T^)!f^£) , n-w = a(T-M!dZ^).v ' v u + i x ) u ~ i x )

They are measurable according to the multiplicative ergodic theorem and are allowed
to take the value oo or -oo.
Remark. Contrary to u+ix),u~ix), which were defined pointwise for x G X and
only up to a multiplication with a nonzero constant, m+ix) and m~ix) are uniquely
defined measurable functions.
Remark. We use slightly different Titchmarsh-Weyl functions than in the literature.
In [Car 90] for example

raT(x) = —/ v 4./ xaix)u+ix)
is used. Often, (for example in [Sim 83],[Cyc 87],) stochastic Jacobi matrices are
discussed with a(x) = 1.

3.2 The Titchmarsh-Weyl functions as Green functions.
Related to the operator L(x) G B(J2(Z)) are the operators LN(x) G B(/2(N)) defined
by

[£NW]«i = M*)ly. M>0
and L~Nix) G Bil2i-N)) by

[£"*(*)]« = [£(*)],;, t,j<0.
By the spectral theorem there are two probability measures da+,da~ on the real
axes such that

p-(.) -Bn.,., = /h^9<i(T-(a:)(£')
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Lemma 3.1

Proof.
utix) orujjix) can't be zero, or else «£ = uf (T»ar) is an eigenfunction for the
matrix L±N. This is not possible since the spectra of LNix) and L'N(x) are lying
in an interval containing the whole spectrum of L(z).
Define the solutions {«£(*)} and {»-(*)} of L(*> = Bw by imposing the boundary
conditions i$(x) = t;0 (a?) = 0 and t;f (ar) = tdfr) = 1. Because both <(*) and
Uq ix) never can get zero, v+,u+ and tr.tr are two pairs of linearly independent
solutions of L(x)u = Eu. This implies that the two Wronskians

WxWWU = det (*'<^<*> a"(:^W) = det(^W)
are both different from zero. Because det(A£j(:r)) = 1 and

AnEix)W±xix) = Wtiix),
the Wronskians are independent of n. Define symmetric matrices G+ix), G~ix) by
requiring that for m<n,

[G+(*)W = -;f/f-w ,
[w+(ar),u+(a:)]

(w-(a;),«-(a:)]
and [G^x)]™ = [G*(*)]mn. For all n, m 6 N one has

[<?+(s)]mn(s) = p-(*)-5)- 'U,
[ < ? - ( * ) ] _ , _ , ( * ) = [ ( I ^ W- S ) - 1 ] . ^ .

To verify this, calculate in the case k < n -1 using Lw = £t>

**» = E((£±N-£W<n»n
ro>l

= E~m(£*N-BW;M
[ti±f«±]

_ (a^*+i+6fc^fe + flfc-.i^-i - £«£)«£ „
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Using the symmetry of G± we get also Btn = 0 for k > n + 1. For k = n there is a
sign change due to the symmetry of G± and we have

akvt+iut - akvkut+i _ t« * = [ ^ I j - 1 '

In particular

U»(x)-E)-% = [G+W]n = -̂ gL-
m+ix) __ 1

and

" a \ x ) n + i T x )

[ ( L - ( . ) - J f ) - W i = I ^ W l - w — 5 p ^ w
1 _ n " ( a : )" "m-(T-1*)""o2(T-1ar) "

D
Remark. The lemma implies that -m+(x),-n"(x),m",n+ are Herglotz functions:
they are mapping the upper complex half plane into itself.

3.3 Factorization of a random Jacobi operator.
We wiU simplify the notation, by often leaving off the x in the variables m±,n±, a, b.
If we avoid the superscripts +,- in m,n,etc, we mean that both equations (one
with superscript -I- and one with superscript —) are true.
One can recover the functions a, b from m, n by

m-\-n = E -6 ,
m • niT) = a2 .

We want to show now, how a random Jacobi operator L can be factorized as
L = D2 + E.

We take a special integral extension (Y, S, v) of the dynamical system (X, T, p) (see
[Cor 82] for the general notion of an integral extension ). It is defined like this:
Y consists of two copies Xi,X2 of the probability space iX,m). S is the identity
map from Xi to X2 and the mapping T from X2 to X\. The S invariant measure
v is determined by i/(Z) = piZ)/2 for Z C X{. Define on Y a new function c by
requiring that for x G X = Xx,

cix) = -mix), ciS~xx) = — nix) .
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We have then for all x G Xu

cix) + ciS-1x) = -E + bix),
cix)-ciSx) = a2ix).

Because c is defined on Y, these formulas extend a, b to functions on Y. Define
the C* algebra y analogously to AT as the crossed product of L°°(Y) through the
dynamical system (Y, S, u). The elements of y can be represented as

n

where o2 = r. Call ij) the map ? -> #

/ r = E ^ < T B - E ^ r » ,
n n

where Knix) = K2nix) for xgXx=X. The mapping V gives for x G Xu

MK)ix)]nm = [Kix)]2n,2m.
Theorem 3.2 a) The random Jacobi operators

D^iyTc<J + Gmyfc)Gy
are bounded for E outside an interval containing the spectrum £(£) and

4>iD2) = L - B .
D is self adjoint if E is real and below S(L).
b) The operators

BTf(L):=<K(0±)2(5) + £)
have the same spectrum as L.

Proof.
a) If E is real and below the spectrum of L, we have from Lemma 3.1,

-m^ix) > 0, -n* > 0 .
If E is outside an interval containing the spectrum of L, m± take complex values
in general. But they are bounded in modulus by the inverse of the distance from E
to the interval containing the spectrum of L. The relation ^(B2) = L-E follows
from the definition:

*!>{&) = lfr(\/c • ciS)o2 + (c + ciS-1)) + y/ciS'2) • c(S->-2
= ar + b-E + aiT-1)T* = L-E.
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b) S is ergodic as an integral extension of T [Cor 82] and D is an ergodic random
Jacobi operator over the ergodic dynamical system (Y, S, v). The spectrum S(B(a:))
is constant almost everywhere. Especially it is translational invariant: the spectrum
of D is the same as the spectrum of B(5). Thus, also the spectrum of

B2 + B

is the same as the spectrum of
D\S) + E .

But this is not yet enough to prove that L and L(S) have the same spectrum.

Take first the periodic ergodic case, where JV = |X| is finite and where we can build
for each periodic NxN Jacobi matrix L of positive mass a periodic 2JV x 2JV Jacobi
matrix D such that D2 + E is the direct sum of two JV x JV matrices L and BTEiL).
The spectrum of periodic Jacobi operators is genericaUy simple and the multiplicity
of an eigenvalue is maximally two. (See the appendix).
(i) Assume therefore first that L has JV simple eigenvalues. We want to show that
BT±(L) has in this case the same spectrum as L. The Jacobi matrix D has a spec
trum ±Ai,..., ±XN symmetric with respect to the imaginary axis because if A is an
eigenvalue with eigenvector (wi,...,, u2n) then -A is an eigenvalue with eigenvector
(t*i, -u2,..., -u2N). If the eigenvalue 0 of D occurs then it must have multipKcity 2
because the multiplicities of all eigenvalues must add up to an even sum. The matrix
D2 + E is the direct sum of two Jacobi matrices L, BTEiL) and has the eigenvalues
A? + B, where each multiplicity is exactly 2. Because L has by assumption simple
spectrum we get that <t(L) = {A2+B | i = 1,..., JV} and the operator BTEiL) must
have the same spectrum as L because each eigenvalue of D2 + E has multiplicity 2.
(ii) In the case, when L has not simple spectrum, the claim follows because the
spectrum depends continuously on the matrix in the weak operator topology and
because we can approximate a general Jacobi operator in the weak operator topol
ogy with matrices having simple spectrum.
(iii) In the general infinite dimensional case, we can approximate a Jacobi matrix
L(rr) in the weak operator topology by periodic Jacobi matrices L^N\x) and the
spectra of these approximations converge for JV —▶ oo to the spectrum of L(x) by
the lemma of Avron-Simon. The Backlund transformed matrices BTEiLm) con
verge for JV —▶ oo in the weak operator topology to BTEiL). So, the spectrum of
B T E i L ) i s t h e s a m e a s t h e s p e c t r u m o f L . O

For simplicity, we will omit in the future the restriction map ip and write just
L = D2 + E instead of L = HD2) + E, where it does not lead to confusion.

Remarks. The requirement that L has positive definite mass could be weakened. If
L has positive mass then

/iog+(Pin)d/<
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is finite and Oseledec's theorem is still applicable to define the Titchmarsh Weyl
functions. If the mass is zero and a(s) > 0 for almost all x G X then one can
consider the cocycle ap'1) • AE to find the Titchmarsh Weyl functions. If a(ar) = 0
on a set of positive measure, the Jacobi matrix L(ar) is block diagonal for almost all
x G X and a decomposition L = D2 + B is then in general no longer possible.

The factorization L - D2 + E can also be written as

L-E = D2 = AA*,

with A = Da and A* = <rmD. We wiU consider in the next section the Backlund
transformation

AA* h» A*A .

4 Backlund transformations
4.1 Backlund transformations as isospectral transforma

tions
Theorem 4.1 For H G Cw(£), the Toda flow L = [BHiL), L] is with D2 = L-E
equivalent to the Volterra flow

D = [BHiD2 + E),D].

The mapping
BTE:L>-+ LiS)

is a Backlund transformation: It is isospectral and commutes with each Toda flow.

In order to prove Theorem 4.1, we need a lemma

Lemma 4.2 Given two random operators D = da + o*d, R = ra + amr over the
ergodic dynamical system (Y, S,v). If d2 is not constant on Y and DR-rRD = 0
then R = 0.

Proof. The equation

RD + DR = irdiS) + driS))a2 + 2idr + idr)iS~1))
-f (irdiS)-rdriS))a2Y = 0

is equivalent to
d r - r i d r ) i S - 1 ) = 0 , ( l )

r . < * ( S ) + d . r ( S ) = 0 . ( 2 )
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From (1), we get dr = -^(S"1) or dr = dr(S-2). If S2 is ergodic, then dr =
Co = const and from (1) follows C0 = 0 and so r = 0. If S2 is not ergodic, then
Y = XiUX2 and S2 is ergodic on Xt. This implies that

dr = -idr)iS) = Co = const

when restricted to Xi. Equation (2) gives

( d i S ) d \ K S ) 2 - ^ )

which implies that C0 = 0 unless c?(5) = d2 almost everywhere. By ergodicity
of S, the equation <P(5) = d2 is equivalent to eP = const which was excluded by
a s s u m p t i o n . T h e r e f o r e r = 0 a n d s o R = 0 . O

We prove Theorem 4.1: Proof. If D fulfills the equation D = [B#(B2 + B), D], then
L(t) = B2(t) 4- B satisfies the differential equation L = [B#(L),£]:

|b« = ±iD2it)-rE) = DD + DD
= [B*(B2 + B),B]B + B[Bh(B2 + B),D]
= [BHiD2-rE),D2] = [BHiL),L].

If on the other hand L(t) satisfies L = [B# (L), L], then

DD + DD = [BHiD2 + B), B2] = [B* (B2 + B), B]B + B[B*(B2 + B), B],

where B(t) is defined by L(t) = B(t)2 + B. With

B = B-[Blr(B2-rB),B]

we can write this as
RD + DR = 0.

From Lemma 4.2 we have R = 0, unless D is constant. But in the later case
D = t = 0 anyway.

Each Toda flow commutes with L i-> L(T) and in the same way, each Volterra flow
commutes with D »-> B(S). The just proved relation between the Toda and the
Volterra flow shows that the Toda flows are commuting with L i-> L(5) and the op
erators BTEL satisfies the same differential equation as L. A transformation with
t h i s p r o p e r t y i s c a l l e d a B a c k l u n d t r a n s f o r m a t i o n . □

Example. In the case n(L) = L2/2, the motion of D is given by the differential
equation

c = 2c(c(5)-c(5"1))
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which is called the Volterra, Kac Moerbeke or Langmuir lattice. It is a conservation
law for the integral

jylogic)diA
and in terms of the Titchmarsh-Weyl functions m, n it can be rewritten as

m = 2m(n - n(T)),
n = 2n(m(r-1) - m).

Also these differential equations are parametrized by a parameter B.

Remark. With d = y/B we can build the weighted composition operator A = da* and
the Volterra lattice can also be written as

A = [A*A + AA*,A].-

If d is more generally a matrix-valued cocycle in B°°(X, Jl/(JV, R)), where M(JV R)
is the algebra of real JV x JV matrices, we get isospectral deformations

A = A2iT)A-AA2iT~l)

of matrix cocycles. Since all the Volterra equations make sense also in the non-
abehan case and the flows exists for all times, the isospectral deformation corre
sponding to the first Volterra flow

A = A\T)A - AA2iT~l)

exists for all times also in the non-abelian case.

A historical remark. The Volterra system appeared first in 1931 in Volterra's work.
He studied the evolution of a hierarchical system of competing individuals. Henon
mentions in a letter (1973) to Flaschka the relation of the Toda lattice with the
Volterra system. In 1975 the version with aperiodic boundary conditions was solved
by Moser [Mos 75a]. In the same paper, the relation with the Toda lattice is pub
lished. There are other relations: The fact that the Volterra system sits in the
second Toda flow as a subsystem appeared in the paper [Mos 75a]. In [McK 78] the
same relations have been established for the periodic boundary conditions.

Remark. Backlund transformations are also defined for complex values B outside the
convex hull of the spectrum. They still preserve the spectrum, but the images are no
longer selfadjoint operators. The norm can blow up in an isospectral way. Indeed, if
B approaches a pole of m+(ar) in a gap of the spectrum, then ||BT+(B)B(a:)|| -* co.
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4.2 Backlund transformations in the coordinates of Flaschka
A Backlund transformation can also be described in the canonical coordinates q,p G
L°°iX) if they exist. If log(a) is an additive coboundary. 3/ G L°°iX)

log(a) = /(T)-/,

we can define q,p by
4a2 = e9(T)-9, 26 = p .

We will see that there is an additional free parameter for doing the Backlund trans
formations in the coordinates q, p. The generating function and the implicit canoni
cal transformations in the following proposition have been given by Toda and Wedati
[Wed 75] in the case of aperiodic Toda lattices, where the Backlund transformations
are not isospectral.

Theorem 4.3 For E outside an interval containing the spectrum S(L), the Backlund
transformations BT^

b' = b + n-n(T),oA = o?T^m

can be written in the canonical variables q,p as canonical transformations BTE :
(q,p) -* W,P')

p = ^ = - e ^ - c - e ^ T " , ) + c + 2 B ,dq

with a generating function

W{q,q') = / e«'-«-c - e<(T)-«'+c -2E-W-9)dfi,

where C is a parameter. Explicitly

4 = q + log(2m) + C ,
p' = p + 2n-2n(T).

Proof. From b' = b -f n - niT) we get p' = p + 2n - 2n(T) which gives together with
6= —m — n + E

p = -2m-2n + 2B,
p' = -2m - 2n(T) + 2B .

145



Taking the difference of these two equations gives

y = p + 2n-2n(T).

From an = a2^ we obtain

log(4a/2) = log(4a2) + log(rn(T)) - log(m)
and

q\T) - o(T) - log(m(T)) = <t - q - log(m) .
The ergodicity of T implies that

4 - q = log(2m) + C ,
where C is a constant. Together with

log(2m) + log(2n(T)) = log(4a2) = g(T) - q
this gives

9'-?(T) = C-log(2n(r))
and so

We verify

p = -2m - 2n + 2B =-e9'-«-c - e9-^T_1>+c + 2B ,
p' = -2m - 2n(T) + 2B =-e9'-«-c - e9(T>-«'+c + 2B .

0 W , 3 W

4.3 Asymptotic behavior for E -» -oo
Proposition 4.4 a)

l ^ B T + i L ) = L i T ) ,
U m ^ B T ^ L ) = B .

b) For all E outside an interval containing £(JD),

BT+oBT^(L) = L(r).
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Proof.
a) From Lemma ??, we see that the functions

l o g ( m + ( z ) - £ ) = l o g C a ^ + l o g ^ l - ^ ) - 1 ] , , )

= l o g ( a * ( s ) ) + l o g ( E ^ ) ,

l o g ( ^ ) = - l o g ^ - L ^ z ) ) - 1 ] - , , - , )
/ " s~(Tx)\

with s+(i) = [(LN(x))n]n and s~(x) = [(L-N(x))n]_1,_i are analytic in a disc around
oo. We have thus the Taylor expansion in the variable 1/E (compare [Car 87])

log (m+(x) ■ E) = log(a2(z)) + sf (*)-| + («*(*) " ^) ^ + • • • -

log(?d£)) -^)i+(^)-filS£)i+....

log(n-(x)-£) = \og(a\T-1x))+sT(x)±+[s2-{x)-?±^J± + ...

leading to

log (m+(TJ) - log(ro+) = log (a2(T)) - log(a2) + (st(T) - «f)I +...

i im^n=^p.
Because n+ = E — 6 — m+, we get also

Km n+iT)-n+ = b-biT).
E—*—oo

From these two formulas lim^-co BT^iL) = B(T) follows. Similar, we deduce
from the Taylor expansion that

, . m ' i T ) , . . _ nKm ——- = 1, Km n =0E - » - o o m ~ E - + - 0 0
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andlimE_00BT^(B) = B.
b) With L = aa + (a*) + 6 and L" = BT£ o BTEL = a'V + (<rV)* + 6", we obtain

log(a») = log(a) + ±log(m+(T))-^

= log(a) + i log (a2(T)) - i log(a2) = log(a(T)),

b" = 6 + n+-n+(r) + m--m-(T) = 6 + (B-6)-(B-6(T)) = 6(T).

D

Each random Toda flow I(r) is now embedded in a one parameter family of flows

t h-> BTELit)

where B is a parameter. The random flow itself is obtained for B -> -oo.

Remark. In the case \X\ < oo, the boundaries of the curves B h-> B7£(B) and
B »-♦ BT îLiT l)) have nonempty intersection. This gives the possibility to deform
L into I(T) inside the isospectral set. For aperiodic dynamical systems, one can't
expect that a deformation of L into I(T) can always be done because in general,
m+ and m are different everywhere.

4.4 Commutation of Backlund transformations
Assume, the Hamiltonian B£(B) = tr(n£(B)) is dependent on a parameter E G
U C R, where U is an open interval in R. Together with a smooth curve t -▶ B(r)
in U, we can define an isospectral deformation

jtLit) = [BH(E(t))iL),L].

Theorem 4.5 a) Assume \X\ is finite. For all L G £, there exist time dependent
Hamiltonians B|(I) = tr(/if (L)), such that E » L(£?) = BT^E) is the Toda
orbit of

jtLiEit)) = [BHHE(t))iL),L].
b) In general, for all real E',E" < inf(S(I)) and for all a, p. G {+, -}

BTiE^BT^iE^L = BTft{Efn)BTa(E')L .
For the proof we need the following little lemma:
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Lemma 4.6 Given d linear independent constant real vector fields /(,) on the d
dimensional torus ld.
a) If the smooth vector field ^x = f(E,x) commutes with the vector fields /(,),
then there exist a^E, x):RxTd-+R independent of x such that

/(B,x) = E^)/(0-
t = i

b) For any differentiable functions aiiE)MiE), the time-dependent vector fields

F{E) = IXB)/^ G(B) = X>(B)/<f>
t = l « = 1

are commuting.

Proof.
a)

0 = [/, f% = iVfj) • /<•> - / • (V/f) = iVfj) • fU

implies

for all j = l,...,d.
b)

[FiE), GiE)] = [£,• at(B)/('>, £, ^(B)/^]
= E^a^B^B) [/( ') , /^>]=0.

D
Now to the proof of Theorem 4.5
Proof, a) The set Iso(L) C £ of Jacobi operators with the same spectrum and mass
forms a d dimensional real torus Td, where d < \X\ -1 (see [vMor 76]). There are d
Knearly independent real vector fields /,- on Jd which correspond to d different Toda
flows [vMor 78]. The real analytic curves

B G [-oo,inf(S(L))] ~ L(B) = BT^L)

on the isospectral set Iso(L) correspond to real analytic curves E t-+ x±(E) on the
torus Td. Because these curves are smooth and passing through every point x € Td,
they are integral curves of time dependent vector fields

f±{E,x) = ±X±(E).
We have seen that a Backlund transformation commutes with each constant Toda
flow. Therefore, the vector fields /±(B,x) and /,• are commuting. Application of
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Lemma 4.6 a) implies that f*(E, X) are independent of X- In the original operator
coordinates, this means that the time dependent Hamiltonian fields

^L = [BB(B)(L),L]
with Hamiltonian

HE(L) = tr(fc£(I)) = 2>£,„tr(L")
n

have coefficients hE,n, which are independent of L.
b) Assume first \X\ is finite. Assume a = + and p = -. The other cases go in the
same way. Take from a) the time dependent vector fields /±(B) on Jd which are
independent of the coordinate x G Jd. We know from Lemma 4.6 b) that for each
B', B", the flows of the vector fields

t » Jp+(t) = /+(^/i))
t ~ F'it) = riE"/t)

are commuting. As BTz^L = L (see Proposition 4.4), the transformation B7£„ is
obtained by integrating up the time dependent vector field fE from B = -oo to
B = E" which is just the time 1 map of the flow given by the vector field F~(t). Be
cause BTĵ B = L(T) (again Proposition 4.4), the transformation BT%, is obtained
by shifting L h-> B(T) and then integrating up the vector field f% from B = -oo
to B = E'. This is a shift T followed with a time 1 map of the vector field F+(t).
We have thus interpolated the Backlund transformations by Toda flows with time
dependent Hamiltonians. From the commutation of the vector fields and the com
mutation of the Backlund transformations with the shift T : L i-> B(T), the claim
follows.
In general, let L<N\x) be a periodic approximation of period JV such that for
- N / 2 < i , j < N / 2 ,

Then
(LW(x)r->L»(x)

in the strong operator topology (the strong and weak operator topologies coincide
on the space of tridiagonal operators) and so in the strong resolvent sense (see
[Ree 80] p. 292). This implies, that the Green functions of (Z,W)N converge to
the Green functions of XN(rr). Therefore, the Titchmarsh-Weyl functions of B<N>
converge pointwise to the Titchmarsh-Weyl functions of Lix) and so

BTEtfN\x) - BTELix)
in the weak operator topology. This gives

BT°E,BT»E„tiN\x) - BT°E,BT»E„Lix)
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in the weak operator topology and finally

BTE,BTE,,L(x) = lim BTB\BT%„Lm(x)
= l^BT^BTI:,Lmix) = BT^BT%,Lix),

Remark. For the tied Toda lattice, the Backlund transformation is not an isospec
tral transformation and it can be used to produce soliton solutions out of the trivial
solution q = q = 0. (see [Tod 81] and the appendix). This doesn't work in the peri
odic case: if we start with q = q = 0, we get after the transform the same solution.

Illustration. As we visualized in the last chapter the motion of the Toda lattice as
"particles" with coordinates

2n = (log(an),6n),

we want to see how a Backlund transformation acts on a curve

iG^h (log(a) + ib)ix) G C

in the complex plane. Also Backlund transformations preserve the integrals

/ log(a) dm, bdm

and the center of mass of the curve will keep constant also. We calculated numeri
cally some Backlund transformations with the following Mathematical program

I 1
mfi.Integer,n_Integer]:=Mod[i-1,n]+1;
a[n_Integer]:=Table[N[2+Sin[k 2 Pi/n]],{k,n}] ;
b[n_Integer]:=Table[N[Cos[k 2 Pi/n]],{k,n}] ;
A[a_List ,b_List ,EEJ : =Table[l/a[[m[i-1 ,Length[a]]]]*

•C-CEE-bC[i]] ,-(a[[mCi-l,Length[a]]]])-2}f<l,0}},-Ci, l>Length[a]>];
Monodro [aJList,b_List,EEJ : =Block [{t=0, A=A [a ,b, EE] , B=IdentityMatrix [2] >,

Do[B=A[[i]] .B;t=t+Re[Log[B[[l,l]]]] ;B=B/B[[1,1]] ,{i, Length [a]}] ;{B,t}] ;
mplus[a_List,b_List,EE_]:=Module[

{M=Monodro[a,b,EE] [[1]] ,s,mO,ad,n=Length[a]},ad=M[[l,l]]-MC[2,2]] ;
m0=(ad-Sqrt [ad-2+4*M[[ l ,2] ]*M[[2, l ] ] ] ) / (2*M[[2, l ] ] ) ;s={m0>;
Do[s=Prepend[sfa[[mCn-i,n]]]-2/(EE-First[s]-b[[mCn-(i-l) ,n]]])] ,<i,n-l}] ; s] ;

BTplus[{a_List,b_List},EE_] :=Module[{mpl=mplus[a,b,EE] ,npl},
npl=EE-b-mpl;{a Sqrt[RotateLeft[mpl]/mpl],b+npl-RotateLeft[npl]}];

Ini tCnJ:=Block[{s=10.1231*Pi/n},
■CTableCN[ExpCCos[j*s]]] ,<j ,n}] ,Table[N[Sin[j*s]] ,{j ,n}]>] ;

Pict[{a_,b_}] :=ListPlot[Table[{Log[a[[ i ] ] ] ,b[[ i ] ]},{ i , Length [a]}] ,
PlotRange->{{-3,3}, {-3,3}}, DisplayFunction->Identity, Axes->False] ;

Film [NPart_,NPict_, Time Int.] :=Block[{c=Init[NPart] ,Movie={}},
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Do[Movie=Append[Movie,Pict[c]] ;c=BTplus[c,-5-(M[l/(i*TimeInt)])] ,{i,NPict}];
Movie];

Display ["Ipsfix -land -stretch > backlnndfilm.ps",
Show [GraphicsArray [Part it ion [Film [101,16,1/16] ,4]],
DisplayFunction->$DisplayFunction, Frame->True,
PlotLabel->FontForm["Backlund transformations",{"Helvetica", 12}] ]]

. B a c k l u n d t r « n « * o c m « U c f »
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5 Symmetries
5.1 A simple version of super symmetry
The factorization L - B = D2 leads to the simplest version of super symmetry:
Define the elements

„ _ ( L - E 0 \ / 0 D a \ D ( \ 0 \" ""V 0 LiS)-E) iQ-{ iDa)* oJ'F-U - l j
in M(2,£). The property

Q2 = B, P2 = 1, {Q, P} = QP + PQ = 0
is called super symmetry ([Cyc 87] p.121). It is believed to be important for the
understanding of super-symmetry breakdown in realistic field theories. One calls
the operators

* • { : ? >■*■ - g a s )
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super charge operators. They satisfy

(0+)2 = (Q-)2 = O, Q+ + Q- = Q.

The eigenspace of the eigenvalue 1 of P is the space of Bosonic states and the
eigenspace to the eigenvalue -1 is the space of Fermionic states. The operator
L - E is the restriction of H on the Bosonic states and the Backlund transformation
LiS) - E is the restriction of H on the Fermionic states. D is also called charge
operator. This suggests to denote the invariants

Q~iE) = exp (J^ log Vnlr dp} = exp ( ^ M

the charge functions of the operator B" and

Q+(B) = exp Q^ log y/m+ dp} = M • exp f ^y^J

the charge function of the "anti-operator" D+.

5.2 CPT symmetry
We have seen that we can write the first Toda lattice as the differential equation

m = 2m(n-n(T))
n = 2n(m(T~1) - m)

in L°°(X) x L°°iX). Define the transpositions
C :: m* <-» n*
P :: r<->T-1
T : t ~ -t.

One can see that the above equations for the motion of the Titchmarsh-Weyl func
tions m, n satisfy the symmetry CPT in that applying the transformation CoPoT
leaves the equations invariant. We could call the transformations a change of Charge,
Parity and Time. The name charge function is consistent with calling a Dirac oper
ator like D = y/ca + iy/ca)m the charge operator. Notice also that the linearization
of the first Toda equation, the random wave equation

m = n - niT),
h = m iT~ l ) -m

has this CPT symmetry while the continuous analogue on R

m = nx ,
h = mx
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has more symmetry, namely C and TP where P : x *-+ -x. The discretization
changes the symmetry. The doubling of the lattice simplifies the Toda equation to

c = 2c(c(5)-c(5^))
and the C transformation which was an involution before becomes now the shift
C:c>-> c(5). We have still TP symmetry where P : S ^ S"1. The doubling of the
lattice changed also the symmetry.

5.3 Remarks
Taking terms from physics to describe mathematical structures has some danger in
that a relation to real physics is pretended even if there is no physical experiment
for which such a relation could be helpful.
On the other hand, there is hardly any mathematical structure which is not realized
in some sense in physics. Today physics suffers from the lack of experimental facili
ties to eKminate mathematical theories as candidates for explaining the world. The
link between the models and reality is lost. This leads to the nowadays observed in
flation of mathematical theories having physical content. On the other hand, using
physical terms in mathematics simplifies heuristic thinking and makes things more
exciting because there could be a relevant relation between any given mathemati
cal structure and the physical world. This remark should show that the following
statements should be taken "cum grano salis".

CPT symmetry, internal symmetry.
It is believed today that CPT is a symmetry in modern particle physics. Our above
simple mathematical model shows that this finite symmetry appears in a natural way
after a discretisation of space. This could be an indication that a space is discrete
at the Planck length, an opinion shared by a large community of physicists. On the
other hand, we don't believe that the "time" in the Toda systems have anything to
do with the usual time in physics even though also in classical quantum mechanics
the time evolution is an isospectral deformation. The Toda (and Volterra) systems
should be considered as internal symmetries of a one-dimensional classical quantum
mechanical model with Hamiltonian L.

Abstract conductivity.
In the periodic finite dimensional case, also space translation L *-+ B(T) can be
realised as a Toda deformation. It is an interesting question if this is possible for
general random operators because one could interpret the ability to move in the
internal symmetry space from L to L(T) as an abstract concept of "conductivity".
In the finite dimensional case, there is a path BT+iE)L connecting L with B(T):

The Jacobi operator L defines a hyperelliptic curve
fc = i(E,y) G C2 | y2 = det(L - B) = e—(*>}
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which has a universal covering serving as a complex time axis: Given Lq, there
exists a parametrized Hamiltonian HE = tr(n(-)), where the "time" B is lying in
the universal covering of R. There is a real path t ^ B(t) which is the union of
two paths B'(t),B;,(t). The first path E' is passing from B(0) = oo' = (-00, -00)
to the lowest branch point B'(l/2) = inf{A G a(L)} and can be given as

The second path is starting at B"(0) = B'(l/2) and is going back on the other sheet
to the point B"(l) = 00 = (-00,00). It can be parametrized as

B"(t)= 2E°1/2 -t
If we do the Toda flow

jtLiEit)) = [Bffim)iL),L]
starting with L0 = £(0) taking this Hamiltonian along the curve B(i) we get

Lit) = BT"(B(t)), tG [0,1/2],
Lit) = BT+iEit)), tG [1/2,1]

and L is connected with B(T). Because in general, m+ and m~ are no more coin
ciding at the infimum of the spectrum, such a connection does not exist in general.
This does not exclude other connections in the isospectral set but it indicates that
properties of the bottom the spectrum might have a relation with the mobility in
space.

An other measure for conductivity is the rate of ballistic motion which measures
the decay of the wave function q(t)u for the position operator iqu)n = n-un. Given
a wave function u in a domain

0(9) = W£M-KI2<oo}
n

which makes q self adjoint. The value

rW=Kmi | | g ( tH |== r2 . | | xe - ^u | |

is positive for a free particle. Simon [Sim 90] has shown that point spectrum of
L = r + r* + V implies that r(u) = 0 for u G B(w) ("absence of ballistic motion").
In solid state physics r(w) is proportional to the conductivity.

Mass and charge:
The name mass for the integral M = exp(/x log(a) dm) was chosen because we
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needed a name for this conserved quantity. A justification is that we can view the
discrete Schrodinger operator as a sum

L = K + P = iaT + ar*) + b

of a kinetic energy and a potential energy and a as a local mass function which gives
an averaged "mass" exp(/log(a) dm. (The average fa dm has the "disadvantage"
that it is not an integral of the Toda flow.)

The name "charge function" for the functions Q± was chosen because D± can also be
called charge operator. There is another more physical justification (which however
mixes different unrelated physical topics). We have defined the charge function

< ? - ( * ) = e x p ( ^ ) .

We use the density of states dk to average these functions to the charge:

Q-:=^Jc=}fldKE)y
Using the Thouless formula we can write

C~:=iQ~)2 = exp(jf-«/(B)<*fc(B))

= exp Qf tr(log\L - E\) dk(E)\

= exp Qf jf log \E-E\) dkiE') dkiE)\

=: exp(/(B))C,

which is called the capacity of the set a(B) if the density of states measure dk is
maximizing exp( J(/x)) under all probability measures p. on the spectrum aiL). /(£)
is the energy of the measure dk. The relation between capacity C and charge Q
is (at least in a condenser with potential energy 1) given by the formula C = Q2.
This acrobatic playing with analogies has related the charge motivated by the Dirac
operator of L with the potential theoretic charge of its spectrum aiL). The definition
of the charge Q can be done in the same way for higher dimensional Laplacians.

6 Some questions
• What is the set of potentials we can get from one a, b by making Backlund trans
formations? Can we reach like this a dense set of the isospectral set of random
operators.
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• Under which conditions is L ■-▶ L(T) the time one map of a Hamiltonian isospec
tral flow in £1 For which ergodic automorphisms f commuting with T can one
connect L with Lit) inside the isospectral set?

• Can one find analogous factorizations and Backlund transformations of higher
dimensional random Jacobi operators in the crossed product X of B°°(X) with a Zd
dynamical system? Jacobi operators are then of the form

i:(al-T' + (0£Ti)')+6.

7 Appendix: The spectrum of periodic Jacobi
matrices

In this appendix we prove an easy (and probably weU known) fact about the spec
trum of periodic Jacobi matrices which we give here because we couldn't find in the
literature. Our sources are [vMor 76] and [Mos 84]. In contrast to aperiodic Jacobi
matrices the spectrum of periodic Jacobi matrices

L =

I b x a i 0 • 0
ai b2 a2
0 a 2 •

0 • • Q - N - 2 & J V - 1

\ a N 0 • 0 a N - i

aN \
0

0
o>n-i
bN J

5 the example

/ 0 a a \
L = \ a 0 a

\ a a 0 /
with spectrum —a, —a, 2a shows. We want to prove now that for a generic set of
coefficients an,bn, the spectrum is simple.

Lemma 7.1 There exists an open dense set of coefficients a,b G L°°iX) = R2N
such that the Jacobi operator L = ar + ar* + 6 has simple spectrum.

Proof. Let L = Lt be a one-parameter family of Jacobi operators and denote with
u = ut an eigenvector with eigenvalue Et. Differentiation of

(L - E)u = 0

gives (1/ — E')u + (B - E)u' = 0. Using the symmetry of L — E we get
0 = iu, (L; - B» + («, (L - E)u') = i% (1/ - B»
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which leads to the Rayleigh quotient

e_ jL'u,u)
iu,u)

If tt has norm 1, this formula gives

6 r 2

cTkL = W*'
S

6a~k = 2ukUM-

If B is an eigenvalue with multiplicity 2, it has two different eigenfunctions u v
Let A; be an index such that uk ± vk. We can also assume uk ^ -vk because we
can replace else v by -v and find another entry Ul # vt. From the above formula
we deduce that changing bk changes the two eigenvalues differently. For small e a
change of bk to bk + e splits the doubled eigenvalue B and keeps the already simple
eigenvalues simple. Proceeding inductively we can perturb the matrix in order to get
only simple eigenvalues. The set of Jacobi matrices with simple eigenvalues is open
because the eigenvalues depend in finite dimensions continuously on parameters. □

Remark. A Jacobi matrix L with period N can be viewed as an infinite periodic
matrix acting on the finite-dimensional space of JV-periodic sequences in Z2(z). If the
periodic matrix acts on the whole Hilbert space /2(z), the spectrum of L becomes a
6ana* spectrum. Let

^1 ^ -^2 < • • • 5s ^2JV

be the eigenvalues of the infinite matrix L when restricted to the 2JV" dimensional
space of 2JV periodic sequences in Z2(Z).
The proof of the following Lemma can be found in [vMor 76]
Lemma 7.2 The spectrum of L acting on /2(z) consists of the intervals (bands)

[XX,X2],[A3,A4],...,[X2N_X,X2N].
The spectrum of L acting on N periodic sequences is

\Xi, A4, A5,..., A2at_3, X2n} .
The intervals between the bands are called gaps .

8 Appendix: Backlund transformations for ran
dom Schrodinger operators

There is a complete parallel theory of isospectral deformations and Backlund trans
formations for random Schrodinger operators over a flow. The set up is the following:
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Let X be a compact Hausdorff space and Tt a flow on X with an ergodic invariant
measure //. For q e C(X, R) one looks at the operator

L = -dxi + q'

acting on B2(JV). The simplest (and well investigated) case of a random Schrodinger
operator is a periodic operator

where a is a continuous say 1 periodic function. If u+, u are the Floquet solutions
of the Schrodinger equation

Lu = Eu
satisfying

u+ix + l) = eAw+
u+-x + l) = e~V"

define the Weyl functions

m* = (Iog«*y = ^.

The Backlund transformation

BT^q) = q - 2(logu±)" = q - 2^m
is a Backlund transformation. It is isospectral. (see [Dei 78] Theorem 11). This
transformation was found by Darboux in 1882 (see [Ehl 82]) and was worked out by
Miura.

An other interesting case are almost periodic Schrodinger operators. Isospectral
deformations of these almost periodic operators have been considered in [Joh 82].
An integration of such systems is still missing.

9 Appendix: Backlund transformations for ape
riodic Jacobi matrices

We discuss shortly Backlund transformations for aperiodic Jacobi matrices.
Let L be an aperiodic N x N Jacobi matrix

/ & i a x 0 • • 0 \
ax b2 a2
0 a 2 •

a jv-2 0
ajv-2 btf-i ajv_i

V 0 0 o j v - i b N J
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satisfying on > 0 for all n = 1,... N. Assume L has the eigenvalues

A « < A « . . . < A W

and corresponding eigenvectors

i,(0 .,«'(N)

For E in the spectrum, we write also u = u(B) for the eigenfunction of B. We see
from

iLu) = anun+i + bnun + an_i«n_i = Eun
that un = 0 is not possible as long as an+x,an-X > 0.
Denote by

m k ( E ) = a k ,u(E)k
n , m n u j E ) k - iME) = flfc-1^B)T

the Titchmarsh-Weyl functions belonging to the eigenvalue E. We understand in
the above definitions ra(B)jv = n(B)i = 0. We get

miE)k + niE)k = E-bk,
m(B)fcn(B)fc+i = 4.

On a doubled lattice we can define

c2k = -mk, c2k-i = -nk , k = 1,... n .

The new Jacobi matrix

B =

with di = y/ci satisfies like in the periodic case

[B2 + B]2fc>2/= [!]*,/.
The entries dk however are complex in general because ck is not necessarily positive.
If we do the Backlund transformation with the ground state, the lowest eigenfunction,
we get however a real Jacobi matrix D because the Titchmarsh Weyl functions m, n

(0 0 0 0 \
0 0 d2
0 d2 .

dN-2 0
d2N-2 0 d2u-iu 0 dw-i o )
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are then negative. To proof this, we approximate the aperiodic Jacobi matrix by
periodic Jacobi matrices

B£ =

The Titchmarsh-Weyl functions m€(A< )̂, n€(A )̂ of Le at the lowest eigenvalue A*1*
of Le converge to the Titchmarsh-Weyl functions m(AW), n(A^>) of L at the lowest
eigenvalue A*1* of L. Because -ra€, -n€ are nonnegative, also -m, -n are nonneg-
ative. They can't be zero and we conclude that the numbers dt- are real and positive.

(bx « i 0 0 6

ai h 02 0
0 02 *

& N - 2 0
0 • OjV-2 b N - l 0>N-

V * 0 0 fl j v - i bN

The map

with
L h+ BTEiL)

[L]kll = [BT£(B)]M = [D2 + B]2fc+1,2/+i
is the Backlund transformation. The proof that it is isospectral goes like in the
periodic case. If an > 0 for all n G N, then the Backlund transformation with
the ground state w(1) has the property that a BTiL) is again real. The Backlund
transformation can be written explicitly as

Q>k = dk\ ——» bk = b-rnk- nk+i ,
V ™>k

where we understand nni = mn+x = 0. The Jacobi matrix

( h a i 0 o\
a i 62 °\2 •
0 a2

a.N-2 0
CLN-2 O f f - l 0

\o 0 0 bN)

L =

is isospectral to L but it satisfies ajv-i = 0. It is not possible to transform it again
with the ground state because we have now zerols in the side diagonal. However,
we can get a new (JV -1) x (JV -1) Jacobi matrix by projecting L onto the eigenspace
generated by the eigenvalues different from A(l). This is then a new Jacobi matrix

L' =

f b i a x 0
a x & 2 62
0 a2

& N - 2{'. • Q . N - 2 b f f - l
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for which the Backlund transformation with its ground state makes again sense. We
can repeat this procedure getting smaller and smaller matrices. The Backlund map
from the isospectral set of Jacobi operators with spectrum

AW<A«>...<A<">
in the isospectral set of Jacobi operators with spectrum

A(2)<..<A(*>
is a continuous map from an n dimensional simplex into one of its faces.

The reversed process is also interesting because it allows to build up bigger and bigger
Jacobi matrices with prescribed spectrum. In each step one gains an eigenvalue
more. A possibility to construct the inverse process would be to approximate the
Jacobi matrices by periodic matrices L€, where the Backlund transformation can be
reversed and to do the limit e -▶ 0 in a suitable way.
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Abstract
We show that transfer cocycles of random Jacobi operators move according
to zero curvature equations, when the Jacobi operators are deformed in an
isospectral way. The zero curvature equations are isospectral deformations of
SX(2,R) cocycles.

We show that every SI(2,R) cocycle is cohomologuous to a transfer cocycle
of a random Jacobi operator if the dynamical system iX, T, m) is ergodic.

We consider discrete d-dimensional zero curvature 51(2, R) gauge fields over
a Z dynamical system. These gauge fields are Toda systems with discrete
space and time. We begin to study the moduli space of zero curvature gauge
fields in the case of an abelian structure group and d = 2.

In the case, when the structure group is T1, a result of Feldman-Moore has
the foUowing reinterpretation: for any field h, there is a gauge potential (/, g),
such that the curvature of if,g) is h. This leads to the existence of random
Harper models with arbitrary space dependent magnetic flux.

1 Introduction
Most integrable systems allow a zero-curvature representation (see [Fad 86]). Also
for the Toda lattice such a representation has been given (see [Fad 86] p. 471). We
want to adapt those zero curvature representations for the random Toda lattice. The
Toda system is a semi-discrete system in which time is continuous and the space is
discrete. We want also to formulate higher dimensional zero curvature representation
of discrete Toda equations in any dimension. In two dimensions, we compare the
continuous (KdV equation), semi-discrete (usual Toda system), and discrete (lattice
gauge field) set up. To get a symmetry between continuous and discrete case, we
formulate everything in a dynamical setting. The idea is to replace the discrete
d- dimensional lattice Zd by the orbit of an aperiodic Zd action. In the continuous
case, the d- dimensional plane Rd is replaced by an orbit of an aperiodic Rn action
Tx,... Td on a compact metric space. The advantage to replace manifolds by orbits
of dynamical systems is that the embedding in a compact metric or a probability
space is useful for example for integration. The notations get simpler and there
is more symmetry between discrete and and continuous systems. The idea is used
in statistical mechanics, where the thermodynamic formalism has been generalized
to lattices formed by orbits of dynamical systems. Advantages of such a set-up is
a simplification of notation and a stimulation of both of the subjects dynamical
systems and statistical mechanics. The general idea of doing mathematics on orbits
of group actions seems to be due to Mackey [Mac 63].
The embedding of the lattice inside a probability space is always connected with
cohomology constraints which manifest in an algebraic way the random boundary
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conditions. . Not everything which is possible in the free lattice is also possible on
the embedded lattice. Also the properties of the dynamical system play a role and
the choice of the ergodic dynamical system corresponds to a choice of a boundary
condition.
An important question is to know the moduli space of zero curvature fields or even
to know the moduli space of all fields.

2 Zero curvature equations in two dimensions
We compare here the continuous, the semi-discrete and the discrete set up for two-
dimensional zero curvature fields with structure group SL(2,C). An example of a
continuous field is the KdV flow an example for the semi-discrete field is the Toda
flow and an example for the discrete field is the discrete Toda lattice.

Let X be a compact metric space which is also a probability space. Let R be a
two-dimensional group acting on X by measure preserving transformations. We
distinguish continuous, the semi-discrete and the discrete case (i) R = R x R, (ii)
R = R x Z and (iii) ft = Z x Z (the discrete case). We denote with T\ Ss the actions
of R and with 6t,6x the Lie-derivatives which are in the discrete case rxf = /(T)
and rtf = fiS), in the continuous case

6xf = s;/(T*)lx=0'6tf = Jtf{Tt)̂ ° -
A matrix Lie group G = SL(2,C) called the structure group and denote with g =
sf (2, C) its Lie algebra. The space of Gauge fields G C L°°iX, G) consists of functions
A G L°°(X,G) having the property that on each orbit, the mapping

R -▶ G, r •-> Airx)

is smooth. A connection or gauge potentials is a smooth function in (i) L°°iX, gxg),
(ii) L°°iX,G x g) or (iii) L°°(X,G x G). To a connection is attached a covariant
derivative which is

i i) Vt = 6t-V,Vx = 6x-U,
iii) Vt = 6t-V,Vx = Lr* ,

(iii) Vt = Kr; ,Vx = Ltx*.
The commutator [V*, Vx] is the additive curvature. Let u be a vector field on X.
The integrability condition for the two over- determined equations Vtu = 0, Vxu =
0 is [Vj, Vz] = 0 called zero curvature condition. It can be written in the three cases
as

(t) K-V, + [tf,V] = 0,
(n) b,t; + [Lt;,v] = o,

(iii) [Lr;,*Tr;] = 0.
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Given a connection (B, V) and A G £, the transformations

(•) (U, V) ~ iAUA-1 + AXA~\ AVA-1 + AtA~l),
iii) iL, V) ~ (AIA-1^-1), AVA'1 + AtA~l),

(Hi) iL,K) ~ iALA-\T-l),AKA~liS-1))
are called gauge transformation. The zero curvature equation stays invariant under
such transformations.

Given a connection ([/, V) one defines a parallel transport of a vector. The definition
is the simplest in the discrete case (iii), where a path is a sequence of points T =
{xu • • .,*.}, where xn = Txn.x for T G {Tx,T2,Tx~l,T21}. We represent T also as
a sequence plp^,...,^),

jf A(x) = A,-^ • • • Tixx) • • • A{Titx)A(x)
which defines a para/Ze/ transport along the path. The parallel transport in the con
tinuous case can be reduced to the discrete case by approximating a curve in R2
through a polygon and taking At- = explt- on the edges of the polygon.

Examples.
• Case (i): Take X = T4 and Tt(x,y) = (x + ta,y),Ta(x,y) = (w,y + sp), where
x,y G T . An orbit can be a torus, if a = (a^),/? = (ft, ft) are both rational
vectors, a cylinder, if one of the two vectors a, fi is rational, or the two dimensional
plane, if both a,P are irrational. Define for a spectral parameter B the connection
(see [Fad 86] p. 307)

-us(" ° ) + (,,-"• 2«1.\ux -u ) \ 2u2 - uxx ux )
The zero curvature condition gives the Korteweg de Vries equation

ut - 6uux + uxxx = 0 .
If a is rational, we are looking for periodic solutions, if P is rational, we have a KdV
with periodic boundary conditions.

• Case (n): Take X = Xx, xX2, where Xx = T2 and X2 is a probability space. Take
Tt(y) = iy + ct) and T3 is generated by an automorphism T of the probability space.
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The zero curvature equation for the connection

- (P- -o)H^" ) -
gives It - [V, Lr] or

q = P-tE,

which is the Toda lattice. By the gauge transformation

/e-*(T)/2 o \
C = { 0 e < / 2 )

the Toda flow in the (a, 6) coordinates can be recovered

With a further gauge transformation with

we get

L" = C>L'C'-\T->) = a(T-*)-1(b\E "^jp ) ,

with L"(*) € 51(2, R), V"(z) € *l(2,R).

Remark. Also the random Volterra differential equation ii = u(tt(S) - u{S~1))
a zero curvature representation (see [Fad 86] p.296). With

L = \ - l 0 ) ' V ~ { - E - E * + u )
one gets

Aa* = [V,Ao*}.
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• Case (iii): Given two automorphisms S,T of the probability space. The problem
consists of finding K,L s L<»(X,SL(2,R)) satisfying

LK(T) = KL(S).
Solutions can be found by taking an element M € L"(X, SL(2, R)) and define
(L, M) to be the gradient of M

L = MAKT)-1 ,K = MM(S)-1.

One checks then that LK(T) = MM{TS) and ATZ(S) = MM(TS). Such solutions
are gauge equivalent to the identity.

There are candidates for nontrivial examples of random discrete zero curvature equa
tions [Sur 90],[Sur 91],[Qui 91],[Cap 91]. In these articles the finite case X is treated
and the notation is different. We take an example of Suris in [Sur 911: The equation
f o r q e L ^ i X ) i j m

is equivalent to

e«(S)~q _ e9-9(S-») = h2 . eq(T)-q(S->) __ ^2 . e<,(S)-q(T->)

and is called discrete time Toda equation. It can be written as a zero curvature
equation

LiS)M = MiT)L
with

/ B e * - * * " 1 ) - B - i / i e * \ / £ - 1 _ W \
U^-^ "1) 0 J 'M=Une-* ( r - '> B J '

where B is an additional spectral parameter. The problem is to find solutions q of
these zero curvature equation. An other example is the Hirota equation [Bbgp 92]
which is translated in the random language given by a solution v G L°°iX) of

fw(S'l)v{T)v(S'1T) = 1 + kiwiS^T) - v(S'l)v(T)) ,
where A: is a parameter. This equation can be written as a zero curvature equation

MLiT) = LMiS)
for

L = ( v / v ( S - 1 ) X \ t k ( X v ^ X S - ' T ) ) - 1 \
{ X v ( S - i ) / v ) ' M - [ x - * v ( S - i T ) v ( S - i ) k " ) >
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where A is an additional parameter. Bobenko et al. also remark that the Hirota
equation can be written as u(TS_1)i; = M(v(T)v(5_'1)), where M is the Moebius
t r a n s f o r m , , .l + kz

z i - > .k + z
They study the map also over finite fields for which the Mobius transform on a
quadratic extension of the field makes sense and maps S = {vv} into itself. Such a
system can be viewed as a cellular automata.

3 Zero curvature equations for random Toda flows
We quickly redefine the definition of the random Toda lattice, which is an isospec
tral deformation in X, the crossed product of L°°iX) with the dynamical system
iX,T,m). The von Neumann algebra X consists of elements K = En#nTn with
convolution multiplication, where the rule rKn = Kn(T)T is used to shift the r to
the right and r* = r"1 and the norm is given by

111*111 =lll*(*)ll loo,
where Kix) is the infinite matrix [Kix)]mn = Kn-miTmx). There is a trace tr(lf) =
fx Kq dm. Each element K has the decomposition K = K~~ + K0 + K+ defined
by K+ = Y^Li Kn. With £ C X is denoted the Banach space of random Jacobi
operators L = ar + iar)* -f b if a, b G L°°iX) are real. For a Hamiltonian

H G C*(C) = {HiL) = tr(n(B))| h entire, n(R) C R}

the random Toda lattice
L=[BHiL),L],

with BEiL) = h'iL)+ - h'{L)~ and B(B) = tr(/i(L)) is an isospectral flow in £. It
reduces to the periodic Toda lattice in the case when \X\ is finite.

We have seen in the last paragraph, how the first Toda lattice can be written as
a zero curvature equation. We show now how each random Toda flow is a zero
curvature condition for a certain gauge field over a semi-discrete space time.

We assume now G = L00(X,5B(2,R)). If we take the connection C = iAE,VE)
where VE is the s/(2, R) cocycle

_ / - B - 6 2 a 2 \
Ve-{ -2 B + 6J'

the zero curvature equation

^-At* = VAr* - AViT~l)rm = \V,At*]dt
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describes the first Toda flow

a = a(6(T)-6),
b = 2.a2-2.a2(T"1),

with Hamiltonian H(L) = tr(^).

Parallel transport along the time axis gives the motion of the Toda lattice. If we
make parallel transport along space, the average growth rate of the vector is exM
a G a u g e i n v a r i a n t n u m b e r . '

Two cocycles A,B G A = V»(X% SL(2, R)) are called cohomologuous or Gauge
equivalent, if there exists C G A such that B = C(T)AC~l. A cocycle A G A is also
called a weighted composition operator At* acting on /2(Z)2 as Armwn = A(x)wn_i.

Theorem 3.1 For each Toda flow L = [BH(L), L] with H G C»(£) there is a zero
curvature equation

AET* = iVh,E,AET*].
Each of these flows defines an isospectral deformation of the cocycle At*. The
deformed cocycles are all cohomologuous: there exists a curve U(t) C A with

Ait) = U(t)-lA(0)U(t){T-1).
Proof. We show this first for a Hamiltonian

which gives the Toda flow L = [Bk, L] with Bk = (!*)+ - (B*)-.

For B outside an interval containing the spectrum E(B) of L, there exists {u+\ G Rz
s a t i s f y i n g B ( : r > + = E u + a n d u + G / 2 ( N ) . n

Claim. If u(t) satisfies the differential equation

it = Bkix)u

with initial condition w(0) = u+ then L(t)u(t) = Eu(t).

Proof. In order to make sense of the differential equation ii = Bu, we can view u as
living in a weighted Banach space MK of sequences defined as

MK = {c = (..., c_2, c_x, cq, ci, eg,...) | ||c|| = Y, kl*~N < 00} .
n

172



If the positive real parameter K is chosen big enough, a solution u of the Schrodinger
equation Lu = Eu is in Mr- The differential equation tt = Bu has then by Cauchy's
existence theorem a unique solution in Mk- Using L = [Bk,L] and ii = Bku we
get

•£(£(*)(*)«(*) - Eu(t) = {BkL-LBk)u + Lu-Euat
= (B - L)Bfcw + LBku - BBfc« = 0 .

With this and the fact that we assumed L(t)u(t) = Eu(t) for t = 0 follows the claim.

The differential equation ii = B/tu is an equation of the form
un = F(un-k,...,un+k).

Define wn = (un+x,un) and write w0 = VktEw0, where 14,e is calculated as follows:
use the equation L(x)u = Eu which is a linear difference equation of the form
un+i = G(wn,«n_i) to express (u„+i,an) for n # 0,1 as a linear function of (tio.tti).
The so obtained matrix VktE(x) does not depend on the choice of u. The integrability
condition for the two equations

{•ft ~ Vfc,E)w0 = 0 , {Ae{x)t*)w0 = w0 ,
(differentiate the second equation and plug in w0 into the first) gives the zero cur
vature equation

Ae{x)t* = [Vk,E{x),AEix)T*] .
In general, if the flow is given by a Hamiltonian B(L) = E nntr(Ln) G Cw{£), we
get also a zero curvature representation with

V(x) = Y,hnVk,E{x).n

The rough estimate ||Vfc,E(:r)|| < k\\L{x) -B|p shows that the sum V{x) converges.
The mapping x *-+ VE{x) is measurable. Define a curve of cocycles U{t) by

U = Vh,EU, U{0) = 1.
We check

U-\t)AET*U{t) = U-l{t)AEU{T-l){t)T* = AE{t)r*
and the Toda-motion is indeed an isospectral deformation of the cocycle AE. All
t h e d e f o r m e d c o c y c l e s a r e c o h o m o l o g u o u s . □
Proposition 3.2 Given two Hamiltonians F, G. Denote by tF and tG the time
parameters for the Toda flows induced by F rsp G. Then the Sakharov-Shabat
equation

holds in L°°{X,sl{2,C)).
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Proof. Because the Toda flows corresponding to the Hamiltonians F and G are
commuting, the parallel transports

~ V r ± - V ed t p ' d t G
are also commuting and the commutation of the vector fields is equivalent to the
S a k h a r o v - S h a b a t e q u a t i o n . n

4 Cohomology of SL(2,R) cocycles
Cocyles appearing as transfer operators of Jacobi operators are not as special as one
might think. Every 51(2, R) cocycle is conjugated to one of them:
Theorem 4.1 Assume iX,T,m) is aperiodic. Every A G A is cohomologuous to
an element B in B = {B GA\ B22{x) = 0}.
Proof. Denote by v = q/r the projective coordinate of a vector v = (q, r) and with
C the projective transformation v »-* Cv belonging to a matrix C G SL(2 R) The
requirement [CiT)~lAC]22 = 0 is equivalent to

C(rr1Ac2 = e1,
where e{ are the basis vectors in R2 and ct- = Ce{. Multiplying from the left with
C(T) shows, that this is equivalent to

Ac2 = cx(T).
Denote by R(<t>) the matrix in 50(2, R) which makes a rotation about an angle <f>.
There exists (see [Knil]) cocycles B arbitrary near to A such that BB(f) has two
different Lyapunov exponents. Oseledec's theorem implies then the existence of a
projective field v satisfying

BRi^)v = v{T).
Define d = v and c2 = A^BR^)v where v are unit vectors having the projective
value v. For B sufficiently near to A, the determinant of the cocycle C" satisfying
C e{ = a for i = 1,2 is bounded uniformly away from 0 because for A = B, the
determinant of C" is 1. Define now

Cix) = C'ix)/detiC'ix)) G A.
We have then

Ac2 = BRi^)cx=cxiT)
or Ac2 = ci(T) which is equivalent with C(r)_1AC G B. q

Remark. This result shows, that every cocycle A G A can occur in a zero curvature
equation if the dynamical system is aperiodic. In the case of a periodic dynamical
system Theorem 4.1 is wrong. A counterexample is already |A"| = l,A{x) = 1.
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Corollary 4.2 If{X,T,m) is aperiodic, the Lyapunov exponent X{A) o/a5B(2,R)
cocycle can be determined by calculation of a determinant of a random operator.

Proof. The determinant of a random Jacobi operator L = ar + iar)* + b is related
with the Floquet exponent by

e-w(E) _ etr(log(L-£:)) = det(L _ £) t

The Thouless formula for the transfer cocycle AE is

-X{AE) + ip{AE) = w(B) + log(M),

where M = exp(/x log(a) dm and p(AE) is the rotation number. We obtain therefore

|det(L)| = M-eA(Ao).

In the last theorem we have seen that every 5L(2,R) cocycle is cohomologuous to a
t r a n s f e r c o c y c l e o f a r a n d o m J a c o b i o p e r a t o r . D

An other application of this conjugation result is

Corollary 4.3 If{X,T,m) is aperiodic then
a) VnB is dense in B.
b)VC\B\ int(P0B) is not empty.
Proof. Assume C{T)AC~l = B. Then there exists a continuous mapping <t> from a
neighborhood U of A onto a neighborhood V of B G B

0(A) = C{A)iT)ACiAYl .

Given B G B there exists A G A cohomologuous to B and every such conjugation
can be extended to a conjugation valid in a neighborhood of B.
a) Take a sequence An -» A, where An G V and map it to a sequence Bn -> B
where Bn G B is conjugated to An and B G B is conjugated to A.
b) There exists a sequence An G A with A(A„) = 0 and A„ -▶ A and A G P.
Conjugate this to a sequence B„ G B with Bn —> B G B. E

One could ask if there exists C GA such that

C(TMC-'W=(6(1I) -1).
We don't know the answer but the above proposition shows that this can be reduced
to the question when

/ b \ x ) - 5 ( z ) \
l W o )■
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In the case when a = c(T)c, we calculate with

C{T)AC~l = (6(^)c(r)c-' -1 \
For the condition a = c(T)c to be true, the equation log(a(T)a-1) = logtclT2)) -
log(c) must be true. This is a cohomology problem and c does not necessarily have
to exist

5 Discrete Zero curvature equations in more di
mensions

Given a matrix group G C iW(fc,R) with trace tr and a Zd dynamical system de
termined by d commuting automorphisms Tu... Td of the probability space (X, m)
For a Gauge potential or connection At = (Atf,..., XtJ) with At e L°°(X G) is
d e fi n e d t h e ( a d d i t i v e ) c u r v a t u r e '

F r f r? = lA r t ,A r f \ = (A iA^ -A jMT^rTr -
for all i,j € {1,... d}. If this curvature is vanishing, we say the Gauge field At has
zero curvature. In this case the Gauge potential At" is also called a cocycle. We call

*W =LA = AiMTdMT^Aji
the multiplicative curvature of the field At. ^(x) is the result of the parallel
transport around a plaquette Ty = {x^x^T^x),^)}. The multiplicative
curvature is the identity if and only if the field has zero additive curvature. A trivial
possibility to construct zero curvature fields is to take a cocycle C and to form the
gradient

(Alt...,Ad) = {CC-\T{%...,CC-\Td-1)).
A map

(Ax,..., Ai) ~ (UAxU-\Txl),... UAtU'1^1)) ,
is called a Gauge transformation. The gradients are precisely the fields which are
Gauge equivalent to the identity It*. An other trivial possibility to construct
zero curvature fields is to take constant diagonal cocycles A{(x) = At which don't
depend on x G X. They also have zero curvature but they are no gradients. The
moduli space of zero curvature equations is uncountable. The function tr(F:)(x)
is invariant under gauge transformations. Define for each 1- form A the Wilson
action

W(A) = f
' i<3wW=Lj:HFij(x))dm(x).
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An aim would be to find the moduli space of two dimensional zero curvature gauge
fields (A1?... A^ over the Zd- dynamical system (X, T, m). A more general problem
is the determination of the moduli space of arbitrary 5L(2, R) fields over an ergodic
Zd action. If we would find a gauge invariant measure p on the moduli space of 1-
forms, this would be a starting point for a pure Gauge field theory with a partition
function

Z = je~w^dp(A)
and for any gauge invariant function <f>: A1 -▶ R, the expectation value

<0>=Z"1 J 4>{A)e-wW dp{A)

would be of general interest because it does not depend on the field A.

6 The moduli space of discrete zero curvature
fields

We begin studying the moduli space of zero curvature fields over a two dimensional
dynamical system {X,Tx,Tx,m), when the group G is abelian. We will see, that it
is important to know the cohomology group Hl{Tx, G) and the way, T2 acts on this
group, in order to understand the moduli space of zero curvature fields.

The Gauge group G = L°°{X, G) is acting on gauge fields (Ai, A2) G G x G by

{AX,A2) ~ (B(r1)A1B-1,B(T2)A2B-1).

A gauge field (Ai,A2) has zero curvature, if AiA2(Ti) = A2Ai(T2) or equivalently
Ax{T2)Ai- = A2(Ti)A2~1. The group of zero curvature fields has the subgroup of
gauge fields cohomologuous to the identity

(A1)J42) = (B(T1)B-1,B(T2)B-1).

We would like to determine the group

M(T T n {MT2)A-xl = A2jTx)A21}M(lx, l2,b)- {(£(Tl)B-i ,B(T2)B-i)} '

the moduli space of two-dimensional zero curvature fields.

Denote by B°(T<, G) the zeroth cohomology group

H°{Ti,G) = {BGG\BiTi) = B}.
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UT( is ergodic, then H*(Ti, G) is isomorphic to G, because only constant fields have
then the property that B(T) = B. The first cohomology group H\Tt,G) of the
dynamical system (X, Th m) with structure group G is

H\Ti,G) = G/{A\A = B(Ti)B-1}.
We denote with A an equivalence class in H\TU G). The multiplication in Hl(T, G)
is defined by AB = AB. Because the automorphisms TUT2 are commuting, 'the
transformation T, acts also on H\T2,G). The fixed points of this action form a

7tfrmUT Jfi'?'* ^tT* den°te by Fix(T^1(r2,G)). In the same way,rix(i2(B1(7i,G) is defined. We can prove
Proposition 6.1

M0{TX,T2,G) = FixC^B1^,*?)) x H\TX,G).
Proof. We can use the Gauge transformation to fix the first element Ax in its
cohomology class Ax. We have therefore

M0iTi,T2,G) = {Ai | AxiT2)A? = 1} x {B \ Bpx) = B}
= {^i(r2) = A1}xB0(T1,G)
= F k ^ B ^ i ^ x B ^ G )

D
Because of the symmetry Tx «-▶ T2, we get as a corollary

FixCT^B^G)) = FixC^B^C?)) .
In the special case when Tx = T2*, we obtain Fix(T2,H\TUG)) = H\TX,G) and

Mo(Ta,r2,G) = H\TX,G) x H°iTx,G).
It would therefore be of advantage to know H\TX,G) in order to determine the
moduK space of two-dimensional zero curvature fields. However, it could well be
that there are situations when Tj has only one fixed point in H\T2, G) which would
imply that the moduli space of zero curvature fields is B°(7i, G). If Tx is also er
godic, the moduli space of zero curvature fields is isomorphic to G. In any case, we
would like to understand the first cohomology group H\T,G) and to understand
how a second transformations commuting with T acts on this space.

Examples:
• Assume we have a Z2 dynamical system such that \X\ < oo and

Tiix) = x + 1 (mod |X|), T2(s) = x +p (mod \X\)
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are ergodic. In this case, H°(TUG) = G and H\T{,G) = G and the moduli space
of zero curvature fields is G x G because every cohomology class of Tx is invariant
under the action of Tx and so under the action of T2 = Tf.

• Let G = Z2. A gauge field (Ai,A2) is then represented by 2 measurable sets
YX,Y2 C X, where Yt = {x G X \ At{x) = -1}. A gauge transformation is given by

{YUY2) -> {YxA{ZAZ{Ti)),Y2A{ZAZ{T2)) .

A field has zero curvature if Yi(T2)AY2 = Y2(Ti)AYi. Already here, we axe not able
to determine the moduli space of zero curvature fields because we don't know

Hl{T,Z2) = [Y C X measurable}/{YAY(T) | Y C X measurable} .

The determination of this group is cohomology problem of measurable sets.

7 Two dimensional Gauge fields and a random
Harper model

We want to look now at circle-valued gauge fields G = L^iX,!1) over a two-
dimensional dynamical system {X,Tx,T2,m), where T{ are two commuting ergodic
transformations on a probability space (X,m). Such a system is called aperiodic, if
for any (n, m) G Z2

mi{x G X I 7?'2J»x = x}) = 0 .
A gauge potential A = (Air1,A2r2) with At- G L°°(X,Tl) is a 1-form and the
derivative gives an electro-magnetic field tensor

F = Fi27ir2 = dA = AiA2(T1)A1(r2)-1A2-x .

Zero curvature means FX2 = 1. There is a result of Feldmann-Moore [Fel 77]:

Theorem 7.1 Let iX,Tx,T2,m) be an aperiodic Z2 dynamical system. Given any
curvature function Ftxt2, there exists a potential A = (Ain, A2T2) such that dA =
F.

Proof. The original formulation of Feldman and Moore is: for every F G L°°(X, T1),
(the group operation in T1 is written multiplicatively), there exists 0, h in L°°{X, T1),s u c h t h a t F s m ) m )

g h
W r i t i n g A x = g , A 2 = h r l g i v e s t h e c l a i m . D

Physically speaking, every electro-magnetic field in two-dimensions has a potential.
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Remark. This result in two dimensions is also true for G = TN because one can
solve the problem in each coordinate of Tn.

The result can be related to the description of electrons in a two dimensional crystal

SfTSS "L* magfetic field M treated hY L^au, Peierls, Bellisart and others (see[Bel 92], [Con 90] p.165). Harper takes the Hamiltonian H = t(cos*i + cosK2)
with K = iiV - eA)/h which is a simplified model derived from previous work of
Peierls. The constant t is the energy an electron needs to go from one site of the
crystal to a neighboring one. The operators U{ = eiKi satisfy

U X U 2 = e 2 ™ U 2 U x , ( ! )
where 2™ is the normalized magnetic flux and the operator H can be rewritten as

H = tiUx + Ur1 + U2 + U21).

Belissard [Bel 92] calls any such operator H given by two unitary operators Ux, U2
satisfying Eqn. 1 Harper's model. A special case is Hofstadter's case of the Mathieu
equation, where U{ are acting on B2(r/(2ttZ)) by

Uif = f(x + 2ira), U2fix) = e2™/M .

Hofetadter's Hamiltonian can be written as B(z) = cos(27ria£) + cos(s)
We take an ergodic aperiodic Z2 action {X,Tx,T2,m) and unitary operators Ux =
am, with at- G L°°iX, T1) such that the curvature F of the Gauge field At satisfies

F = dA = a1a2(ri)a1(T2)-1aJ1 = e2*iQ .

The Hamiltonian to the corresponding Harper Model is the two- dimensional Lapla
cian

L = aXTX + {aiTi)m + a2r2 + {a2T2)m.
Moore and Feldmann's result imply that even if the normalized magnetic flux 2™
is a measurable function of X, there exists a Gauge potential such that

UiU2(x) = e2™Wu2Uiix).
It would be interesting to say something about the spectrum of the operator L
depending on the measurable function a. We call this random Laplacian with space-
dependent magnetic flux a random Harper model or random Harper Laplacian.

8 Questions
We add some questions.
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• What is the moduli space of zero curvature fields?

• What is the moduli space of all fields?

• Does the following generalization of the theorem of Feldmann-Moore hold over a
Zd dynamical system? Given the curvature

Does there exist a gauge potential At* such that dA = F which is written explicitly

F i j ^A iA j iT^AfA i iT jY1 !
If this is not the case, we can say that the second multiplicative de Rham cohomol
ogy group in the dynamical system {L°°iX, G),TX,. ..,Td) is not trivial.

• Given a Z2 dynamical system iX,S,T,m). Can one find nontrivial solutions
q G L°°{X) to the equation

1 + h2 • eq̂ ~q
qiS) - 2q + g(5"1) = log(1+\2.e,.,(r-,)) ?

• Given a G L°°{X, R/27rZ). Can one construct measurable functions pu p2 satisfying

eirh{x)eifo(Ti(x)) _ eta(x)e»ft(x)et^(T2(x))

The result of Feldmann and Moore proved only existence.

• Can one say something about the spectrum of the operator L of the generalized
Harper model depending on the measurable function a? Does the density of states
of L determine the measurable function a?
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Abstract
We give a new short integration of the classical periodic Toda systems using
the translation of the Toda flow as a Volterra flow describing the motion of
the Titchmarsh-Weyl functions.

We make a remark that the complexified Toda lattice with two particles is
equivalent to the complexified mathematical pendulum. This gives a Lax rep
resentation for the mathematical pendulum.

We rewrite the first Toda flow as a conservation law in variables F, G, where
G = (L - E)q1 is the Green function for the operator L.

We outline a functional calculus for abelian integrals. This is obtained by
looking at an abeKan integral on the hyperelliptic Toda curve as a Hamiltonian
of a time-dependent Toda flow.

1 Introduction
The set O of real N- periodic Jacobi operators L = ar + iar)* + b having the same
Floquet exponent

w(B) = -trlog(B-B)
and and the same mass

M = j log(a(a:)) dm(x)
JX

forms a finite dimensional torus which can be identified with the Jacobi variety of
the hyperelliptic curve R

2N
2/2 = Bper(B)=n(A„-B),

n=l

where An axe the eigenvalues of the 2N periodic Jacobi matrix. The dimension of
the torus is equal to the genus g of the curve R and g < N counts the number of
spectral gaps of the infinite periodic Jacobi operator acting on /2(Z). The set O is
a group. The group operation

L , K v ^ L o K
for the operators is calculated as follows: one first assigns to a given Jacobi operator
L a divisor {piiL)} given by the poles p{ of M = m+ + m", where m± are the
Titchmarsh-Weyl functions. The invertible Abel-Jacobi map

foW-i ~ hn(L) = £ T E°~l dE,n = l,...,g
i=lJt* y/RperiE)
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allows then to perform the group operation on O

h{LoK) = hiL) + h{K).

An obvious question is whether and how this solution of the inverse spectral problem
for periodic Jacobi operators can be generalised for general random Jacobi opera
tors. It is not so clear what is a reasonable definition of the isospectral set 0{L) of
a random Jacobi operator L over an aperiodic dynamical system T. One possibiKty
is to take the set of random Jacobi operators which have the same density of states
and the same mass. It is not excluded that such operators could however have dif
ferent spectral types. A narrower class of "isospectral operators" would be the set
of Jacobi operators which are unitarily conjugated to L.

In infinite dimensions, algebraic geometry wiU probably have to be replaced by func
tional analysis. Infinite dimensional integrable systems have been treated already
successfully with algebraic geometry (see for example [McK 76]). The classical the
ory survives in some infinite dimensional cases because the corresponding hyperel
liptic curves are not "wild "which means that for example the branch points have no
accumulation points. McKean [McK 89] has worked out a program to deal with a
wider class of infinite dimensional situations with the aim to deal for example with
KdV flows on the space C°°(R).

In the case of random Jacobi operators however, the hyperelliptic curve can get
nasty because the spectrum can be quite arbitrary.
If L is a periodic Jacobi matrix then the hyperelliptic curve can be defined by

y2 = det(L - B).

For |X\ going to infinity, the usual determinant det(L - B) goes to infinity also and
one has to normalize the determinant while performing the thermodynamic limit.
In the random case, the trace aKows the definition of a determinant

det(B - B) = exp(tr(log(L - B))) = e~*E) ,
where w(B) is the Floquet exponent. In general e_ty(E) is transcendental and we
have to deal with a transcendental hyperelliptic curve

S,2 = e-"<*>,

which has in general accumulations of branch points on the spectrum of L. The
spectrum can be very rich. It is in general a Cantor set and the spectral type can
vary from absolutely continuous over singular continuous up to dense point spec
trum.

There are indications that signed measures will play the role of divisors in this in
finite dimensional case. We think so, because in the finite dimensional case, the
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signed spectral measure da of the function M = m+ + m" is supported on a finite
set; of points on the hyperelliptic curve and the points belonging to poles of m+ and
m are lying on different sides of the curve. Of course, this signed measure contains
more information then just the divisor. We will see in the next sections that the
weight of each point measure gives just the velocity of the motion of this point under
the first Toda flow. If we look for an infinite dimensional analogue of the notion of
the divisor, the signed spectral measure da of ro+ + m" still makes sense and we
hope that we will be able to describe once the motion of this measure. We expect
also that there is (at least for some examples) an analogue of the Jacobi map which
assigns to a divisor a point on an infinite dimensional torus.

We don't deal here yet with such questions. Instead, we will give a relative short
construction of the integration of all the periodic Toda flows. If one compares this
with the existing linearisations (one can find it in [Mor 76],[Mor 78] and in more
detail in the book of Toda [Tod 80] for the first Toda flow), our set-up is technically
simpler. The idea is to translate the Toda flows into the motion of Titchmarsh-Weyl
functions. This gives easily the motion of the divisors which are constructed from
the poles of the Titchmarsh-Weyl functions.

The chapters following this integration are somehow unrelated. But they lead to
other loose ends in the investigation of the random Toda flows.

We will first add a remark which seems not have been done so far, namely that the
complexified pendulum equation a = sin a (with complex a) is corresponding to
the complexified Toda flow with 2 particles. This gives a Lax representation for the
pendulum equation.

We will also add a formula for the motion of the Green function G{x) = [(£ -
E) H^looofarandom Jacobi operator B under the first TodaflowB = [£+-£-,£].

We will further describe a vision about a functional calculus for abelian integrals.
The idea is to take an abelian integral for the hyperelliptic curve y2 = det(B - B)
and to interpret it as a time-dependent Hamiltonian for a Toda flow. We hope to
get like this an entrance to a Jacobian variety in the space of operators and to find
an definition of a Abel-Jacobi map in infinite dimensions. This investigation is still
m the beginning but there is an interesting starting point: the functional calculus
works quite well for the abelian integral defined by the differential of the third kind

H ^ ) d E ,
(which has simple poles at oo and oo'). Here, the functional calculus gives the
Backlund transformations. In finite dimensions, a path on the hyperelliptic curve
going from oo to oo' leads to the transformation L i-> B(T).
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2 Motion of the spectral measure under the first
flow

We say, a closed interval J in R is a spectral gap if the boundary of J belongs to the
spectrum and the interior is disjoint from the spectrum. There are at most count-
ably many spectral gaps for a random operator L and we can index them arbitrarily
{In)neN'

The Titchmarsh-Weyl functions ra* are meromorphic outside the spectrum of L.
There can occur poles in each spectral gap. Define

M := m+ + m~~

and
G = (m+ - m-)"1 .

Because m" - m+ is Herglotz, also -G~l is Herglotz as the sum of two Herglotz
functions and so G is a Herglotz function.

We can write the functions M, G in the representation
• da{P) n_ f dgjE')

M _ f d a ( E ' ) f d g ( U )
J E - E ' ' J E - E '

where dg is a measure and da is a signed measure. We see from the definitions that
a pole of M corresponds to a zero of G.

Lemma 2.1 In the interior of a spectral gap In, the function M := m+ + m~ has
one or no pole.

Proof. The Green function G is analytic in a spectral gap and the claim follows
from the monotonicity of G which is

dEG>°'
An existing pole of m+ or m~ corresponds therefore to a zero of G and must be
s i m p l e . O

We call pn the (when existing) pole of M = m+ + m~ in the gap /„. Denote it with
//+ if it is a pole of ra+ and p~ if it is a pole of m". We can now determine the
motion of p„ under the first Toda flow.

Lemma 2.2 If pn is in the interior of In, then

/in = -2-Res(M,Mn).
Furthermore /xj > 0 and p~ < 0.
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Proof. From the formula mn{T) = a2 foUows that a pole p of m is a zero of n(T)
W e h a v e t h e r e f o r e r

and so

u _ * C O ( f O , n ( r ) ( m - m ( I - ' ) , ,
d£?'

= - 2o» ( ^n (D ) -0 . ) .

Because m+ # m" inside a gap we have Res(Jl/,A«) = Res(m,/i), where m is either
m+ or mr. The claim follows from

R«s(Jtf, J«) = Res(m, /j) = Res(ron(T)/n(T), /i) = Res(a2/n(T), /i)

where we used the fact that p is a simple zero of n{T). Because m" and -m+ are
Herglotz functions, we have

Res(m+,//) < 0, Res(m",/i) > 0 .

□
We would like to determine in the general infinite dimensional case the motion of the
measure da. In general, there is the problem that we don't know what happens with
a point p if it hits the boundary of the gap and what happens with the non-atomic
rest of a.

However, if \X\ is finite, the measure da is a point measure. Denote in this case dk^
the spectral measure of L acting on the finite dimensional space of 2\X\ periodic
sequences, The two measures da and dk^ allow a reconstruction of L, because we
can determine both M and G and so both m+ and m". In the next section we want
to see how da moves under the first Toda flow.

3 Integration of the periodic lattice for the first
flow

We assume in this paragraph that \X\ = N finite. In this case the random Toda
lattice reduces to the periodic Toda lattice and B(ar) is an infinite trigonal matrix
which is N- periodic. Our aim is a self-contained integration of all the Toda flows.
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We begin with the first Toda flow and find explicit formulas for G 1 = m+-m , M =
m+ + m-. It is known that L{x) has band spectrum

o{L{x))=\J[X2i-i,X2i].
i - i

and that there exists g < N - 1 gaps in the spectrum. Define
2 g + 2 9

R(E) = II (E - A«), K^) = IK^ - 9k) >
, = i t = i

where /Lit- denote as before the zeros of G.

Lemma 3.1 a) For n = 1,... g,

/ . x ± j R ( P n )
Res(M,/£) = Res(m±,M„) = g/^

b)

da = t Res(M, ,x,)%.) = £ y^ 6M •

Proof.
a) From the discrete Bicatti egwation m(T) = E-biT)-a2/m and m^x) = m(a?)
we get a continued fraction expansion

m = m ( T ^ ) = B - 6 ( T ^ ) - ^ L
I T k f T ^ - l X o2(Tw-2)E j — 0 ( 1 J

u t * ) a * ( T )
E-KT)-a-

It follows that the functions m* satisfy a quadratic equation. We can write the
s o l u t i o n s a s _ _

. A ± y / Bm = — — '

where A,B,C are polynomials in B. Therefore

G"1 = m+-m- = 2^ ,

M = m+ + m~ = 2-.
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Because m+ -m has zeros in At- and simple poles at the places p{, we get that R
divides B and / divides C. We know

G"1 =m+-m~ = 0(B), B -> oo

and that there are maximal g zeros of I. One has at least 2o + 2 zeros of C because
each of the A, is a zero of C. Maximally 2$ + 2 zeros of C are possible because else
the growth rate of G"1 at infinity would be too big. This implies B = cx - R and
C = eg • / for two constants c2, C2. From the growth rate of G~l = 2y/B/C at infinity
we get B = 4B, C = /. Since

m(B) = 0(B), E - oo ,
we must have exactly o zeros of G which are poles of M if p is in the interior of a
gap.
b) From

1(E)
we deduce

- « - ■ §

The next lemma shows that the integral of the measure da with respect to the time
of the first Toda flow is absolutely continuous with respect to Lebesgue measure.
This follows from the fact that the absolute velocity of a point in the support of do-
is twice the weight of the point.

Lemma 3.2 There exists n(f) G L°°(/,2N) such that

dpit) := J dais) ds = hdE.

Proof. Assume ^,(0) is in the interior of a spectral gap. For small enough time t0,
the point pi(t0) is still in the gap and has not yet reached the boundary of the gap.
Because the velocity of the point p is equal to the weight of the measure

-2-Res(M,^)%) ,
we get

fto
JQ -2 • Res(M, pis))6ipis)) ds = -2 • 1M0),*«,)| dE .

If the point p reaches the boundary of the gap, the weight of the point measure
changes sign and moves to the other side. Because also the sign of Rip) changes,
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the sign of dait) does not change. The function h(E, t)/2 is equal to the number of
times p has passed the point B in the time-interval [0,t]. D

Define for n = 0,..., g - 1 the functions
_ Bn

They are in £*(/) and form a basis in the space of differentials of the first kind on
the hyperelliptic curve given by y = %/B. Alternatively we could also take the basis

_ w^ElJn — B-p „ '

where p„ is the unique zero of w1 in the n'tn gap. All the functions /„,/„ are in
LliR,dE). We conjecture that this stays true in the general random case.

Lemma 3.3 The evolution of the first Toda flow can be written as

< f n , K t ) > = j f n K t ) d E

- { </„,n(0)>+2t for n = a-l
< / n , / i ( 0 ) > e l s e .

Proof.

!</.,*> = jf/.*-gTfe*y/MJM)
V - ^ - = — / " —

2 for n = a — 1
0 e l s e . '

dB

■ {
where T is a curve in the complex plane which goes once around the spectrum of L. D

Lemma 3.4 (Jacobi) The mapping

WSoi •-></.,*(*) >u

is invertible.

Proof. In the usual language this means that the Abel-Jacobi map
9 m E n

/ „ . \ , _ > y / / * d Bl w f c j 4 . ^ / b ( B )
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is invertible. For a proof see [Sie 69] Theorem 1, p.56. D

The density of states can be written as fx dgix) = dk. The knowledge of dk deter
mines the points An. From An and pn the operator L can be reconstructed [Mor 76].
To summarize: the sequence of coordinate transformations

L ~ (M, G) h> (d<r,dk) » idp,dk) ~ (n, dk) » ({< /n, h >}, dk)
straightens the flow of the periodic Toda lattice. From the vector

( < f u h > , < f u h > , . . . , < f g , h > )
and the density of states dk, the operator L can be reconstructed.

We hope that in some infinite dimensional cases there are also infinitely many func
tions fn G L\R,dE) and a function n(t) G B°°(R,dB) such that

Jt<fnMt)>=Pn
is constant and that the sequence < /n,/i(t) > together with the density of states
dk allows a reconstruction of L.

4 Integration of the higher periodic Toda flows
We determine now the motion of the spectral measure of the Titchmarsh-Weyl
functions m, n under the higher Toda flows

L = iiL»)+-iL»)-,L] = [B,L].
We will see that there is a meromorphic function m with the same poles then m
such that the poles of m are moving with a velocity given by the residuum of fh.
We assume again \X\ = N. Denote with g the number of gaps in the spectrum of
L .

We take as in the integration of the first flow for every x G X two solutions u+, u~
of the equation

Lu = Eu .
Consider as before the old Titchmarsh-Weyl functions

± X + t i * . L - u *m± = —r-, n± =
U ± w ±

an define the higher Titchmarsh-Weyl functions

h± = iJ^v± -*_(L«)-u171 = U i »* =
The motion of the old Titchmarsh-Weyl functions m, n under the higher Toda flow
can be determined.
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Lemma 4.1
m = 2m(n - hiT)) ,
n = 2n(m(T~1)-m).

Proof. From Lu = Eu follows Lnu = Enu and so

m-rn = B-6, m + n = Bn- (Ln)o .

If we differentiate the equation Lnu = Eu with respect to the motion of the higher
Toda flow

L = [B,L] = [(L")+-(£")-.*]
we get

BLnu - LnBu + Lu = Eii
or (B - Ln)Bu = (B - Ln)it. Because B - Ln is invertible by assumption, we obtain

u = Bu .

We calculate

i tog(a) = ( I " ) , (T) - ( [ " ) ,

and get

| log(m)
= 2n - 2n(T).

^ log(m) = ^ log(a) + | log(«(r) ) - | logW

In the same way

*log(u) . (JLXlJJLTl = 2rn-E + L»0,d t u u

s i o g ( « ( T ) ) _ — ^ u ( T _ 1 }
= 2m(T"1)-£; + (Ln)o(T),

^ l o g ^ T " 1 ) ) = ( ^ - ( I - M T - 1 )
and get

| log(n) = | logWT-1)) + I logMT"1)) - | log(u) = 2m(T"1) - 2m .
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As in the case of the first Toda flow we want to know the motion of the p spectrum
Call p the poles of m, n. They are also the poles of m because both m, m have the
same denominator u.

Lemma 4.2 In the interior of a gap, the motion of a divisor p is

A = -2-Res(m,//).
From mniT) = a2 follows that the poles of m are the zeros of n(T). We get

0 = |nM = a4n(/i)/i + |n̂ '
and so

a = . j P M . _ 2 n ( T ) ( m - m ( T ) )
f r W , ? ) ^ n i T , p )

n i T, p ) » w
= -2Res(m - m(T), /*) = -2Res(m, p).

In order to find an explicit integration like in the first case, we need to know
Res(m)A0 explicitly. The strategy is like before: one has to show that the residuum
is of the form

Resim,p) = ^akpk^-

which leads to linear flow on the Jacobi variety of L like in the first case. We show
now how one has to proceed. We have

n
m = E Wip*-1) • • • miT)m ,

*= i

where ak are measurable functions independent of B. Because each m can be written

± A ± y / Bm * = —

m± =

C
i g a

A ± y / B

where A,B,C are polynomials in B having x- dependent coefficients, we obtain
also
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with x— dependent polynomials A, B, C. Therefore
vs

G_1=ni+-m_ = 2-=r-,o
M = m+-rm- = 2-=;.

Because m+iE) and m"(B) coincide precisely at the points B = X{, also m+(B) =
m'iE) for B = A, and C is a constant times R. Because m± can only have poles
at pi, it foUows that there exists a polynomial

n - l

B(B) = £afcB
Jb=0

such that

Therefore

and we obtain

G"1 = P{E)
/(B)

Res(M,//) = gaib/ifc^y-
Jk=i

5 </-*>= A
with time-independent pk. It turns out that the Pk are also independent of x G X
because the Toda flows are commuting with space translation x »-▶ T(x).

Like for the first Toda flow, the invertible map

L{t) ~< /, Kt) >=< /, /i(0) > +t • p

straightens the higher Toda flows.

5 The first periodic Toda lattice with 2 particles
Usually, the study of the Toda lattice begins with the simplest nontrivial case when
there are three particles. In the book of Toda [Tod 80], this case is treated in full
generality. We didn't find in the literature the even simpler situation of 2 particles.
We will just see that the complexified Toda flow for two particles and the complex
ified pendulum equation coincide.

The periodic Toda lattice with 2 particles is given by

qx = e92"*1 - e91-92 ,
q2 = e91"92 - e92-91 .
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If we introduce the variables w = qx - q2 and z = qx + q2, the system goes into

z = 0,
w = 2e~w-2ew = -4- sinhw.

The second equation is an equation which corresponds to the real Toda lattice. It
becomes with w = ia H- in

a = 4sin(a)
the pendulum equation. We define p = iz. The complexified periodic Toda lattice
with two particles is thus equivalent to the complexified physical pendulum! It fol
lows that the pendulum can be written as an isospectral deformation of the periodic
4x4 matrix

(bx ax 0 a2>
I fli b2 a2 0
, 0 a2 bx ax

with

Z,=

ax = e(92~9l)/2 = ew/2 = i. e,a/2
a2 = e(91_92)/2 = e^2 = -i • e~,o/2
/, - n /o i + ^ • /? + <*6 X - a 1 / 2 = - ^ - = 2 . - y - ,
. . M z - w . ( 5 - a62 = g2/2 = -^- = 2.^_.

If we want to get rid of the uninteresting linear motion of z, we can restrict us to
the invariant set z = 0 which corresponds to

Jbdm = b-i±h = 0.
The pendulum motion

a = 4 sin(a)
goes then into the isospectral deformation

L = [L+-L-,L]

of the matrix

L = i-
( <*/2

p««/2

\-e-fa/2

e , a / 2 0
d /2 -e" ia l2

- e - f t t / 2 d / 2
0 e , a / 2

0
eia/2
d/2 J
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The spectrum of L is

_Aj = A4 = V2 + H/2,
-A2 = A3 = V-2 + B/2,

w h e r e . 2
B = -2 • tr(L2) = y + 4 cos(a)

is the energy of the pendulum.

We describe the picture qualitatively. We call the spectrum of the periodic Jacobi
operator acting on I2(Z) the 6and spectrum of the pendulum. The Titchmarsh-Weyl
function has only one pole having the location d. It is lying in the band spectrum
and the motion of this pole determines the motion of the pendulum. The energy
surface is a one-dimensional circle or consists of two one-dimensional circles de
pending on the energy. The picture is as follows. The real band spectrum is the
set of allowed velocities p. It consists of two intervals if the energy is larger then 4
and each interval corresponds to a pendulum which is rotating only in one direction.
For the energy H = 4, the band spectrum is the interval [-2,2] and this situation
corresponds to the homoclinic situation. For smaller energies H G (-4,4), the band
spectrum looks like a cross and is the union of an interval on the real axis and an
interval on the imaginary axis. For H = -4, the spectrum is only imaginary. This
is the situation when the pendulum is on the bottom and the real energy surface is
only a point.

The integrals of motion of the Toda lattice are related to the integrals of motion of
the pendulum: The momentum of the Toda lattice tr(L) = fb dm and the mass
of the Toda lattice /log(a) dm are always vanishing and have no meaning for the
pendulum.

6 Motion of the Green function G under the first
flow

We have seen how the first Toda flow can be written in terms of Titchmarsh-Weyl
functions m, n as

m = 2m(n - niT)),
h = 2n(m(T~1) - m).

We describe now the Toda flow in the coordinates

G = - T ^ . F = 2 - M o g ^ .m + — m m
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Proposition 6.1 The random Toda flow looks in the F, G coordinates as

F = - * - - i
G ( T ) G '

G = cot\i(F) - coth(F(T-1)).
Proof.

d

and

F = ^(log(m+)-log(m-)) = 2(n+-n+(T)-n- + n-(T)),

= 2 ( m + ( T ) - m - ( r ) ) - 2 ( m + - m - ) = - ^ - - l
G i T ) G

G = ™ + - ™ ~ _ 2 m V - n ^ ) - m - ( n - - n - m )
( m + - m - ) 2 " ( ^ + T ^ ) 2

= gm-ir - ro+n+ m~n- - ro+n+
m+ - m~)2 (n- - n+)(m+ - m~)

= o m~/n+ - m+/n~ 2 m-m+CT-1) - m+m-jT'1)
(l/n+ - l/n-)(m+ - m~) (m+(T-*) - m-(r-i))(m+ - m~)

rn+ + m- m+(T~l) + m-fT"1)~ ^3^F ~ m+(T-i) - M-pM) = coth(^) - coth^T-1)).

Remark. There is a similar formula for a derivative of the Green function of a
ocnrodinger operator

L = -dx^ + q{qh
where g G C(R) (see [Cra 89]). If one looks at the path L(x) » L(x + t) the motion
ot the Green function G can be expressed by the Weyl m-function also

G = __m+ + m"
m+ -m~

which is called Dubrovin equation.

Remark. The equations of motion for G, F are (fecrefe conservation laws. This is
not surprising because the Toda equations themselves can be written as conservation
laws. But there is a fundamental difference for the conservation laws of the Toda
flows and the equations for F and G because the later (like the Volterra flows also)
are true for each energy B £ a(L). If we write F, G,m,n as power series

F = EFnE\G = J2<3nEn,
n n

™ = £mn£\tt = ;£nnBn,
« n
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then Jx Fn dm, fx Gn dm, fx mn dm and fx nn dm are integrals of motion. We can
also choose an arbitrary path 7 in the resolvent set of L. Then,

/ f F d E d m , f f G d E d m
J x h J x J f

are integrals of motion.

7 A functional calculus for Abelian integrals
Given a Riemann surface

R : y2 = R(E)
and an abelian differential

fiE,y )dE
which can be of the first kind (regular on the whole surface) of the second kind
(having at least one pole and zero residue at each pole) or of the third kind (having
at least one pole with non-vanishing residue). Fix a point B0 on the surface R
and take a curve 7 on the surface which connects B0 with B (avoiding poles). The
integral

F1(E)= [f(E',y)dE'

is called an abelian integral. If the curve 7 is closed then the value

B(7 )= / / (B , y (B ) )dBJ i

is called a period of the integral. In the case when the genus g of R is finite, the
vector space of abelian integrals of the first kind is g dimensional and there are 2p
paths 7* such that every period can be expressed in terms of 2o fundamental periods

Fil) = iakFi7k).
k=i

On the universal cover R of R, the abelian integral F(z) is a uniquely valued ana
lytic function if the differential is of the first kind.

We consider now the transcendental Riemann surface

R:y2 = B(B) = det(L - B) = e'w^ ,
where L is a fixed iV-periodic Jacobi matrix acting on Z2(Z) and det is the normalized
determinant defined by the Floquet exponent w.
This Riemann surface is topologicaUy the same as the Riemann surface Rper

2N+2
y2 = R^(E) = det(Lper - B) = JI (An - B),

n=l
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where L^ is a finite dimensional 2N x 2N matrix and det is the usual determinant.
Call g < N the genus of R. The surface R does only depend on the isospectral class
of L because an isospectral deformation of L does not change the value of y.

The abeKan differential
w\E) dE

is of the third kind because we can write it as w'iE)dE = dwiE) for B ^ oo.
Because the residues at the simple poles oo and oo' are 1 and -1, the differential
is the elementary differential of the third kind with poles at oo and oo'. We know
from the explicit formula for m+ - m" that

where /(B) is some polynomial of order g.

Take the point B0 near -oo. The abelian integral obtained by integrating the
differential -\w*iE)dE along a curve from B0 to a point B is

—wiE) - G(Bo) = ^tr(log(B - B)) - C(B0)

with the constant CiE0) = -±w(B0).

We interpret now this function as a function of L parametrised by B. We call
it FB(L). The main point for the following is that it can also be viewed as the
Hamiltonian of the time-dependent Toda flow

^B(B) = \ [VFE iL )+ -VFEiLY,L ]

2[(B(B) - B)+ " (I(BPB)"'L(E)] '
where VFE(B) is the gradient of the function FE(B) (as a function of L). Starting at
E = oo, we obtain a family of Jacobi operators UiE)*LUiE) = B(B) parametrised
by the universal covering R of the Riemann surface and we have a field of unitary
operators £/(B) defined on R.

Unlike the abelian integral which has a logarithmic singularity at oo and oo', the
Toda flow is well defined and can be continued through oo and oo'. The reason is
the surprising fact that the operators B(B) can be calculated explicitly by

L(B) = BT^E).
(We will show this in the chapter "Renormalisation of Jacobi operators".) The
sign depends on which side of the Riemann surface we are. There is a positive side
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y > 0 and a negative side y < 0 and the spectrum y = 0, where the two sides of
the surface are glued together.) We call this isospectral deformation E >-> B(B)
functional calculus for the abelian integral.

Remark. For the KdV equation, there seems to exist a similar interpolation of the
Backlund transformations by a time-dependent KdV flow

AL = _2BG,a;(B,L)ah
where GiE, L) = (B - B)_1 is the Green operator corresponding to L = -B2 + q.
(See [McK 89] p.31. where the motivation is to replace KdV flows (which do not
exist for example in C°°(R)) by Backlund transformations.)

Starting with the operator L = L(oo) we can integrate along a curve 7 connecting
00 with 00' and get the translated operator L(oo') = LiT).

E Plane

The Toda flow with Floquet exponent as Hamiltonian generates the
Backlund transformations. Example of a functional calculus..

The Backlund transformed operator V = BT|(B) can explicitly be given by

b'-b + nt-nHT), a* = a2?^,

where m±,n± are the Titchmarsh-Weyl functions.
(The Titchmarsh-Weyl functions m* can be viewed as one function m defined on
the Riemann surface R. If L is real selfadjoint, the poles of m are located in the
gaps of the spectrum.)

In principle, the Backlund transformation are defined for B on the whole Riemann
surface R. They give isospectral Jacobi matrices. Because they are not normal
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any more in general for values of B not lying in the interval [-00, Ai], the norm
of the transformed operators can blow up. Indeed, if B is at one of the poles or
zeros of m, the Backlund transformed BTiL) is infinite. We will not consider here
this problem and view these unbounded operators as points in the boundary of the
isospectral set of complex Jacobi operators. The unbounded operators could be
added as compactification points of the complex Jacobi variety.

The explicit formula for the flow B h* L(E) means that we can in some sense
regularize the flow through these points. This construction works also when R has
infinite genus and is given by the hyperelliptic curve

y2 = det(B - B)
defined for a random Jacobi operator L over an ergodic dynamical system (X, T m)
There is however one difficulty: the abeKan differential needs no longer to be regular
at the bottom Xx of the spectrum and the flow is discontinuous there. Indeed, in
general, the Titchmarsh-Weyl functions ro+ and m" are not coinciding at Xx.

In general, when the dynamical system iX,T,m) is not ergodic, we denote by
iX, T, mx) an ergodic fiber of (AT, T, m), where mx is defined by averaging the Dirac
measure 6X. The measure mx can be constructed as a weak accumulation point of
2£i*(rn*)-
We define a random Riemann surface x i-> ft(x) as a map which assigns to each
point x of the probability space iX, m) a Riemann surface

Rix):y2 = Rix,E),
where we require that for fixed B the map x h» Jfc>, B) is measurable. The univer
sal cover R of the random Riemann surface is obtained by assigning to each x G X
the universal cover ft(ar) of Rix).

Fixing one random Jacobi operator L, the Hamiltonian -\w = logfy) generates a
field of Jacobi matrices B(B) defined on the random Riemann surface

ft(s):y2 = detx(L-B)
where detx denotes the normalized determinant belonging to the measure mx.

Moving on the Riemann surface R along a path 7 : t h- B(t) corresponds to an
isospectral deformation of the Jacobi matrix. We have B(x) = £(00, s), B(Tar) =
Lioo,Tx) = B(oo',x).

Moving around the Riemann surface from 00 to 00' passing the lowest branch point
Xx and continuing back to 00 passing the highest branch point X2N+2 is a closed

202



curve and the Riemann surface. The corresponding effect of this round on the op
erator is the identity.

It would be interesting to know what happens with other abelian differentials and
with other closed curves while doing the functional calculus.

8 Questions
Some questions.

• In the integration of the periodic finite Toda lattice, we would like to calculate
explicitly the velocity vector P on the Jacobian. We have also not shown that there
are g linearly independent flows.

• How does the differential equation for the Green function for the higher Toda flows
look like?

• Can we write the solutions of the random Toda flows in terms of generalized Theta
functions? Can we find a space of differentials of the first kind and an element o(t)
in the dual space such that

L i t )~<fi,h i t )>
straightens the Toda flow also in the infinite dimensional case? We could try with

fiiE) = w'iE)/iE-pi),
where pi are the zeros of w' in the gaps of the spectrum and to take

Mt) dE = f doit) ,Jo

where <r(t) is the spectral measure of the function M = m+ + m~. If /,- G B2(R, dE)
and hit) G L°°(R,dB), we could hope to get a linearisation

Lit) »-< /„,/*(*) >=< /„,/l(0) > +t • Pn

having also that the sequence < f,h> allows the reconstruction of L.

• What gives the functional calculus for abelian integrals if we take the differentials

• We have seen that also one of the most simple integrable dynamical systems can
be written as a Lax system. This supports the conjecture that every integrable
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nonKnear system can be written as an isospectral deformation of some operator.

• Is there a Thouless formula for general Jacobi operators on the strip and an inte
gration of the non-abeKan periodic Toda flow?

• It would be interesting to investigate more the complex isospectral set of Jacobi
operators corresponding to the pendulum. What do Backlund transformation do
globally?
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Renormalisation of Jacobi matrices: Limit
periodic operators having the spectrum on

Julia sets

Contents
1 I n t r o d u c t i o n 2 0 7

2 T h e v o n N e u m a n n K a k u t a n i s y s t e m 2 1 0

3 R e n o r m a l i z a t i o n o f r a n d o m J a c o b i o p e r a t o r s 2 1 3

4 B a c k l u n d t r a n s f o r m a t i o n s 2 1 7

5 I t e r a t e d f u n c t i o n s y s t e m s 2 2 0

6 T h e q u a d r a t i c m a p 2 2 1

7 E x i s t e n c e o f t h e a t t r a c t o r 2 2 5

8 T h e r e n o r m a l i s a t i o n l i m i t 2 2 6

9 T h e d e n s i t y o f s t a t e s 2 3 1

10 Generalisations

11 Matrix models
234

237
1 2 Q u e s t i o n s 2 4 0
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Abstract

We construct a Cantor set JE of limit periodic Jacobi operators having the
spectrum on the JuKa set JE of the quadratic map z *-+ z2 + E for large
negative real numbers E. The density of states of each of these operators is
equal to the unique equiKbrium measure pE on JE.

The Jacobi operators in JE are defined over the von Neumann-Kakutani sys
tem, where the later is a group translation on the compact topological group of
dyadic integers. The Cantor set JE is an attractor of the iterated function sys
tem built up by the two renormaUsation maps $|: L = (B(±))2 + E •-▶ B(±).
To prove this, we use an expKcit interpolation of the Backlund transforma
tions by Toda flows.

The potential theoretical Green function of the JuUa set JE turns out to be
the Lyapunov exponent of an operator L G JE. The Bottcher function con
jugating the quadratic map z *-+ z2 + E to the map z n-> z2 near oo is given
by the determinant det(£ - E). There is a gap labelling for L G Je-

We prove that the dyadic group on the attractor obtained by the symboKc
labeling in the hyperboKc iterated function system is identical to the group
obtained by all possible translations of L+, the fixed point of $%.

1 Introduction
Random Jacobi operators are discrete one-dimensional Laplacians and are discrete
approximations of one-dimensional random Schrodinger operators (see [Cyc 87],
[Car 90]). It would be desirable to have discrete Laplacians which are invariant
under scale changes like a refinement of the lattice because such a self similarity is
a realistic approximation to the continuum. A scale transformation of any physical
system forces a renormalization of the energy in that a change of the scale must be
done with a simultaneous adaptation of the energy or temperature. A simple scale
transformation in one dimension is a doubling of the lattice spacing together with
a squaring of the Laplacian and a simultaneous lowering of the energy L*-* L2 + E.
We have shown in [Kni 3] that the inverse of this map can be computed in the class
of random Jacobi operators: one can find for a random selfadjoint Jacobi operator
L two new selfadjoint random Jacobi operators B(±) defined over a "renormalized
dynamical system" such that (B^)2 + E = L. The entries of jD<±> are constructed
from the Titchmarsh-Weyl functions of L. The factorization L = D2 + B is the
key for isospectral Backlund transformations, translations by one unit on the finer
lattice. This work is a continuation of [Kni 3] and [Kni 4] with the aim to refine
the analysis of the Backlund transformations and to study the iteration of the map
L = (B^)2 + ^h £>(±>.
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We outline now shortly the content of our results and compare them with ear
lier works of Baker, Barnsley, Bellisard, Bessis, Geronimo, Harrington, Mehta and
Moussa [Bak 84], [Bel 82], [Bes 82], [Bar 83a], [Bar 88], who did similar construc
tions of semi-mfinite Jacobi operators. We mention already now that despite some
parallels, there is no overlapping of those results with the results discussed here
The mathematics of Jacobi operators in B(/2(N)) and Jacobi operators in B(/2(z))
is in many respects quite different.

The automorphism of a probability space (X,m) form, when equipped with the
uniform topology, a complete topological group U. On this group is defined a map
i> which assigns to a given dynamical system T its 2:1 integral extension S. This
means that there exists a S2 = S o S invariant set Y C X of measure 1/2 such
that the induced system from S on Y is again T. The renormalisation of dynamical
systems T » S is a contraction on U and has exactly one fixed point, the von
Neumann-Kakutani system, which is a group translation on the group of dyadic
integers.
The set of random Jacobi operators forms a fiber bundle over the topological group
U. Over each dynamical system is defined the Banach space of random Jacobi opera
tors which is a subspace of the crossed product of L°°iX) with the dynamical system
The factorization result in [Kni 3] can be restated in saying that the renormalization
given by the 2 :1 integral extension on U can be lifted to two renormalization maps
$E defined on an open set of the bundle. A pair (T,B), where L is a Jacobi op
erator over the dynamical system iX,T,m) is mapped into a pair iS,D&), where
(B >) + B = L and S is an integral extension of T satisfying S2 = T. We will show
that for large enough real -B, both renormalization maps $£ are contractions on
an open set of the bundle. This means that the two maps $+, $£ form a hyperbolic
iterated function system as defined by Barnsley. This iterated function system has
an attractor £E which is a Cantor set in the fiber £ over the von Neumann Kakutani
system.
The spectrum of L and the spectrum of B are related by <r(B)2 + B = <r(B) and the
spectrum of each operator L in the attractor is the Julia set JE of the quadratic map
2 *"* Z .+ E' Moreover> we will show that the density of states of L is the unique
equilibrium measure on JE. The Lyapunov exponent turns out to be the potential
theoretical Green function of the Julia set and the determinant det(B - B) of an
operator L G JE is the Bottcher function which conjugates the map z ^ z2 + B to
z »-> z2 in a neighborhood of oo.
A main tool to prove our result is the following interpolation of Backlund transfor
mations by a Toda flow by a time-dependent Hamiltonian B£(£) = ±tr(/i£;(B)) =
- ± 5<i>(B), where w(B) is the Floquet exponent of L. The interpolating Toda flow
is

If we denote by B+ the fixed point of $|, we can form the set of all translates of
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B+(TX), where Tx is the translation belonging to any element x in the group X
of dyadic integers. This set of translates of L+ forms a group with the operation
B+(Tz)B+(ry) = B+(rxTy). The attractor of the iterated function system can be
labeled by elements w in the set ft = {-1,1}N:

4£(L+) = Km V$1tS-x.. • *£ L+ .

A change of alphabet 1 h* 0, -1, ^ 1 identifies the set ft = {-1,1}N with the group
X and ft inherits that group structure. We will prove that $£(B+) = B+(Tr(^),
where T«(w) is the group translation on X by the group element xiu) G X belonging
to u G ft. This means that each element of the attractor of the iterated function
system can be obtained by an explicitly known translation of the fixed point L+.

Jacobi operators LE in B(/2(N)) with spectra on Julia sets JE have been found
earlier in [Bak 84], [Bel 82], [Bes 82], [Bar 83a], and [Bar 88]. Such operators satisfy
£| + E _ lE Dut they are different from the operators considered here. The side
diagonal dn = [BE]n,n+i of LE begins with

do = Moi = 0, dx = [LB]i2 = VE,d2 = [B£]23 = 1,...

and the other entries dk are defined recursively using

4.+1 = -4n + E,
4 = 4.4.-1.

and are algebraic functions of B. In our case, there is no boundary condition at
0 and the entries of any element LE in the attractor are in general transcendental
Moreover, there exists e > 0 such that all entries satisfy \[LE]ij\ < \y/E\ - e which
is obviously not the case for the half-infinite operators LE. It seems also that the
renormalisation maps $| can only be defined in B(/2(Z)) and not in B(/2(N)).

This chapter is organized as follows:
In the second section, we consider a map on the space of abstract dynamical systems.
The dynamics of this renormalisation map is quite simple and has the von Neumann
Kakutani system as a fixed point.
In the third section, the factorization of random Jacobi operators is reviewed slightly
more general than in [Kni 4] because we don't restrict the analysis to selfadjoint
operators. The two factorizations lead to the two renormalization maps $| on the
space of random Jacobi operators.
In the fourth section, we refine the analysis of Backlund transformations and give
explicitly the Toda flow interpolating these isospectral transformations. This deeper
understanding of Backlund transformations is necessary to prove a contraction prop
erty of $| for large real -B.
In the fifth section, a version of a lemma of Barnsley about iterated function systems
is proven.
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In the sixth section, we review some results about the quadratic map te : z i-» z2+E
In the seventh section, it is shown that for large enough -B, the two maps $£ form
a hyperbolic iterated function system leading to the existence of the attractor JE
In the eighth section, we will see that the attractor JE is the same as the group of
all translates of the fixed point L+ of $+.
In the ninth section, we prove that the density of states of an element in the attractor
JE is the unique equilibrium measure on the Julia set JE and that the Lyapunov
exponent of L G JE has a potential theoretical interpretation.
In the tenth section, we discuss shortly some generalizations.
In section eleven, we consider a matrix model for random Jacobi operators.
We collect some questions in section thirteen.

2 The von Neumann Kakutani system
The group U of automorphism of a standard probability space (AT, m) is a complete
topological group with the metric d(T,S) = m{x G X \ Tix) ? Six)} giving the
so called uniform topology on the space of automorphism. Every T GlA gives an
abstract dynamical system iX,T,m) and we call U also the group of dynamical
systems.

Given a measurable set Y C X of positive measure, the induced transformation TY
is an automorphism of (Y, mY) defined by TYix) = Tn&(x), where nix) = min{n >
0 I Tnix) G Y}. This map Ty leaves the probability measure mY = m/miY)
invariant and is again an automorphism of iX, m), because all non-atomic standard
probability spaces are isomorphic. We call $Y : U -> U the map which brings T
mto the transformation TY. The later map is identified with the transformation
on iX,m) by *y(T)(x) = sY o TY o sY* , where sY : Y * X is a measurable
identification function".

Dual to the formation of induced systems is the integral extension: if f G L1iX)
is a positive integer-valued function, then a new dynamical system iXf Tf mf) is
defined as follows. Define Xf = {ix, i) \ x G X and 1 < i < fix)} and a probability
measure mf on Xf by mfHY,i)) = m(Y)/f f dm. This measure is preserved by
the transformation

Tf(x,i) = {= /0M + l) , iff + K/(ar),
(T(x),l) , if i +! = /(*).

The space Xf can be visualized as a tower, whose foundation is X and which has
f(x) floors over each point x G X. Under the action of Tf, a point (x,i) is lifted
vertically up one floor, if this is possible and else lowered down to the ground floor
where it takes the position of the point (T(x), 1). This construction gives also a
mapping defined on U because the integral transformation can again be viewed as
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an automorphism of (X, m). Denote by

& :U->U

the transformation bringing an automorphism to its integral extension. Again
an identification function sf : X -> Xf makes the correspondence between the
Lebesgue spaces X and Xf.

We review without further use some properties of the maps $', $y :U -^ U (see
[Hal 56], [Cor 82], [Den 76]). One knows for example that they preserve the dense
set of periodic systems in U or the nowhere dense set of ergodic systems in U but they
don't leave invariant for example the class of mixing systems. For the entropy hm(T)
of the systems it is known by Abramov's formula that hm($YT) = ra(Y)"1 • hm(T)
and that hm(&T) = (Jx f(x) dmix))~l • hmiT).

We consider now the special case of an integral extension with / = 2, where the
identification function is given by

X = [0,1] -> iX, {1}) U iX, {2}) = Xf = [0,1/2] U [1/2,1]

and where the Lebesgue space X is identified with the interval [0,1]. In order to fix
the ideas we can write a dynamical system as a measurable map T : [0,1] -* [0,1]
leaving invariant the Lebesgue measure on [0,1] and define $f by

_,, . f s + 1/2 , if x G [0,1/2),* ( * ) = \ r (2z- l ) /2 , i f *G [1 /2 ,1 ] ,

on [0,1]. For Y = [0,1/2] we have then $y o $/(T) = T.

Proposition 2.1 The renormalisation map $ is a contraction on U. Every auto
morphism T is attracted to a unique fixed point T.

Proof. Given two transformations Ti,T2 G U. We have d($Ti,$T2) = |d(Ti,T2),
because the transformed automorphism are equal on a set of measure 1/2 and

mi{Tiix) ± Ux)}) = mi{Tiix) # T2(s)})/2 .

This proves that $ is a contraction having a unique fixed point. O

The next figure illustrates how the graph of a dynamical system (given by a bijective
on the interval [0,1]) is converging under the renormalisation to the graph belonging
to the von Neumann-Kakutani system.
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Remark. In the same way, one can show that any map & different from the identity
is a contraction and has a unique fixed point. On the other hand, a map $K has an
expanding character.
We review now some results about the fixed point T of &, with fix) = 2, the von
Neumann-Kakutani system. It is an automorphism of the unit interval X defined
by a piecewise translation of intervals

Tix)=x + l-Cn+i, for Cn < x < Cn+i ,
where C0 = 0 and Cn = £?=! 2~n, n > 0. (See [Par 80], [Fri 92]). The following is
known about the von-Neumann Kakutani system iX,T,m):

Proposition 2.2 iX,T,m) is ergodic and has a discrete spectrum
G = {e2-*2-B|fcGZ,n>0}.

iX,T,m) is conjugated to a group translation on the compact abelian group G of
dyadic integers, the dual group of G C T1.
Proof. The von Neumann Kakutani system is a group translation on the group of
dyadic integers because this is the character group of a discrete subgroup of the
circle formed by the spectrum G of the system. (See [Par 80] for the calculation of
the spectrum and [Rud 62] for general properties on topological groups).

The dual group G of G is the group of dyadic integers which is the space of sequences
u = {o>i,u>2,...} in {0,1}N with the group operation

(<*> + rj)n = un + nn + pn_i (mod 2),
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where p0 = 0 and p„ G {0,1} is equal to 1 if and only if w„ + rjn + pn-i > 2. The
group translation T on G is given by u> h-> w(T) = w + (1,0,0,...) and is a special
case of a so called adding machine. The map

( j ~ f > n 2 - n G [ 0 , l ]
n = l

conjugates the group translation T to the map T on the interval /.
In order to see that G is the dual group of G, we assign to each element u G G the
c h a r a c t e r k

7u,(e2"'*2-n) = LnJwn-iyJ. . . y/wTj ,
where wn = 1 - 2u;n G {-1,1} is the multiplicative way of writing Z2. The map Tg
is conjugated to

T,(7)(*) = *-7(*)-
The ergodicity of Tg can be seen in the character picture. The generator of the group
translation is the character iT(z) = z. By Pontryagin duality, the group G is the
character group of G. A necessary and sufficient condition for a group translation
to be ergodic is that 0(77) = 7t(g) # 1 for any nontrivial g GG (see [Cor 82], p.
97) and this is true in our case. An other way, to prove ergodicity is to see that the
functions

form a complete set of eigenfunctions to the eigenvalues

e& GG.

3 Renormalization of random Jacobi operators
The crossed product X of L°°(X) with the dynamical system iX,T,m) is a C*
algebra (it is even a von Neumann algebra ([Con 90])) that consist of operators
K = £n€z KnTn with convolution multiplication

KM = Y,(KM)»Tn = E {KkMmiTk))rn .
n J k + m = n

The norm on X is given by |||ii:||| = | \\Kix)\\ !«,, where Kix) is the infinite matrix
[Kix)]mn = ^„-m(Tmi). The adjoint of an operator is defined by

iK*Ux) = K-niTnx).

213



The algebra X has the trace tr(K) = fx K0 dp. A random Jacobi operator L is an
element in X of the form

L = ar + a(r-1)r* + 6
with a,bG L°°iX,C). We denote by £ c X the complex Banach space of random
Jacobi operators. We call exp(/log|a| dm) the mass of the operator. If log |a| >
6 > 0 for some 6 > 0, we say, the operator has a positive definite mass. Notice that
random Jacobi operators are only normal, if a, b are real. Denote by $(<¥) the von
Neumann algebra corresponding to the renormalized system (X, $(T), m). As long
as we consider only one renormalization step, we denote the renormalized dynamical
system with (Y,S,n) and the von Neumann algebra with y and elements in y by
B = £n ^n^"' where <* is ^e symbol in y corresponding to r in X. Call ri the man
* ( # ) - # F

n n
where tfn(:r) = K2nix) for a: G Xx = X. The mapping i> gives for a: G Xx

\i>iK)ix)]nm = [tf(*)tam .
Let L G £ be a random Jacobi operator having strictly positive mass. For B outside
a ball containing the spectrum of L, we can form the Titchmarsh-Weyl functions

where u±(x) G Rz are solutions of L(x) = Eu(x) with £±„>o \u^x)\2 < oo. These
functions are measurable according to the multiplicative ergodic theorem of Oseledec
and are bounded when B is outside a ball containing the spectrum of L. Using

Lti* = au±iT) + a(r-l)«±(r"1) + for* = Btr*

and the definition of m*, n±, we get

m + n± = B-6,
m±.n±(T) = a2.

We define new random Jacobi operators

D(±> = V&a + y/<±(S-l)a* G y

with functions c* defined on y by requiring for x G X = Xx,

c*(«) = -m±(x), c±(5-1or) = -n±(s).
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The sign of B(±) is specified if we take the principal branch of the square root for
V^rf? and the branch V^n± such that a = yjm^n^T). We get then

<*{x) + <±(S-lx) =-B+ &(*),
c±(ar) • <*(Sx) = a2ix) .

As c is defined on Y, these formulas extend the functions a,b G L°°iX) to functions
in L°°(Y).

Proposition 3.1 The random Jacobi operators

d± = \/c±<7 + ij<±(s-l)<r g y

are bounded for E outside a ball containing the spectrum of L and satisfy

^((B±)2) = L-B.

The operator BT%(L) := tp((D^)2(S) + B) is isospectral to L. The operators D±
are selfadjoint if L is selfadjoint and E is real below S(L).

Proof. The relation ^((B*)2) = L - B follows from the definition:

iPiiD*)2) = ^c± • c±iS)o2 + ic± + (^iS-1)) + y/c^iS-2) • c±(S->-2)
= ar + 6-B + a(T-1)r* = B-B.

If B is real and below the spectrum of L, the functions c* are positive and D± are
real and selfadjoint. The maps

L~BT±(L):=is((DM)2(S) + E)

are called Backlund transformations.

In order to prove that BTE(L) is isospectral to L we take first the periodic ergodic
case, where N = \X\ is finite and where we can build for each periodic NxN Jacobi
matrix L of positive mass a periodic 2N x 2N Jacobi matrix D such that D2-\-E
is the direct sum of two NxN matrices L and BTE(L). The spectrum of periodic
Jacobi operators is generically simple and the multiplicity of their eigenvalues is < 2.
(i) Assume therefore first that L has N simple eigenvalues. We want to show that
BT(L) has in this case the same spectrum as L. The Jacobi matrix D has a spec
trum ±Ai,..., ±XN symmetric with respect to the imaginary axis because if A is
an eigenvalue with the eigenvector (ux,u2,..., u2N-X,uw) then -A is an eigenvalue
with the eigenvector (t*i,-u2,...,u2N-X,-u2N). The matrix D2 + E is the direct
sum of the two Jacobi matrices L,BTE(L) and has the eigenvalues A2 + B, each
with multiplicity exactly 2. As L has by assumption a simple spectrum we obtain
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that a(L) = {A? + B | i = 1,..., N} and the operator BTE(L) must have the same
spectrum as L because each eigenvalue of B2 + B has multiplicity 2.
(u) In the case, when L is periodic with not necessarily simple spectrum, the claim
follows because in the weak operator topology, the factorization is continuous, the
spectrum depends continuously on the operator and matrices having a simple spec
trum are dense in the finite dimensional vector space of N periodic Jacobi matrices,
(iii) In the general infinite dimensional case, we can approximate a Jacobi matrix
L(x) in the weak operator topology by periodic Jacobi matrices L^N\x) and the
spectra of these approximations converge for N -+ oo to the spectrum of L(x). The
Backlund transformed matrices BTE(L^(x)) converge for N -> oo in the weak
operator topology to BTE(L(x)) because the Titchmarsh-Weyl functions depend
continuously on the matrices. So, the spectrum of BTE(L) is the same as the spec
t r u m o f L . D

We got the two renormalisation maps

$| :£-$(£), L»D™
parameterized by an energy B G C. The maps are defined on an open (possibly
empty) set VE of £. Random Jacobi operators form a fiber bundle over the space
U of dynamical systems. Over each dynamical system T is defined the fiber £ of
Jacobi operators over this system. Given B G C, there is an open (possibly empty)
subset of this fiber bundle, where the renormalisation maps $| make sense. A pair
(T, L), where L is a Jacobi operator over the dynamical system (X, T, m) is mapped
into a pair (S, £<*>), where ^((D^)2 + B) = L and $(T) = S is the 2 : 1 integral
extension of T.

Illustration.
The following Mathematica program calculates numerically the fixed point of $£ at
B = -5.

I —
m[i.Integer ,n_Integer] : =Mod[i-1,n] +1;
a[n_Integer]:=Table[N[2+Sin[k 2 Pi/n]],{k,n}];

A[a„List,b_List,EEj:=Table[l/a[[m[i-l,LengtliCa]]]]*
«EE-b[Ci]],-(a[[m[i-l,Length[a]]]])-2},{l,0}},{ifl,LengthCa]}3;

Monodro[a.Listfb-List,EEj:=Block[{t=0,A=A[a,b,EE],B=IdentityMatrix[2]},
Do[B=A[[il] .B;t=t+Re[Log[B[[l,l]]]] ;B=B/B[[1,1J1 ,{i, Length [a]}] ;{B,t}] ;

mplus[a_List,b_List,EE_]:=Block[
{M=Monodro [a ,b ,EE] [ [1] ] , s ,m0, ad, n=Length [a] }, ad=M [ [1,1] ] -M [ [2,2] ] ;
m0=(ad-Sqrt[ad-2+4*M[[l,2]]*M[[2,l]]])/(2*MCC2,l]]);s=<iB0};
Do[s=PrependCs,aC[ni[n-i,n]]]*2/(EE-First[sl-b[[ni[n-(i-l) ,n]]])] ,{i,n-l}] ; s]

cplus[a_List,b_List,EE_] :=Block[{mpl=mplus[afb,EE] ,npl},
npl=EE-b-mpl; Flatten [Join [Table [{-npl[[i]] ,-mpl [[i]]},{i,l, Length [a]}]]]] ;
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RenormStep [d.List, EE_ ,n_Integer] : =Block [{c=d},
Do[c=Sqrt[cplus[c,Table[-EE,{Length[c]}l,0.0]]f{n}]; c ];

Dirac [a.List, EE_] : =Block [{n=Length [al},
d[k Integer,1 Integer,n_Integer]:=IdentityMatrix[nl[[m[k,nl,m[l,n]J];
Table[N[d[k,j+l»nl*a[[m[j,n]l]+d[k,j-l.n]*a[[m[j-l,n]]]+d[k,j,n]*EE,3]t
{j,-4,+3},{k,-4,+3}]l;

RenormFixedPoint[E_,NumIter.Integer] :=Dirac[RenormStep[a[51 ,E,NumIter] ,E] ;
1 —

We calculate a fixed point of $+ with B = -5 with

I
TeXForm [MatrixForm [N [RenormFixedPoint [-5.0,4] , 5111 »f ixedpoint 1.
1

i

tex;
1

Here is a part of the matrix of the fixed point of $+(-5)
- 5 . 0 . 4 8 5 3 1 0 0 0 0 0

0 . 4 8 5 3 1 - 5 . 2 . 0 0 3 3 0 0 0 0
0 2 . 0 0 3 3 - 5 . 0 . 9 9 3 3 4 0 0 0
0 0 0 . 9 9 3 3 4 - 5 . 2 . 2 3 1 4 0 0
0 0 0 2 . 2 3 1 4 - 5 . 0 . 1 4 5 0
0 0 0 0 0 . 1 4 5 - 5 . 2 . 0 3 5 5
0 0 0 0 0 2 . 0 3 5 5 - 5 .
0 0 0 0 0 0 0 . 9 2 5 5 6

0
0
0
0
0
0

0.92556
-5.

4 Backlund transformations
For B outside a ball containing the spectrum E(L), the Backlund transformations
BT§ are given by

L = ar + a(T~l)r* + b i-> L' = a'r + d(T-l)T* + 6 ,

W h e r e m ± ( T )

mx
We have shown in [Kni 3] that

Km BT£(L) = L(T), Km BTE(L) = L£ -▶ - 0 0 E - * — o o

and that in the periodic case the transformations can be interpolated by time-
dependent Toda flows in £. Because we want to estimate the Frechet derivative of
the Backlund transformations near -oo, we have to refine the analysis of Backlund
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transformations and to determine explicitly the Hamiltonian Toda flow, which does
the interpolation. We define the projections

*= £ KnTn»K±= Y,KnT*
n = - o o ± n > 0

which yield the decomposition K = K~ + K0 + K+. Define K i-> KA to be the
projection from A* to £. For a Hamiltonian

H G Cwi£) := {I i-> tr(n(L)) | n analytic near the spectrum of L} ,

the differential equation

B = [B^B),i:] = [B+-B-,n'(B)*],

with BHiL) = n'(B)+ - h'(L)~ is called a random Toda flow [Kni 3]. In order to get
local existence of the flow, the domain of analyticity of h must be sufficiently large.
We will consider also complex time t as well as time-dependent Hamiltonians H.

The Floquet exponent wiE) of L = ar + aiT~l)r* + b is

w(E) = -tr(log(L - E))
and is by the Thouless formula defined on {Inu» > 0}. The Lyapunov exponent
A(B) = -Re(w(B)) - /log|a(a:)| dm(rr) is defined for all B G C and the derivative
w'iL) is bounded for all B in the resolvent set of L.

Proposition 4.1 Backlund transformations can be interpolated by random Toda
flows with the time-dependent Hamiltonians

B|(B) = ±tr(MB)) = ±5«>(B) = ±Jlog(m±(x)) dmix) .

This means, we have

Proof. We prove the Proposition first in the finite-dimensional periodic case \X\ < oo
and under the condition that B is real below the spectrum of L. We know from
[Kni 4] that Backlund transformations can then be interpolated by Toda flows. In
the coordinates (d,6) = (log(a),6), the Toda flow can be written as

jtd = tf(L)o(T)-A'(L)0,

| & = e ^ n ' ^ - e ^ 1 ) . ^ ) ! ^ 1 ) .
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The Backlund transformations EI^ are given in the coordinates (d, 6) = (log(a), b)
by

d h- d(B) = d+ilog(m±)(r)--log(m±),
b h* 6(B) = 6 + n±-n±(T).

Differentiation of these equations with respect to B gives
d a _ i m l ^ m - 1 - ^ -

dEd " 2 m± l j 2 ro± '
^ L d ± d ± , r p \

dEb = dBn "dBn(T) -

Requiring (^d,^6) = iftd,ftb) gives (up to a L-independent constant function
which we put to zero)

m o - ' ^ - 5 ^ " * ) . ( 2 )2 r n ± I d E
&nHT)

ah . ( L ) l = _ i i ! L i £ i ( 3 )
and so

tt(h'(L)) = Jxh'(L(E))0 *m = -^j\l06(m±) dm = ±2dEw{E)
= - ± 1 - t r ( ( L - E ) - 1 ) .

T h e r e f o r e . ,
h'E(L) = - ± i(I - E)-1, hB(L) = - ± - log(L - E)

w h i c h l e a d s t o ,
B£(B) = tr(/i£(B)) = ±-MB).

We have proven equation 1 in the finite dimensional case with B real below the
spectrum of L. The formulas (2) and (3) are true in general, if they hold in each
finite dimensional case. Because one can approximate the operators B(z) by pe
riodic matrices Lwix) in the weak operator topology. For N -> oo, we obtain
h(LW)(x) -> h(L)(x) and (m*)^*) - m*(ar) for almost all x G X. (By an
alytic continuation, the formula (1) holds also for complex numbers B satisfying0 1 > » ) D
We can use this interpolation to estimate the Frechet derivative ^BTf(B) of the
Backlund transformations near oo.

Proposition 4.2 For \E\ — oo, we have ||^BT|(L)|| -> 1, uniformly for L G VE.
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Therefore

||«±(tf,) - «±(«,)|| = II £ |« W)) *ll < II jf 11 *̂* W*))ll*(«) *ll
< A■ ||/'£(0*11 = A-11*1-Kill-

./O

Existence of the mapping $. Take tf G V and u; G ft. The sequence $Wlo^o...o
^(If) is Cauchy in V because

diam($wi o Q"2 o • • • o $W"(V)) < An • diam(V).

The Kmit $(u;) of this Cauchy sequence exists, because M is complete and the limit
is independent of K G V. The map is continuous as

\\*{u)K - *fo)ff|| < diam(V) • \-«W*»\<**»y.

Injectivity of$:£l->M. Assume $w = $" so that u # v and A; is the smallest
index with uk±vk. Since $+, $~ have a common inverse, we obtain from $w = $"
that for all fc G N

where a is the shift u = (wiw^ ...)■-> (a*, a*,...). With un 7* "n and the assumption
$+(B) # $~(B) for all L G M, we get

in contradiction to the fact that both sides are equal to $ffnM = $**».

Conjugation to a Bernoulli shift. The map $ : ft -+ J is a continuous bijection.
Since ft is compact, * is a homeomorphism. As $"" = T$w, the map $ conjugates
the Bernou l l i sh i f t a : f t -» f t to the map T :J -+ J . D

The maps $+, $" in the Lemma form a hyperbolic iterated function system and the
invariant Cantor set J of the iterated function system is called the attractor of the
iterated function system.

6 The quadratic map
We will need some facts about the dynamical system on the complex plane C defined
by the quadratic map te : z ■-> z2 + E, where B G C is a parameter. The inverse of
te is a correspondence <j>E : x h-> <j>% = ±y/x-E having the two branches <j>% A
map for measures p h* <f>*ip) is defined by

4>m{ri(Y) = riTB(Y)).
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The Julia set JE c C which is defined to be the closure of all repelling periodic
orbits of TEis a nonempty, compact, te invariant perfect set. For large |B|, the
two maps 4? form a hyperbolic iterated function system having the Julia set as the
attractor. The Julia set is called hyperbolic or expanding if te restricted to JE is
hyperbolic, i.e. if there exists n G N and and A > 1 such that for all z G JE

\drnEiz)\>X.

It is known that JE is hyperbolic and also a completely disconnected Cantor set for
B outside the Mandelbrot setM = {EGC\ r£(0) J> oo}. In general, there exists a
umque electrostatic measure pE with support on the Julia set JE. This measure is
4* invariant and is balanced [Bar 83]. This means that for each chosen branch d*
o n e h a s '

(^)(^(y) = i^(y)/2.
For B ^ 0, the map <j>* has the unique attractor pE in the space of probabiKty
measure on C so that i$*)nip) -+ pE for all probability measures a on C [Bro 651,
[ L j u 8 3 ] . i j »
The dynamical system (JE, rE,pE) is mixing [Bar 83] and pE is maximizing the met
ric entropy and is so an equilibrium measure [Lju 83]. A power of te is as an measure
theoretical dynamical system isomorphic to a one-sided Bernoulli shift [Man 85]. For
large enough \E\, when 0* form an iterated function system it follows already from
Barnsley's Lemma 5.1 that te is topological^ conjugated to a one-sided Bernoulli
shift.

Illustration:
A plot of the Mandelbrot set can be obtained with the 2-line program

M=Compile[{x,y},Module[{z=x+I y,k=0},While[Abs[z]<2.&&k<50,z=z~2+x+I y;++k] -kl] •
DensityPlot[50-M[x,y] ,{x,-2. ,l.},{y,-1.5,1.5},PlotPoints->200,Mesh->False] ; '
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We can look at at an array J& +n*d+m*i*d of Julia sets with the following Mathematica
program

, 1
Complex2List[c_List] :=Table[{Re[c[[ i ] ] ] , Im[c[[ i ] ] ]} ,{ i ,Length[c]}] ;
fL[c_,EE_Complex] :=Block[{d=Table[Sqrt[c[[i]]-EE] ,{i,Length[c]}]},Union[d,-d]] ;
fL[z_Complex,EE_Complex,n_Integer] : =Block[{d={z} ,b},

Do[b=fL[d,EE] ;d=Union[b,-b] ,{i,n}] ;d ] ;
JuliaQ[z.Complex,EE_Complex,n_Integer] : =ListPlot [Complex2List [f List [z,EE,n]] ,

DisplayFunction->Identity,Axes->False];
JuliaArray [EE_Complex ,n_Integer ,m.Integer,dd.Real] : =Show[GraphicsArray[

Table[JuliaQ[0.3+0.45345*1,EE+k*dd+l*dd*I,n],{1,-m,m},{k,-m,m}]],
DisplayFunction->$DisplayFunction,
PlotLabel->FontForm["Julia sets of the quadratic family".{"Helvetica",12}]]

Display["!psfix - land -stretch > jul ia.ps",Jul iaArray[0.0+0.0*1,10,2,0.3]] ;
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Ju*aMtsofth*qu«<tr«t)et>n*y

* ^ * < - ^ > f ^ > • * £ * . - S .

o o o o r ;
^ - • - • ^ e - ~ . ? , - - * *

Lemma 6.1 On the space of probability measure on C, the map </>* has the unique
attractor pE and U>*)nip) -▶ pE for all probability measures p on C.

Proof. For n -▶ oo, and B ^ 0 the images of any Dirac measure is converging to
pE in the weak topology [Bro 65] [Lju 83]. (For the polynomial map z *-+ z2 + B
only oo is an exceptional point if B ̂  0). In the given references we could only find
this result for Dirac measures p. The result for general measures however follows
immediately: given any continuous bounded function / on C. We want to show that
for n —*• oo

<fi<i>*)y>-><f»E>.
Define gniz) =< f,i<j>*)n6z >. These measurable functions are bounded by Wf]^
and the sequence gn converges pointwise to <f,pE> because U>*)n6z axe converging
to pE in the weak operator topology. But we have also

</ . ( f )V>=<5^> .
(One checks this first for Dirac measures p.) Lebesgue's dominated convergence
theorem assures the convergence of

<9n,p>= jgniz)dpiz)
to the constant « f,pE >,p >=< f,pE >. We have therefore also

</,(#*)"A* >-»</,/«> •
We have shown that every measure p is attracted by pE under the dynamics of </>*. □
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7 Existence of the attractor
We return now to the renormalisation maps $| acting on the Banach space £ of
Jacobi operators defined over the von Neumann Kakutani system.

Theorem 7.1 For large enough real -E, the maps $%$E form a hyperbolic it
erated function system on an open non-empty set VE C £. Each element in the
attracting Cantor set consists of limit-periodic operators and has the spectrum on
the Julia set JE.

Proof. Fixing a neighborhood of the Julia set. For large -B, there exists an open
<j>E invariant neighborhood VE of JE that does not contain B and a constant p < 1
such that for z G VE, |£0e(*)| < P-

Fixing an open set of Jacobi operators. The open set

VE = {L G £ | aiL) G VE, L has positive definite mass }

is not empty, because we can take any selfadjoint Jacobi operator L G £ with
positive definite mass and normalize it with suitable constants a > 0, and p G R, to
get

aiaL -rp)GVE.
There exists a whole neighborhood VE ofaL + P such that K G VE has positive
definite mass and satisfies oiK) C VE.
The renormalisation maps have a common inverse. The inverse of $| is given by

TEB^ = ^(B(±))2) + B.

The two renormalisation maps have no common image. For large enough |B| and
LGVE,

because $£(£) = $e(B) would imply m% = mE and B would be an eigenvalue.
This is not possible, since we have assumed E to be outside VE.

Decomposition of the renormalisation maps. In order to estimate the Frechet deriva
tive of <j>%, we make the decomposition

$| = ipE o n% o 6 ,

where tpE : L *-+ +y/L - B and 0(L) = L 0 L G X is the unique operator which
satisfies

mi>))=l, * w»)=l
and

n%:iL®K) = L®BT¥)K.
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The mapping ipEiK) = y/K-E is defined on the manifold n| o 0(£) c X.

The derivative of 9. Since 9 : £ ■-> # is a linear isometry, we have ||̂ 0|| = \\9\\ = l.

The derivative ofn%. We know by Proposition 4.2 that for |B| -> oo

| |^B^(B) |Hl ,
uniformly for L G VE. We obtain therefore also

The derivative ofip%. The derivative of the map L >-> yfT^E from nt o 9(£) to X
is given by

^ % i L ) U = l - i L - E ) - V 2 U .
Because |||(B - E)-ll2\\\ - 0 , for \E\ -+ oo, we get

The derivative of $£ : V - £. It follows from the four previous steps that for
\E\ -▶ oo

11^*111 = II^E o 4 o *)|| < ||^)|| • ||^nf || • II^H - 0 .
The hyperbolic iterated function system. We have checked the existence of a com
mon inverse, the contraction property and the disjointness of the two maps $£. The
Lemma of Barnsley 5.1 is thus applicable and we have shown that for large enough
-B, a hyperbolic iterated function system has a unique attractor JE in £.

Limit periodicity. We can define the iterated function system on an open set of the
fiber bundle of random Jacobi operators on the group U. If we begin with a periodic
system T, every Jacobi operator L over T is periodic. Under the iteration of the
renormalisation maps, the periodic operators $%L converge in norm to a point of
the attractor. Such a point is a l imit periodic operator. □

8 The renormalisation limit
We will assume in this paragraph that -B is large enough such that the maps
$%, $E are defined and a form a hyperbolic iterated function system. We first fix
some notation.
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Different notation for X and ft. The topological space ft = {1, -1} (labelling
the renormalisation sequence) and the topological group X = {0,1}N (the dyadic
group) are trivially homeomorphic via the change of alphabet 1 h+ 0, -1 >-+ 1. We
will use the notation w = w(s) or x = s(u;) if x and u correspond to each other by
this change of alphabet. The addition in ft is the group operation inherited from
the group X. We also use the notation x0 = (0,0,0,...) for the zero in X and
xx = (1,0,0,...) for the unit in X.

The fixed points of *f. Call L(£t) the unique fixed point of $| in JE, By definition,
w e h a v e t x , . , N , .

where K is any operator in VE.

The group structure on the attractor JE. We use the notation

where w = (wi,w*,...) G ft and K G VE is arbitrary. The homeomorphism x »-»
u>ix) brings the group structure of X to ft and so to JE by

The group of all the translates of LE .
Call Tx the group translation on X defined by Tx{y) = x+y and by Tw the analogous
group translation on ft. The group X is acting also on £ by L ^ L(TZ). The orbit

0(L(£+)) = {L(£+)(Tx)|xGX}

of L(E ) is a compact set in £ which becomes with the operation

L£+)(Tx)oB^(Ty) = L(E+)(Tx+y)
a compact topological group.

Theorem 8.1 The two sets JE and OiL{E]) coincide and are as groups isomorphic
by the isomorphism

M") = 4+)(r*(w)).
The proof of this theorem needs some preliminary steps. Denote by p the involution
(T,L) i-> (T"1,!^-1)) on the bundle of random Jacobi operators.
Lemma 8.2

a) po$+ = $£op,
b) L{-\Tk) = tf+)iTk-1), VA; G Z .
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Proof.
a) Given (T, L). We write mfTL) for the Titchmarsh-Weyl functions of the operator
L. Using the definitions of these functions, we obtain

n(T,I) = MiT-iMT-1)) »

m(T,L) = n" " (^ ) (T-M(T-J) )

which is equivalent to
^WjCS"1) = rf(r-M(r-»)) •

Because $£(B) = d^V + d^S""1)**, this can be rewritten as

po$+(L) = *iop(L).

b) Using a), we get

$i(pB(+)) = $ J o piL) = p o *+£<+> = pl<+)
which shows that pL^ is the fixed point of $~. Therefore B+(T"1) = L~. The
c l a i m f o l l o w s b y a p p l y i n g T k o n b o t h s i d e s . □

Define X00 = X = [0,1] and for i = 0,1,...,2* - 1 the sets

*« = [•• 2"*, (i + l).2-*|.

Given L G JE, we define inductively

B(o) = L, B(ib+1) = L2k) + B .
Each operator L(k) is in X and can be written as

B(*) = dfcr(2*)-M*(T2-y-2*>,
withdfcGB^J^C).

Lemma 8.3

a ) L ^ \ T ^ ) G j E , \ f j G Z ,
b) C?(B<+>) C JE .

Proof.
a) The spectrum of L(k) is the Julia set JE because this is true for B(0) and by the
spectral theorem inductively for each L(k). Each L{k) is a random Jacobi operator
over the dynamical system (X,T2*,m) which has the 2k measurable invariant sets
Xki. Each map T<2*> restricted to such a set Xki is ergodic. This means that the
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operator L(k) restricted to X^ is an ergodic random Jacobi operator over the dynam
ical system (X,T<2fc>,m). By definition, TULiT)) is defined as B(P)(fc) restricted
to Xko and this is the same operator as B(fc) restricted to X«. The spectrum of
T^BCT')) is therefore also the Julia set JE. Since TE(B(ri)) G VE, we conclude
that B(T') is in the image of some $E, where a; is a word of length n. Because this
is true for all n G N, we know that L(T*) is arbitrarily close to the closed set JE
and therefore L G 3E.
b) Follows immediately from a) and the fact that JE is closed. D

Define for L G JE and k G H,k > 0

cjfc(L) = -sign / log|dfc_i|) dmix) .
JXko

We call uj also the code for L. The next lemma justifies this name.

Lemma 8.4 For all L G JE, the sequence u : k h* ukiL) G ft satisfies LEiu) = L.

Proof. We know by definition that TE(B) is L(k) restricted to XkQ. For x G Ajto,

K-i(*)| = \/\mk-i(x)\ ,

where mk_x are the Titchmarsh-Weyl functions of T|_1(B). The upper-script ± in
mk_x is in correspondence with the fact that TkE~liL) is in the image of $*. We see
that Tk£liL) is in the image $Wfc(I) for all k and so LEiu) = L. D

The involution p restricted to J^ is also an involution on ft. This involution is a
replacement of the two letters in the alphabet:

Lemma 8.5

a) a,(p(B)) = -u;(L),
b) o;(L+(T»)) = -a;(L-(T-")).

Proof.
a) Lemma 8.3 implies

p o $E o p = $£w
for all u; G ft. Let L have the code u such that B = $e(cj). It follows from

pL = p*E(w) = p o $£(#) = $£wp(!0 = *B(-c«i)

that p(B) has the code —uj.
b) can be deduced from p(L<-)(r~n)) = H+\Tn) and a). D
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Proof of the theorem. We know that the orbit LW(T*) of B<+> is contained in JE.
Our aim is to show that LE(n. ux) = 4+)(T») for all n G Z, where wx = u(xx) =
(-1,1,1,1,...) is the unit in the dyadic group. In order to determine the action of
T on the subset of ft = {-1,1}* labeling the points of 0(L{^) c JE, we define
the matrix

Mki :=uk(LW(T%k>0, iGZ.
Knowing this matrix, we can read of the code u = {il4t}fc€N of L^(T{) = L+(u)
from the columns of the matrix M.

We build up the matrix M beginning at the top first row and determine inductively
one row after the other. The first row is given by

MXi = u,x(L(+\Ti)) = (-l)i
because T(X0X) = Xn and T(XX1) = X01 and

Slgn^10 l0g '^' dm^ * = "siSn(/ loS \d(x)\ dmix)).
Claim: if

(...,a_2,a-i,a0,ai,a2,...)
is the A;-th row of M then the (fc -I- l)-th row of M is

(..., -a_2,a-2,-a_i,a_1?-a0,a0,-ai,ai, -a2,a2,...) .
Proof. The (A; + 1) - th row can be constructed from the k - th row using

W H i ( ^ ( + ) ( T a ) ) = a ; 4 ( L < + ) ( T ' ) ) l ( l )

a ; , ( B ( + ) ( r ) ) = - w A ( L < + ) ( T - W > ) ) . ( 2 )
Proof of formula (1): we know $+£+ = B+ and that dfc_i restricted to Xki is equal
to djb restricted to Xk+h2i. Therefore

wk+iitf+\T2i)) = -sign/ log|<fc(T*)|dro(*)

= -sign/ log|d*| dm(a;) =-sign / logldjt.jl dm(ar)
* + 1 » 2 » J X k , i

= -sign / log\dk-iiT)\ dmix) = wfc(B<+>(Tf)).

Formula (2) follows from

wk(LM(T*)) = -wkiL<-\T)) = _^(L(+)(T-+i))
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which is a consequence of Lemma 8.5 b) and Lemma 8.2 b). We have confirmed the
following picture of the matrix M.

M =

- 1 1 - 1 1 - 1 1 - 1 1 - 1 1 - 1
- 1 1 1 - 1 - 1 1 1 - 1 - 1 1 1
1 - 1 - 1 - 1 - 1 1 1 1 1 - 1 - 1

v /
The matrix M has the property that if

6 = (61,62,63,...)

is the i - th column of the matrix M then the addition in the dyadic group
6 + ui = (61,62,63,...) + (-1,1,1,.. •)

gives the (i + 1) - th column. To prove this, one checks that if a matrix M is built
up the rule for the columns, then M = M.

We know now the action of T on JE:

V^siu) = $e(w + n • ui)
Because the orbit of L(+) can get arbitrarily close to every point in JE, it follows
that 0(1^) = JE. Moreover $B(w) = B(E+'(Tx(w)) holds for all u> G ft because the
relation holds on a dense orbit of the monothetic group X. Q

9 The density of states
The functional calculus for a normal element K in the C* algebra X defines /(JC)
for a function / G C(L(K)). The mapping / ■-* tr(/(tf)) is a bounded linear func
tional on CiEiK)) and by Riesz representation theorem, there exists a measure dk
on S(iC) with tvifiK)) = //(B) difc(B). This probability measure dk is called the
density of states of K. The density of states can also be defined for not normal op
erators. By the analytic functional calculus, one can define fiK) for any function,
which is holomorphic in a neighborhood of the spectrum of K. Such functions form
a dense linear subspace H in the Banach space of continuous functions on oiK).
The functional / h-> tr(/(i<T)) is bounded on H and can by Hahn-Banach be ex
tended in a unique way to a bounded linear functional on CiaiK)) having the same
norm. With Riesz representation theorem, one obtains again a measure on a(fC),
the density of states.

The next lemma gives the relation between the density of states of the renormalized
Jacobi operator $%L and the density of states of the operator L = dr -f diT~l)r*.
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Lemma 9.1
<ft(*|L) = 4>l dkiL).

Proof.
Assume first that \X\ = N is finite so that L is a TV-periodic Jacobi matrix. Denote
by dkiL) the Dirac measure £ Y$Li W where A, are the eigenvalues of L acting on
the finite dimensional vector space of JV- periodic sequences in /2(z). The 27V x 27V
periodic Jacobi matrices D& = $£(£) have the eigenvalues {±y/Xi - B}^t. This
i m p l i e s " "

In the general case, let £,<*>(*) be a JV-periodic approximation of L(x) such that for
-N/2< i , j<N/2 ,

By the Lemma of Avron-Simon (see [Cyc 87]), &(#">(*)) - dk(L) for almost all
xGX. The claim follows from the fact that $%{HN\x)) -> $|(B(ar)) for JV -+ oo.
the dens i ty o f s ta tes for $%L is equa l to <?% dk iL) . r j

Proposition 9.2 T/ie density of states of$(u) is the unique equilibrium measure
pE on JE.
Proof. We know that for any probability measure p on C and n -+ oo

i<j>E)np -+ pE
holds, where pE is the unique equilibrium measure on the Julia set JE. Let p = dk
be the density of states of a Jacobi operator L. Lemma 9.1 implies that

dkmo...o îL)) = i<t>*Enp)-,pEi
for all w G ft. We know therefore that the density of states of #£(B) must coincide
w i t h p E . Q

Lemma 9.3 Every operator LgJe has mass M = 1.

Proof. Because by Theorem 8.1 every element in JE has the same mass, it is enough
to show that the fixed point B<+> = d+r + d+iT-^T* has mass M(Z,(+>) = 1. We
calculate

Jx log |d+| dm = 2j^oglm+lrfm + 5/ login*"!**™= si,log l(<f+)2>dm=ilog \d+\dm
= 2iloglrf+'rfm
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w h i c h i m p l i e s l o g ( M ( B < + ) ) ) = } x l o g | d + | d m = 0 . D

The potential theoretical Green function a of a compact set K C C is defined to be
a function g : C -» R which is harmonic on C \ #, vanishing on K and such that
g _ iog(*) is bounded near 2 = 00. The Green function is existing for the Julia set
JEofrE(see[Mil91]).

Proposition 9.4 The Lyapunov exponent A(B) of an operator L G JE is equal
to the Green function g(E) of the Julia set JE. The Lyapunov exponent A(B) of
L G JE is vanishing exactly on the spectrum JE of L.

Proof. The density of states of the Jacobi operator LE is the equilibrium measure
(Proposition 9.2) and gives the capacity 1 for the Julia sets (see [Bro 65]). The
integral

u(E) = -A(B) = - J log \E - B'| dkiE')
is called the conductor potential. The relation between the conductor potential, the
Green function and the capacity is given by the formula giE) = -w(B) + log(7),
where 7 is the capacity. See ([Tsu 58] Theorem 111,37). Because by Brolin, the
capacity of a Julia set JE satisfies t( Je) = 1, it follows that the Lyapunov exponent
A(B) is equal to the Green function g of the Julia set JE.
The potential theoretical Green function o(z) = A(s) is by definition vanishing on
t h e J u l i a s e t . D
Because 00 is a super-attractive fixed point of the polynomial map t.e(z) = z + B,
there exist new coordinates w = <j>iz), near 00 satisfying

<j>QTEo4Tliw) = w2 .

The function <j> is called the Bottcher function of the polynomial te. (See for example
[Mil 91].)

Corollary 9.5 The Bottcher function <j> for the polynomial te satisfies <£(B) =
det(B — E) for E in a neighborhood of 00. One has

det(L - iz2 + E)) = det(L - z)2 .

Proof. The Green function g can be expressed as o(z) = log|</>(*)|. It follows from

|4(«)| = exp(A(2)) = |exp(-M*))| = |det(L - z)\

that <j>iz) = det(B - z). The known identity o(z) = giz2 + B)/2 for the Green
function g gives

det(L - iz2 + E)) = det(L - z)2 .
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We end this section with a remark about the possible values of the integrated density
of states, the gap labelling:

It follows from the structure of the Julia set that for the limit-periodic Jacobi oper
ators in JE, there is an obvious gap labelling:

Proposition 9.6 The integrated density of states takes exactly the values I • 2"n
withnGN and0<l<2n.

Proof. We know from Proposition 9.2 that the density of states is the equilibrium
measure on JE and so a balanced measure. The inverse of the map rg has 2n
branches 4nj) labelled by 0 < j < 2n. By the definition of balanced, each of the
sets 4>e\Je) has measure 2"n.
If a gap of L G JE has / sets ^\jE) to the left and 2n - / such sets to the right,
the integrated density of states of this gap is / • 2~n. D

10 Generalisations
We discuss shortly some generalizations or extensions:

Complex values E.
Because an attractor of a hyperbolic iterated function system is structurally sta
ble, the renormalisation can be extended to an open neighborhood of some set
{B G R | B < -B} C C. All the results about the density of states, the Green
function etc. hold also here.

Julia sets of the anti-holomorphic quadratic map.
Operators with spectra on the Julia sets of

Z K+ Tiiz) =Z2 + E

can be obtained by replacing $f by $^. The parameter set of fE analogue to the
Mandelbrot set is called the Mandelbar set.

Nonrandom Jacobi matrices.
The renormalisation scheme can also be done for general Jacobi matrices which have
not to be random. This is however not so interesting because the same attractor
consisting of random Jacobi matrices is obtained. An advantage of doing the renor
malisation for random operators is that we get immediately the dynamical system
over which the Jacobi operators are defined in the limit.

Jacobi operators on the strip.
The renormalization of Jacobi operators which we proposed can be generalized to
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random Jacobi operators on the strip (see [Kot 88]), where the entries of the Jacobi
matrix are finite-dimensional matrices. In the limit of renormalisation, these oper
ators factorize into a direct sum of one-dimensional operators.

Higher dimensional Laplacians.
A direct generalization to higher dimensional random Laplacians is not possible
without further modifications. The reason is that for a Laplacian

L = D2 + E = Y^aiTi + ojPT1)*? + b ,
i

the connection a^ has to satisfy the zero curvature condition

[aiTi,ajTj] = iatajiTi) - a^p)))^- = 0
while the connection d{a{ belonging to the Dirac operator

t

must satisfy the anti-commutation relation

{d^, djaj} = ididjiSi) -r d^S,))^- = 0, i # j
which prevents a further factorization of B. Dirac operators play a role when doing
isospectral deformations of higher dimensional Laplacians.

Operators with spectra on random Julia sets.
The renormalization can be generalized in another way. Instead of taking a con

stant energy B, we can take a space dependent function B(a;) near a large constant
Bo. We get again the same type of result as before. There exists an attractor above
the von Neumann Kakutani system which consists of operators having the spectrum
on random Julia sets (compare [For 91]).

The projected renormalisation on the complex plane is then no more the complex
map

z i-» z2 + B
but becomes a random quadratic map given by the skew product

ix,z)v-* iTx,z2-rEix)) .
We can interpret this in the way that we have a fiber bundle with fiber C and the
function B(x) describes the quadratic map on the fibers.
Operators with spectra on Julia sets of higher degree polynomials.
Define for a, 6 G R the map $fl,&B = aL + b. Given three vectors

B = (Bi,E2,...,Ed), a = (au...,ad),6 = (&!,...,bd)
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in Rrf, we form the maps

*!,«,* = »t o ^ o ... o *± o *ai A .
Define the linear polynomials rfl.A.(*) = a{z + 6,-. If the polynomial

TE,aJ> = Tft O Ta<ttbd O ... O TEl 0 TaiM

has a real Julia set «7£,aj6 which is sufficiently expansive, we get operators having the
spectrum on the Julia set JE^b of rE^h.

More general values of E.
We don't know, how far one can explore the renormalization for general complex
parameters B. For complex B, one has to deal with not normal operators. Another
problem is that for smaller values of |B|, the norm of $n(B) can blow up under the
renormalisation steps even if the spectrum converges to the Julia set. The reason
is that B can get closer and closer to the auxiliary spectrum of the matrices. Since
the Titchmarsh-Weyl functions are singular at the auxiliary spectrum, the norm can
get large or explode.
We think however that for all B outside the Mandelbrot set, there should exist a
hyperbolic iterated function system having a Cantor set as an attractor. The scheme
can not work for general B G C because for B = 0, a fixed point of B »-▶ $JB =
^(B2) is not limit-periodic. Given a fixed point

B = dr + d(r-V
of $+. The sequence d„ satisfies

^L+i = ~4n»
<* = 4A-i.

We are free to choose d2, = -d? = A ̂  0. The second equation gives for n = 0, n = 1

^ = 1,^ = 1.
The other values of dn are then determined inductively.

Lemma 10.1 The sequence dn is not periodic.

Proof. We are free to choose a% = -d2 = A ^ 0. The second equation gives for
n = 0,n = 1

4 = hdlx = l.
The other values are then determined. We take now A = 1 and require an := d£
to assume values in {-1,1}. We want to show now, that the sequence an can't be
periodic. We rewrite the fixed point condition as

« 2 n + i = - a 2 n ,
0 > 2 n = Q > m Q > 2 n - l •
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All the subsequent values are defined by a0 = 1 and this recursion. We get

a0 = l,ai = -ao = -1,^2 = ai = 1

and in general
0-2n = 00^1^2 ' ' * fln(~l)R •

For even n because of aoai = -1,..., an_2an_i = -1 also

a2n = ("l)n/2«n.

Because a4 = -1 this gives a2n = -1 for all n > 2. Because a0 = 1 and a2* = -1,
the period 2n is excluded.

Form the hull X of all the iterates of the sequence {a„}n6Z in Z°°(Z) equipped with
the weak * (=product) topology. The shift transformation is continuous and has an
ergodic invariant probability measure m. If the sequence an would be periodic, we
would get a finite dynamical system, a cyclic permutation of a finite set. The contin
uous function a(x) =i0onX defines the random Jacobi operator D = dr-f-d(T"1)r*
with d = yfa taking values in {1, i}. If we make the renormalisation of the dynamical
system together with the operator, the operator doesn't change but the dynamical
system converges to the von Neumann-Kakutani system (AT,T,m). If the sequence
an was periodic with period p, we would get a continuous function a on the dyadic
group of integers X, which is T invariant and such that a^x) = a(x) for all x G X.
This is only possible for the period p = 2n which has been excluded before. D

Because it takes only finitely many values, d„ = diTnx) can't be almost periodic. If
we do the renormalisation numerically for values B approaching 0, there are entries
in the Jacobi matrix which begin to blow up.

The case B = -2 is interesting because it describes a situation, where the energy B
is at the boundary of the Mandelbrot set. The spectrum [-2,2] is then absolutely
continuous with respect to the Lebesgue measure and the corresponding operator is
the free Laplacian. Numerically, the renormalisation maps work for all real values
B < -2 and the attractor JE approaches a single point in the limit B = -2.

11 Matrix models
Given any random operator L G X over a dynamical system (X,T,ra) having the
density of states dk. The energy /(L) of L is defined as

I{L)= f flog\E' -E\dkiEf)dk iE)J r J r
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In the case when L is a random Jacobi operator, one can write the energy with the
Thouless formula

/(B) = log(M) + / A(B) dife(B),
where A denotes the Lyapunov exponent. We write

exp(/(B)) = exp(y,tr(log|B-B|)dA;(B))
= exp(y* log(det |B - B|) difc(B))
= tr(log(det|Z,-i/|))
= det'(det |B - B'|) =: A(B) ,

where det and tr are the determinant and trace with respect to L and det' and tr' are
the determinant and trace with respect to V - L. From the last formula one would
expect that 7(B) is always zero. However, as we will see below, there are examples
of random operators which have positive Lyapunov exponents for all B G C leading
to positive energy. For finite matrices L with eigenvalues Xx,..., An, we would get

exp(/(i:)) = nt.J|A,-Ai|
which is of course vanishing. If we take out the self-interaction terms (At- - A,-), we
end with

exp(B(L)) = nt<i(At-Ai)2,
the square of the van der Monde determinant. The problem of self-interaction in
the finite dimensional case does not appear in the random Jacobi operators. If the
mass is positive definite, the density of states dk is well behaved in the sense that

/ log|B-B' |dfc(£ ' )
is finite for all B G R. The energy /(£) is a generalization of the squared van
der Monde determinant. This determinant appears also as a Jacobean in the so
called one matrix model (See [Mar 91] [Alv 91] [Alv 91a] [Ger 91]). The number
exp(/(£)) is called the capacity of the set spec(L) if the density of states measure
dk is maximizing exp(I(//)) among all probability measures p on spec(B), where

I{V) = JRJRlo&\E- E'\ dpiE) dpiE')
is the energy of the measure p. Interesting are the measures which give the capacity.
They are called equilibrium distributions.

In the finite dimensional case (|A"| < oo), which leads to periodic Jacobi matrices,
the energy 7(B) is zero because the Lyapunov exponent is zero on the spectrum of L.
The capacity is then always 1. In infinite dimensions, it is possible to find examples
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with I(L) > 0 because the Lyapunov exponents can be positive for all B G C. This
can happen even in the almost periodic case as an example of M.Herman shows:
Take (X, T, m) = (T, x •-> x + a, dx) with irrational a. Let

b(x) = 7 • cos(27rx)

and L = r + r* + 6. Herman gives the estimate

A(B) = -ReMB)) > log(A/2).

Therefore
| det(L - B)| = e-*«") = eA(E) > y/2 .

If the measure p is the density of states of L, the energy is

I(L) = JJlog\E-E'\ dp(E') > log(7/2)

and the capacity is bigger then 7/2. We see also that the capacity does not depend
continuously on the dynamical system. If a is rational, the capacity of the above
operator L is 1 and for irrational a, it is > 7/2.

The operators LGjE constructed in this chapter are examples where the capacity
of the spectrum is known to be 1, a result of Brolin [Bro 65]. An obvious question
is to determine for which random operators the density of states is the equilibrium
measure on the spectrum.

We end this paragraph with a little excurs. In nonperturbative quantum field theory
have appeared so called one-matrix models [Mar 91],[Alv 91]. Given a probability
measure p on the space M(N, R) of real NxN matrices and a potential

ViA) = -£VntviAn)

on MiN, R). The aim is to calculate the partition function

Z = j e~vM dpiA) .

A natural choice is the measure p = Ily dA{j which can be simplified to

dp = Iii dXiU^jiXi - Aj)2 dUij ,
where

UAU-1 = T>iagiXx,X2,...,Xd)
and U is unitary. Because the potential V is invariant under conjugation, the par
tition function can be written as

Z = I Ilev^Ilj<k(Xj - Xkf dX
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which is the partition function of a one-dimensional Coulomb gas of JV equal charges
(see [Gro 90]).
It is not clear how to make sense of this model when doing the thermodynamic
limit JV -> oo. A starting point could be the following: take a measure p in the C*
algebra X. Given a potential V G C"iX) one gets the partition function

Z = Ix exv(V(L»A(L) ML) = /exp(/(B) + V{L)) dpiL) .

The energy IiL) should be interpreted as internal energy and F(B) as the potential
of an exterior field.

If the measure p is sitting on the space of Jacobi operators which satisfy some bound
in norm, this partition function is finite. The problem is now to find a natural choice
for the measure p on £. It should be invariant under isospectral deformations in £.
Because

exp(5(L)) = exp(/(L)-rV(B))
is only dependent on the density of states dk of L, one could take the measure p on
the set of probability measures on R which appear as density of states for random
Jacobi operators.

12 Questions
• What is the maximal set in C, where the renormalisation mappings $E make
sense? What happens at the boundary of this maximal set?

• What is the limit set of a renormalisation map in the group T of renormalisations
of abstract dynamical systems?

• Is the set of operators with the same density of states like the fixed point L+ G £E
a group?
More precisely: is Iso(Z/+>) a topological group with respect to the weak operator
topology such that T : B(ar) i-> l\Tx) is a group translation on this group? Can two
points in Iso(B<+)) be connected by a Toda orbit? The high symmetry of the con
structed operators in JE could make the determination of the isospectral set easer.
One could guess that the embedding of the dyadic group G in the infinite dimen
sional torus Tw corresponds to an embedding of the attractor JE in the isospectral
set of L+ which would then be an infinite dimensional torus.

• Is there a relation between the operators in B(/2(N)) of Geronimo, et al. and
the fixed point L% operators constructed here? There might exist an isospectral
deformation of L% such that the auxiliary spectrum is lying at the boundary of all
the gaps of the spectrum of L% and such that the operator having this auxiliary
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spectrum is identical with the operator of Geronimo et al.

• Could it be in general that the isospectral set of a random operator is a compact
topological group if and only if the operator is almost periodic?

• Is there for other polynomials p also a renormalisation scheme in a space of oper
ators analogous to the quadratic map z >-▶ z2 + B?

• Can one set up a renormalisation in higher dimensions? Such a renormalisation
would need a renormalisation of commutation relations beside the renormalisation
of the dynamical systems.

• Is the capacity ciL) continuously depending on B? Is there even more regularity?
Does the equation ̂ c(L) make sense? For which operators is the density of states
the equilibrium measure on the spectrum?

• Fix a dynamical system iX,T,m). Does there exist a maximum of the capacity
under all random Jacobi operators with mass MiL) = const and tr(B2) = const?
Does there exist a maximum if we allow also variations of the dynamical system?
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Abstract
We study higher dimensional discrete random Laplacians over an abstract Zd
dynamical system (AT, Tx,...,Td, u).

We prove that a sufficient condition for the existence of a Toda orbit through
L is that L is not a stationary point of the first Toda flow and that it is
possible to factor L = D2 + E, where D is a random Jacobi operator defined
over a 2 :1 integral extension of (X,Tx,...,Td,p).

We find nontrivial critical points of a variational problem, whose critical points
are discrete partial difference equations with random boundary conditions.
Discrete random Laplacians appear as Hessians at such critical points. A
generalized Morse index allows to prove the existence of many critical points.
We show that for a generafized Harper Laplacian L, the curvature of a gauge
field attached to L determines the density of states of L.

1 Introduction
The metric structure of a compact spin Riemannian manifold M is completely de
termined by the Dirac operator D on M [Con 89] because the geodesic distance
between two points P,Q G M can be expressed by

d(P,Q) = sup{|a(P) - a(Q)\ \ a e C(M),\\[D,a}\\ < 1} •

Isospectral deformations of the Dirac operator correspond therefore to deformations
of the Riemannian metric. The question which Riemannian manifolds allow such
a deformation is related to the inverse spectral problem for Laplacians the determi
nation of the set of manifolds having a Laplacian with a fixed spectrum.

If a Dirac operator is defined in a more abstract sense as the "square root" of a
Laplacian, one can ask the above problem also in other contexts.

We consider in this chapter discrete random Laplacians which are defined over a Zd
dynamical system. More precisely, we consider elements L = £ aiT,-|-(atTli)*+6 in the
crossed product X of the algebra L°°(AC, M(JV,C)) with the Zd action iX,T,m) =
iX,Tx,...,Td,m). For d = 1 these Laplacians are called random Jacobi opera
tors and there exists a hierarchy of random Toda flows which consist of isospectral
deformations of such Laplacians. For higher dimensional Laplacians, isospectral
deformations are in general no more possible. We refer to a result of Mumford
[Mor 78], who showed that generically, two dimensional periodic Laplacians do not
allow isospectral deformations. We study the question of isospectral deformation
with more primitive tools again but in a wider context. First of all we work in an
infinite dimensional context if the dynamical system is not periodic. Second, we
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allow the entries of the Laplacian to be matrices. We hope that this opening of
the setup gives more freedom to do isospectral deformations. We will see that this
question has a relation to the question if there exists a abstract Dirac operator for L.

There is no Laplacian B in X such that B2 + B = L is possible. We have to take
a new dynamical system (V, 5, n) = (y, 51}..., Sd, n) called a 2:1 integral extension
which satisfies Sf = 7}. The system is constructed in such a way, that a Toda orbit
of iX,T,m) appears as a lattice with a grid-spacing which is twice as large as the
grid-spacing of the lattice obtained from (Y,S,n). The analogous crossed-product
construction with (K, S, n) is called y.

A Laplacian B over the finer dynamical system (Y, S, n) is in some sense a first order
difference operator, when looked at in the scale of the old system. At the finer scale,
it is a second order difference operator. It is again a Laplacian.

We would like to know what are the precise conditions for that the operator L can
be deformed in X by Toda flows while keeping the property of being a Laplacian. We
show that a sufficient condition for that is the existence of a Dirac operator DGy
satisfying B2 + B = L. We mean this in the way that if the operator L satisfies this
condition and if the operator is not a stationary point of the first Toda flow then
the orbit passing through L consists of Laplacians.
We would like to mention that it is trivial to deform a selfadjoint Laplacian L =
Ei (kTi+ia^)*+6 G £ in an isospectral way if we don't insist in Toda deformations-
take any curve gt G B°°(X, SB(JV)) satisfying a(0) = 1. Then the curve B(t) =
git)Lg(t) consists of selfadjoint isospectral Laplacians.
The construction of the Dirac operator B for the Laplacian L = £,• acn + (o,-r<)* + 6
satisfying B2 + B = L is not always possible if d > 2. Necessary is for example that
a zero curvature condition [0,^,0^] = 0 is fulfilled. If this condition is not satis
fied, one cannot expect isospectral deformation in the space of Laplacians because
the tangent vector of a Toda flow passing through L is already no longer a Laplacian.

But also if L can be factored, this does not yet mean that we get an isospectral
curve of Laplacians through L. The reason is that L could be a stationary point of
the Toda flow. This is for example the case if the entries of the Laplacian L are real
or unitary valued.

Beside isospectral deformations we will consider also discrete random partial dif
ference equations. These equations play the role of partial differential equation
and each classical partial differential equation has formally such a random discrete
analogue.
For example, the classical Sin-Gordon equation

utt - «** = 7 * sin(x)
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with some real parameter has the formal discrete counter-part

qiTx) + qiTr1) - o(T2) - g^)"1 = 7 • sin(g)
over the two-dimensional system (X,Ti,T2,m). The existence of solutions g G
L°°iX) to this equation is by no means trivial. We wiK show how the anti-integrable
limit of Aubry and Abramovici can be used to get existence of solutions for 7
large enough. More general systems are obtained by taking a random Laplacian
L = £?=1 a^Ti - 2 + rf) with a,- G R and a smooth potential V. The random
difference equation

Lq = lV'iq),
is a nonlinear Schrodinger equation. We will prove that it has nontrivial solutions if
7 is large enough. The difference equation is the Euler equation to the variational
problem defined by a functional

(g f f ) -g )2^) = /xEa,-^pL + V(g)dm.
The second variation is at a critical point is the random Laplacian

L + V"(q).
One can interpret a solution of the random difference equation Lq = 7V'(g) as a
random discrete surface in Zd x R. For each point x G X, one has a discrete surface

(ni,n2,...nd) G Zd h> g^'X?2 ...2J-) € R .

2 Discrete random Laplacians
Let Xi, T2,..., Td be commuting automorphisms of the probability space (AC, p). We
call the Zd action iX,T,p) a dynamical system and write Tna: = X"1!?2.. .T%dix)
for n G Zd. Denote by X the crossed product of the von Neumann algebra A =
B^CAT, M(JV, C)) with the dynamical system (X,X,/i). The group Zd acts on .4
by automorphisms / i-> /(Tn) where /(Tn)(x) = /(Xns) and the algebra X is
obtained by completing the algebra of all polynomials in the variables TX,...,rd
with coefficients in A

K = £ ^»rn' (*£)» = £ Ki£«PV
n g F C Z * / + m = r x

with respect to the norm \\\K\\\ =| 11^(^)11 |oo , where Kix) is the bounded linear
operator on /2(Zrf) defined by iKix)u)n = Em^m(^)w„+m and where || • || is the
operator norm on B(/2(Zd)) and | • !«> the essential supremum norm. With the
involution on X defined by

C£Knrn)' = '£K:(T-n)T-'n n
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X becomes a von Neumann algebra. It has the trace

tviK) = fxTriLoix))dpix),

where Tr denotes the usual trace on the matrix algebra MiN, C). We call the ele
ments in X discrete random operators.

In X lies the set of discrete random Laplacians
d

£ = {L = ar + iar)* + 6 = £ a^- + ia^* + 6} ,
i= i

where we assume 6 = 6* and at- to be invertible. We call the vector (oi,... ad) the
gauge potential part and 6 the scalar potential part of the Laplacian. Discrete ran
dom Laplacians are by definition selfadjoint.

Given a normal element K G X. The functional calculus defines fiK) for every
function / G CiaiK)), where cr(i(r) denotes the spectrum of K. According to
Riesz's representation theorem, the bounded linear functional / i-> tr(/(J^)) G C on
CiaiK)) defines a measure dk on aiK) which is called the density of states of K.
It satisfies ti(f(K)) = //(B) dkiE) for all / G C{a{K)).

Given L G £ and d > 2. The (multiplicative) curvature of the Laplacian L =
ar + iar)* + 6 G £ is defined as

F = T,FijTiTj,

where the value Ffi = a^I^a^X,)-^1 can be considered as the result of the par
allel transport with the connection ar around the plaquette PijX = {x, T{x, T{TjX, Tjx}.
The additive curvature given by

E^Tj = Y\aiT»aiTj\TiTi = £(«.-*iCR) - a>MTj))TiTj .
* i i j i j

is vanishing if and only if Ftj = 1. We say in this case, a Laplacian has zero curva
ture. This means that parallel transport around each closed curve in the lattice Zd
gives the identity.

Examples of discrete random Laplacians are:

• Random Jacobi operators
If d = JV = 1, we get random Jacobi matrices L = ar + iar)* 4- 6. Special cases are
discrete random Schrodinger operators L = r + r* + V. Such operators have been
studied much in the last years. (See [Cyc 87], [Car 90].)
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• Harper Laplacians
Let d = 2 and ai,a2 G B°°(X,5C/(JV)) satisfy ai(ar)a2(Xix) = e2jr,aa2(a:)ai(X2a:) • 1,

where a is an irrational number. In this case

L = aiTx + a2r2 + iaxrx)* + ia2r2)*

is called a Harper Laplacian. It has by definition a constant curvature e2*ia and
2ira has a physical interpretation as a normalized magnetic flux. A special case of
a Harper Hamiltonian is given by (X,Xi,X2,^) = (T1,^ t-> x + a,x h+ x,dx) with
ai = 1, a2ix) = e2*tx, which leads to the Hofstadter case of the discrete Mathieu
operator L = tx+tx* + V , where V(x) = 2cos(27rx). See [Las 93] for recent results
on the spectrum.

• D'Alembert operator with Dirac operator
Let d = 4. The operator L = £;=10,(7* + 2 + r*) with gx = —l,g2 = (73,(74 = 1
is a discrete version of the flat d'Alembert operator □ = S|=i 9i (qx.\2 • Define the
Dirac operator B = £f=17,(77 + r*), where 7,- be the Dirac matrices, satisfying
{7n7j} = 2g,%. The square

£2 = 5>tf + 2 + (r*)2)
i= l

is a Laplacian over the Z^-dynamical system (AT,X2 = (7?,7?,... ,Tj),p).

• Periodic Laplacians
In the case |AC| = M < 00, the automorphisms T{ are just finite permutations of
X. Ergodic Ti lead to periodic Laplacians which are mostly studied in the case
JV = l,a,- = 1,6 = V. If d = JV = 1, we get periodic Jacobi matrices. The case
d = 2, JV = 1, a, = 1 is the subject of the book [Gie 93].

We think about elements in X as discrete versions of differential operators. They
can also be considered as the Hamiltonian of a quantum mechanical particle or
describing the geometry of a discrete manifold. We think of the a, as components
of a connection or a gauge potential or a one-form and of the Bjj as the components
of the curvature or a aauge /ie/d or a two /orra, always depending on geometrical,
physical or algebraic preferences.

3 Discrete random Dirac operators
The classical d'Alembert operator D = J2Ui 9iTdx~v can ^e factored as L — D2
with the Dirac operator B = £, 7,-<5x,., where the Dirac matrices 7, satisfy the anti-
commutation relation {7,, 7/} = ±2gt-£t-j. Our aim is to construct a discrete random
Dirac operator, which is by definition the square root of a discrete random Laplace
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operator L. For doing so, it is necessary to construct a new dynamical system from
the given dynamical system iX,T,p). We get a new probability space (Y,u) by
defining Y = U/C{iv..,<*} *i to be the union of 2d copies Xr of (X, p) and letting v be
the normalized measure on Y, such that for Z C X = Xi, p(Z) = 2di/(Z). Define

s>:Xl-x'̂ sM = {Tti*ii'i.
(Y,SX,S2,...,Sd,v) is again a Zd dynamical system and because Sf(x) = T{(x) for
a: G AC/, we get the old system back by restricting Sf on X^ We call (Y, S» a 2 :1
integral extension of (AT, X, /z).

The dynamics of the 2:1 integral extension is illustrated as follows. The sets Yi are
ordered vertically according to the cardinality of the sets I. At the bottom is the
set J0 and at the top is the set Y{U2 d}. When going "up" one applys the identity
map Id.

* / a { i } a { ; }

X i

When going "down", one uses the transformation T{, where i is the index which is
deleted when going down:
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XiA{ i }A{ j }

X i

Remark. The space of all Zd dynamical systems (X,T,m) forms a complete metric
space U with distance

d(T,S)='£d(Ti,Si),
t = l

where
d(Ti,Si) = m{xGX\ Ti(x) # S{(x)}

is the usual uniform topology on the space of automorphisms. Unless d = 1, the
space U is not a group.

For all x G Y = \Jj X[ we get Sf = T{. We can identify the probability space Y after
a normalization of the measure with the probability space (X, m). Starting with any
Zd dynamical system and performing the renormalisation map again and again, the
system will converge to a Zd version of the von Neumann- Kakutani system. This
fixed point depends only on the way, the identification of the probability space Y
with the probability space X is done in each step.

Proposition 3.1 The 2 : 1 integral extension $ is a contraction on the complete
metric space U:

d($(T)MV))<l-d(T,V).
Proof. Denote by Y{ the set, where T{(x) # V{(x). By definition d(T,V) =
E?=im(Y;-). When building the new systems (Y,S,m) and (Y,U,m), where S =
$(T),U = $(V), there is a set Ug/Afj of measure 1/2, where the maps S{ and C7t-
are coinciding because they are there the identity from Xj -> XI{J{iy. The new set

Zi = {xeX\ Si(x) # Ui(x)}
has thus half of the measure of the set

Yi = {xeX\Ti(x)*Vi(x)}.

251



This means d(S,-, B,) < ±d(7;-, V{) and d(S, U) < ±d(£, Ut). D

By Banach's fixed point theorem, there exists a unique fixed point of $ in U. We
call it the von Neumann-Kakutani system.
Define y to be the crossed product of B = £°°(y, MiM,C)) with the dynamical
system (Y, S, v). We will write elements in V as C = £n Cn<rn, where a,/ = /(£,>,•.
Let

v = P = £ <ta + (*<t,)* | <*,- e £} c 3>
t

be the set of discrete random Laplacians in y which have zero scalar part. Define
if : y -» X by ^WnM = -FGnM for x G X = Xq>, where we use the notation
2n = (2ni,..., 2nd). We say, an operator B G V is a discrete random Birac opera
tor, if there exists B G C such that ^(B2 -tE)g£. In [Kni 2], we have constructed
Dirac operators to every one-dimensional random Jacobi operator. In [Kni 3] we
showed how the iteration of the factorization L^ D satisfying L = B2 + B leads
to operators with spectra on Julia sets.

If B = da + ida)* is a Dirac operator to L, we can rewrite ^(B2 + B) = L =
ar + (ar*) + 6 as

{diai,djaj} = ^2a,-,
{4M<to)*} = S^,

with E?=i 6,- = 6 - B. This implies

[ a i T i , a j T j ] = 0 , ( 1 )
[ a i T i , i a j T j ) * ] = f y c . . . ( 2 )

and the Laplacian L must have zero curvature.

4 Isospectral Toda deformations of discrete Lapla
cians

Define the cones (Zrf)+ := {n G Z<* | nt- > 0} and (Zd)" = -(zd)+ in the lattice Zd.
We define in X the projections

K = '£KnTn»K±= £ tfnr«
n n € ( Z < 0 ±

and denote the images of these projections in X by X±. We remark that if K G X+
then if* G #~. Denote by CW(R) the set of all entire functions C -* C which map R
into itself and define the space of Hamiltonians

C»iX) = {H:X->C\K» HiK) = tr(n(tf)), h G CW(R)} .

252



To such a Hamiltonian H G C"iX) belongs the Toda differential equation

K=[h'iK)+-h'iK)-,K]
which gives a globally defined isospectral flow in X. It is isospectral because B =
h'iK)+ - h'iK)~ is a skew symmetric operator. The first Toda flow is obtained with
the Hamiltonian B(B) = tr(L2/2). The random Toda flows do not leave £ invariant
unless d = 1. We have shown in [Kni 1] how one can linearize in the case d = 1
these infinite dimensional integrable dynamical systems. For finite |X|, the flows
are then the classical periodic Toda lattices which can be linearized explicitly using
algebraic geometry [Mor 76]. In more dimension, an isospectral Toda deformation
in £ is in general not possible. Already for finite \X\, there is a result of Mumford
[Mor 78] which dais that, generically, there exist no isospectral deformations of
higher dimensional real Laplacians (N=l). In the complex case, it is however trivial
to deform a selfadjoint Laplacian L = £,- a^ + ia^i)* + 6 G £. Take any curve
gt G L°°iX,SUiN)) satisfying g(0) = 1. Then Lit) = g(r)Bg(t)"x consists of
selfadjoint isospectral Laplacians.

5 A sufficient condition for isospectral deforma
tions

Theorem 5.1 // there exists D GV andEGR such that L = ^(B2 + E), the orbit
of the isospectral deformation

±L = [L+-L-,L]=:[B,L]

stays in £. If L is not a stationary point of this Toda flow, there exists a curve of
isospectral Laplacians through L. The deformation can be written as

hi = aj6(7;) — 6a,-,

6 = E 2(a,aJ-(aJoiMTT1)).
1=1

The differential equation for L = ^(B2 + B) is equivalent to
b = [(D2)+-(D*)-,D]

in y and this is a decoupled system of one-dimensional random Volterra systems
d{ = [d2, d*] = di • idid*)iTi) - id*di)iTtrl) • dt .

Proof. The differential equation ^L = [B,L] has a solution in X. We want to show
that for an initial condition L having a factorization L = ^(B2 + E), the solution
stays in £. It follows from Equation (1) and (2) that

[L+-L~,L] = [ar-(ar)*,aT + (ar)*-r6]
= [ar,6] - [(ar)*,6] + [ar, iar)'] - [iaT)*,ar]
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is in C This holds true as long as L = ^,(D2) + E. To see that the factorization
L = f(D )+E is preserved by the flow we have to show that the Clifford structure

{diO^djOj} = %2a,-,
{d^ id jo j ) ' } = S i jk .

stays invariant under the flow. The differential equation

in y can be written as a decoupled set of Volterra systems

4 = [of, o7] = d, • (*o7 )(r,) - (<w,)(irl) • 4.
We write from now on simply d instead of oV and d* instead of (d<r)* in order to
simplify the writings. With the differential equations

* = W,«fl,«fc = -[W),,*|,
we get for t # j using {df, dj} = 0

—{dhdj} = didj + didj + djdi + djdi
= [d?, «7laV + 4(4 a)] + [4,0714 + aVtf, <fl
= d?d?d,- fl7c$4,+flV$<5-(M;<$

= d2i{d-idj-rdjd;)-rd2i{did'i + d'jdi)

-(<^dj + did'i)d?-(d-jdi + did'j)d2j
= df K.oVJ+ «§{*, 07}-

K ,4 }« f - {«S , *K = 0 .
Similarly, using {d;, dj} = {07, d)} = 0 for « ji j, we get for i ? j

d , . .
Jt{di,d]} = did"j + did) + d'jdi + d)di

= [«?, d?] dj - dt[(d])\dj] - [(dp2,d}] d, + o7[ot, «fl
= (o?o7rf; + d;d?a7) - (d,^)2^- + (dtfdjdt)

-{<%<%<% + dJdTd?) + (didjid-jf + oV(o7)2*)
= d?(d?a7+0707) - (a7)2(d,d,-+djd{)

-(0707+d;d;)d? + (did,- + aV4)(a7)2 = o.
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Remarks.
• The condition in the proposition is always satisfied in one dimension, where every
Laplacian can be deformed.

• The zero curvature conditions [a,-7),aj7}-] = [aiTi, iajTj)*] = 0, i ^ j for L do not
imply in general that we can factor L = D2 + E. We need that the zero curvature
holds true also after deformation. This would need for example that the equation

fa[aiTiMiTjY] = 2[[aiTi,b],iajTj)*] = 0
is valid which implies that also a condition for 6 must be satisfied in order to have
an isospectral deformation.

• Operators with unitary at- and constant 6 are stationary points of the first Toda
flow. Especially random Harper operators can not be deformed in this way.

• The necessary conditions

aiOj iTi) = ajai iTj) ,
a j a i = a ^ a j i T i ) , i ^ j

for isospectral deformations have only constant solutions if we require the a, to be
complex valued cocycles and if the maps 71 are ergodic. (To see this, we divide
the first equation by the second one giving aj(Tf)2 = a2 which implies that aj is
constant if X* is ergodic.) We conclude that we need the entries of the Laplacian to
be matrix-valued in order to obtain interesting isospectral deformations.

6 Discrete random partial difference equations
Given a Zd dynamical system (A*, X, p) and a Lagrangian

»(*,ft, • • •,«) = - £ft^^)! + 7 • V(q0) ,

where ot- G R \ {0} and V G C2(t\r) is a real-valued potential and 7 is a real
coupling constant. We define on the space L°°iX,ll) the functional

S(q) = jx Kq(x), qiTxx), g(X2x),..., qfox)) dpix)

on B°°(X,T1). A critical point q of this functional satisfies the discrete random
partial difference equation

- E9i(q(Ti) -2q + q(Tr>)) - 7 . V(q) = SS(q) = 0 .
t = l
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The second variation at a critical point (the Hessian) is the random Laplacian

d
L = 52aiTi + iaiTi)* + b

1=1

with m = -& and 6 = 7. V" - £?=12g{.

It is a nontrivial problem to find nontrivial critical points of the above functional
For large coupling constants 7, it is however quite easy using the anti-integrable
limit idea of Aubry [Aub 92]. Denote with

£ = {a G T1 I V\o) = 0, V"ia) invertible}

the set of non-degenerate critical points of V.

Theorem 6.1 Assume that £ has at least 2 elements. Then there exists 7o G R
such that for coupling constants |<y| > 7o, there exist nontrivial critical points of the
functional S.

Proof. Write 7 = 1/e and take the equivalent functional

In the limit e = 0 every function q G B°°(*,£) is a critical point. The Hessian
at such a point is L = V(q) which is by definition of E invertible. Applying the
implicit function theorem, there exists also a critical point q€ for small |e|. D

We introduced the above functional S in [Kni 1] for the one-dimensional case, where
the problem of finding critical points is equivalent to embed a factor of the dynamical
system in a monotone twist map defined by the generating function /. In the case,
when the dynamical system is the irrational rotation on T1, the functional S is called
the Percival functional. In [Kni 4], we used the functional together with a theorem of
Kneger and the anti-integrable limit of Aubry to show that every ergodic dynamical
system with finite metric entropy can be embedded into a monotone twist map. For
two-dimensional systems d = 2 with ax = -a2 = 1 and V(q) = cos(a) a critical
point satisfies a discrete version of the Sine-Gordon equation.
One can not only establish the existence of critical points but also prove that there
exist uncountably many different critical points. This can be done with the help of
a generalized Morse index at a critical point q which is defined to be the value of
the integrated density of states *(0) = /?„ dkiE') of the Hessian L = 62iS) at the
energy B = 0. This number is lying in the interval [0,1] and measures, how much
of the spectrum of L is below 0. One could say that it measures the "dimension"
of the infinite dimensional unstable manifold, which is passing through the critical
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point. If two critical points have a different index, then they must be essentially
different in the sense that it is then excluded that one critical point is a translation
of the other one.

Proposition 6.2 If there exist two critical points ai,a2 ofV with V"iax) > 0 and
V"ia2) < 0, then there exist uncountably many different critical points of S for \i\
large enough. The Morse index at a critical point near q G L°°iX, £)) is

mi{x G X | V(q(x)) < 0}).

Proof. In the anti-integrable Kmit, the Hessian is an invertible diagonal operator
and the density of states is a Dirac measure located on the set

{V'\a) | 3Yia) C X, m(Yia)) > 0, V* G Y», a = q(x) G £} .
Each point a in this set has the mass miYia)). The integrated density of states
at 0 is given by mi{x G X \ V'iqix)) < 0 }). Because the Hessian in the anti-
integrable limit is invertible, the mass of the spectrum below 0 does not change
under perturbations of the operator or (by the implicit function theorem) under
perturbations of the critical point. This means that the Morse index is constant for
critical points near the anti-integrable limit and it is given by the same formula. D

7 Suris-Bobenko-Pinkall maps
A discretisation of the pendulum equation leads to the Standard map

q = sin(g) ^ g(T) - 2q + g(X-1) = sing .

The integrable ordinary differential equation has then become a map which is in
general not integrable. An analogue discretisation of the sin Gordon equation leads
to a discrete partial difference equation which seems not have been studied so far.

g« - qxx = sing^ g(X) + g(X"x) - q(S) - g(S_1) = 7 • sin(g) .

Such equations above the lattice Z2 instead above an orbit of a Z2 action has been
studied in recent work of Bobenko et al. [Bob 93], who showed that if the nonlin-
earity sin(g) is replaced by 4 • arg(l + 7 • eiq), the equation becomes integrable and
the solutions gnm = g(X1nX2mx) above an orbit of the Z2 action describes a discrete
surface being the analogue of the pseudo sphere. In our case, we have a random
version of such surfaces above a Z2 action. The anti-integrable limit implies the
existence of nontrivial solutions.
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Remark. It has been found out by Bobenko and Pinkall [Bob 93] that the right
discretisation of the pendulum is

g(X0 + g(Xfx) - g(X2) - g(X2)"1 = 2 arg(l + k • &M) + 2arg(l + k • e*™"1)
if one wants also in the discrete case to have an integrable equation. If T2 = Id,
Bobenko et al. [Bob 93] remarked that this equation reduces to an integrable family
of twist maps

faP) »-* (q + P + 7 • 4 • arg(l + k • eiq),p + 7*4- arg(l + k • e*'9) .
Already Suris [Sur 89] has found a family of integrable twist maps among other
families. We call the above family Suris-Bobenko-Pinkall-maps.

8 Zero curvature and the density of states
We consider in this section Laplacians in £Su = {L G £ | at- G L°°iX, SUiN)), 6 =
0}. Call

G = {G G £ | G0 G L°°iX,SUiN)), Gn = 0, n # 0}
the group of SUiN) gauge fields. For G G G, the map

L » GLG'1
on £su is called a gawge transformation. The ajTt- are transformed as

a{Ti i-> Ga,G(7;)-1ri.
Gauge transformations leave the set of zero-curvature Laplacians invariant. Also
the density of states is invariant under such transformations so that gauge trans
formations are isospectral deformations. We will just see that the density of states
decides also, if the operator has zero curvature or not. In the special case of a Harper
Hamiltonian d = 2, JV = 1 with constant curvature, the density of states determines
the curvature and so the normalized magnetic flux:

Proposition 8.1 a) The operator L G £su has zero curvature if and only if

tr(B4) = / B4 dkiE) = NP4id),Jr
where Bi(d) is the number of closed paths of length 4 starting at 0 G Zd.
b) For a Harper operator L = aiTi + a2r2 + (aiTi)* + ia2r2)* with JV = 1 satisfying

aMTx)axiT2)-W = e2™,
the density of states determines the normalized magnetic flux 2ma:

tr(B4) = / B4 dkiE) = 16 + 8cos(27na) .J r

c) Harper Hamiltonians with different cos(27ra) are not isospectral.
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Proof.
a) If we know the density of states, we can calculate

tiiLn) = J En dkiE),

The operator has zero curvature if and only if a,-aj(7;)(aj(7j)) 1(aJ) x = 1 and this
is the case if and only if

Tr(aiaj(Ti)(ai(Tj))-1(aj)-1) = N
for all i,j. Because the trace of an element a in SUiN) is always < JV with equality
in the case of zero curvature, this is equivalent to

tr(I4) = NP4(d),

where P4(d) is the number of closed paths of length 4 in Zd starting at one point.
b) B4 contains 4 curvature terms like aia^XiXa^Xjj)"1)*^1)* for each positively
oriented plaquette at x G X and 4 curvature terms like aia2(XiXf 1)*ai(X2"1)*a2(X2"1)
for each negatively oriented plaquette. There are additionally 16 constant summands
1 belonging to closed paths of length 4 which are not passing around a plaquette.
c) As a corollary of b), we obtain that Harper Laplacians with different cos(27ra)
are not isospectral because isospectral Laplacians have the same tr(B4). D

The functional
^au,e(B) = g.(tr(B4)-JVP4(d))

on £su is the lattice action of pure lattice SUiN) gauge field on a d dimensional
infinite lattice. For finite X, the lattice is periodic and the functional is a finite sum.
In general it is an averaged sum.
If we don't assume a to be constant for the Harper Hamiltonian, we can make the
following remark about the relation between the curvature and the density of states.

Proposition 8.2 Given L G £su- The curvature F = axa2iTx)axiT2)ma2 deter
mines the density of states dk. On the other hand, the density of states dk does not
determine the curvature F.

Proof. If F is known, we can calculate tr(Z/n) for each n G N because tr(Bn) contains
summands labeled by paths of length n and each path summand is the product of
all the curvatures belonging to the plaquettes which are surrounded by this path.
We can determine therefore also tr(log(B - B)) for Im(B) > 0 and so the integrated
density of states

k(E) = Im(tr(log(B - E))), B G R
which determines the density of states dk = ^A;(B)dB. The curvature function
F G L°°iX) and a translated function F(Xn) belong both to the same density of
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states. It is thus in general not possible to determine dk from F. D

ftcan be seen in the same way that also for higher dimensional Laplacians L =
E,slatrf + iaiTiy with a,- G L00 X, SB(JV)), the curvature F = £..f..r.r. deter
m i n e s t h e d e n s i t y o f s t a t e s . ^ y * ' e t e r "

9 Some questions
We formulate some open points.

0™ 2! SUffident C°nditi°" iD the The0rem 51 ^ nec^ary? In other words, canone factonze an operator if an isospectral deformation is possible?

• Assume we have two unitarily equivalent Jacobi operators £, = U'L2U and as
sume we can deform L2(t) in an isospectral way with a Toda flow. Is then also
V Li(t)U an isospectral deformation of Jacobi operators?

• Is the property of factorization a spectral property in the sense that the density
of states decides whether there exists D with 4>(D2) + E = L? (We know that for
special Jacob, operators L = «r+(«r)*+6 with a e SU(N,C), the density of states
decides whether the curvature (o,n, o^J is zero or not.)
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Abstract
We consider differential equations in L°°iX) of the form

u = FiuiT~1),u,uiT))

where X is an automorphism of the probabifity space (X,m). Such systems
form a thermodynamic limit of cycKc systems of ordinary differential equa
tions.

We define random generaKzations of dynamical systems of the form

u(y) = / F(w(x) - uiy)) dmix)

which describe infinite particle motion with pairwise interaction.

The motion of random point vortex distributions can sometimes be described
by a motion of random Jacobi operators.

1 Introduction
The description of infinite particle motion is a branch of non-equilibrium statistical
mechanics. The problem of existence and uniqueness of the infinite particle motion
is not easy. We refer to [Lan 75] for more information and references. But already for
finitely many particles, there are outstanding problems. In the Newtonian JV-body
problem for example, it is still not known whether the set of initial configurations
(in the 6JV dimensional phase) having global solutions, has full Lebesgue measure
(see problem 1A in [Sim 84]).

A general problem is to find and investigate solutions of infinitely many particles
located at places gf G Rd which move according to

where F is the inter-particle force. In order to prevent blow up in finite time, one
is either forced to restrict the set of initial phase points and prove existence and
uniqueness for initial conditions in the restricted phase space or to find a Gibbs
state which assigns probability one to a set of initial phase points with good reg
ularity properties. A prototype of such a result with restricted phase space in one
dimension is a theorem of Lanford [Lan 68] which states that if F is Lipschitz con
tinuous, there is a subset of the phase space, where the system has a unique global
solution. An initial point (g, p) in the allowed set satisfies bounds on the momentum
Pi = qi and bounds on the mean density of particles in any interval.
If one wants a thermodynamic limit of the above problem in which the particles are
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assumed to be in a finite region of Rd (which implies that infinitely many particles in
any bounded region) one is forced to rescale the force when going with the number
of particles to infinity. This can be done as follows:

Let F : Rd ■-* Rd be smooth and having compact support. The differential equation

q(*) = jxFiqix)-qiy))dmiy)
in the Banach space B°°(A", Rd) defines then the evolution of a density field q. This
differential equation describes in some sense an infinite particle system: let iX, X, m)
be an abstract ergodic dynamical system: X : X -> X. Using BirkhofTs ergodic
theorem, the above differential equation can also be written for almost all x G X as

I n + N

where qn = g(Xn:r). (The inclusion of the self interaction F(gn - qn) is not relevant
in the thermodynamic limit.) The finite particle approximation is then

I n + N

which is (after a rescaling of time) equivalent to the original problem. In contrary to
the original problem, the evolution of the infinite particle system is in the thermo
dynamic limit also guaranteed in the case when all particles are at the same position
which corresponds to a constant q.

In one dimensions, there are also interesting systems of particles which are situated
in a chain. In this case, not all the particles are interacting but only particles which
are neighbors. The systems look in general as

qn = Fiqn_i,qn,qn+i).
An example is a chain of harmonic oscillators qn = qn+i - 2g„ -f gn_i or the Toda
system qn = e9n+,~9a - e9-"9—1. Again we can consider a thermodynamic limit of
such systems which is defined by an abstract dynamical system. We consider flows
on the Banach space A = L°°iX) defined by a differential equation

«(i) = FWr1i),«w,u(rw)),
where F : R3 -» R is a smooth function. We call such a system a random limit of
ordinary differential equations. In the special case when X is finite, such a system is
a cyclic system of ordinary differential equations. We will call this shortly the finite
cyclic case.
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2 Examples
We consider first some examples of random limits of cyclic systems of differential
equations over an underlying dynamical system (X,X, m). In order to simplify the
notation we write u, w(X), u(T~l) instead of «(x), u(Xx), u(X~l:r). Examples of such
random limits are.

• The discrete wave equation
We call the system

u = u(T) - 2u + uiT-1) =: A(ti)
the random discrete wave equation. This system has not yet the form of a random
system but if we assume that ii is an additive coboundary u = v(T) - v then one
can write

i i = viT)-v,
v = u-uiT'1).

Necessary for this is for example that / ii dm = 0 . We make an integral extension
(Y, S, n) of iX, X, m) by taking two copies Xu X2 of X with union Y = Xx U X2 and
defining S : Xx -* X2,x h* a: and X : X2 -> Xi,a; »-> Xx. If we define for x G X
w(x) = w(x) and w(S,~1a;) = u(x), then the above two equations can be written as
one equation

w = wiS) - wiS~l).
This is a random system above the dynamical system (X, 5, n) in the sense of the
introduction. The system is linear and there exists an explicit formula for w(t):

wit,x) = (e"' - Ou/(0,s) = £ ^MSnz) " «>($-"*)) ,

where aw(x) = uiSx).

• The random Toda lattice
We system

a = a(6(X)-6),
6 = 2a2-2a2(X"1),

or
q = e9(T)-9 - e9"9^"^

is integrable and we know that the Titchmarsh-Weyl functions evolve according to
the random Kac-Moerbeke system

c = c(c(T)-c(T-1))
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which has for c —▶ 1 as a limit the discrete wave equation.

t Random Sine-Gordon system
The system

qix) = qiTx) - 2g(a?) + qiT~lx) + 7 • sin(g(a;))
has some interesting limits. The case when q is time-independent corresponds to
a stationary solution called the Standard map. In the case when q is constant in
space we have the mathematical pendulum. In the case when 7 = 0 we have the
random wave equation. On a fixed orbit Tnx, the system describes an infinite chain
of pendulums which have a harmonic coupling. An obvious question is whether the
system is integrable.

• Discrete wave, heat and Schrodinger equation with Riemannian metric
There is the following generalization of the wave equation: take a random Jacobi
operator L = aa + iaa)* + 6 with a, 6 G L°°iX) and consider the random wave
equation q = Lq or the random heat equation q = Lq or the Schrodinger equation
ihq = Lq. All these equations are linear with respect to q and they can be solved
in principle. Non-trivial is the study of the long-time behavior. We look now more
closely at the random wave equation

u = Lu

when there is a factorization L = D2 with a Jacobi operator D over an integral
extension (X, 5, n) which satisfies S2 = X. Such a factorization can always be done,
if L is positive definite. We have then also a factorization of the d'Alembert operator

d2-L = idt-D)idt + D)
and a solution of u = Lu can be written as a linear combination of solutions of the
heat equations

ut = Du, ut = — Du .
There is a connection between the solution of the heat rsp. Schrodinger equation
and the random Toda lattice. The solution of the heat equation u = Lu can be
written as w(t) = eLi • w(0) and the solution exists for all complex t in contrary
to the differential operator case, where only a semi-flow exists. We can find a QR
decomposition

eLt = QR = R*Q*,
where Q*Q = Id and R is upper trigonal. It follows from an observation of Symes,
that one gets

eLt = Qit)Rit)
where Q(t) is obtained from the solution L(t) of the random Toda equation

L = [L+-L~,L]
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which can be written as L(t) = Q"(t)£(0)Q(t). If L(r)w(t) = Euit) then u(r) =
Q*(t)w(0) and so eLt = #(t)w(t).

• Gradient flows for twist maps
Given a monotone twist map with generating function h. Embedding a dynamical
system iX, T,m) as a factor in the twist map is equivalent to find critical points of
a functional

q ~ C(q) = Jx hiqix), g(X(a?)) dmix).
A critical point q satisfies the Euler equations

SC(q) = fc,(«,«(T)) + hMT-'U) = 0 .
The second variation is a Jacobi operator. Critical points of the gradient flow

q = SC(q)
correspond to solutions of the Euler equations. Interesting are invariant sets of this
gradient flows and their relation with the twist maps.

• Orszag-McLaughlin flow
The Orszag-McLaughlin flow [Str 89] has the following generalization as a random
flow. Given three real constants a, 6, c which satisfy a + 6 + c = 0. Look at

u = a • uiT)uiT2) + 6 • w(X"1)w(X-2) + c • u(T)u(T-x) .
If A" is a finite set, this is a differential equation and the system has measured pos
itive metric entropy, (see [Str 89]). Because fx u2 dm is a constant of motion, it
lives in the finite dimensional case \X\ < oo on a sphere and the Lebesgue measure
on these spheres is invariant. In general, the balls in L2iX) are invariant by the flow.

• Arnold-Beltrami-Childress flow (see [Str 89])
Given aGL°°, the flow

ii = a(X) • sim>(X)) + a(X_1) • cos(w(X"1))
is called Arnold-Beltrami-Childress flow. Because u(x) can be taken modulo 2ir,
this is a differential equation in the space L°°(X, T1) of circle-valued cocycles. When
X is finite, the system is defined on a finite dimensional torus and is leaving invari
ant the Lebesgue measure. The metric entropy is also measured to be positive.

• The discrete Burger equation
See [Sha 90]. The discrete analogue of the Burgers equation vt = vxx 4- 2vvx is

P t = p i p i T ) - p ) . ( 1 )
It looks similar to the Kac-van Moerbeke system. Because the integrable linear
system qt = g(T) goes with the substitution p = g(X)/g over into Equation (1), the
later system is also integrable.
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3 Other random systems
We want to exploit now another random generalizations of classical integrable dy
namical systems. The aim is to describe a limit of particle motion with pair in
teraction when the number of particles goes to infinity. The potential has to be
normalized suitably in the limit in order that a energy stays finite. In the special
case of a finite probability space, we want to get the classical systems back. The
differential equation in the finite case will go over into a differential equation on a
Banach space. One can also look at the infinite particle system as the motion of a
field or a density of particles.

Consider a classical dynamical system consisting of JV particles with coordinates
qn G Rd which are interacting by a potential U{r). Call pn = qn the momentum.
With the Hamiltonian

we get the Hamilton equations

¥i
We rewrite these equations a little bit: define the probability space X = Zn with
the Haar measure and a cyclic transformation X : x -> x + 1 (mod JV). Look now
at the motion of two bounded functions q,p : X —> R

9 = ^P=~NtF(\q-q(r)\),
iV t=0

where F = V(C7) : R -* Rd is a smooth function with compact support. This
motivates to define also for an aperiodic abstract dynamical system {x,T,m) a
differential equation for q,pG L°°iX,Rd) by

^ " ^ i t ^ i l / ^ - ' ^ '
By BirkhofTs ergodic theorem, this equation can be rewritten as

q(x) = JxFiqix)-qiy))dmiy)Jx

and the Hamiltonian becomes the functional
\2H{q'p) = Jx ̂" + Ux U{q{x) " q{y)) dm{y)) dm{a
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on L°°iX,Rd)2. Using the functional derivative, the Hamilton equations are

dH
q = ^ = P '

P = —-r^ = -jxVUiqix)-qiy))dmiy).

If we understand the integrals as f{x^yy which doesn't change anything in the ape
riodic case, we get back the old ordinary differential equations for finite X. We
interpret g(x),p(x) as a position and momentum density field of particles. The
Hamiltonian is an invariant of the given dynamical system. The self-interaction of
each particle with itself (this is excluded in the finite case by taking the integral
only over disjoint points) disappears in the aperiodic case. We have only to take
care that

q ~ F(q)(x) = jx VU(q(x) - q(y)) dm(y) 6 L~(X)
is Lipschitz continuous in order to get local existence of the flow. A natural problem
is to find potentials U for which the flow exists for all times. The function space for
/ is another free parameter of this set-up.

We give now a situation, where we can prove that the flow exists locally at least:

Proposition 3.1 Assume F : L°°iX,Rd) •->• L°°iX,Rd) is differentiable, then the
flow in L°°iX,Rd) defined by

q{x) = Jx Fiqix) - qiy)) dmiy)

exists locally.

Proof. The map

q 6 L~(X) ~ f(q)(x) = Jx F(q(x) - q(y)) dm(y) e L~(X)

is Frechet differentiable. (The derivative is

DfiqHx) = JF'iqix) - g(y))(«(x) - %)) dmiy) ,

where x h-> F'ix) is a d x d-matrix valued function. Cauchy's existence theorem (see
[ D i e 6 8 ] ) i m p l i e s t h e n t h a t t h e f l o w e x i s t s l o c a l l y. □

Examples:
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• Harmonic oscillator
For Uiq) = \ < q,q>, we get F(q) = q and

*(*) = Jx Fiqix)-qiy)) dmix) = Jx-iqix)-qiy)) dmiy)
= -$(*) + / ?(y) <*m(2/)

•/A
can easily been integrated because the center of mass 1(g) = fx g(y) dmiy) is an
integral.

• Exponential potential
Take F(g) = -e9. This gives

q{x) = J-<&*>-«*) dm(y).
We believe that this flow is existing for all times.

The following examples are formal because we are dealing with singular potentials
which lead to the problem that we have to choose the right function spaces and to
show the existence of the flows.

• The Calogero system
We are in one dimension. Take Uir) = r~2. We get the differential equation

q(x) = Jxiqix)-qiy)r3dmiy).
We assume that q is chosen in such a way that the right hand side is in L°°iX). Is
this condition preserved by the flow? It is not clear if the system can also be writ
ten as a Lax pair L = [B, L] in infinite dimensions like in the finite dimensional case.

t The Sutherland system
If we identify particles which have coordinate difference 2ir, the particles are located
on a circle. One is lead to the potential Uir) = sin"2(x) and has the differential
equation

q(x) = fx cot(q{x) - qiy))sm~2iqix) - g(t/)) dmiy),
where qGL^iX,!1).

• Vortex motion in the plane
For Uir) = log(r), we get infinite vortex motion. We discuss this separately.

4 Random Vortices
We want to describe here a possibility to treat the motion of infinitely many vortices
in the plane. The idea is to treat the vortex distribution as a spectral distribution

270



of a random Jacobi operator and to find the differential equation for the operator
which defines then a motion of the spectrum. This motion of the spectrum is a
thermodynamic limit of infinitely many vortices each having infinitesimal vorticity.
For information on vortex motion in two dimension we refer to Aref 's review article
[Are 83].

Given a dynamical system (X,X,m) which is given by an automorphism X of the
probability space (X, m). To a normal operator L in the crossed product X of
L°°iX) with the dynamical system is attached a measure dk, the density of states
defined by the requirement

tT(f(L)) = Jxf(x)dm(x)

for every continuous function / on C and where tr is the trace in A\ If I =
ar + a(X""1)r" + 6 is a random Jacobi operator with |a(x)| > 6 > 0 for all x G X,
the energy

HiL) = j j log\E - E'\dkiE') dkiE)
is finite. The Thouless formula allows to write the energy using the Floquet exponent

wx(£) = -tr(log(L-£))
which has as the real part the negative of the Lyapunov exponent.

H(L) = / J log\E - E'\ dkiE') dkiE)
= J log \a\ dm+f XiE') dk(ff)

= J -wiE*) dkiE1) = tv(wL(L)).

Heuristically we look first at the following finite-dimensional situation. If dk is a
finite sum of Dirac measures, which is the case when L is a matrix, then the energy
HiL) would be -co. But if we take out the "self interaction terms" we would have

HiL) = N-xj: iog\Ei-Ej\,
»¥i

where for 1 < i < JV the complex numbers £,- are the eigenvalues of L. This is
exactly the energy of JV vortices with constant vorticity JV"1 located at E{. The
motion of such vortices is given by the differential equations

d t 2 i r i N f £ k E k - E j

which is a Hamiltonian system for the variables gf = Re(jB,) and pi = Im(jEj). It
can be written as a differential equation for the matrix

^ - 1 = ^ ^ ( 2 )d t 2 i r i d L K '
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being a Hamiltonian system for q = Re(L) and p = Im(L)

O H . d fig = ̂ 'p = ~a7
with H = £:H.

We consider now a general random Jacobi operator L which is moving according to
the differential equation (2). We have now no longer to care about the self interaction
problem which was urgent in the finite case, but there is another problem, namely
that the energy is not necessarily Frechet differentiable. Because h\l) = tr(wi(L)),
we have the formula

- ^ r - 2 w L i L ) .
So, we need only to know that the Floquet exponent wiE) is twice differentiable
and remains differentiable in order to assure the existence of the flow.

The following Mathematica program makes a film from the evolution of arbitrarily
many vortices.

RKStep[f_List, y_List,yO_List, dt.]:=Block[{kl,k2,k3,k4 },
kl=dt N[ f /. Thread[y -> yO] ];k2=dt N[ f /. Thread[y -> yO+ki/2]];
k3=dt N[ f /. Threadfy -> y0+k2/2]] ;k4=dt N[ f /. Thread[y -> y0+k3 ]];
y0+(kl+2*k2+2*k3+k4)/6];

RKLastPoint [ f .L ist ,y_List ,yO_List , { t l_, dt . } ] :=Block[{yy},
yy=yO;Do[yy=RKStep[f ,y,yy,N[dt]] ,{i, 1,Round[N[tl/dt]]}] ;yy ]

Variab[nJ :=Table[z[ i ] ,{ i ,n}] ;
D i f feq [nJ :=Tab le [N[ l / (2 P i I ) ] *

Sum[(z[ i ] -z [Mod[ j - l ,n ]+ l ] ) / (Abs[z[ i ] -z [Mod[ j - l ,n ]+ l ] ] -2+0.0001) ,
{ j , i + l , i + n - l } ] , { i , n } ] ;

VortexFlowCccO.,tl.,dt_] :=Block[{l=Length[ccO]},
cc=Variab[l] ;hh=Diffeq[l] ; RKLastPointChh^cccO.ftl^t}] ] ;

In i t [nJ :=B lock [ {s=2*P i /n } , N [Tab le [Exp[ I *s* j j ] , { j j ,n } ] ] ] ;
Pict[zJ :=ListPlot[Table[{Re[z[[kk]]] , Im[z[[kk]]]},{kk,Length[z]}] ,

PlotRange->{{-3,3}, {-3,3}}, DisplayFunction->Identity, Axes->False] ;
Film[NumbPart_,NumbPict_ Jimelnt.] :=Block[{c=Init [NumbPart] ,Movie={}},

Do [Movie=Append [Movie, Pict [c] ] ;
c=VortexFlow[c ,TimeInt ,0.01],{m,NumbPict}] ; Movie] ;

Display["Ipsfix -land -stretch > vortex.ps",
Show [GraphicsArray [Partition [Film [31,16,1.5], 4] ] ,
DisplayFunct ion->$DisplayFunct ion, Frame->True,
PlotLabel->FontForm["A vortex flow with 31 particles",{"Helvetica",12}]]]

I
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The program produced the following film of vortex motion:

5 Questions
We add some questions.
t We would like to understand better what happens with a cyclic dynamical system
in the limit when passing from the finite case to a general random limit determined
by an ergodic dynamical system iX,T,m). Can one hope to understand the finite
case better through the infinite system or are there new features in the infinite case?
Especially we would like to know what happens in the limit if the finite cyclic case
is integrable or if the global existence of the flow in the finite cyclic case implies
the same in the infinite dimensional case. Is there a relation between the structure
of the periodic orbits in the finite case and the random infinite dimensional case?
How does non-integrability, positive topological or metric entropy in the finite case
manifest itself in the infinite case?

t Can one extract from the evolution of the random system some information about
the dynamical system (X, X, m) ? Can new invariants for (X, X, m) be found through
the study of the random differential equation?

• For which potentials U G Q°(R,R) does there exist a function space and a man
ifold in this space such that the flow qix) = fx Vt/(|g(x) — qiy)\) dmiy) exists for
all times on this manifold? For which potentials is the flow integrable?
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• We have not yet an example, where the flow of random Jacobi operators describes
by its spectrum the the motion of a vortex distribution. We need a linear space of
Jacobi operators for which the density of states is smooth. What further conditions
have to be satisfied in order that the flow exists for all times?
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Abstract
Embedding an abstract dynamical system in a monotone twist map Sv : T2 —▶
T2

fop) >-> (g+p + 7 • ̂ '(g),p + 7 • v'fa))
is a variational problem.

Let E be the set non-degenerate critical points of V G C2(T,R). Using the
anti-integrable limit of Aubry and Abramovici [Aub 92a], [Aub 90b], we show
that there exists a constant 70 > 0 such that every ergodic abstract dynamical
system iX,T,m) with metric entropy hmiT) < log(|£|) and I7I > 70 can be
embedded in the twist map 57. For such 7, the topological entropy of S7 is
at least log(|E|).

Using a generalized Morse index, the integrated density of states of the Hessian
at a critical point, we prove the existence of uncountably many different em-
beddings of an aperiodic dynamical system iX,T,m) if hmiT) < log(|E| - 1)
and |7| > 70.

1 Introduction
An abstract dynamical system (X, X, m) is embedded in a topological dynamical
system (y, S), if there exists an 5-invariant probability measure p on Y, such that
iX, X, m) and (Y, S, p) are isomorphic as abstract dynamical systems. Interesting
topological dynamical systems are monotone twist maps which are discrete Hamil
tonian systems.
A general question is to decide whether a given abstract dynamical system iX, X, m),
an automorphism X of a standard probability space (X, m), can be embedded in a
given monotone twist map like the generalized Standard map

c ■( * \ „ ( 4 \ - ( < 1 + P + 1 - V ' ( q ) \
7 ' W U / V J » + 7 - V ( « ) ) '

with V G C2(T!,R) and real parameter 7 G R. Such a twist map (y,57) is a
diffeomorphism on the two dimensional cylinder Y — T x R leaving invariant the
Lebesgue measure. Because S7(g,p + 1) = î p' +1), the map 57 acts also on the
torus T2. For each abstract dynamical system (X,X,m), the embedding question is
a variational problem for a Percival functional

q~£iq) = Jxliqix),qiTx))dmix)

on the Banach manifold L°°iX, T1), where

% « ' ) = - ^ ^ - 7 - V ( o )
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is the generating function. Given a critical point g satisfying the Euler equations

6£(q) = g(X) - 2g + g(X"J) - 7 • V(q) = 0 ,

a factor of the dynamical system is embedded in the twist map. The homomorphism
between iX, X, m) and the embedded system (y, S, p) is given by the map

<t>: X -> T X R,
x -> iqix),pix)) = (g(s), g(Xrr) - q[x) - 7 ■ V'fafr)) •

The measure p is defined by piZ) = m(0_1(Z)). If g is not constant, then the
factor is non trivial. If <j> is injective on a subset of X with full measure, the system
(X,X,m) itself is embedded. The Frechet derivative of the operator

6£ : L~(X) -> L~(X), g ~ g(X) - 2g + g(X"1) - 7 • Vfa)

is a linear Jacobi operator on L°°{X) given by

Lu = ti(T) - 2u + u(X"x) - 7 • V*(g)« .

If this operator is invertible, then the embedded system is structurally stable in the
sense that a small change in the generating function doesn't destroy the embedding.

Examples of known embeddings are :

• For every S-invariant probability measure m on the cylinder T x R, one has an
abstract dynamical system (X,X,m) = (supp(m),5,m), where X is the restriction
of 5 to X. There exists the critical point qix) = 7Ti(x) of £, where tti is the projec
tion on the first coordinate on the cylinder T x R.

• Well studied is the question of embedding a finite ergodic dynamical system be
cause this is equivalent to finding periodic orbits. For the existence of periodic
orbits in twist maps see for example [Bro 75], [Kat 82], [Hal 88], [Ang 88].

• Also the embedding of irrational rotations of the circle is well investigated.
Smooth functions q correspond to KAM tori (see [Mos 73], [Cel 88], [Her 83a],
[Sal 89] and references therein), discontinuous critical points q belong to invariant
Cantor sets like Aubry-Mather sets (also nicknamed Cantor-Aubry-Mather (CAM)
sets). There exist several proofs of their existence [Mat 82], [Kat 82], [Den 76],
[Mos 87], [Gol 92]; see also [Ban 88], [Mos 86].

• Bernoulli shifts can be embedded, if the topological entropy is positive [Kat 80] or
if there exists a homoclinic point of the twist map. See [Fon 90] for existence results
or [Zeh 73],[Gen 90] for genericity results. Angenent [Ang 92], [Ang 90] shows in
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some cases that the topological entropy is positive.

The above mentioned results are in general difficult to prove. A simple approach to
the embedding problem (which doesn't cover most of the above mentioned results)
is due to Aubry and Abramovici [Aub 92a],[Aub 90b], who introduced the so called
anti-integrable limit loiq,^) = V\q) of the variational problem. The idea works if
there is a nonempty set £ of non degenerate critical points. Every g G L°°iX, S) is
a critical point of £0. The anti-integrable limit doesn't correspond to a twist map
any more. The variational problem, however, still makes sense. Under the condition
that there are finitely many non degenerate critical points of V, a critical point of £
has an invertible Hessian and the implicit function theorem allows the continuation
of the critical points to situations which correspond to twist maps. It follows that
each abstract dynamical system has a nontrivial factor embedded in a twist map.
In contrary to [Aub 90b], [Mac 92], we don't prove the existence of embedded orbits
but the existence of embedded abstract dynamical systems. The main result is that
we can embed every ergodic abstract dynamical system of finite entropy in a mono
tone twist map. More precisely, every ergodic dynamical system of metric entropy
< log(|E|) can be embedded in the twist map 57 if |7| is large enough. This implies
immediately, that the topological entropy of the map 57 is > log(|S|). As an ex
ample, we know then, that the topological entropy of the Standard map is > log(2)
provided |7| is large enough. The proof of the embedding result Theorem 4.1 uses
Krieger's theorem, which states that a system with finite entropy has a finite parti
tion as a generator.
In Section 5 we will also assign to each embedding an index which is just the in
tegrated density of states (at the energy E = 0) of the Hessian L = £2£(g) at the
critical point g. This index is a generalized Morse index, because in the case of a
finite dynamical system with N points, the integrated density of states k = fc(0) of
L is related with the Morse index K, the dimension of the stable manifold of the
critical point, by the relation k = K/N. Because two critical points with different
index belong to different embeddings, this leads in general to uncountably many
different embeddings of the same dynamical system namely to an embedding for
each Morse index in an interval.

2 Monotone twist maps
Given a function / G C2(R2). We write /,- for the derivative to the i'th variable in I.
Assume I satisfies the following twist and periodicity conditions

Iniqd) > <$>0,
tM) = liq + 2n,q' + 2ir)

for all iq,c[) G R2. (The second condition is sometimes also called "no-flux condi
tion"). With pfog7) = hiq^), p'fog7) = -kfotf')* the real variable g7 and thus
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also p* can be expressed as a function of q and p. The mapping 5:TxR-» T x R

S : (q,p) ~ (</,?')

is a monotone twist map with a generating function I. The Lebesgue measure v is
invariant on the cylinder T x R, where T = R/(2ttZ).
Take any abstract ergodic dynamical system (X,X,m), where X is a measure pre
serving invertible map on the Lebesgue space (X, m). A critical point q : X —▶ T1
of the Percival functional (see [Per 80], [Mat 82], [Laz 84])

£iq) = Jxliq,qiT))dm
on the Banach manifold L°°iX, T) exists, if and only if

6C(q) = l1(q,q(T))+l2(q(T-l),q)=0.

This Euler equation can be written with

p(x) = h(q(x),q(Tx))
p'(x) = -l2(q(x),q(Tx))

as
P = p\T-1).

A factor (X,X,m) of a dynamical system (X,X,m) is a homomorphic image of
(X,X,m). In other words, there exists a measurable not necessarily invertible map
<j>: X —▶ X with <j>T = X<£. Every dynamical system has the factor (X, X, m) and
the trivial factor \X\ = 1. Factors different from \X\ = 1 are called nontrivial.
A dynamical system (X, X, m) is embedded in a topological dynamical system (y, 5),

if there exists a 5-invariant Borel probability measure p on y, such that (5,X,m)
and (y, S, p) are isomorphic as abstract dynamical systems.

Lemma 2.1 If there exists q G L°°(-X',T1) satisfying

6C(q) = »,(«,«(r)) +h{q(T-1),q) = 0 ,

tfien a factor of the given dynamical system can be embedded in the twist map. If q
is not constant, this factor is nontrivial.

Proof. Let (AT, X, m) be an abstract dynamical system and let q be a critical point
of the functional £ which belongs to the monotone twist map (T x R, S). Define the
map

< t > : X - » T X R ,
x * iqix)Mq{x),qiTx))) .
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As g is a critical point, we get, using the Euler equation -^(X"1), g) = ^(g, g(X)),

S<j>ix) = Siqix),pix)) = Mix),^)) = (g(Xrr), -f2(g(:r), g(Xrr)))
= (q(Tx)MqiTx),qiT2x))) = (g(Xs),p(X:r)) = #X*)

or shortly S<j> = <#T. The image Y of <£ is a measurable set and the dynamics of 5 in
duced on y is a factor of X if we take the S-invariant measure piZ) = m(^~1(Z)) on
y. If q is not constant, then <j> is not constant and the factor (Y, S, p) is nontrivial. □

Given a critical point q of the Percival functional £, the second variation (the Hes
sian) of £ is a bounded operator on L°°iX) given by

Liq) = 62£iq) = aT + iar)* + b,
with the multiplication operators a, 6 G I00 (AT) given by

*(*) = h2iqix),qiTx)) ,
Kx) = /n(gW,g(Xa;)) + /22(g(X-1x),g(rr)),

where r, r* are the shifts r(/) = /(X) and r*(/) = /(X"1). The operator acts also
in the same way as a bounded selfadjoint operator on the Hilbert space L\X).

3 The existence of critical points for the Percival
functional

What abstract dynamical systems (X,X,m) can be embedded in a given monotone
twist map? This question is equivalent to the problem of finding a critical point q
of the Percival functional £ on L°°iX, T1), so that </>: x »-> (g(z), /i(g(x), g(Tz))) is
injective on a set of full measure in X.

Assume, the generating function / has the form

l , M ) = - ( l ^ - l - V ( q ) ,

where V G C2(T, R) has a non empty set S of non degenerate critical points. It
defines the twist map

\PJ W)~\ P + 1-V'(q) )
which we call generalized Standard map. For 7 = 0, the map is integrable. Denote
by £7 the Percival functional belonging to the generating function Z7.
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Proposition 3.1 Given any abstract dynamical system (X, X, m). For \j\ big enough,
there exists a nontrivial factor ofiX, X, m) embedded as a subsystem in the twist map
generated by /7.

Proof. Following [Aub 90b], we take for c := ^ the equivalent generating function

hM) = .eAizJl.v(q)
with corresponding functional £€ and Hessian

L€ = €-ir-2 + T*)-V"iq€)

at a critical point g€ and prove the claim for e small enough.
The case e = 0 is called the anti-integrable limit. It does not generate a twist map
any more but the variational problem for the Percival functional £(g) still makes
sense.
Any function g G L0O(A',S) C L^iX,!1) is a critical point of £q. The second
variation Lq at such a critical point g0 is the multiplication operator

I* = -V"(qo) ■
Applying the implicit function theorem, we know that for e small enough, there still
exists a critical point q€ of £€. If g0 was a non-constant critical point, then for e
small enough, also g€ is not constant and gives a nontrivial critical point. Applying
Lemma 2.1 leads to an embedding of a nontrivial factor of (AT, X, m). □

We obtain immediately from Proposition 3.1

• Embeddings of Bernoulli shifts, because a nontrivial factor of a Bernoulli shift is
a Bernoulli shift [Orn 70]).

• Mixing systems, because a nontrivial factor of a mixing system is mixing ([Cor 82]
p 231).

• Periodic orbits with prime period P, because a cyclic permutation (X, X, m) of
\X\ = P elements has no nontrivial factor except the system itself. One obtains at
least

mp-myp
(G N by Fermat) different periodic orbits of period P, because there are |E|P - |S|
different non constant functions in L°°(X, S) and P of them belong to the same orbit.

• Irrational rotations, because every factor of the dynamical system (T,x h-» x +
a, dx) has the form (T, x h-> x + n • a,dx) for some n G N. The reason is that
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every group translation has discrete spectrum and the spectrum of a factor is then
a subgroup of the spectrum. The fact that a system with discrete spectrum can
be reconstructed uniquely by the spectrum, leads to all the factors of the irrational
rotation.

(Compare also the results in [Mac 92], where it is shown, how Cantori can be em
bedded in the more general case of symplectic twist maps.)

Remark. The anti-integrable limit in discrete Hamiltonian systems like twist maps
can also be defined in the continuous analogue where the Lagrangian is

Lb x(t)2

For example, the continuous analogue of the Standard map is the pendulum with
Vix) = sin(rr). The anti-integrable limit is defined to be the case, when the mass
m vanishes. In such a case, there are critical points :r(t) = a, where a is a critical
point of the potential V. We see that because time is continuous, there are only
constant critical points in the anti- integrable limit and these points keep on being
non-interesting also for positive mass. In the discrete case the discreteness of time
allows to jump in a time step from a critical point ax of the potential V to another
critical point a2 of V. These critical points of the functional persist, when the mass
is switched on and give interesting nontrivial solutions of the system.

4 Ergodic dynamical systems with finite entropy
can be embedded in a monotone twist map

We will show now that every ergodic dynamical system (X, X, m) with finite metric
entropy can be embedded in a monotone twist map S on T2. There is some ob
struction in that the metric entropy nm(X) of X can't be bigger than the topological
entropy n(S) of S because of the variational principle [Wal 82]

hiS) = sup nM(5),
fi€Ms

where Ms is the set of 5-invariant probability measures on T2. It turns out that a
restriction in the entropy is the only one:

Theorem 4.1 Given an abstract ergodic dynamical system (X,X,m) with metric
entropy nm(X) < oo. Denote by S the set of nondegenerate critical points of V G
C2(T). //

|E| > eMT>,
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there exists 7o > 0 such that for any \j\ > 70, the system (X,X,m) can 6e 6e
embedded in the twist map 57 : T2 -+ T2

\ p ) \ P ' ) ~ \ p + 7 - V ( « ) ) '
Furthermore, there exists 71 > 0 such that for 7 > 71, the metric entropy of 57 is
bounded below by log(|E|).

Proof. We first deal with the periodic case \X\ < 00.

If X = {xo,xi,...,xn-i} is finite and Txt = x,+i(mod jv), we choose a sequence
(00, o~i 1 • • • > &n-i) with a,- G £ such that

<?i+D (mod JV) = a*, Vt = 0,... JV - 1
is excluded for all nontrivial integer factors D | JV of JV. Take in the anti-integrable
limit the critical point

qoixi) = Oi.
For small c, the embedded periodic orbits must have period JV.
We assume now that the system (X, X, m) is aperiodic. We are looking for critical
points q of £ such that <j>: X —▶ T x R,

* •-> (q(x),pix)) = (gM,/i(g(ar),g(XaO))

is injective on a set of full measure in X.
According to Krieger's theorem (see [Wal 82] p.97), every ergodic aperiodic abstract
dynamical system (X,X,m) of finite entropy has a finite partition (Yi,... Yn) with
n > ehm^ which is a generator for the dynamical system. The system (X,X,m)
is then isomorphic to (X,X,m), where J? = {1,2,...,n}z and X is the shift trans
formation leaving invariant some ergodic measure fh. If one defines for x G X the
sequence

xn=jf, for Tnix)GYj,
the conjugation of (X, X, m) and (X, X, m) is given by the measurable map

if: x »-+ {£n}n62 .
We work now with the shift dynamical system (X, X, m) denoted again by (X, X, m)
and forget about the the old equivalent system. Choose n different points ai,...,an G
E. Take in the anti-integrable limit the critical point go defined by

qoix) = xq .

Knowing the function g0 and the shift transformation (X,X,m) allows the recon
struction of the dynamical system (X,X,m):
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Claim, For small enough e > 0, the map </>€:X ̂ >T xR,

x »- (fc(*),P«(*)) = faWMtoWMTx)))

is injective on a set of measure 1.
Proof. Because c h-+ q€ G I0O(A',T1) is continuous for e small enough, there exists
€o > 0 such that for c < eo and the usual metric d on T1,

d(q€(x),qeiy)) > diq0ix),qoiy))/2.
Given x^y G X, there exists n G Z such that xn ^ yn and so g0(Xnar) ^ go(Xny)
and also g€(Xn:r) ̂  g€(Xny) or

Sn(&(*)) = (ft(T"x)fpc(T»x)) * (ft(ry),ft(ry)).
Because the twist map S is invertible, it follows that &(s) ^ &(?/). This finishes
the proof that <j>e is injective.

We have shown therefore that the system (&(X"),5,m) which is embedded in the
twist map, is isomorphic to iX, X, m) if e is small enough.

There exists 71 > 0 such that we can embed the Bernoulli shift with entropy log(|E|).
From the variational principle, we know that the topological entropy is at least
l o g ( | E | ) , i f | 7 | > 7 i . D

For the Standard map, where Vix) = - cos(ar), the set of nondegenerate critical
points of V satisfies |E| = 2 and we get

Corollary 4.2 Any ergodic abstract dynamical system iX,T,m) with entropy nm(X) <
log(2) can be embedded in some Standard map 57 : T2 -»I2,

(q>p) «-* iq + P + 7 * sin(g),p + 7 • sin(g)) .
There exists 70 > 0 such that for \y\ > 70, the topological entropy of S~ is at least
log(2).

Theorem 4.1 tells that monotone twist maps are very rich from the ergodic theo
retical point of view. The classification problem for abstract dynamical system is
already present in monotone twist maps and because this classification problem is
believed to be intractable, there is also no hope to classify in general all ergodic
invariant measures for a monotone twist map up to isomorphism.

Remark. There exists a one parameter family of real tori

7
2V7 = {iz,w,u,v) G C4 I |*| = H = |,|v| = \w\ = \,z = u,w = v}
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in C4 such that the analytic map U : C4 —▶ C4
/ zwez~u \

t i t
( * \

w
u

\ v )

0z-u
uve

\ veu~z
induces on Vy the Standard map 57 [Kni 5]. It follows that every ergodic abstract
dynamical system iX, X, m) with metric entropy < log(2) can be found in the ana
lytic map U.

5 A generalized Morse index at the critical points
We call two embeddings of abstract dynamical systems in a monotone twist map 5
different, if the measures of the two systems are different as invariant measures of S.
Even if two different critical points gi, g^ of the variational problem have a positive
distance, these critical points may correspond to the same embedded system. If g is
not constant, then for example g and g(X) have positive distance but are belonging
to the same embedded dynamical system.
We will define now a generalized Morse index, which allows to distinguish different
critical points belonging to different embeddings.

5.1 The Hessian at a critical point
The Frechet derivative L€ of 6£ at a critical point 6£€iq) = 0 is a Jacobi operator.
It acts on L°°iX) as

u h- e(tt(T) - 2u + up-1)) - V"(q)u .
The operator is in the same way as a selfadjoint operator on L2iX) and it can be
rewritten as

L = e(r-2 + r*)-V"(g),
where r : u *-> w(X) and r* : u i-* «(X_1) are the unitary shifts belonging to X and
X""1 and V"(g) is a multiplication operator.

5.2 A von Neumann algebra with a trace
It is advantageous to look at L not as an operator acting on L°°iX) or L2iX) but as
an element of a von Neumann algebra X having a trace [Kni 3]. This algebra is the
crossed product of L°°iX) with the dynamical system iX,T, m) defined as follows:
Consider the set of sequences Kn G L°°iX), where Kn £ 0 only for finitely many
n G Z. This is an algebra with the multiplication

{KM)n{x)= Y. Kkix)MmiTkx)
jb+m=n

285



and involution
{K')n{x) = KZ(Tnx).

X is the completion of this algebra with respect to the norm

111*111 =1 ll*(*)ll loo ,
where Kix) is the bounded operator in /2(Z) given by the infinite matrix

[Kix)]mn = Kn-miTmx).
There exists a trace

tr(K) = f K0 dm .j x
The elements K G X can be written in the form

K = Y,KnT\
n

The multiplication in X is the multiplication of power series with the additional
rule rkKn = KniTk)rk for shifting the r's to the right and the requirement that
t* - r"1. If r is taken to be the shift operator / »-▶ /(X) in L\X) with Kn as the
multiplication operator, we get a representation of X in S(£2(X)) by

ff/ = E*./(T").
n

5.3 Jacobi operators and the density of states
Selfadjoint operators of the form L-ar-r iar)* + 6 with a, 6 G L°°(X, R) are called
Jacobi operators. They form a real Banach space in X. The functional calculus for
a normal element K in the C* algebra X defines fiK) for a function / G CiaiK))
where aiK) is the spectrum of K. The mapping

f ^ t i i fi K ) )
is a bounded linear functional on CiaiK)), and by Riesz representation theorem,
there exists a measure dk on aiK) with

tt(f(K))=[ f(E)dk(E).
This measure dfc is called the density of states of K. For selfadjoint elements K G X,
the density of states dk has its support on R. The integrated density of states is for
EGR defined by

k(E) = /* <flb(tf) = tr(iarg(L - E)).J - o o I T
To a Jacobi operator L is attached the Floquet exponent

wiE):=-tii logiL-E)),
which is defined for Im(2?) > 0. The branch of the logarithm is chosen so that
log(l) = 0.
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5.4 Rotation number and Lyapunov exponent
For the transfer cocycle

^):=a-HT-,)(£-6W-a2(ra:))
of L = ar + iar)* + 6, the Lyapunov exponent is defined by

X(AB) = lim n"1 / log ||A^(a:)|| dmix) ,

where -AJ^a;) = ^(T""1^)... AE{Tx)AEix) and the rotation number is given by
piAE) = irkiE). The rotation number can be defined for real E by the cocycle AE
alone [Del 83].

Remark. Rotation numbers have been found by Herman [Her 83] in the case of
continuous cocycles homotopic to the identity and by Ruelle [Rue 85] in the case
of measurable cocycles with values in the universal covering of 5L(2, R). For co-
cycles arising from discrete Schrodinger operators, one obtains a rotation number
by counting the average number of sign-changes of a sequence u = un satisfying
Lu = Eu. The relation between such a rotation number and the integrated density
of states is shown in [Del 83]. A rotation number for 5/(2, R) cocycles over flows is
defined in [Joh 82]. For finite |X| the relation between the rotation number and the
Morse index is given in [Mat 84].

The Thouless-formula (see [Cyc 87]) relates the Floquet exponent wiE) with the
Lyapunov exponent and the rotation number of the cocycle AE:

-A(A£) + ipiAE) = wiE) .
This shows that the Floquet exponent is defined also for Im(£) = 0. The Floquet
exponent wiE) as well as the rotation number and the Lyapunov exponent are
averaged quantities of the embedded dynamical system.

5 .5 A genera l i zed Morse index
We return now to the Jacobi operator which is the Hessian at a critical point g€
for e > 0. For simplicity, we take again the old equivalent functional £€/e and the
corresponding Hessian

L€ = r-2 + T*-i.V(fc).

The transfer cocycle

^ M ^ ( B + ^ ' ) ) + 2 - 0 1 ) € 5 K 2 , c )
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of L€ is for E = 0 conjugated by the matrix

to the Jacobean cocycle

x ~ dS,(x) = BAB{x)BT* = ( ^^fiff J ) € 5L(2,R)

of the twist map S7:TxRhTxR with 7 = 1/e.

Given a critical point q€ of the functional £€, the generalized Morse index is the
integrated density of states

k(E) = tr(iarg(L - E))
7T

at E = 0 of the Hessian Le at the critical point q€. We chose arg(JE) G {0, tt} for
real E in a gap of the spectrum. The generalized Morse index is then a real number
in [0,1].
The integrated density of states is in the anti-integrable limit e = 0 and for E in a
gap of the spectrum of

A. = -V"(qo)
given by

kiE) = tr(iarg(L0 - E)) = m({:r GX\ - V"iq0ix)) < E}).

The Lyapunov exponent goes to 00 in the anti-integrable limit. Notice that for E
in a gap of the spectrum of the Hessian at g0, the integrated density of states is
constant for all q in a neighborhood of go, because an open gap in the spectrum
stays open for L in a neighborhood of L<>.

6 Critical points near the anti-integrable limit
correspond to hyperbolic sets

The embedded dynamical system (X, X, m) can always be chosen to be a closed
subset y of the cylinder:

Lemma 6.1 To each critical point q of an abstract dynamical system (X, X, m),
there is continuous critical point q G C(X,Rl) embedding a topological dynamical
system (X,X,m) isomorphic to (J\T,X,m).
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It follows that the image of </> = (g, Zi(g, g(X))) is a compact set in T x R.

Proof. A successful embedding of (X,X,m) gives a S invariant Borel measure p
on y = T x R defined by piZ) = m(^-1(Z)) for all measurable sets Z C T x R.
Such a Borel measure is automatically regular and its support is a compact subset
of T x R. The abstract dynamical system {Y, S, p) is isomorphic to (A", X, m). Start
with (X,T,m) := (Y,S,p) as the abstract dynamical system. The function q :
T X R - ^ T 1 ,

qiiq,p)) = q
for (g,p) G T x R is a critical point of this variational problem and the corresponding
m a p < t > h a s a c l o s e d i m a g e . D

Proposition 6.2 (Aubry-Mackay-Baesens) Given a critical point q€ of £t with
Hessian L€ = b2£iq). IfO is not in the spectrum of L, the embedded factor of the
dynamical system iX,T, m) is a hyperbolic set.

See [Aub 92c] for a proof. One has to show that the Jacobean cocycle dS7 with
7 = 1/e is uniformly hyperbolic. This is equivalent to show that the conjugated
transfer cocycle Aq of L€ is uniformly hyperbolic which means that there exist one-
dimensional vector spaces x t-* W^l\x),W^2\x) C R2 satisfying

Aoix)W{i)ix) = W®(Tx)

and real constants T > 0, a < 1 such that for all x G X, n G N and unit vectors
w^\x) G W«\x)

\Aonix)wil\x)\ < Tan\w^\x)\ ,
K(*y2)(*)l < ra>(2)(z)| .

An other proof different from [Aub 92c] can also be done also by constructing a
strict invariant cone bundle of the cocycle and using a theorem of Ruelle [Rue 79a].

Remarks.
a) The existence of a non-atomic invariant measure with non-zero Lyapunov expo
nents implies again that the topological entropy for the twist map is positive [Kat 80]
for |7| large enough.
b) Hyperbolic Mather sets have been constructed by Goroff [?] for the Standard
map with parameter 7 > 2^1 + tt2.
c) For results about hyperbolic sets like the shadowing property see [Lan 85]. In
[Aub 92c] there is an argument why the constructed hyperbolic sets have zero
Lebesgue measure. This argument needs a review, because it relies on a result
of Ruelle and Bowen [Bow 75] which assumes that the hyperbolic set is locally max
imal. In general, the constructed hyperbolic set Y may fail to be locally maximal.
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(Local maximality is defined as follows. There exists an open set U containing the
hyperbolic set Y such that

y = f| TniU) .
n€Z

)

7 Multiplicity of critical points. Simultaneous
embedding

We have seen that for |7| big enough and prime P G N, the twist map generated by
/7 has at least (|E|P - |E|)/P different hyperbolic periodic orbits of period P. For
general NGN, the number of periodic orbits can be estimated also. In the next
proposition, p denotes the Mobius function in number theory defined as

f 1 n = l ,
A*(n) = \ (~"l)r n is the product of r different prime numbers ,

{ 0 n is divisible by a prime square .
The notation D | JV means, that D is a divisor of JV.

Proposition 7.1 a) For \~f\ large enough, there are at least

i V D \ N

periodic orbits of period JV in the twist map Sy.
b) The classical Morse index of such a hyperbolic periodic orbit with period N is the
cardinality of the set

{ * 6 X | - V ( g ( * ) ) < 0 } .
It can take any integer value K with 0 < K < JV.

Proof.
a) Because

D\N

the function p is the Mobius transform of the function p(n) = |E|n. The Mobius
inversion formula (see for example [Hua 82], p.108) gives

JV. PiN) = £ piD) • p& = £ piD) • \E\W .
D \ N U D \ N
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b) The rotation number p takes its gap-values in the set

{*^\K = 0,1,. . . ,N}

and for p = n% the integer

K = \{xeX\-V'(q(*))<0}\
is the classical Morse index of the periodic orbit, i.e. the dimension of the stable
manifold of the var iat ional funct ional £ (see [Mat 68]) . D

Remark. If |E| > 2, one obtains also minimal and maximal periodic orbits for |7|
large enough, because then, there are non-constant critical points with index 0 and
index JV in the anti-integrable limit.

Of course, if we find two critical points gi, g2 which have different Morse indices, the
critical points must be different. We obtain

Proposition 7.2 Let iX, X, m) 6e an ergodic aperiodic abstract dynamical system
with metric entropy /im(X). // |E| > e/,ro(T) + 1, then there are uncountably many
different embeddings of the system (X,X,m) in the twist map (T2,57) if \*y\ is large
enough.
Proof. Take a generating partition (Yi,y2,... ,yn) with n G N satisfying

ehm(T) < n < ehm(T) + x

and take a critical point go in the anti-integrable limit defined by go (a:) = a,- G E if
x GYi. The assumption |S| > ehm(T) + 1 allows that g0 takes different values at on
different sets YJ. The generalized Morse index of the critical point go (and any small
enough perturbation of go) is

r = £ m ( Y i ) .
-V"(q(*i))<0

Since we have at least one more critical point then necessary, we can split Yn into two
disjoint measurable sets Yn = yn(1) U yn(2) and define a new function g0 G L°°(X, E)
satisfying

qoix) = qoix)
for x G X \ yn(2) and which assumes n + 1 values. This new critical point qe de
fines for small e again an embedding of the system (A", X, m) and the new partition
(Yi, y2,..., yn(1), yn(2)) is again a generator for the dynamical system (X, X, m). As
sume a G E is the additional value taken on yn+i and that x »-▶ V"(q(x)) takes
positive values on Y^ and negative values on Y&\ The index of the new embed
ding is r -f m(yn(1)) - miY^2)) and this value can range in an interval

[r-m(yn),r-rm(yn)]
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depending on the measure of Y^ and we get for each value in this interval a differ
e n t e m b e d d i n g . □

For any (not necessarily ergodic) aperiodic dynamical system (A,X,m), we can
make an ergodic decomposition (see [Den 76]).
There is a family of ergodic abstract dynamical systems (Xr,Xr, mr) indexed by a
parameter r in a Lebesgue probability space iR, p). The probability spaces (J\Tr, rar)
can be identified with ([0,1], A), where A is the Lebesgue measure. Also R can be
taken to be the unit interval [0,1] but the measure p can have atoms (points with
positive measure).
The aperiodic ergodic systems (Xr, Tr, mr) are called the ergodic fibers of (X, X, m).
The system (X, X, m) is isomorphic to the dynamical system given by the transfor
mation ix,r) (-▶ iTrx,r) on [0, l]2 leaving invariant the product measure X x p.

Proposition 7.3 Assume V G C3(T,R). There exists a constant jv such that for
7 > 7v, every ergodic dynamical system (X,X,m) with nm(X) < log(|E|) can be
embedded into the twist map S^y.

Proof. We want to find first a constant ev > 0 such that for all e < ev, the operator

Lc = 6.(r-2 + r*)-nfc)
stays always invertible. Write

^(e, g) = 6£€(q) = €. (g(X) - 2g + g(X~1)) + V'(q).
The solution g€ of i>(e, q€) = 0 satisfies

d
g£ = -L71(g(X)-2g + g(X-1)).de

f€L^(r^r*-2nV-(q€)±q€,

jL? = - (r + r* - 2 - V'"(q€)L:\q(T) - 2g + q(T~'))) L;2 .

l ^ L ^ K A l l L ^ - r B ^ L ^ + C ,
where A, B, C are positive constants which are only depending on V and not on the
dynamical system. There exists ev > 0 such that the initial value problem

d
Tey

With

we get

de< ~
We obtain a bound

Z-y = A-y3 + B.y* + C, y(0) = ||I0-1|
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has a positive solution y(e) for e < €y. This solution is then a majorant satisfying
ll-^r1!! ̂  y(€) (see [Lak 81] Theorem 4.1.1). This assures, that for e < €y, the oper
ator L€ stays invertible.

All ergodic dynamical systems (X, X, m) satisfying the entropy bound

M 7 r ) < l o g ( | E | ) - l )
can be embedded simultaneously because for each of these systems, there is then
a critical point of £tj. The map <j>€ stays injective because the invertibility of the
operator L€ for e < ey implies again, that the embedded system is hyperbolic and
so structurally stable. We have therefore a true embedding and not only embedded
a factor of the system. The faithful embedding can thus be continued until the
o p e r a t o r L € s t o p s b e i n g i n v e r t i b l e . □

Having uncountably many different embeddings of the same system, the embedding
result can also be generalized in some sense to not ergodic dynamical systems.

Corollary 7.4 Let (X, X, m) 6e an aperiodic dynamical system such that for every
ergodic fiber Tr, the entropy satisfies hm(Tr) < log(|E|) — 1. Assume V G C3(T,R).
Then for \~f\ > jy, every ergodic fiber of(X,T,m) can be embedded in the twist map
(J2,S), such that two different fibers have different embeddings.

Proof. The multiplicity result in Proposition 5.2 tells that every ergodic dynamical
system can be embedded with an index r in some interval. We can assume that the
parameter interval is [0,1]. We embed simultaneously all the fibers (Xr,Tr, mT) with
corresponding critical point qr : Xr -> T having (normalized) index r G [0,1]. Two
different fibers have different embeddings because the generalized Morse indices are
d i f f e r e n t . □

Remark. We don't yet know, if we can embed every abstract (not necessarily ergodic)
dynamical system. In general, we can't exclude that the supports of the S-invariant
measures pr corresponding to the embedded fibers (Xr,Tr, mr) are not disjoint. The
critical point q (constructed in the proof of Corollary 5.3) belonging to the dynamical
system (X, X, m) could fail to be injective on a set of positive measure.

8 Generalization of the results for symplectic
twist maps

The results for monotone twist maps can be extended to higher dimensional symplec
tic twist maps. For such maps there is less knowledge then in the one dimensional
case. For example, a higher dimensional Mather theory Is still missing. For periodic
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orbits see [Gol 92a].

The generating function for such a higher dimensional symplectic twist map is a C2
function I : RN x RN -> R. It should satisfy the twist condition in that the JV x JV
matrix

w
is positive definite and it is also required that

Kq + n^ + n) = liq,(/), VnG 2irlN .
Again, we assume for simplicity that

where V G C2ilN,R) with T* = RiV/(2?rZAr). Given an abstract dynamical system
(X,X,m), the variational functional

£(q) = Jxi(q(x)MTx)) dmix)

is defined on the Banach manifold L°°iX,TN). A nontrivial critical point q corre
sponds to a factor of (X, X, m) embedded in the symplectic map

5. (« ) _ (4 \_ (q + P + 7'V'iq)\\P) U; { P + l'V'iq) ) '
where p = h(q(x),q(Tx)) and p' = -l2iqiT~lx),qix)) and V = W is the gradi
ent. A well known example of such a symplectic map is the Froschle map with
V(q) = 7i cos(rn) + 72 cos(x2) + /icos(a?i + x2). (see for example [Koo 86].)

The second variation is now a so called random Jacobi operator on the strip (see
[Kot 88])

L = r -2-pr* -7.y" (g) ,
where V"(g(:r)) is the Hessian of V at a point qix) G TN. Assume that the set of
non degenerate critical points E is not empty. Then, the Hessian L of a critical
point q G L°°iX, J) is invertible in a neighborhood of the anti-integrable limit and
as before, there exist nontrivial factors embedded in the twist map for 7 big enough.
The operator can be seen as an element in the crossed product X of the algebra
L°°iX,MiN,R)) with the dynamical system (A,X,m). This algebra has the trace

tr(A") = / trace(ff0(s)) dim» ,
where trace(Ko) is the usual trace for the matrix K^x) in the finite dimensional
matrix algebra MiN, R). As before, there exists a density of states dk of the operator
L and a Thouless formula [Kot 88]

-X(AE) + ik{E) = w(E),
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where
w(E) := -tr(log(L - E))

is the Floquet exponent of L and XiAE) is the sum of the first JV Lyapunov exponents
of the 5X(2JV, C)-matrix cocycle

. ^ ) . ( ^ | W ) + » - i ) 6 5 W )
and kiE) = /_„, dkiE') is the integrated density of states for E GR.

As before, every embedded dynamical system has an index, namely the value of the
integrated density of states kiE) at E = 0 and exactly in the same way, one gets
also the multiplicity results like for example the existence of

i V D \ N

periodic orbits of period JV. Only for the embedding of periodic orbits, there is a
slightly different statement for the possible indices of the critical points. If E is the
finite set of non degenerate critical points of V and —Vn(&) has k+ positive and fc~
negative eigenvalues for a G E, then only indices

£ * ; , / c s
can occur.

9 Discussion and some questions
We call a topological dynamical system universal, if every abstract ergodic dy
namical system can be embedded into it and universal of order a, if every ergodic
dynamical system can be embedded into it. Our result shows, that twist maps with
potential V are universal of order a = log|E| if E is the set of nondegenerate crit
ical points of V. This means, that such a twist map can be used to simulate every
dynamical system of metric entropy < log(|E|).

Let us mention some results which hold for other mathematical structures and which
are from similar generality then the result discussed here. The general scheme is the
following: Given a categorie of objects. The aim is to find special elements in that
categorie, such that a large class of the categorie is "embedded" in this "universal"
element.

• (Turing) There exists a universal Turing machine, in which every Turing machine
can be embedded: the universal Turing machine can simulate all the possible ma
chines.
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• (Banach-Masur) Every separable metric space is embedded isometrically in the
Banach space C[0,1]. Spaces having this property are called universal spaces, (see
[ L i u 6 1 ] ) V

• (Higman) There is a finitely presented group G which contains every finitely pre
sented group as a subgroup. Such a group G is called a universal finitely presented
group. (See [Man 77])

• (Whitney) Every smooth, connected, closed manifold of dimension n can be
smoothly embedded in R2n+1.

A critical remark. In some sense the embedding result is not so surprising. Because
every dynamical system with entropy < log(|E|) can be embedded into a Bernoulli
shift with a state space E|, it suffices, to embed a Bernoullishift inside a topolog
ical dynamical system. So, it is enough to find a Horseshoe inside the dynamical
system. Often, one can prove the existence of a homoclinic point, which gives, that
an iterate of the dynamical system has a horse-shoe. The topological entropy for a
dynamical system with a horse-shoe is positive but can be arbitrarily small. In any
case, the anti-integrable limit gives a quantitative bound on the topological entropy
which has not yet been obtained by other methods. The use of the index gives
uncountably many different embeddings for aperiodic dynamical systems. It would
be probably difficult to construct uncountably many different homoclinic points for
a dynamical system. Necessary for this would be, that there are uncountably many
periodic orbits. So, even if qualitatively similar results could be obtainable with the
methods known, the anti-integrable limit gives in an easy way quantitatively much
stronger results.

To the end, we add some questions:

• Can every (not necessarily ergodic) dynamical system with finite metric entropy
for each ergodic fiber be embedded in a monotone twist map?

• What happens with an embedded system if the parameter 7 decreases and the Hes
sian L becomes no more invertible? Does it bifurcate to other systems or disappear?

• What spectra do occur for the Hessians near the anti-integrable limit? Is it point
spectrum when (X,X,m) is a Bernoulli shift? Is it even possible that in the aperi
odic case point spectrum (Localisation) persists?

• Can one find twist maps in applications like Poincare sections for Hamiltonian
systems or for billiards, for which the results near the anti-integrable limit apply?

• Is the topological entropy of the standard map bounded above by log(2) for all 7?
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• Take as the dynamical system (X, X, m) the standard map (T2,57, dxdy) and em
bed it into itself. The modulus of the real part of the Floquet exponent belonging
to the Hessian is the metric entropy of S1 for which nothing is known. How does
the imaginary part, the index, behave for 7 —> 00?

10 Appendix: Twist maps as Hamiltonian sys
tems

A function / G L°°(X) has the discrete derivative

V/ = / (T ) - /
over the dynamical system (X,X,m).
Given a generating function /, one can define a Hamiltonian function

n(q,p) = JxP(T)Vqdm-C(q,p),
where p = Vg = g(X) — g. The twist condition /i2(g, g7) > r which plays the role of
the Legendre condition, assures that this discrete Legendre transformation

£ ^ H

is possible. The twist map can be written as the Hamiltonian system

Vg = Hp(T) ,
Vp = -Hq.

Example. The generating function

generates a generalized standard map. We get

y i q , q ' ) = q ' - q - W i q ) ,
y ' ( q ^ ) = J - q -

The Euler equations for the variational problem

(g(T)-g)2C(q) = J-(-̂ pL.yV(q)dm{q)

q(T)-2q + q(T-1) = -fV'(q).

297



We get the Hamiltonian

n(q,p) = jx £ + W(q) dm
and the Hamilton equations

Vg = g(X)-g = ^T)=p(X),
Vp = p(T)-p = -ft9 = -V'(g),

which can be rewritten as

q(T) = g + p(X) = g-rp + H?),
p(X) = p-rV'iq).

Given more generally a Hamiltonian Hiq,p) = fxhiq,p) dm, where n(x,y) is a
smooth function on the torus. The system

g(X) = g + %),
p(X) = p-r iq,

is a discrete Hamiltonian system. It is defined for any abstract dynamical system
iX,T, m), if this system can be embedded in the map

ix, y) h- ix', t/) = (x + n2(ar, y1), y - hxix, y))

on the torus.

The advantage to write the system in a function space is that any subsystem of a
twist map like a periodic orbit or invariant circle can be written as a Hamiltonian
system.

11 Appendix: Embedded systems are hyperbolic
sets

We give here another proof of the fact, that the embedded systems near the anti-
integrable limit are hyperbolic.

Proposition 11.1 Given an abstract dynamical system (X, X, m) which is embed
ded in the monotone twist map {Y, S). If the Hessian L of the embedding is invertible
the embedded system is a hyperbolic set.
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Proof. If 0 is outside the spectrum of L, the integrated density of states of L is
locally constant around E = 0 and the Lyapunov exponent XiAE) is positive for
small \E\. The last statement follows from the fact that the map E i-» A(A^) is
harmonic near 0 and A(̂ 4£?) > 0 and the maximum principle for harmonic functions.
This implies with Oseledecs theorem the existence of two measurable mappings

where P1 denotes the projective space consisting of all one dimensional subspaces of
R2. These direction fields WE are coinvariant.

AE(x)W±(x) = W±(Tx) .
We can write them also in projective coordinates with so called Titchmarsh- Weyl
functions

± y E j T x )m%ix) = a(x) ■uEix)
where u%ix) are unit vectors in WE (x). The invariance of WE is in these projective
coordinates given by the discrete Ricatti equation

a\x)

The Green function

m | ( X ) = £ - 6 ( X ) - - ^ .mE(x)

GEix) = [iLix)-E)-l\00

™E(x) - mE(x)
and because for E in a gap the resolvent Lix) - E is bounded, there exists c > 0
such that \mEix) — m^x)! > c. This means that the angle between the stable and
unstable seperaratrices is bounded away from 0. We get also 6 > 0 such that

{ *e j r | | r a f ( * ) | < * , | n i f ( * ) | ^« -1 }
has measure zero. The reason is the Constance of the integrated density of states
kiE) which can be expressed also by the formula

Define for 6 > 0

Because of

kiE) = mi{x G X | m+ix) < 0} .

r(6) = mi{x G X \ m^x) G [-6,6]} .

kiE + 6)-kiE)>ri6)/2
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for 6 small enough, there must be r(£) = 0 for 6 small enough. One gets now for A0
and for e small enough the strict invariant cone bundle

x~[mf l ix) ,m£l ]
for the transfer cocycle x *-* A0ix), where /(s), u(x) G {+, -} are defined as m1^ <
m<*\ A theorem of Ruelle [Rue 85] shows then, that ,40 is uniformly hyperbolic:
3r > 0, a < 1 such that for almost all x G X and all n G N

\Aonix)w^ix) \ < roV"(*) | ,
\A$(x)«F>(x)\ < ra><2>(:r)| .

Because A0ix) is conjugated to the Jacobian dX(ar) of the twist map at a point
<t>ix) G R x T, the invariant embedded subset is a hyperbolic set. □

12 Appendix: Topological and metric entropy
We add convenient definitions for the topological and metric entropies.

Let iX,T) be a topological dynamical system and denote with d the metric on X.
Define a sequence of metrics

dn(x,y) = max diTx,Ty).
Ovt^n—l

Following Bowen, the topological entropy hiT) can be defined as

MT) = limTIm-l0g(iV(ra'g)),c — 0 n - » o o n '

where Nin, c) is the minimal number of e balls in the metric dn covering the space X.

Let iX, X, m) now be an abstract dynamical system. We can assume that it is topo
logical also because every abstract dynamical system is isomorphic to a topological
dynamical system. Let again d denote the metric on X and let dn be the sequence
of metrics defined above.

Following Katok [Kat 80], the metric entropy nTO(X) can be defined as

MD-iimWl08W,,'<l*)),€ - » 0 n - * o o n

where Nin, e, 6) is the minimal number of e balls in the metric dn covering a set of
measure > 1 - 6 and 1 > 6 > 0 is arbitrary.
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Because trivially N(n,e,S) < N(n,e)) one has immediately

hm(T) < h(T).
The Variational principle says

suPMT) = /i(r).m

Measures which give the topological entropy are called equilibrium measures.
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Abstract
The analytic map U : C4 -▶ C4,

iz,w,u,v) *-* izwez~u,we*-u,uveu-z,veu-z)

has a one parameter family of two-dimensional real tori 57 invariant, on which
U is the standard map family X7.

We provide a rough qualitative picture of the dynamics of U and give some
arguments supporting the conjecture that the metric entropy of the standard
map X7 is bounded below by log(7/2).

1 The positive metric entropy conjecture
For the Chiricov or standard mapping on the torus T2 = R2/(27rZ)2

T • ( x ] t-+ ( x + y + isinix) \7 \y) V 2/ + 7sin(s) J

with real parameter 7, the metric entropy is measured to be greater or equal then

Iog | | | .
It is an open problem whether this estimate holds true.

1.1 A numerical test
The plot in Figure 1 shows a graph of the entropy of the Standard map calculated
numerically with a Mathematica [Wol 91] program given by

1 I
T[{x_Real,y_Real},g_Reall :=N[Mod[{x+y+g*Sin[x] ,y+g*Sin[x]},2 Pi]] ;
A[{xjteal,yjleal},gjleal] :=N[«l+g*Cos[x] ,i>,-Cg*Cos[x] ,1}}] ;
Lya[{x_,y_},g_Real,n_Integer] : =Module[{t=0,B=IdentityMatrix[2] ,p={x,y}},

Do[B=A[p,g].B;p=T[p,g]; t=t+Re[Log[B[[l,l]]]] ;B=B/B[[l,ll] ,{i,n>] ;t/n] ;
EntropyCgJ :=Hodule[{n=1000,m=10,R:=N[2*Pi*Random[]]}fSumCLya[-CR,R},g,n] ,{m}]/m];
I — I

determines numerically the integrated Lyapunov exponent

X(dT,) = Hm J^ ±\og\\dT;(x,y)\\dxdy ,
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(which we will denote shortly by Lyapunov exponent), by calculating

A.̂ (c,) = ££i]og||<n7(*i,»i)||

for m random points ixj,yj) G T2. For m, n —> oo, the values An,m(dX7) converge by
Oseledec's theorem (see [Rue 79]) and Pesin's formula (see [Man 81]) to the metric
entropy of the Standard map X7.

The figure shows the numerical calculation of the metric entropy ^(7) of the Stan
dard map X7 for parameters between 7 = 2 and 7 = 10 in comparison with the
conjectured lower bound log( J). The plot was produced with

I 1
Plot[{Entropy[s],Log[s/2]},{s,2,10}]

which takes some time due to the fine interpolation. We recommend just to compare
by hand some values, instead of plotting the graph. Increasing the values of m, n
should give more reliable results.

The measurements of our runs fit well with measurements done with other methods,
see for example [Par 86]. However, one has to be careful with the interpretations of
Lyapunov exponent measurements. The convergence of ergodic averages can be slow
even for real valued cocycles (see [Pet 83], p.94): Given any sequence of positive real
numbers 6n with ]£n 6„ = 00 then there is a measurable bounded function / such
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that

5>(£ £/(**(*,»))-/ ,/(*,»)) = «>
for almost all ix,y).

An other danger is that the Lyapunov exponent is in general a discontinuous function
of the cocycle if one is away from the uniform hyperbolic domain [Kni 91]. Positive
Lyapunov exponents could be a numerical artifact. We give now three arguments
supporting the quantitative and qualitative believe in positive metric entropy.

1.2 A first argument: The Lyapunov exponent of the co-
cycle dTy over the dynamical system T0.

There is an explanation, why the number log|̂ | is a good choice for a lower bound
of the metric entropy:
If one takes the Jacobian

^ - O w i )
of the mapping X7 as a cocycle over the dynamical system X0 instead of X7, one
gets indeed, with a method of M.Herman, a lower bound log|^| for the Lyapunov
exponent A(dX7) of this cocycle.

Proof. The argument uses complex analysis. The standard map for 7 = 0 is inte
grable and can be written as a holomorphic map

iz, w) h-> izw, w)
on the torus {iz,w) G C2 | \z\ = \w\ = 1}. This torus is lying inside the polydisc

{(z,w)GC2\\z\,\w\<r},
where r > 1. The cocycle dX7 is in these coordinates

ww-y £(*+*-*) 1)'
For \z\ = 1, the Lyapunov exponent

A ( A , ) = H m ^ ( ^ H ^ ^

= lim - / log||A!;(z,«;)|| dzdw
»-"» n 7|r|=i,H=i bn 7V ' '"
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of the cocycle A7 is the same as the integrated Lyapunov exponent of the analytic
parameterized cocycle

B^z,w) = zA^z,w) = I Z\£+ I2 I) '

Because iz, w) i-* £ log ||BjJ(z, w)\\ is plurisubharmonic, the Lyapunov exponent can
be estimated from below as

A ( Av ) = A ( £ 7 ) = l i m / - ] o g \ \ B $ ( z , w ) \ \ d z d w

> Urn i log||flj(0,0)|| =log(|).

1.3 A second argument: A huge class of cocycles has pos
itive Lyapunov exponents

There is another argument why it is reasonable to believe that the entropy in the
standard map is measured to be positive for 7 big enough. Assume, we determine the
Lyapunov exponent and make random mistakes in the calculation of the cocycle in
that each Jacobian dX is multiplied with a random rotation Ri<t>ix, y)) G 50(2, R),
where <f>ix, y) is a random angle measurably depending on (x, y) G T2. This corre
sponds to an error in the calculation of the angle of the images of tangent vectors.
There is an astonishing result of Herman [Her 83] which implies that an arbitrary
error can be shifted in a deterministic way to get positive Lyapunov exponents:

Given any error-function <f>ix, y) (also <j>ix, y) = 0 is allowed), the Lebesgue measure
of the set of values P G [0,2ir) giving zero Lyapunov exponents to the cocycle

Ri<j>ix,y) + p)dT^

is smaller then 8
log(l-4-72/2)'

Proof. The estimate can be derived from a result of Herman ([Her 83], p.498 ) and
the hint, that the Jacobian cocycle

dT(xv)=( 1 + 7-cos(x,2/) 1\
ai^x,y)-y 1.cos^y) XJ
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satisfies

^)=*(f)°^-(1+2.;.cosW ;)-*(£>.*,(,,„.
Herman's result is a subharmonic estimate of the Lyapunov exponents: For any
cocycle R(p)A(x, y) = R(<j>(x, y) + P)o D(x, y) with

where the functions 6,c,c_1 are in L°°(T2,R), one has

ii-iX{B<<W)) dW - Jt» l0g V i((C + C"1)2 + 62) dxdy '
The proof of this estimates goes as follows. Define w = e# and the complex cocycle

5H(ar,y) = w.e^x^.D(a;,^).

Because \w . e<***>| = 1, we have A(fl(0)A) = X(B(w)). With G = § ( *. J Y
one can write

£(w, x) = (<? + w2 • e2,*^^G) o D(x, y).
The Lyapunov exponent w h-> A(£(tu)) is subharmonic leading to /H=1 X(B(w)) dw >

A(B(0)). We calculate with L = ( \ °\

j XiBiw))dw > XiBiO)) = XiGD) = XiL~1GDL)

= Jj2 log i/i((c + c-1)2 + 62) dxdy .

This implies with

HRiP)A) < J log ^/(c + c-i)2 + 62) dx dy

that the Lebesgue measure of values P with A(fl(/?) o A) = 0 is smaller then

1/ (J log ^(c + c-1)2 + 62 dxdy) .

Putting in the specific values c(x, y) = \jy/2 and 6(ar, y) = l/\/2+\/27-cos(x) from
t h e c o c y c l e d X 7 g i v e s t h e d e s i r e d e s t i m a t e . □
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1.4 A third argument: Positive Lyapunov exponents for a
dense set of bounded measurable cocycles

One can change a given cocycle over an aperiodic dynamical system on a set of arbi
trary small measure, in an arbitrary small way, to get positive Lyapunov exponents:

Given e > 0, there is a setY C T2 of Lebesgue measure < e and a cocycle C(x, y) G
5X(2,R) with \\Cix,y) — 1|| < c and Cix,y) ^ 1 only on Y, such that the cocycle

B = dTyC

has positive Lyapunov exponents J £ log ||B(x, y)\\dxdy.
The proof [Kni 92] uses Herman's result treated in the last subsection.
The density of cocycles with positive Lyapunov exponents explain in a qualitative
way the obtained results in the numerical experiments. More convincing would be a
result showing that the set of cocycles with positive Lyapunov exponents is residual
or that this set even contains an open dense set. These questions are open.
We outline the proof which can be found in [Kni 92]. We first give the four ingredi
ents used for the proof.

• Rohlin's lemma: If (X,X,m) is aperiodic, there exists a (n,e)- Rohlin set Y
such that Y,T{Y),... ,Tn~l{y) are pairwise disjoint and m{Yresi) < e.

• Oseledec's theorem: For A G V, there exists a stable direction field W G
L°°iX,Pl) satisfying the co-invariance AW = WiT) and A(A) = - Jx log\Aw\ dm ,
where wix) G Wix) is a unit vector.

• Result of M.Herman: Call v the Lebesgue measure on 50(2, R),

ui{cj>\XiARi<l>)) = 0})<XiA)-1.
For A i L°°iX, 50(2, R)), there 3

P G R, ARiP) G V .
• Abramov type result: Let (X,X,m) be ergodic and Z C X be of posi
tive measure. Let iZ,Tz,mz) be the induced system, Ay the derived cocycle.
XiAY) = m(Z)"1 • X(A).

The main steps in the proof of the density result are:
1) Ergodic decomposition: Assume iX,T,m) to be ergodic without loss of gen
erality.

2) Rohlin: Build Z = YU Yrest, where Y is a (n,e) Rohlin-set. We use the aperi
odicity here.
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3) First perturbation: Perturb A a first time so that Az is not in L°°iX, 50(2, R)).

4) Herman: There exists p0 with AzR(fi) G V and also AR(lz0o) G V.

5) Oseledec: There exists W G L^iX,?1) with AR(lzfo)W = W(T). We use
ergodicity assumption here.

6) Second perturbation: Given p > 1, one estimates for

E = R(wiT))Diagip-\p)RiwiT))ARilzpQ) ,

the Lyapunov exponent A(£) > logip) > 0.

7) Abramov formula: A(£z) > log(//)-n/2. With this, we achieve a big Lyapunov
exponent for the derived cocycle.

8) Herman: 3px < 4*r/(n log(f*))- with XiEzRiPx - #>)) > 0.

9) Third perturbation: B = ERilzipx - &)) g P because Bz = EzR(fi\ - A).

10) Choice of parameters: Give c > 0. Choosing p -1 > 0 small and n G N large
depending on t,p, achieves that B G V is in a e neighborhood of A.

2 Analytic extension of the standard map family
For the first heuristic argument, it was crucial that the integrable dynamical system
To could be embedded into an analytic system and that the Jacobian cocycle could
be extended to an analytic cocycle.

Is it possible to embed in a similar way the standard map into a holomorphic map
of Cn? There is an obvious embedding into the holomorphic map in C2 by just ex
tending x, y to C (see for example [Gel 92]). A handicap is that one has to take the
real parts Reix), Reiy) modulo 2?r, in order to get the standard map. Of course,
one could skip this identification. But this has some disadvantages like for example
that periodic orbits in the quotient space are no more periodic in the lift.

We propose an embedding of the Standard map family X7 in one single analytic map

/ * \
U:

\ v )

( zwez~u \wez~u
uveu~z

V veu~z )
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The standard map is induced on a one parameter family of invariant real tori

57 = {(z,w,u,v) G C4 | \z\ = \u\ = I |w| = \w\ = \,z = u,w = v} .

Notice that the parameter 7 doesn't appear in the map U. We didn't succeed in
estimating the Lyapunov exponents by estimating with a subharmonicity argument
the Lyapunov exponent of an analytic cocycle over U. Such an estimate (if at all
possible !) would probably need additional ideas. The problem is, that the torus 57
is not a so-called distinguished boundary of a polydisc in contrary to the invariant
tori

57 = {(z,w,u,v) G C4 I |*| = \u\ = |,H = \v\ = 1,2 = u,w = v} ,

where U induces the integrable map To and on which the Lyapunov exponent could
be estimated from below by log(̂ ) as we saw before.

Nevertheless, we think, that the map U is interesting itself. It allows to study the
whole family of standard maps with one analytic map and it could be, that bifur
cation phenomena and critical phenomena will be analyzable better like this. Why
not try to understand more about a holomorphic map which contains a family of
discrete Hamiltonian systems as subsystems? On the other hand, one has already
a lot of information about U inherited from results about X7. We think of results
like existence of periodic orbits, existence and nonexistence of invariant tori, Aubry-
Mather sets, homoclinic points, special chaotic orbits, universality in bifurcation
scenarios of periodic points or renormalisation schemes in the break-up of invariant
curves. And who knows, if in future, mathematics will have results about iteration
of multidimensional analytic maps, which will give back results about twist maps.

In the next section, we want to begin a modest qualitative study of U1. We give an
integral, symmetries, a list of all the fixed points with their stability properties and
other invariant sets like tori and vector spaces.

3 Some properties of the analytic map U
An integral. An integral of U is the determinant

I(z, w, u, v) = det(DU) = wv
of the Jacobean

DU(z,w,u,v) =
( iw + wz)ez~u zez~u -zwez~u 0 \

w e z ~ u e z ~ u - w e z ~ u 0
-uveu~z 0 iv + uv)eu~z ueu~z

\ - v e * - * 0 v e u ~ z e u ~ z )
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and on J *(1) there is another integral J = zwand the map on an invariant set
wv = 1, uz = J, z ̂  0 the map is given by

fr( z\ ( zwez~Jlz \
U ' [ w ) ~ [ w e z - « z ) >

which is product of the two integrable maps

U)~(t<,A*,M*)"(™)-
For J = ^-, the map U leaves invariant the torus

57 = {(*.«;)€C2| |*| = 1 M = l}

and induces there the standard map X7.
Invariant vector spaces. There is the obvious direct sum of invariant real vector
spaces

R4,zR4CC4.
There is also the two dimensional invariant complex plane

E = {iO,w,0,v)\w,vGC},

consisting of fixed points. Also the complex 2 dimensional plane

{z = u, w = v}
which contains the tori 57 is invariant. Finally, for n G Z, the 1-dimensional complex
lines

On = {(0, w, 2niri, 1) | w G C} ,
Hn = {i2niri,l,0,v)\vGC} ,

consisting on fixed points are invariant.

Maps commuting with U. There is an involution

Z H - > U r - ¥ Z ,

D H W l - » V ,

commuting with U.

Reversibility on I~1i±l). On the two invariant sets I~li±l), the map U is conju
gate to its inverse C/"1

U = VU~lV,
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where V is the involution

V :
{ z \

w
u

\ v )

( u \
wez-u

z
\ veu~z /

Because / = det(iW) is invariant under conjugation, we have no reversibility on
/->(/«) if A»?U,-1.

Invariant two dimensional real tori. The map C/7 leaves invariant the tori

57 = {iz,w,u,v)GC4\\z\ = \u\ = l,\w\ = \v\ = l,z = u,w = v},

57 = {iz,w,u,v)GC4\\z\ = \u\ = 'l,\w\ = \v\ = l,z = u,w = v}.

Write z = \e27tix, w = e2viy on 57 and 57. The analytic map U restricted to 57 is
the standard map

T • ( X\t-+ ( x + y + 7sin(rr) \7 V y ) \ 2/ + 7sin(a:) )

The map U restricted to 57 is the integrable map

X7 :ix,y)*-*ix + y,y).
For 7 = 0, both tori 5o, 5o collapse to 1-dimensional tori

50 = {(0,0,V,I;)|H = 1},
50 = {i0,0,v,v)\\v\ = l}.

The fixed point at the origin. The point 0 = (0,0,0,0) is a fixed point of U.
The Jacobean DUiO) = DiagiO, 1,0,1) at this point shows that there is a two
dimensional complex stable manifold

W+ = {iz,w,u,v)\Un-+0}

passing through O. The center manifold to the two eigenvalues 1 is the two dimen
sional invariant line

E = {(0,w,0,v) | w G C,v G C}
containing O. It consists of fixed points.

Fixed point lines. The 1-dimensional complex line

Fn = {z — u = 2n7ri, w = 1, v = 1}
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and each point of such a line is a fixed point of U. The spectrum of DU at a point
P = (w, 1, u + 2niri, 1) G Fn is

{ U A M ^ M } ,
w i t h _ _ ^ _ _ _ _

A„(u) = 1 + u + niri + ^(u + n7ri)(2 + w) .
We see, that except for positive real (a + wri)(2 + w), there is an eigenvalue inside
and an eigenvalue outside the unit ball in C. It follows that in this case, there is a
complex 1-dimensional stable W+ and a complex 1-dimensional unstable manifold
W~ passing through P. This is especially true for u = 7 G R,n = 0, where the
stable and unstable manifolds cut the tori 57.
For n G Z, the 1-dimensional complex lines

Gn = {(0,i//,2n7rz,l)| wGC},
Hn = {(2n7ri,l,0,t;)|vGC}

consist on fixed points. The spectrum of DU at a point (0, w, 2niri, 1) G Gn is

{w, 1,1 + n7!7 - \/2n7n - n27r2,1 + niri + y/2nm - n27r2} ,
the spectrum of Dt/ at a point (2n7ri, 1,0, v) G Hn is

{v, 1,1+ n7ri - y/2niri - nH2,1 + niri -f \/2n7rz - n27r2} .
Fixed point plane. The two dimensional fixed point plane

E = {iO,w,0,v\w,vGC}

is the center manifold passing through the origin O. The spectrum of DU at a fixed
point (0, w, 0, v) G E is

{1,1, v,u;}.
The eigenspace to the eigenvalues 1 is of course E. The eigenspace to the eigenvalue
v is spanned by (0, -w, v-l,v) and the eigenspace to the eigenvalue w is spanned
by (1 -w, -w,0,v).

In summary, we have found all fixed points of U:

Every fixed point of U is contained in the set

{ 0 } U E u \ j F n V G n U H n .
n€Z

Proof. If z-w-u-v^0 then w = l,v = 1 and z-u = 2n7rl Thus iz,w,u,v) G Fn.
Ifz-W'U-v = 0,weget the other sets by combinatorial reasoning, using that w = 0
i m p l i e s 2 = 0 a n d v = 0 i m p l i e s u = 0 . □
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Partial uniform hyperbolicity Because the determinant J = detDU = wv is an
integral, we know that for |7| > 1

detDU" = In -▶ oo, n -♦ oo
detDU" = In -▶ 0, n - -oo .

This means that the map is dissipative in the domain 7 < 1 and expansive in the
domain I > I. For any periodic orbit in 7 > 1 there is an unstable manifold of
positive dimension and for any periodic orbit in 7 < 1 there is a stable manifold of
positive dimension. Given any U invariant probability measure in 7 > 1, there is
a positive Lyapunov exponent. Analogous, for any U invariant probability measure
in 7 < 1, there is a negative Lyapunov exponent.

4 Questions
We repeat and add some questions.

• Is the at the beginning mentioned bound for the metric entropy in the standard
mapping true? The numerical calculations are convincing.

• What is the dynamics of U on the invariant manifolds of the various fixed points?
What are the Julia sets of the map induced on the one dimensional invariant mani
folds?

• Can one draw a qualitative picture of the stable and unstable complex manifolds of
a periodic hyperbolic orbit on an invariant torus 57, where U induces the standard
map?
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Abstract
We discuss some cohomological constructions for dynamical systems.

A group dynamical system is a pair (ft, Q), where R is a group acting on Q by
group automorphisms. An algebra dynamical system is a triple iR,M,tr),
where R is a group acting on the C* algebra M by automorphisms leaving
invariant a trace tr.

(1) For a group dynamical system (ft, Q) there is the Eilenberg-McLane co
homology.
(2) For a group dynamical system (Z, G) we define a sequence of Halmos ho
mology and cohomology groups.
(3) For an algebra dynamical system iZd,M, tr), there is a discrete version of
de Rham's cohomology and an abstract version of Stokes theorem holds.
(4) For a group dynamical system (Zd, Q), there is a de Rham cohomology for
groups.

1 Introduction
There are different cohomologies which are useful in ergodic theory. They all lead
to algebraic invariants for ergodic dynamical systems. We are dealing with two cat
egories of dynamical systems. A group dynamical system is a pair (ft, G) of Abelian
groups, where ft is acting by group automorphisms on G. An algebra dynamical sys
tem (ft, M,ti) is an Abelian group ft acting by automorphisms on the C* algebra
M. We will always assume ft = Zd or the cyclic case ft = Z.

• The cohomology of groups for a group dynamical system. We illustrate this co
homology by an example. Let iX,T,m) be an abstract dynamical system and
G = L°°iX, T) be the group of measurable circle-valued functions on X. The trans
formation X induces a group automorphisms / »-▶ /(X) giving the group dynamical
system (ft,£). The group a has a subgroup C = (giT)g'1} of so-called cobound
aries. The group HliT,G) is the first Eilenberg-McLane cohomology group of the
group dynamical system (ft, (?). Assume X and X2 are ergodic. The constant func
tion fix) = -1 is not in C because a(X) = -a would imply ^(X2) = g and g = const
which contradicts o(X) = a-1 unless g = 1. This non-trivialityce of the cohomology
is in some sense a global constraint coming from the requirement that g has to be
measurable. If we would give up the obstruction that g has to be measurable, we
could easily build functions g satisfying giT)g~l = -1. In other words, if we would
use algebra instead of ergodic theory and take any bijective map X of a set X and
form the group G = Tx of all maps from X to the circle T, then Til(R, G) would be
trivial. The measure theoretic structure of the dynamical system acts as a boundary
condition which makes the algebraic topology more interesting.
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• Halmos homology and cohomology groups for a cyclic group dynamical system.
An automorphism X of an arbitrary abelian group Q gives a discrete differentiation
ft->df = /(X)/"1 on the group G. If S is the trivial group {1} in £, then d~n£ is
a subgroup of G and one can think of them as "polynomials" of degree < (n — 1)
because n times "differentiation" makes them vanishing. Halmos defined the groups

HniR,G) = d-ne/d-(n-l)£ ,
which he called generalized eigenvalues in the case G = L°°iX), where the group au
tomorphism is coming from a dynamical system iX,T,m). Then, 7txiT,R) = drxS
is the space of functions / left-invariant under X and the first Halmos homol
ogy group Hi measures how many ergodic components X has. The next group
H2(T,R) = d~2Sld~lS is the vector space of nontrivial eigenfunctions to eigen
values different from 1. This second Halmos homology group measures the point
spectrum of the unitary Koopman- operator belonging to X and Halmos called the
other groups Hn generalized eigenvalues.
There is a dual construction. Start with G and form the groups

Hn = dT^GKG ,
which we call the Halmos cohomology groups. The first of these groups is identical
with the first Eilenberg MacLane cohomology group defined above.

• de Rham cohomology groups for an algebra dynamical system. We illustrate the sit
uation with an example. Let Ti,T2,.. .Td be an ergodic Zd action on the probability
space iX,m) and take M = L°°iX). Look at the vector field

v = ivi,v2,...,vd)GL°°iX,R)d.

The rotation of this vector field is

(dv)ij = (Vi(Tj) -Vi- (Vjfr) - Vj)) € L°°(X,R),
where i, j runs over all pairs i < j. For / G L°°iX) is defined the gradient

ifiTi ) - / , / (X2) - / , . . . / (Xd) - / ) ,

which is a vector field. One sees immediately, that the rotation of a gradient is
vanishing. A cohomology problem of de Rham type is to determine the vector space
of vector fields with vanishing rotation modulo the vector space of gradients.
For any constant vector field v = (ci, c2,..., cd) with c, G R, the rotation is zero but
except in the case when all c, are vanishing, the vector fields v are not gradients
because there is no measurable function / on X, such that c,- = /(X*) — / for c, ̂  0.
(To see this, just integrate the equation c,- = /(IJ) — /.) So, the first cohomology
group contains at least the group Rd.
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• de Rham cohomology groups for a group dynamical system. We consider a group
dynamical system (ft, G) with ft = Zd. We think of A = (Au A2,... Ad) as a one-
/orm or connection or gauge-field depending on topological, geometrical or physical
preferences. Each Ai is attached at one of the transformations T{ generating ft. The
curvature of a gauge field is

Fij = dA = AiAjiTi)AiiTj)-lAjl
and each Fy is attached at a plaquette spanned by two transformations Tt,Tj. An
element £? in G can also act as a Gauge transformation on gauge fields

A = iAuA2,...,A4) h> A*£ = (^iB(XfJ),S^Xf1),...BAdBiTdx)).

Fields A = dB, which are cohomologuous to 1 are gradients of a function B. They
satisfy automatically dA = 1, which means physically that they are zero curvature
fields. Geometrically one knows then that parallel transport around a closed curve
is the identity and space is flat. The problem is to find the moduli space of zero
curvature fields, how many zero curvature fields exist modulo Gauge transforma
tions. This can also be considered as the second cohomology group of a de Rahm
cohomology which is defined in the group dynamical system (ft, G).

After these examples, we turn to the history of cohomologies for dynamical systems.
The general framework for cohomology has been worked out by Eilenberg and
McLane [Eil 47]. It is called cohomology of groups. The "cohomology of dynamical
systems" was invented in the beautiful paper [Kir 67] of Kirillov in 1967. We owe this
reference to J.P. Conze. Kirillov asked a lot of interesting questions for this coho
mology and used also HliT, Z2) what we call the cohomology of sets. Cohomology of
dynamical systems also appeared in the paper [Liv 72] without mentioning Kirillov's
work. But already before, people were using cohomology in dynamical systems with
out using this name. The first appearance we could locate is in von Neumann's paper
[Neu 32] (p.641) who was investigating the spectra of ergodic flows. (In Hilbert's
list of problems [Hil 02], the cohomological equation /(X) -f = g appeared in a side
remark in problem 5 already. Hilbert gave it as an example of an analytic functional
equation which has only a continuous non-differentiable solution). We mention also
[Anz 51] who used the name "equivalent" instead of cohomologuous. In the book
of Halmos [Hal 56], the notion of "generalized eigenvalues" is introduced. This is
a cohomology construction which Halmos used it to distinguish dynamical systems.
The same notation is found in [Akc 65]. Also influenced by Halmos was [Ste 71],
who continued the work aiming to find invariants for dynamical systems. The coho
mology of dynamical systems as a special case of group cohomology was worked out
in [Moo 78] (and references therein) in the context of ergodic equivalence relations.
Some ideas have been followed further and we refer to the book [Sch 89] (chapter
2).
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Cohomolocal equations appear at different other places in other function spaces.
They are important when studying structural stability of dynamical systems. When
conjugating two dynamical systems X, X = X+/ with a conjugating map <j> = Id+h,
the unknown function h has to satisfy the functional equation

T(x) + h(T(x)) = T(x -t Kx)) + fix + hix)).

In the case X : T1 —» T1, a: i-> x + a, this equation can be written as

n(x + a) - hix) = fix + n(x))

which has the linearisation the so called homological equation

hix + a) — hix) = fix) .

Solving this equation in a space of analytic periodic functions is important in
Arnold's proof [Am 88] of the theorem, that an analytic diffeomorphism of the circle
X with Diophantine rotation number can be conjugated to the rigid rotation X if
the two diffeomorphisms X, X are close enough to each other. (Arnold conjectured,
that this is true independent of the closeness of X and X. This conjecture was later
proved by Herman.)

2 Cohomology of groups and dynamical systems
Let ft be a group acting continuously on an abelian topological group G- We write
the group operations in ft multiplicatively and the group operation in G additively
and the action of ft on G as g *-> rg . Denote by Cn the set of functions from
ftn —▶ G which are called n— dimensional cochains. They form in a natural way a
group. The coboundary operator d^ : Cn -* Cn+1 is defined as

d(n)/(n,...rn+1) = rifir2,...rn+i)
n

+ SK-iy'/fa»• • •»r«T«*+i» • • •»r»+0 +
t = l

+ ( - l )n+7(r i , . . . , rn) .

The elements in Zn = ker(d(n)) are called n- dimensional cocycles and B" =
im(d(n"1)) is the set of coboundaries. They are both subgroups of Cn. It is of
advantage to write the cochains also in a homogeneous way using one variable
more:

Fir0,rx,... ,rn) := ro/^r^rfS, • • • ,^n-irn) •
The function F satisfies the homogeneity condition F(rr0,... rrn) = rF(r0,..., rn)
and the old function can be recovered with the formula

fin,• • • rn) = F(l,ri,rir2l...,rxr2...rn) .
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In such homogeneous variables, the coboundary operator is

n+l
S*F(r0,...,rn+1) = £(-l)'F(r0,...,f,-,...,rn+1).

i=0

(ft means that the variable rt- has been taken away). If the coboundary operator is
written in this form we see immediately that

d(n+1)d(n) = 0.

This implies that B" is a subgroup of Zn and one can form the cohomology group
7C = Zn/Bn. This is the group cohomology of Eilenberg-McLane [Eil 47].

Examples.
• For n = 0 we get

Z ° = { /€C | r / - / } ,
B° = 0

and so
H° = {gGG\rg = g,VrGG}

is the subgroup of G consisting of elements which are left invariant under all r G R.

• For n = 1,

Z1 = {/:^-e|/(rir2) = /(r1) + r1/(r2)},
B 1 = { f : R ^ G \ fi r ) = r g - g \ 9 G G } .

In the case when ft is abelian then an element / G Z is also called simply a "cocycle".
It follows then that

/(n) + r1/(r2) = /(r2) + r2/(r1).
In the case when ft = Zd has the generators ei,..., ed, one can define A{ = /(et)
and the above cocycle condition is equivalent to the zero curvature condition

Ai + CiAj = Aj + ejAi.
• For n = 2, one gets

& = {/(n,r2) = r1/(r2,r3) + /(ri,r2r3)-/(r1r2,r3)},
& = {/(n,r2) = rio(r2)-rp(r1)-a(r1r2)}.

A special case of the cohomology of Eilenberg McLane is the cohomology of abstract
dynamical systems.
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If the group ft acts by automorphisms on a probability space (A",m), we call
(X, ft, m) a dynamical system. We are mainly interested in the case ft = Z and
write then (X, X, m) with < X >= Z. Let G be a commutative locally compact
topological group and define G = L°°iX, G). The group ft is acting in a natural
way on G. The action of an element X G ft on G is i4(x) »-▶ A(X(a:)). The above
group cohomology of (ft, G) gives a cohomology of dynamical systems. The inven
tion of this cohomology is due to Kirillov [Kir 67] who made also the simple remark
that if two dynamical systems iXx,Rx,mx) and iX2,R2,m2) are conjugate, they
have isomorphic cohomology groups.

We are mainly interested in the first cohomology group because of the following
theorem
Theorem 2.1 (Eilenberg-McLane, Feldmann-Moore) 7/ft is free or hyperfi-
nite, then the groups HniR,G) are trivial for n > 2.
The zeroth cohomology group H° is also not so interesting. If the action of ft is
ergodic, then this group is isomorphic to G. The first cohomology group is the
quotient Hl = G/C, where

C = {A G G | 3J? G £,3X g ft, A = B(T) - B} .
This is the group of interest and we will turn to this group in the next section.

3 The cohomology group Hl(T,G)
In this section we deal with the first cohomology group in the case G = L°°iX, G),
where X : G —▶ G comes from an abstract dynamical system iX,T,m) and G =
5X(2,R). With non-abelian groups G, this leads only to cohomology classes and
not to cohomology groups. We also want to treat the case, when G is an abelian
subgroup of 5Zr(2, R). Especially G = Z2 or G — 50(2, R) are interesting and the
cohomology question for these groups sheds also light on the case 5L(2, R).

3.1 Circle-valued cocycles
The case when the group G is 50(2, R) and ft = Z =< X > has been investigated
extensively already (see for example [Bag 88]). Especially the case when the dynam
ical system is an ergodic group translation on the torus has attracted much attention
especially in the context of ergodic skew products which bear the name Anzai prod
ucts. In this case G = 50(2, R), the elements in G are called circle-valued cocycles.
They have already been studied by von Neumann in 1932 ([Neu 32] p. 641) in

connection with ergodic flows obtained by suspension. The dynamical system is the
irrational rotation x (-▶ x + a. on the circle. The problem can be formulated as a
spectral problem for an operator A given as

Ae*9(*) — c*7(*)c«$(*+«0
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which is also called a weighted composition operator. Finding an eigenvalue e2*iB with
eigenfunction g for A is equivalent to have discrete spectrum of A because ge2*ikx
is then a complete orthonormal system with eigenvalues e2*i(>ka+e\ The existence
of the eigenfunction g to the eigenvalue ei9 is equivalent to the solvability of the
cohomological equation

gix + a) - gix) = fix) - 0(mod 2tt)
for the 2tt periodic L2 function g. Taking Fourier series fix) = E£_oo Ac2***, this
equation has the formal solution

g(x) = Y" It— . e^ikx

If this Fourier series converges, one has discrete spectrum for A.

It is not known how to determine the cohomology group

HiT,G) = GiT,G)/CiT,G).
In the case when |J\T| is finite, and the dynamical system is ergodic, it is easy to
show that HiT, 50(2, R)) = 50(2, R). In general, when X is a finite set, on has also
HiT, G) = G for any group G. In the aperiodic case, the question is open and it
seems that the determination of the group is hopeless.

We know ([Kni 2]) for G = 51(2, R)

Proposition 3.1 7/(X,X,m) is aperiodic, the subgroup C is dense in G.
and therefore the cohomology group is not a topological group when taking the
quotient topology from G.

3.2 Cohomology of measurable sets
An interesting case is G = Z2, because the group G is then isomorphic to the group
of measurable subsets of X and the coboundaries are the subsets Y which can be
represented as Y = Z(X)AZ. On G we can take the metric d(Y,Z) = m(YAZ).
We showed in [Kni 1]:

Theorem 3.2 7/(X,X,m) is aperiodic, the subgroup C as well as its complement
are both dense in G with respect to the metric d.

The problem to determine whether a measurable set Y C X is a coboundary is
called the cohomology problem of measurable sets. Open is also how to determine
the first cohomology group 7 (̂X, Z2). The cohomology of sets appeared already in
[Kir 67] and from the same reference, the following result can be deduced which
shows that in general HiT, G) ^ G unlike in the finite case \X\ < oo.
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Proposition 3.3 7n the case iX,T, m) = (Tx,x *-* x+a,dx), where a is irrational,
the first cohomology group HliT, Z2) has at least 3 elements.

Proof. The set X itself is not a coboundary because X2 is ergodic. Choose n G N
and decide X into n intervals Yx,...Yn of the same length. Assume one of these
intervals Yk is a coboundary. Then all of them are coboundaries and also

*= i

is a coboundary. This is a contradiction and the assumption that Yk was a cobound
ary is wrong. For n = 2, the sets X,YX,Y2 are pairwise not cohomologuous. D

This idea can be generalized. A dynamical system is called reversible if there exists
an involution 5 such that STS = X"1.

Proposition 3.4 Given a reversible aperiodic ergodic dynamical system iX, X, m)
with STS = X"1 such that X2 is ergodic. If there exists a set Y with m(Y) = 1/2
such thatYAS(Y) = X then the cardinality o/7i1(X,Z2) is bigger then 2.

Proof. We show that all of the sets Y, SiY), X are not coboundaries and that they
are pairwise not cohomologuous.
X is not a coboundary because X2 is ergodic. The set Y is a coboundary if and only
if S(Y) is a coboundary because

Y = ZATiZ) =* S(Y) = 5(Z)A5X(Z) = 5(Z)AX"15(Z).

So, if Y would be a coboundary also X = YA5(Y) would be a coboundary. From

YAS(Y) = X,YAX = Y, 5(y)AX = S(Y)
fo l l ows t ha t no pa i r o f t hem can be cohomo loguous . D

The following remark we owe to J.P Conze:

Remark. It follows from a recent result by Derrien [Der 93] that there is an infinite
countable group contained in H1(X,Z2) when working over the dynamical system
(T^imi+q, dx). If there exists a partition X = yiUy2U.. .UYn of T1 where YJ are
intervals with rational length then any of the sets Y = U,-6/Yi is not a coboundary
and two different such sets are not cohomologuous.

3.3 Relation between cohomologies
Let S = L°°iX, Z2)) denote the group of Z2-valued cocycles, with

<9 = L°°(A:,50(2,R))
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the group of circle-valued cocycles and with

A = L°°iX,SLi2,R))

the group of 5L(2, R) cocycles. The group £ is the center of the multiplicative group
A and O is the maximal abelian subgroup of A. We have already prove, that AGS
is not a coboundary in S, then A is neither a coboundary in O nor a coboundary in
A. This implies that if we find cocycles, which are not coboundaries in S then we
have found cocycles in A which are not coboundaries in A. Here is again the result.

Lemma 3.5 (a) AG 8 is a coboundary in £ if and only if it is a coboundary in O.
(b) IfAx,A2GO and 3C G A such that Ax = C(T)A2C'lt then there exists C GO
withAx = CiT)A2C-1.
(c) AGO is a coboundary in O if and only if it is a coboundary in A.
(d) AGE is coboundary in S if and only if it is a coboundary in A.

This has a consequence for the cohomology groups:

Corollary 3.6 H\T,Z2) is a subgroup of ^1(X,50(2,R)), which is a subset of
H\T,SLi2,R)).

4 Halmos homology and cohomology groups in
the cyclic case

We are dealing in this section with a cyclic group dynamical system which means
that there is given an abelian group Q with a group automorphism X : G —> G.

There is a generalization of the first cohomology group

H\T,G) = G/{BiT)-B\ BgG}
leading to a sequence of cohomology and homology groups which we call Halmos
cohomology groups, because Halmos was dealing with such constructions under the
name "generalized eigenvalues" in the case when G = L°°iX). Define the discrete
Lie derivative

d:G-*G, A*->dA = A(T) - A
and the sequence of groups ft°(X, G) = G,

^n(X,e) = dn"1a/dn^
called Halmos cohomology groups as well as the sequence of groups Ho = {0} = S c
G,

Hn = d-nS/d-(n-»£,
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called Halmos homology groups, where

d~lA = {B G G | dB = A} .

Like this, there are defined two sequences of groups

- y 1 / 1 / a / 2 ' t y l 1 ^ 0rto, /Ii, rt2,... , rt , rt , rt ,

which are invariants of the dynamical system £/,X). In the special case when
G = L°°,G) we denote the groups ftt(C,X) also HiiG,T). If two such dynami
cal systems iX,Tx,m) and (X,X2,m) are conjugate, then HiiTx,G) = ftt(X2,G)
and W*(Ti, G) = H\T2, G). Also the numbers

/x(X,G) = min{n > 1 | ftn = {0}} GNU{oo} ,
u(T,G) = min{n > 1 | H" = {0}} G NU {oo} ,

are invariants of the dynamical system. Halmos [Hal 56] used the number p [Hal 56]
in the case G = L°°iX, R). With

d'l£ = {A(X) = A},
d~2£ = {AiT)-A = BGd-1£} = {AiT2)-2AiT) + A = 0},
d~z£ = {A(T) -A = BG d~2£} = {A(X3) - 3A(X2) + 3A(X) - A = 0} ,

we get the homology groups

HQ = d-^/f = {A(T) = A} ,
Hi = d-2£'/d-1^ = {A(X2)-2A(X) + A = 0}/{A(X)-A = 0}.

On the other side, we have

dQ = {A = £(X)-£},
d2£ = {A = £(X2) - 2B(X) + B} ,
dzG = {A = B(X3) - 3B(X) - 3B(X2) + B}

and the cohomology groups

H° = {A(X) = A},
H1 = £/{A = £(X)-B},
ft2 = {A = £(X) - £}/{A = B(X2) - B{T) + B} .

There is the obvious problem to determine the groups Hn,Hn and to find out, what
they say all about the dynamical system. Also interesting would be to understand
the dynamics of d : Q —▶ G- which is already a nontrivial problem in the case when
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the the group G is finite.

Examples:

• If we take for G = L°°iX, Z2), the algebra of measurable sets and for X an auto
morphism of the probability space, we define

X: G -+ G, Y i-> X(y),

and the determination of HliG, X) is the "cohomology problem for measurable sets".
More generally, with G - L°°iX,G) one gets the situation described below with
G = L°°iX, G) where G is an abelian group and X is an automorphism of a proba
bility space.

• Take any abelian group G and X : g *-▶ a-1. For G = Zp, where p is a prime, we
have HliZp,T) = Z2 because half of the residue classes are quadratic residues. For
G = Z we get ftn = Z2 and ftn = {0}.

• For a finite abelian group G, we calculated experimentally with a Cayley program
that HniG,T) = HniG,T) holds. This suggests, that in general, a duality could
hold.

• Let G = CW(C/) be the additive group of all analytic functions on a domain U CC.
Define d(/) = /' and £ = {0} C G. d~n£ is the group of polynomials having degree
< n and HniT,G) = R. On the other hand H"iT,G) is the trivial group because
any analytic function is also a derivative.

5 de Rham cohomology for C* dynamical sys
tems

In the case ft = Zn, G = L°°iX,G), only the first Eilenberg- McLane cohomology
group is interesting. More interesting groups are obtained by mimicking the de
Rham construction.

Let M be any C* algebra with trace tr and ft =< Xi,... Xn > be a representation
of Zn as automorphisms of M which leave invariant the trace. The triple (jM, ft, tr)
is called a C* dynamical system with time ft = Zn.

For example, one can take M = L°°iX,G), where G = M(N,R) is the algebra of
matrices on R^ and take Xi,... Xn as ergodic commuting measure preserving trans
formations on the probability space (A", m).
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The crossed product X = M®R with multiplication

/ • 9 = £ fiTi • J2 9jtJ = £ fiiT^gjTu = £ (/^aTa: ,
/ J I , J / J = A *

is a graded Banach algebra having the involution

(Km)i{x) = TTrI{Tix).
An other algebra is obtained if the multiplication of the rt is not symmetric but
anti-symmetric. Denote by ft the algebra generated by Ti,T*, i = l,...,d which
satisfies

{Ti,Tj} = K,r;} = o,
Ti A t*j = rt* A Tj = 6ij .

A basis in ft is given by the elements

nt A ... A rip, r*A...Ar*,l<p<n
with ix <i2< ... < ik. The algebra has dimension nin -1) -1. The tensor product
A = M 0 ft the space of difference forms or the skew-crossed product of the algebra
M with the dynamical system ft. It is a graded algebra

a = ep=_dAp

with exterior multiplication

f*9 = EfiTiZf jTJ = Zfi9j (TI )TIATj .
I J / , J

If / is a p-form and g is a o-form, then /a is a p + q form. The space of 0— forms
Ao can be identified with M. The algebra A has an involution

I I

and a trace
tr(£//r/) = tr(/0)/

giving the scalar product

</ ,^>=tr ( /Ao*) = t r (£ / /p / ) .

Define the 1-form r = £?=i r, and

d: Ap — Ap+i, f = £//T/ h-> d/ = £[r,//]r/ .
/ /
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The operator d is called a coboundary operator. The adjoint of r is the -1 form
t* = E?=i t*. Dual to d is the operator d* defined by

/

Examples. For / € A0 we get the gradient

df = i(f(Ti)-f)Ti.
1=1

For a 1-form / = £, /tr„ we get the rotation

df = B/.W)-/,hArt-
= E(fi(T j ) ' fi ) - i f j iTi ) - f j )Ti j .

i< j

For a (d - l)-form / = £7. //.r/., with ru = n A r2 A ... A f* A ... A rd, one obtains
the divergence

d f = h h < Ti ) - h ) n * * .
t = l

Lemma 5.1
d2/ = (d*)2/ = 0

Proof. Given / = £//7/, we calculate

<*V = E(//(^i) - //(II) - //(X,) + /7)rf A r,- A r7 .

Interchanging a specific pair i, j on the right hand side changes the sign but not the
value of the sum. This implies d2/ = 0. Analogous we get (d*)2/ = 0. □

It follows that the image of dk = d on A* is contained in the kernel of dk+x on Ak+1.
When M is abelian this allows the definition of the de Rham cohomology groups

HkiM,T) = Keiidk+x)/Imidk).
In the non-abelian case, HkiM,T) is only a set, which we call the Moduli space of
k-forms.

Proposition 5.2 Let (A4,ft,tr) be a C* dynamical system with time Zn. For each
(p - 1)- form f and each p- form g one has

<df,g>=<f,d*g> .
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Proof. By linearity, it is enough to show it for / = fjTj and g = guru

< dj, g >= tr((/j(T0 - fj)gh) = M/K^TT1) - 9u)) =<f><?9> •

D
This can be seen as a version of theorem of Green-Stokes-Gauss. We will illustrate
later with examples how the classical theorem of Green-Stokes-Gauss can be ob
tained as a limit of the above proposition.

Hodge theory
There exists the involution called Hodge-* operator

* : A p -▶ A n _ p , / = ] £ / / 7 7 h - > / / t / . ,

/
with fa)* = Tj, where J = 7* is the unique complementary index satisfying 7 A J =
TXA...Ard. This gives a natural isomorphism between Ap and A„_p. The operator
* satisfies ** = 7d.
It is natural to ask if a Hodge-theory analogous to the classical case exists. One can
define the Laplace-Beltrami operator

7, = dd* + d*d

which acts on A and leaves each space Ap of p-forms invariant. The Laplace-Beltrami
operator is essentially the usual discrete Laplace operator:

Lemma 5.3

L £ firj = -2(£(/jpl) - 2fj + fjiTrl))Tj .
I h i

Proof. We calculate

d-dhrj = ^(MTay1) - fi(T-1) - hp.) + fitf-n ,

dd-fin = YKMTiTf1) - h{T-x) - ft(Tt) + f,)TiT; ,

Because for i ̂  j we have TjTi = —TiTJ, we get

{d-d + dd-)fm = -2£(//CH) - Vi + fi{Ti)-l)T,.
i

T h e c l a i m f o l l o w s b y l i n e a r i t y . D

Remark: The coboundary operator d can also be defined by taking a one form

T = £ aiTi
i
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satisfying the zero curvature equation

[aiTi,ajTj] = Q.
In the same way one has then d2 = 0. The Laplace-Beltrami operator satisfies under
the condition [aiTi, iajTj)*] = 0

ioTd + dd*)^ = - £ 2aifjiTi)a* - &,/, - fjb{ + 2a?(7T1)//(7T1)at-r/ ,
t

where b{ = a^^-^a,^-1) -f at<. Define on A the operator

D = d + d*

and the operator P which satisfies

p = (-iy

on Ap. With d2 = (d*)2 = 0 one checks the simplest version of super-symmetry

£2 = L,P2 = l,p,P} = 0.

The kernel of L = Lk acting on A* is called the space of random harmonic k-forms
Examples
• d=l .
(i) Let / be a 0-form and g = gr be a 1-form. With

df = (f(T)-f)r, d*((?r) = a(X-1)-a
we get

<d/,a> = tr(d/a*) = tr((/(X)-/)rrV)
= tr(/(o(X-1)-ar) = tr(/((Tar) =<f,d*g> .

In the case M = L°°(A') with tr(/) = fxf dm, this can be read as a discrete partial
integration.

td = 2.
(i) Given a 0-form / and a 1-form g = gin+ g2r2 we calculate

df = ifiTi)-f)n + ifiT2)-f)r2,
#9 = [?-*, ajh + [r*, 02]r2 = ^(Xf1) - gx + ^(Xf1) - o2

and get

<df,g> = ^(/(XO-Z^-r^X,)-/)^),
</,d*o> = txifig*xiTxl)-g*x+g*2iT2*)-g*2)).
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Comparison of the right-hand sides gives <df,g >=< f,d*g >.

(ii) Take a 1-form / = fxrx + f2r2 and a 2-form g = gX2 rx A r2. With

4 f = i f 2 iTi ) - f 2 ) - i h iT2 ) - fi )TiAT2 ,
dTg = (^(Tf1) - a12)r2 - (^(Xf1) - a12)n ,

we get

<df,g> = tr((/2(X1)-/2-/1(X2) + /1)aJ2dm(rr),
< /, (Tg > = M-A^Xf1) - &) + higUTi'1) - &)) •

Again both right hand sides coincide.

The classical de Rham theory as a limit
We will see in examples that in some sense the classical Gauss-Green-Stokes theorem
can be obtained in the limit. For this we take on the d dimensional torus Td the
measurable Zd action defined by the group translations

Tiix)k = x + eek ;,

where et- forms the standard basis in Rn. The unitary operators £/,: h*-+ /i(Ti) give
then the Zd action on M = L°°iX) with the trace tr(/i) = fxh dm.
• d= l .
Let 7 be an interval [a, b] C T with a ^ b and g = 1/ G L00(X). Let / : T1 -▶ R be
differentiable. We get

!<*,,> = j/J*±±Lmdx
- < f , d " g > = - ( / f ( x ) d x - f ( x ) d x ) .€ € J a J b

and for € —▶ 0, we get

-<df,g> -> J f\x)dx

\ < f , d * g > - / ( 6 ) - / ( a ) .
This shows that the usual Hauptsatz of calculus is obtained in the limit when the
translation parameter e approaches 0 and some regularity for / and g is assumed.

• d=2.
We take the dynamical system

iX = l2,Txix,y) = (x + e,y),T2ix,y) = (x,y + 6) .
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(i) Given a smooth 0-form /. Given a smooth curve 7 : [0,1] -+ T2 with velocity
vector 7, we define the smooth 1-form

0 = 7ilrri+72lr72,
where

T = {7(t) + s • (-72,7!) I it, s) G [0,1] x [-c, e] C T2
is a thick curve of thickness 6. We calculated

<df,g> = tr ifiTx)-f)g*x+ifiT2)-f)g*2),
< f , d T g > = t r ^ K ^ - r f + ^ I T 1 ) - ^ ) ) .

For e -+ 0, J < d/, a > is approaching the line integral J7 V/ ds and J < f,d*g > is
approaching /(7(1)) - /(7(0)).

(ii) Given a smooth 1-form / = fXTX-rf2r2 defined by 2 smooth functions f{: T2 -> R.
Take a region OCT2 with a smooth boundary and define the 2-form g = 1G tx A r2.
We calculated

<d/,a> = tr((/2(T1)-/2-/l(T2) + /1)^2dm(*)f
</,d*o> = tr(-/1(pla(2r1)-rf2) + /2(pl2(7r1)-rf2)).

For c -+ 0,
<df,g>-> / rot(/) dm

and
<f,d*g>^ f fds

J6G
so that the Theorem of Green is obtained in the limit.

6 de Rham cohomology for group dynamical sys
tems

We do a related construction of de Rham cohomology with less structure by replac
ing the algebra dynamical system by a group dynamical system.

The idea is to define with a dynamical system a geometry on a group. A geometry
is in the non discrete case defined by differential operators on a smooth structure.
For example a connection (covariant derivative) on a Riemannian manifold defines
the geometry. Here, the geometry is given by d commuting automorphisms on the
group G-
The application we have in mind is the group G = 7°°(X, G), where G is an abelian
group and Tt come from automorphisms of the probability space (AT, m)

Tr. A ~ A ( T i ) .
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We are trying to do a de Rham cohomology on a group instead on an algebra by
taking the cohomology for algebras and to identify the additive and multiplicative
structures of the algebra.

Given a group dynamical system (ft, (/), where ft = Zd is generated by d automor
phism Tx,...Td. For 1 < k < d, the group A* of k - forms

I , ) tuple of

/ = £ / / T /
\I\=k

group elements in G. Addition of two k — forms is defined as

E flTl + E gw = E fi9iri
I J I

and the inverse is defined as

/ /
Given two index sets 7, J of the same length. If an odd permutation of indices in 7
gives J, we require that

// = (h)-1
holds. We define a multiplication Ak x Am —▶ Afc+m

E Un • E 0^ = E fMT^rjrj
I J I , J

With special 1-form is r = £t- rt- we define an exterior derivative by

/ = E//7/ - df = E/zPiwr1™.

In the case when the group O is abelian one gets

in the sense that
d2A = l

for every fc-form A. This implies that the image ofd = dk on A* is contained in the
kernel of dk+x on A*+i. This leads to the cohomology groups

^fc(0,X) = Ker(dib+1)/Im(d,)
which are invariants of the group dynamical system (ft, G).
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If G is abelian, the space HliR, G) is the moduli space of zero curvature fields over
the group dynamical system (ft, G). This moduli space labels the equivalence classes
of zero curvature Gauge fields modulo the Gauge fields which are gradients.
Examples: Take d = 3.

(i) A 0 form / is just an element in (/. The exterior derivative defines the gradient

df = m)rln+f{T2)rlr2+/(x3)r v3.
The zeroth cohomology group H° consists of the space of group elements which are
invariant under all 7}:

«° = {/€0|/(U) = /}
(ii) The exterior derivative of a 1-form / is the "rotation"

df = d(/iTi + f2r2 + /3r3)
= f2iTz)f2lTZf\r2 + hiT2)fclT2,\Tz
+ /iffiJ/fSAn + MTO/a-ViATi
+ /s(Ti)ir1^A7i + /1(T3)/f17iAn
= f2iT3)f21f3hiT2)-1TZAT2

+/i(T2)/r1/2/2(T1)-1r2Ar1
+/3(T1)/3-1/i/i(r3)-1r1Ar3

For an abelian group G, this exterior derivative is equivalent to the curvature

Y\fir»f3To\TiATj
of the one-form A.

The first cohomology group H1 is the moduli space of zero curvature fields:

Hi_{fi(Tj)frl = fs(Ti)fr1}
fi = g(?i)rl

(iii) The exterior derivative of a 2 form is

df = d(/23r2 A r3 +/3ir3 A ri +/i2T! A r2)
= /23(T1)/2l1/31(X2)/3-11/i2(T3)/r21r1 A r2 A r3 .

The second cohomology group H2 consists of all the 2-forms (/23,/3i,/i2) which
have "zero divergence"

/23(T1)/^/3i(r2)/3-11/i2(r3)/r21 = i
modulo the space of 2-forms which arise as curvature of a 1-form (/i, /2, /3)

fn=m)frlhm)-A
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7 Questions
We add some questions.

• A main problem is the concrete determination of the defined groups in special
examples.

• Does a duality for the Halmos cohomology and homology groups hold? Is HniG-> X)
isomorphic to ft„(£,X)?

• Does the classical Hodge theory have an analogue for the situation here? Espe
cially: is ker(Ljt) = Hk1 Is there a Poincare duality

Hq = Hd~q

for the de Rham cohomology groups?
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Abstract
We study hyperbolic properties of bounded 57(2, R) cocycles over a dynami
cal system.

Nonuniform hyperbolic cocycles have by definition Lyapunov exponents which
are different almost everywhere. We reprove a theorem of Wojtkowski which
states that sufficient for positive Lyapunov exponents is the existence of an
invariant cone bundle. We make the remark that the condition in the theorem
is also necessary.

A cocycle is uniformly hyperbolic if a strict invariant cone bundle exists. We
reprove a theorem of Ruelle which states, that in this situation, the Lyapunov
exponents depend real analytically on the cocycle.

We investigate the relation between the rotation number of Ruelle for mea
surable matrix cocycles and the hyperbolic behavior of the cocycle. We show
that a cocycle is uniformly hyperbolic if and only if the rotation number is
locally constant along a so called Herman circle /? ▶-> ARip) which is obtained
by multiplying A with a constant rotation R(p) with angle p.

In the end we study spectra for 57(2, C) matrix cocycles and prove that the
spectrum of a cocycle acting on L2iX, C2) is the same then the Sacker-Sell
spectrum, which is the set of complex numbers such that z • A has exponential
dichotomy.

1 Introduction
Many numerical experiments support the believe that unstable behavior in conser
vative dynamical systems on a two dimensional manifold is typical. Anosov systems
are prototypes of systems showing erratic, chaotic motion. It is just this extreme
form of hyperbolicity which makes them tractable and the disorder in the system
brings simplicity in the mathematical description.

A weaker form of hyperbolicity is present if there is a splitting of the seperatrices
which is no longer uniform. This is the case when the Lyapunov exponents are
different almost everywhere. Pesin theory shows that there are present still strong
stochastic properties in this case. The mathematics of nonuniform hyperbolic dy
namical systems seems to be much more difficult than the uniform hyperbolic sys
tems.

What distinguishes uniform and non-uniform hyperbolic dynamical systems? How
large are both classes in the space of all dynamical systems and how looks the bound
ary, where a transition between uniform and non-uniformity happens? Not much
seems to be known about these questions. We just mention an unpublished result
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of Mane [Man 83], [Man 83a] which states that a 01 generic diffeomorphism on a
compact connected manifold is either Anosov or has zero metric entropy.

In this chapter, we want to investigate the question of uniform and non-uniform
hyperbolicity from a slightly different point of view: we fix a dynamical system and
look at the set A of all bounded measurable 5L(2, R) cocycles over this dynami
cal system. In reality, the cocycles are coupled with the dynamical system but we
think that understanding of general uniform and non-uniform cocycles over a fixed
dynamical system could also help to understand some differences between uniform
and non-uniform dynamical systems.

There is a subset V of the manifold A of measurable 57(2, R) cocycles, where the
Lyapunov exponents are positive almost everywhere. We have shown [Kni 2] that V
is dense in the L°° topology and that V \ intP is not empty if the dynamical system
is aperiodic [Kni 1]. V contains an open subset S, where the cocycles show uniform
hyperbolic behavior. Ruelle's theorem (we will give in this chapter again a proof)
tells, that Lyapunov exponents depend real-analytically on S. Together with our
discontinuity result, we know that for aperiodic dynamical systems V \ S is never
empty.

This chapter can be viewed as an appendix to our above mentioned works [Kni 1]
and [Kni 2] and is organized as follows: we formulate and reprove a theorem of
Wojtkowski which is a criterion for showing positive Lyapunov exponents almost
everywhere. It is the only criterion, which works over general dynamical systems. It
says, that a measurable invariant cone bundle, which is strict invariant on a sweep-
out-set of positive measure implies positive Lyapunov exponents almost everywhere.
We prove a remark which says that this criterion is also necessary.

Next, we formulate some equivalent definitions for uniform hyperbolic cocycles. Such
cocycles have been investigated by Ruelle [Rue 79], who showed that in this open set
S, the Lyapunov exponents are depending real analytically on the cocycle. Ruelle
gave also explicit formulas for the Frechet derivative. We reprove this and illustrate
his formula by calculating the derivative of the Lyapunov exponent on a special
curve. This result illustrates that the derivative can get big in modulus, if the sta
ble and unstable co-invariant direction fields get close.

Ruelle also defined a rotation number for measurable 5L(2,R) cocycles [Rue 85].
This rotation number is not unique. It is defined for cocycles with values in the
universal covering of 57,(2, R) and the rotation number depends on the chosen lift.
In certain cases, one can define a rotation number which is unique modulo 27r. One
of these cases is treated by Herman [Her 83], who defined a rotation number for
continuous cocycles homotopic to the identity.
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The Lyapunov exponent and the rotation number can be joined together to a com
plex function w = - A + ip defined on the space L°°iX, 5L(2, R)) of cocycles taking
values in the universal covering group of 5L(2, R). In the theory of discrete Jacobi
operators, (where no universal covering is necessary because of the special form of
the cocycles), the number w is the Floquet exponent and a result in [Dei 83] shows
that there is then a link between the Lyapunov exponent and the rotation number.
We believe that this should be the case also in the more general set-up of general co-
cycles but have no results in this direction. Instead we will prove a relation between
the Lyapunov exponent and the rotation number which says that local Constance of
the rotation number along a circle p *-+ ARiP) (where i?(/?) is a rotation about an
angle P), is equivalent with AGS.

There are different types of spectra which can be defined for matrix cocycles. First
of all, a cocycle At* is an element of a C* algebra which is the crossed product of
L°°iX, M(2, C)) with the dynamical system. It can also be viewed as an operator
acting on L\X, C2) acting as«H Ai^X""1) generalizing the Koopman operator in
ergodic theory. For almost all x G X, At* defines an operator on /2(C2) defined by
iAu)n = AiTnx)un-i leading to another spectrum which we call individual spec
trum. An other spectrum is the Sacker-Sell spectrum which is defined to be the set
of complex numbers z such that z • A has exponential dichotomy on L2iX, C2). In
the end of the chapter we will have a look at such spectra.

2 Invariant cone bundles and nonuniform hyper
bolicity

A dynamical system iX, X, m) is an automorphism X of a probability space (X, m).
We define the Banach manifold .4 = L°°iX, 5L(2, R)) in the real Banach algebra
X = L°°iX,Mi2,R)). The elements in X are called matrix cocycles. We use the
notation A(X) for the cocycle x ■-> A(X(s)) and write An = A(Xn"1) • • • A. For an
element AG X the Lyapunov exponent is defined as

A(A,o:) = nlimn-1log||A'l(rr)||
and the integrated Lyapunov exponent A(A) = fx A(A,:r) dmix). We define the set
V C A as the set of 5L(2, R)-matrix cocycles, where A(A, x) is positive for almost
all x G X.
A cone is a closed proper subset in R2, such that for a, b G C, also a-rbGC and if
a G C and t G R+, then t- a G C. A cone C is determined by two vectors c (1), c(2)
namely

C = {v G R2 | 3r!,*2 G R+, v = txc « + t2c<2>} .
A measurable cone bundle C is a map x »-+ C(x) U (-O(ar)), where C(ar) is a cone
and where the two mappings
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determining the cone bundles are measurable.
We identify the one dimensional projective space P1 with R/(7rZ) and identify an
element in P1 with an angle in [0, tt). Define the mapping

R2\{0}->P1, v*-+vG[0,tt),
where v is the angle v makes with the first basis vector e (1) = (1,0) in R2 taken
modulo it. We define on P1 the metric

| u ( D _ u ( 2 ) | = | s i n ( w ( i ) _ u ( 2 ) ) |

The cone bundle C given by the mappings c W and c <2) can also be described by
two measurable mappings

c™,c™:X->P l
and we write

C = [2<1>,c<2)].
The notation Ac means Ac. If we assume to have given an orientation on P1 it
makes sense to speak of intervals in P1 and the cone 0(a?) is just represented by the
interval [c (1)(s),c <2>(a?)] in P1.
We say a cocycle A G A admits an invariant cone bundle if there exists a cone
bundle [c (1),c (2)] such that for almost all x G X, there exists e = e(x) > 0 with

[Aix)c (1>(z), Aix)c V\x)] C [c (1)(X(x)) + e(x),c (2)(X(x)) - e(x)] .

We have not changed the notation when A(ar) acts on P1 instead on R2.
We say, that A admits a strict invariant cone bundle if there exists e > 0 independent
of x such that for almost all x G X

[Aix)c M(x\ Aix)c V\x)] C [c ™iTix)) + e,c (2)(X(x)) - c] .

The following theorem of Wojtkowski states that invariant cone bundles give positive
Lyapunov exponents.

HA) > jx log ^=j dm > I

Theorem 2.1 (Wojtkowski) 7/A admits an invariant cone bundle [c(1),c(2)]
then

with
_ \c MjT) - Ac W|. |Ac (2) - c W(T)|f I c ^ X J - c ^ X J I - l A c ^ - A c ^ l *

We took the formulation in [Woj 86]. In another form, the theorem has been proved
in [Woj 85]. Because we have changed the language a little (we have a measurable
cocycle, where Wojtkowski has a piecewise continuous cocycle being the Jacobean of
a piecewise C1 mapping on a two dimensional manifold) and used another notation,
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we will give again a proof.
We need preliminary lemmas for the proof. The first lemma is an Abramov type
result (formulated by Wojtkowski) which relates the Lyapunov exponent of A with
the Lyapunov exponent of the derived cocycle Az.

Lemma 2.2 If (AT, X, m) is ergodic and Z C X has positive measure, then

XiAz) • m(Z) = X(A).

For a proof see [Kni 1].

Define the function F : R2 -▶ C by

v = (vi, v2) h> Fiv) = (V! • v2)1/2 .

For a matrix
A G 5L(2,R)+ = {A G 57(2, R) | [A]{j > 0}

define
p(A)= inf F(Av).V ' F ( v ) = l V '

The function p as a kind of norm in 5L(2,R).
Lemma 2.3 (Wojtkowski) For A,B G 5L+(2,R),

a ) \ \A \ \>p iA)
b) P iAB)>p iA) .p iB) ,

c) Pi[ac j)) = (arf)1/2 + (6c)1/2.
d) Aij > Bij, i, j = 1,2 =» p(A) > /9(B)

Proof.
a) Take v = (1,1). Then ||A|| > ^ > ^ > p(A).
b)

p(AB) = inf FiABv)' F ( t > ) = l V '

> i n f ^ . i n f F ( B v )

= P(A)-P(B).

c) Direct computation: take the vector v = far'1). Then F(u) = 1 and

F(Bv) = (ar + 6f-1)1/2(cr + dr'1)1'2 .
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The infimum is attained for r4 = ibd)/iac) which gives the result,
d) Follows from c).

Corollary 2.4 For A G L°°(A',5L(2,R)+) one has

A(A) > I logipiA)) dm .j x

Proof. Using lemma 2.3 b), one has

\{A) = nlim n"1 / log||An|| dm > lim n"1 f log{f[ p(A(Tfc))) dmn — o o J X n - o o J x ^

= lim n"1 / E log(p(AiTk))) dm = / log(p(A)) dm .
0 0 7 * j f c = 0 J x

Proof of the theorem of Wojtkowski. We can assume without loss of generality that
the dynamical system is ergodic because the general result is obtained by integrating
over the Choquet simplex of ergodic invariant measures.

Assume A G A admits the invariant cone bundle C = [Z^ + c (2)]. We find a
sequence of measurable sets Yi with m{Y{) -> 1 such that the derived cocycles
Ai := AY, over the induced dynamical systems (Y/,X/,m/) have a strict invariant
cone bundle C/ which is just the restriction of C onto the set 1/. (Note however that
this does not imply that A/ is uniformly hyperbolic because A/ is not bounded in
general.) From Lemma 2.2 we obtain for n -> 00 A(A/) -> A(A). We get

\ c ( 2 \ T ) - A c ^ . \ A c W - c M j T ) \* \ 5 M ( T ) - * M ( T ) \ . \ A d W - A d M \

sin(c <2>(X) - Ac <*>) • sin(Ac <2> - c M(T))
sin(c <2>(X) - c 0)(T)) • sin(Ac <2> - Ac <«)
(cote <2>(X) - cot Ac <*>) • (cot Ac <2> - cote M(T))
(cote <2>(X) - cote M(T)) • (cot Ac & - cot Ac W)

= [cot Ac (1>,cot Ac (2),cotc ^\T),cotc (2>(X)] ,

where [pi,p2, A*3, Ak] is the cross-ratio which is independent of the coordinate system.
Take in the fiber over x the new basis c (1)(s), c (2)(a:) and assume that for each / G N
the coordinate transformation from the standard basis to the new basis is given by
the bounded measurable mapping

D, :Y,^SL(2,H) .
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In the new coordinates, the cocycle

Bx = DtWAiDr1
is a cocycle with values in 5L+(2,R) and one has A(A/) = A(£,). The cocycle
Bt G L°°iX, 5L(2, R)+) maps the cone bundle

Diid) = {v = ivuv2) | viv2 > 0}
inside the cone bundle £>/(A(0/)). Denote by

«■> - ( $ { s ) « « * < « . • »■
a cocycle which maps the cone bundle 0/ exactly on 7>/(A(C/)). Because such
a cocycle Ex satisfies [Bt]ij > [Ei]{j, we have with lemma 2.3 d) p(£/) > p(£,).
Because the cross-ratio is invariant under coordinate transformations, we can write
(ix) as

^ < l U , o o , a W , 6 W J - 6 W c W > 0 .
We check

v f - 1
and get with lemma 2.3 d) and corollary 2.4

\{Ai) = X(Bi) > f log(p(£,)) dmi

> f logipiEt)) dmi
JYi

= [ log/Had)1* + (be)1") dim
JYi

The claim of the theorem follows after taking the limit / —▶ oo.

A ( A ) > j ^ l o g ^ = ^ d m > 0 .

3 The converse of Wojtkowsky's theorem
The theorem of Wojtkowski can be reversed. The idea for this remark is a slight
modification of the concept of the Lyapunov metric. We refer to [You 86], where we
take the essence for the following result:
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Theorem 3.1 If AgV then A admits an invariant cone-bundle.
Proof. Fix A G V and call A := A(A) and for i = 1,2 denote with W^\x) the two
measurable co-invariant direction fields. Let w^\x) be a unit vector in W^\x) and
denote with e (1> and e (2) the usual basis in R2.
We show first that there exists a measurable map B : X —▶ OL(2, R) such that

BiT)AB~1=Diagip,u)
with p > eA^2 and v < e~^2.
Define for x G X the matrix B(x) through

B(x)e (1) = (E \A'nix)w (1)(a;) | enXf2)'lw (1)(:r) ,
n=0

5(x)e^ = (E |An(x)«; ^2)(x) | enA/Vu; (2)(x) .
n=0

We show now that
\BiTix))~1Aix)Bix)e <l>| > eA'2 .

If we define for k G N the number
**(*) = \A~\Tkx)w (1)(Xfcx)|eA/2

we can write
Bix)e <» = (E 5-is_2... a-n)-lw (1>ix)

and

I^Tfr))-1^*)*^ (1)|

En=0 50S-1 • • • S-n
= |X(*)w(1)(*)|-*0
= |A(:r> (1)(a:)| • IA-^jp)!!! (1)(x)|eA/2 > eA'2 .

In the same way one checks, that

\BiTix))~1Aix)Bix)e <2) | < e"A/2 .
To construct an invariant cone bundle for the cocycle A, one just takes an invariant
cone bundle C(x) for the diagonal cocycle 5(T)"M5. The image S(O) is then an
i n v a r i a n t c o n e b u n d l e f o r A . D

Remark. Unlike in the case of uniform hyperbolicity to which we will turn in the
next section, the diagonalisation in the above proof is in general not possible in a
bounded way.
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4 Uniform hyperbolicity
We consider now the open set

S = {A G A | 30 G A, 3e > 0, ^(XJAO"1]^ > e} .
Ruelle ([Rue 79]) defined S as the set of cocycles leaving strictly invariant a cone
bundle. We will prove the equivalence of these two definitions and also reprove the
result of Ruelle which says that the Lyapunov exponent A : 5 -+ R is real analytic.
We consider a simpler case than Ruelle because we deal only with 2x2 matrices.

The next lemma of Wojtkowski [Woj 85] gives an estimate of the Lyapunov exponent
in the uniform hyperbolic case.
Lemma 4.1 (Wojtkowski) 7/A G 57(2, R)+, [A]y > e then

p(A) >il + 2e2)V2
and so

A(A)>ilog(l + 2€2).

Proof. If A = ( a , ) and w = (u/i, w2) with Fiw) = iwiw2)^2 = 1 then

FiAw) = iawi + bw2)1/2icwi + dw2)l/2
> (ad-6c + 26c)1/2>(l + 262)1/2.

D
Lemma 4.2 If AG A has a strict invariant cone bundle then also B = DiT)AD~l
has a strict invariant cone bundle for every D G A.
Proof. A strict invariant cone bundle C =[c^l\c <2)] satisfies

AiC) = [Ac M,Ac W] C [c W + €,c <2> - e]
and the cocycle B = DiT)AD~l has the strict invariant cone bundle 7>(0). □

Lemma 4.3 Given two measurable mappings

3(1),3(2):X-P
such that for some e > 0 and almost allx G X

\dW(x)-d(2){x)\ >e,
then there exists B G A such that for i = 1,2

B(rr)d(0(x) = &>(x).
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Proof. Let d^x\x) be unit vectors in the equivalence classes o? ix). Define the
cocycle E by

E(x)^(x) = S'\x).
The cocycle B(x) = Eix)/detiEix)) satisfies

B(X)-1 AB& = e^ .

Because for almost all x G X

\d i l ) ix ) -d(2\x) \>e
we have

det(£(z)) > Const • e
a n d B i s b o u n d e d . □

Lemma 4.4 Given A,B G A with CiT)AC~l = B. There exists T>\ such that
for alln G N

r-1-\\B»(x)\\<\\A»(x)\\<r-\\B»(x)\\.

Proof. We have CCr^C"1 = B". The claim follows with

r = |||C|||-|||C-I|||.

Proposition 4.5 The following statements are equivalent:
a) AGS.
b) The cocycle A admits a strict invariant cone bundle.
c) Ifw& g W(i) then there exist T > 0,a < 1 such that for almost all x G X and
al lnGN

\A~nix)w <l\x)\ < Tan\w W(x)\ ,
\Anix)w V\x)\ < Tan\w (2)(x)| •

d) 30 G A such that CiT)AC~l = Diag(7,7-1) and 7(a?) < a1/2 < 1.

Proof.
b) => a): Assume A admits the strict invariant cone bundle C = ^c^\c (2)] with

{Ac\Ac2]c[cM + 6,ci2)-6].
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By Lemma 4.3, there exists E G A with Et̂  = e ,̂ where e(,"> is the standard basis.
The cocycle B = EiT)AE~l has the strict invariant cone bundle

D = [d(1)(rr),d(2)(x)] = [0,7r/2],

because E maps the cone bundle 0 into D and AiC) into

A(D) = [Ad (i\x),Ad (2)(*)] C [3 (1)(«) + 6\\\E\\\-l,d (2)(x) - ^M-1].
We have therefore

which shows that AGS.

a) =* b): Assume A G S. There 3F G .4 and e > 0 with [F^AF'1]^ > e. Because
£ = F(X)AF""1 admits the strict invariant cone bundle

Cix) = [c^\x),c^ix)] = [0,7c/2]
satisfying

[Be ^\x),Bc^\x)] C [arctan(€|||JB|||-1),7r/2 - aictanMHBHr1)] ,
the cocycle A admits the strict invariant cone bundle F_10(x) (Lemma 4.2).

a),b) =» c): Assume A G 5. There 3F G A and e > 0 with [F(T)AF~l]y > e.
From Lemma 4.1, we have p(B) > (1 + 2c2)1/2 =: /? and so ||Bn|| > p(B)n > /3n
and therefore A(A) > logiP) > 0. According to Oseledec's theorem, there exists a
splitting R2 = W W© W <2> which is co-invariant AW®(x) = ^(Xr). We assume
that w V\x) G Cix) which means that w (1)(x) is the expanding direction.
Because A has a strict invariant cone bundle, there exists 6 > 0 such that

\w^ ix ) -w^2) ix ) \>6 .
From Lemma 4.3 we get E G A such that

EiT)~lBE = D = DiagOy,^1).
We have

IPnWII = 7nW = n?-017(ra;).
From Lemma 4.4 follows that there exists Ti > 0 such that

7n(a:) = ||Z)nW||>r1||5''(x)||>r1r.
There exists r2 > 0 such that

H-(x)» <»(*)| < r2|ir%0e(1^)l=r27-"(s)<ri-r2/rn,
H"(*)w (2>(x)| < r2|D"(i)e «(*)| = r2(7n)(a:))-1 < T2 • Tlp~n ■
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The claim follows now with r = Tx • T2 and a = p~l .

c) => d): Let w^ix) be a unit vector in W^ix). Define for x G X the matrix Bix)
through

B(x)e™ = (E |A"n(a;)u; ^)|a-n/2)-1«; (J)(a:)
n=0

£(x)e<2> = (E \Anix)w (2\x)\ornl2)-lw <2>(x).
n=0

Because we have \A~nix)w (1)(z)| < anT and |An(x)w; (2)(a:)| < anr, both sums

E \A~nix)w ^ix)\a-^2)-\ E l^nM"> ^MIcT"/2)-1
n = 0 n = 0

converge to positive limits. The cocycle C(ar) = #(ar)/det(f?(:r)) can be diagonalised

Dix) = C(X(x))-lA(rr)C(x) = flM*),^*)) = Diagfr,^1)
and we calculate like in the converse of Wojtkowsky's theorem

|A(s)| = \Dix)e W| = \BiTix))~lAix)Bix)e (1)| < a1'2 .

d) => a): Assume CiT)AC~l = Diag(7,7-!) is diagonal with 7(x) > a1/2. Define
e := (a - a""1)/2 > 0. With the rotation R about the angle -7r/4 one gets

R(T(x)) o Diag(7W,7"lW) ° *-*(*)
= ( ( j { x ) - l ( x ) - l ) / 2 ( t M + t M " 1 ) ^

V M*) + l(x)~l)/2 (7(x) - 7(^)"1)/2 J
a n d A G < S . □

5 Analyticity of the Lyapunov exponent
The space

U = L°°iX,P)
is a real-analytic Banach manifold. We will write in this paragraph for uix) G P
simply uix). Given u G U lying in a cone bundle C = [c (1>,c (2)]. We can look at
the cone bundle C As a neighborhood of u in W. The mapping

C->L°° iX),Vr-+iv-u)

maps C into a neighborhood of 0 in the Banach space L°°iX). A collection of cone
bundles C together with such mappings gives an atlas of the Banach manifold U.
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We can redefine a cone bundle to be a nonempty convex simply connected closed
set in the manifold U.

Also the group A = L°°(X, 57(2, R)) is a real analytic Banach manifold in the
Banach algebra L°°(X,Af(2,R)) and A is acting on U in a natural way: define

if: A x U - U, (A, i«) -> Auix) = A^Txx)u^rxx) .
We can say that a cone bundle C is strictly invariant if A maps C into its inte
rior. Oseledec's theorem can be restated in saying that for A G V the mapping
4u(*) = i>iA, •) has exactly two fixed points w (1)(A), w (2)(A). A part of Proposi
tion 4.5 can be reformulated in saying that that A G 5 if and only if there exists a
nonempty convex simply connected set C C U which is mapped into its interior by
fa-

A differentiable mapping <j> on a Banach space is called hyperbolic if the derivative
d(j> is a linear hyperbolic operator. A fixed-point P of </> is called hyperbolic, if d</>iP)
is hyperbolic. A fixed point is called stable if it is hyperbolic and if the spectrum
is inside the unit disc. It is called unstable, if it is hyperbolic and if the spectrum is
not intersecting the unit disc.

Lemma 5.1 For AGS, the two fixed points w^\w <2> of fa : U -> U are hyper
bolic fixed points. One is stable, the other is unstable.

Proof. If FiT)AF~^_ = B, then the mappings fa and <j>B are conjugated. To see
this we write fa = At*, where

Tm:U-*U,uv-*uiT-1)
and Auix) = A(a:)tt(x). This gives fa = Ffa F'1, because

fa = Bt* = FfaV1 = FAt*!^1 .
From this fact follows that dfaiw^) = dFdfadF~liFw^) and dfa,dfa have the
same spectrum.

We apply this now to AG S which is cohomologous to a diagonal D = Diag(7_1,7)
with 7(s) < a < 1. We can calculate the derivatives dfa : L°°iX) -▶ L°°iX) at the
two fixed points w W = 0 and w W = ir/2 as

dfaiO)fix) = tWVCT-1*) ,
dfain/2)fix) = 7(*)-2/(T-1*),

because the diagonal cocycle D is acting on V as u -> arctan(72 • tan(tt)) which has
around tt = 0 the linearisation u -> 72 • u. From the fact that 7(ar) < a < 1 and
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7-1 > or1 > 1 follows that the spectrum of d<j>Di^/2) is located outside the disc
with radius oT2 and the spectrum of dfaiO) is located inside the disc with radius
a 2 . □

The above lemma can be reversed. The existence of two hyperbolic fixed points for
fa implies also that A G S. We prove this later.

Proposition 5.2 Given AGS there exists a neighborhood M of A and neighbor
hoods V^ ofw^\A) in U such that the mappings w& : Af -» V*1* are real analytic.

Proof. Given AGS and assume that A has the cone bundle C strict invariant.
Take a neighborhood Af of A such that a cocycle B in Af has also the cone bundle
C strictly invariant. The set V = int(C) is an open neighborhood of w (1)(A). We
have a mapping w : Af —▶ V which assigns to a cocycle B G Af the fixed point of fa
in V: faiwiA)) = w(A). The mapping

i>:AfxV-+V,iA,u)r^fau
is real analytic. Because the spectrum of fa doesn't intersect the unit circle, the
linear mapping

dfa - Id : L°°iX) -> 7°°(X)
is invertible. By the implicit function theorem, there exists a real analytic mapping
w : Af -* V such that fawiA) = tt/(A). This implies that the fixed point w^ GV
depends real analytically from A. The same can be shown for the other fixed point
where one has to take the cone bundle U — C which is strictly invariant for A"1. □

We give now the proof of Ruelle for the following theorem
Theorem 5.3 (Ruelle) The mapping X : S -* R is real analytic.

Proof. Given A G S which has the fixed points w® in U. Denote by vix) a unit
vector such that vix) = w (1)(x) and with wix) a unit vector orthogonal to w (2)(ar).
We can write

X(A) = yiog|A(x)v(aO| dm(x) = n'1 Jlog\An(x)v(x)\ dmix)
= Um n"1 f log(wiTnx), An(a:)v(a:)) dmix) .

The last equation was obtained because

(wiTnx), Anix)vix)) = |An(:r>(:r)| • (tt;(Xnx),v(Xna:)) ,
where the scalar product on the right hand side is bounded away from zero. The
formula

A(A) = limn-1 Jlog(wiTnx),Anix)vix)) dmix)
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is still correct if we replace v and w by functions in U close enough to v and w.
By definition we have (wiT),Av) = 0. Therefore (A*wiT),v) = 0. The element
w G U is a fixed point of the cocycle A* which is a cocycle over the dynamical system
{X,T~\m).
We can calculate now the Frechet derivative dA For U G L°°(X, M(2, R)), we get

dXiA)U = Kmn-ldiJlog(wiTnx),Anix)vix)) dmix))U

_x" (wiTnx),An~kUAk-lix)vix)) J , x= lim n l V ■*—-—." . A—. \/ v " dmix)
t { ( w i T n x ) , A n v i x ) ) v '

- l im n-1^ Ur- \T"x)wjT"x) ,UAk- \x)v jx) )" — £ j ( ( ^ ) " - * ( T « * M X » s ) , A M * ) > ( ^ }

The mapping

_ f (w(Tx),Uv(x))~ J {w(Tx),Av(x)) dm(l) •

is real analytic in A and U because it is linear in U. The mappings A —▶ »W are real
analytic. So, A -* dA(A) is real analytic and hence also the mapping A ■-+ A(A). D

6 Illustration of the formula of Ruelle
We want to illustrate this formula of Ruelle for the derivative of the Lyapunov ex
ponent by calculating the directional derivative along a special curve in A.

Denote by RiP) the constant cocycle in O = 7°°(A",50(2,R)) which assigns to all
x G X the matrix belonging to a rotation about the angle /?. For each A G A we
have a circle

P~AiP) = RiP)A.
We call this circle Herman circle. A result of Herman (see [Kni 1]) implies that
the Lebesgue measure of values p with A(A(/?)) > 0 is larger than 1 - 1/A(A).
Roughly speaking: as bigger as the Lyapunov exponent is, as longer we stay in V
when moving on the circle P *-> RiP)A. We assume now that A G S and we want
to calculate

at the parameter p = 0. With

R(a)A(0) = A(D) + aV(0) + 0{o?)
we obtain

U(P) = Yma-l(A(a + 0)- A(p)) = JA(0),

356



where J = I - n J. With the above formula of Ruelle we have

d f ( w j T x ) , J A v j x ) ) _ f { w j x ) , J v j x ) )
lpm = J (wiTx),Avix)) dm{x) ~ J (wix),vix)) dm{x) '

If we denote with uix) the angle between w ^l\x) and w (2)(z), we have

(wix), Jvix)) = cos(a;(:r)) ,
(wix), vix)) = sin(u;(a:)) ,

and so

^ A ( / ? ) = / c o t ( W ( x ) ) d m ( x ) . ( 1 )
This formula tells us that the Lyapunov exponent can change drastically if the stable
and unstable direction fields are close together. We get also the following corollary.

Corollary 6.1 The Herman circle p h* A(/?) can not lie completely inside S. We
always pass a region with zero Lyapunov exponents or a region with nonuniform
hyperbolicity.

Proof. We calculate from Formula 1 the second derivative

5A(/?) = -/|-sin(w)"2dm
which is negative because du/dp > 2. A periodic real-analytic function can not
h a v e e v e r y w h e r e a n e g a t i v e s e c o n d d e r i v a t i v e . D

As an example, we can calculate for a trigonal cocycle

the derivative d/d/?A(A(/?)) at the point /? = 0.

We have w (1)(x) = 0 and w (2)(x) = uix). Then

./ /rr> w c' cos(cj(:r)) 4- Mx) • sin(u;(a:)) 2 , . ., ,, .c o t ( o , ( T * ) ) = V- Y d f r f r ) ) = c 2 c o t ( u , ( x ) ) + b ( x ) c

and after integration

•jpHAtf)) = jx cottar)) dmix) = j^ J b dm .

357



The same formula is true for

« ■ > - ( * > £ ) ■
We apply this to the Standard mapping on the torus T2 = R2/(27rZ2):

T - ( x \ K4 fz + w + 7sin(:r) \7 \ y ) \ 2 / + 7 s i m » ) )

which has the Jacobian cocycle

It is an open problem, whether there exists a parameter 7 such that the Lyapunov
exponent of A = dX7 over the dynamical system (T2,X7,m) is positive. One mea
sures numerically the value

log(|).
On the Herman circle A(/?) = RiP)A, there is the point

/ 2 " 1 / 2 0 \a(-*/4) = y 2-i/2+2l/27. cos(rr) 2i/2 J
lying in 5. As an application of the above formula we can calculate the derivative

A side remark. We take the opportunity and mention what Herman's result implies
in the case of the Standard map. Given

A ( x \ - ( ^ 6 W ^A(X) ~ { 0 c~\x) ) '

Herman's estimate gives

jKMfim >S = ]x\oĝ (̂ f-Y + V1 dm .
This implies that the measure of the set

{pGT\XiAiP))>0}

can be estimated from below by 6/i6 + v^) because the Lyapunov exponent of
A(A(/?)) can not get bigger then 6 + y/2. For 7 -+ 00, the measure of this set goes
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/

t o l .

We add an other application of formula 1. Consider the dynamical system (X, X, m) =
(T^Hi + a, dx) and the cocycle

A(x) = R(x)Diag(c,c~1),
where R(x) is the the rotation about the angle x and c is a constant c > 2. The
above estimate of Herman gives

/A ( , l ( / ? ) ) d / J> l og ( ^ ^ ) .
On the other hand

X(A) = A(A(Xn)) = A(i*(n • a)A)
implies that the mapping p *-+ X(P) is constant. Because the second derivative of
X(A(p)) is always negative, whenever A G S, we conclude that the Herman circle
A(p) lies entirely in V \ S.

7 Relation between Lyapunov exponents and ro
tation number

A rotation number for 57(2, R) cocycles is a mapping p : A —> R which measures
how much a vector v rotates in average under the evolution n h-> An(v). Because
a canonical definition of a rotation number is in general not possible, one is forced
to look at cocycles with values in the universal covering group 5L(2, R) of 5L(2, R).
A definition of a rotation number in this case has been given by [Rue 85]. We will
review here his definition and the properties.

For A G 57(2, R) we denote with A its projection onto 5L(2, R). We can make polar
decomposition of A by

A = R(<t>(A))o\A\,
where \A\ = (AoA*)1/2 and R(<f>) is in the universal covering group of 50(2,R). We
can think of R(<j>) as a rotation about <f> G R. For two elements A, B of 5L(2, R) one
has

| ^ ( A o B ) - 0 ( A ) - 0 ( B ) | < 7 r ( * ) .
Proof. One can write

AoB = Ri<j>iA) + </>iB)) o Ri-<t>i§)) o \A\ o £(<£(£)) o |B|
= Ri<t>iA)-r(t>iB))oPoQ,

where
P = Ri-4>iB))o\A\oRi<j>iB)
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/
/

and Q = |7?| are positive selfadjoint. The claim follows from the fact, that \i>(PQ)\ <
jr. We take on 5L(2,R) the "norm"

ll4l = PII + l̂ )l
which allows to give the distance \\A - 7?||. Let A be the space L°°(X, 57,(2, R)) of
all measurable mappings from X to 57(2, R) with the topology

|||A- B||| = |||A-B|||00.
As in A we use the notation

Anix) = AiTn-1)ix)o...oAix).
Theorem 7.1 (Ruelle) The limit

piA,x)=limn-1tiAnix))

exists for almost allx G X and is X invariant. The rotation number

piA) = / piA, x) dm

depends continuously on A.

Proof. Fix m G N and write a number nGAfasn = km + r, where k, m > 0 and
0 < r < m. We get from (*)

(km)-l\4(An) - (KA'iT^x)) - E <l>(AmiTmix))\ < ikm^kir = x/m .
t=0

Birkhoff's ergodic theorem implies that
fc-i

lim (Arm)"1 £ <£(Am(Xmta;))
»=o

exists for almost all a; G X. Because m can be chosen arbitrarily big and for
i> G L°°iX)

Hm (fcm)"14r(Xfcm:r) = 0 ,
we have

Ar—1
Hm n"V(An(x) = Hm (Arm)"1 E ^(Am(Xm,x)) .

t=0

Clearly piA,x) = p(A,Xx).
We want to see now that the mapping

p: A-+R
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is continuous. We know that for n —> oo

From (*) we have

and so

Summing up gives

PniA) = jn-l<t>iAn)dm-+piA).

|p2n(A)-pn(A)-pn(A)| <n'lK

\p2*n(A)-p2k-iniA)\<2-(k-»n-17T.

|p(A)-pn(A)|<4n-17r.
The sequence pn of continuous functions on A is uniformly convergent. Therefore p
i s c o n t i n u o u s . □

There is a connection with Herman's rotation number [Her 83] which is defined
if we have a dynamical system iX, X, m) such that X is compact metric and X
a homeomorphism which leaves invariant a Borel probability measure m. If X is
connected, A G C(X, 5L(2, R)) is homotopic to the identity and one can define a
rotation number which is unique up to 2ir. ([Her 83]). If A is homotopic to the
identity, one can define a continuous lifting A : X -> 5L(2, R). If Ax and A2 are two
liftings of A then

AxA2l = Ricfrix)) ,
where <pix) is a continuous mapping X-+Z. Because X is connected, <j> must be
constant <f> = 2nk. This implies that

p(A!) = p(A2) + 27rfc.
Define

S = {A | A G 5} .

Lemma 7.2 X/ie rotation number p is constant on every connected set in S.

Proof. It is enough to prove that p is locally constant in S
The projection A of A admits a strict invariant cone bundle C = [c^\c (2)] and there
exists a neighborhood Af of A which has the same cone bundle strictly invariant.
Take a neighborhood Af of A such that

Afc {AGA\AGAf} .
Take B G Af. Because

\<KAn(x)) - 4{B*{x)\ < \c <2>(*)) - c M(x)\ < tt ,
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w e g e t p i A ) = p ( B ) . □

We want to reverse now the above lemma showing that the set S is characterized by
the fact that the rotation number is there locally constant along the Herman circle
P i-> Aip) at /? = 0.

Given AG Awe look at the function

P^piRiP)A).
In contrary to the rotation number p, the difference

PAiP) = piRiP)A)-piA)
is independent of the chosen lift.
To every A G A is like this assigned a continuous circle mapping

which is not invertible in general because we have just seen that it is locally constant
when Aip) G S.

Proposition 7.3 A G S if and only if there is an open interval I containing 0 such
that pAiP) = 0forpGl.
We need some preparation for the proof. In the same way as A acts on P, a lift A of
A acts on the covering P of P which is isomorphic to R. We write u for an element
in P. The fact that P allows an ordering allows also an ordering of A:

A < B & 3e > 0, A(z)tt < Bix)u - e, a.e.

for all tt G P.
The next Lemma shows that the rotation number

p : A - > R
is continuous and monotone.

Lemma 7.4 Assume A<B <C .
a) There exists a neighborhood Af of B with

A < A f < C

b)
PiA)<piB)<piC).

c) If piA) = piC), there exists a neighborhood Af of B such that for Bx G Af
p(A) = p(A0 = p(C).
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Proof.
a) If |||Bi -B\\\ < c then for every u G P and almost all x G X \Biix)u-Bix)u\ < e.
b) From A<B<C follows An < Bn < Cn and so <£(An) - v < <t>(Bn) < Bn) + tt.
c) Using a), there exists a neighborhood Af of B such that for Bi G Af

A < Bi < C .

From b) follows
p(A)<p(Bi)<p(C).

The claim follows from the assumption

p(A) = p(C).

Proof of the proposition. We have already seen the =» direction. Assume now that
Pa(P) = 0 for P G I, where 7 = [-e, e]. The aim is to construct a strictly invariant
cone bundle.

Define

Ax = A(-e/2)A,
A2 = R(e/2)A.

For 6 > 0, we denote with A/\ the £ balls around A,. Because P is dense in A (see
[Kni 1]), also V is dense in A and there exists B{ G Afi with Bt- GAfiDV.
Because of the above lemma c) we have for 6 > 0 small enough p(Bt) = p(A*) = 0.
Denote by Wi one of the two co-invariant direction fields of Bi and look at the cone
field

E = [wi,w~i + €-6].
We claim that every X x B2 invariant probability measure p on X x P satisfies
p(E) = 0. To prove this we use that

Bx(x)ux(x) = ux(x)
while

Ei(x)ili(x) >ui(x) + e-6
so that

piB2) >Bi+ piE)2* .
Choose a generic point x G X for which the rotation number piA, x) exists and take
a point uiix) G P on the Bx-co-invariant direction field. We compare the orbits of
ix, tt) under both skew-products

T x Bu T x B2 .
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If after n steps, the orbit of (x,u) of (X x Bx)n has hit k(n) times the set E then
we must have <j>(B$) > <fi(B?) + (k- 1)2tt. According to Birkhoff's ergodic theorem
the sequence k(n)/n converges for n -> oo to p(E) and we get

piB2)>Bi+piE)2ir.

Especially for the T x B2 invariant measure p2 with support on the direction field
u72 of B2, we have p2iE) = 0. The sector bundle C = [wx,w2] is strictly invariant
for B := Rie/2)Bi and it is mapped into the sector bundle

[wx +€/4,W2-c/4]
if 6 is small enough. Because |||A - £||| < 6, also the sector bundle [wx,w2] is
mapped into [Wi + e/8,w2 - e/8] by A for 6 small enough. This shows AGS. D

8 Overview: spectra of cocycles
Denote by X the crossed product of L°°iX, Af (2, C)) with the dynamical system.
Elements in X have different kind of spectra. First of all, they have the spectrum
as elements in the C* algebra X. There is a representation of X in #(£2(X, C2))
defined by

Ku = Y,Knu{Tn)
n

and a representation of X in #(f2(C2) defined for almost all x G X given by

iKix)u)n = ZKn-miTmx)Un.
n

Both representations give spectra and if X is ergodic, there exists a set E such that
the spectrum of Kix) is E for almost all x G X (see the proof in [Cyc 87]). In
general, when the dynamical system is no more ergodic define

E = {z G C | 3Y2, m(Yz) > 0, such that VxGYzzG <t(K(x))} .

We call E the individual spectrum of K. It is in general different from the spectrum
of Tf as an element of the C* algebra X or from the spectrum of AT as an operator
onL2iX,C2).

Interesting special operators in X axe random Jacobi operators on the strip L =
At + iAr)* +Bor cocycles At* which are also called weighted composition opera
tors, weighted translation operators or transfer operators. An important special case
is A = 1, when K = r* is Koopman's operator for the dynamical system (X,X,m).
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Cocycles At* are discrete versions of linear differential operators d/dt — ait), where
a spectral theory has been developed by Sacker, Sell [Sac 78], (see also [Joh 87]). We
will consider here operators defined by a function A G L°°(X, M(2, R)) or a function
AGL°°iX,SLi2,R)).

In the case of A G L°°iX, 57(2, R)), one can define the following other type of spec
tra for cocycles.

• The Sacker-Sell spectrum is defined by

{z G C | |z| • A has exponential dychotomy} .

Exponential dichotomy will be defined later and means roughly speaking that the
operator acting on L2iX, C2) has a stable and/or unstable fiber bundle invariant.

• We define a Herman spectrum by

/ z + * ~ ! z - z - 1 \
{zGC\ A(z) = ^zl^_ J^_ A is hyperbolic} .

\ 2 * 2 /

Parameterized cocycles with \z\ = 1 have been considered by Herman [Her 83] who
mentioned there that the Lyapunov exponent can be written with an abstract Thou
less formula as

Xiz) = Jclogi\z-z'\dkiz') + giz)
with a harmonic function g and a measure dk having support on the set, where A(z)
is not uniformly hyperbolic. Having in mind the Schrodinger case, where the sup
port of the measure (density of states) is the spectrum of the operator, it is natural
to think of the support of dk as a spectrum also.

• We define a Schrodinger spectrum by

{z G C | VC, [CiT)AC-% = 0 =* CiT)AC~l + ( J J ] is hyperbolic} .

This definition makes sense, when the dynamical system (X, X, m) is aperiodic, be
cause there exists then always C G L°°iX,SLi2,R)) with [Ci^AC'1]^ = 0. In
other words, the Schrodinger spectrum of a cocycle is just the set of points z in
the complex plane such that a conjugation of the cocycle is a transfer cocycle for a
discrete Schrodinger operator having z in the spectrum.

The Schrodinger and the Sacker-Sell spectrum are invariants of the cocycle because
conjugation doesn't change it. On the other hand, the Herman spectrum, which is
lying on the unit circle for real cocycles is not an invariant of the conjugacy class.
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We will consider here only the Sacker Sell and not the Herman spectrum and not
the Schrodinger spectrum. The aim is to show that the Sacker-Sell spectrum is the
same as the spectrum of Tf as an operator on L\X, C2).

For more information on cocycles treated as operators, we refer to [Gro 90] and the
extensive work in [Lat 91].

9 The individual spectrum and Lyapunov expo
nents

Define
W = {K G X | K = At*} .

There is a simple relation between the individual spectrum of K = At and the
Lyapunov exponent of A:

Proposition 9.1 Assume (X,X,m) to be ergodic. Given A G X,K = At, where
A G L°°iX,Mi2,R)). Then the Lyapunov exponent of A, A(A) is related to the
spectral radius of Kix) through

ex{A) = rspec(Tf (a?))

for almost all x G X.

Proof. We observe Tfn(z) = Anix)rn. Furthermore, we have the definitions

log(rspec(tf(a:))) = Hm n-l]og\\K*(x)\\ = Hm n^logHA"^)!! = A(A).

□

This proposition tells us, that the problem of Lyapunov exponents is a spectral prob
lem. In the theory of random discrete Schrodinger operators, the Thouless formula
gives another, deeper relation between Lyapunov exponents and the density of states.

In the finite case \X\ < oo, the spectrum of Tf as an operator Tf = At* on the
finite dimensional space L2iX) is a discrete point spectrum which can be calculated
explicitely:

Proposition 9.2 Assume \X\ = N is finite and X is a cyclic permutation of N
elements in X. Every K = At* has then pure point spectrum spec(K) = {A; N},
where A; are the eigenvalues of AN.
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Proof. Denote by tt* G C2 the eigenvector to the eigenvalue A, of AN, If pi is one
of the N roots of X\'N then n »-+ v,(n) = p"~lAn~lUi is an eigenvector of Tf to the
e i g e n v a l u e / * , - . □
Two elements Tf, L in X are conjugated, if there exists a, M G X, such that Tf =
MLM"1. In the case of cocycles Tf = At*,L = Bt* G W, a special conjugation
is defined, when M is only a multiplication operator M = Cr°. We say then, that
Tf = M~lLM, L are cohomologous. The relation is

A = C-^^X"1).

It follows, that cohomologous cocycles have the same spectrum and the same indi
vidual spectrum.

The investigation of the spectra of cocycles is a generalization of the spectrum of
the unitary operator r, which plays an important tool in ergodic theory.

What is the individual spectrum of a cocycle? Let us look first at the simplest
case when the cocycle is trivial L = t*. It can be seen (with help of a Fourier
transformation) that the individual spectrum is then the unit circle: the operator
t is acting on /2(C2) and is a product of operators r acting on Z2(X,C). The later
operator is the shift

(r(x)tt)n = ttn_i .
The Fourier transform F : u »-+ u G 72(T) diagonalises the operator r(x)

T,r(rr)F-1tt(s) = e"tt(s).
We see that in this case L = r, the individual spectrum does not contain any infor
mation about the dynamical system. In contrary to the operator r(x), the operator
t acting on L\X) can have interesting type of spectra.

The approximate point spectrum called <7ap(L(a;)) of 7(x) is defined as

{A G C | 3tt„ G l\Z), \un\ = 1, |7(x)ttn - Attn| - 0} .

Because the boundary of the spectrum is always contained in the approximate point
spectrum, it is never empty.

Proposition 9.3 The individual spectrum of a cocycle is rotational symmetric.

Proof. The individual spectrum of the unitary operator r is the unit circle and is
the same than the approximate point spectrum. It is enough to prove, that for every
X G (Tapirix)) and p G <rap(L(x)), the complex number X-p is in aap(L(a;)). Let un, vn
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be two sequences in l\Zd) such that |L(z)tt„ - Attn| -> 0 and |r(x)un - pvn\ -» 0.
We have

\Lix)unvn - Xpunvn\ = |A(a:)ttn+1t;n+i - A^ttnvn|
< |A(x)ttn+it;n+1 - Xunpvn+X\ + \Xunpvn+i - Xunpvn\
= |Attn+1 - Attn| + |A| • |vn+1 - pvn\

and this goes to 0 for n -> oo. Therefore A • p is also in the approximate point
s p e c t r u m o f L ( x ) . □
We conclude that the individual spectrum is determined by its radial component.

10 The Sacker-Sell spectrum
There is a discrete version of the Sacker-Sell spectrum for cocycles. We will show
here that the Sacker-Sell spectrum is the same as the spectrum of the operator acting
on L\X, C2). There is something to prove because the definition of the Sacker-Sell
spectrum was adapted to the original definition of Sacker-Sell in the case of cocy
cles over flows instead of mappings. What we will have to prove essentially is that
hyperbolicity=exponential dichotomy.

We say, a cocycle At* G W has exponential dichotomy , if L2(X, C2) is the direct
product of two measurable sub-bundles H+ ® H~ satisfying: for w± G H±, there
3r > 0, a < 1 such that for almost all x G X and all n G N

|A-n0r>+(*)| < Tan\w+ix)\ ,
\Anix)w~ix)\ < IV>-(:r)| .

Call DcW the set of cocycles having exponential dichotomy.

For the real Banach manifold A of operators Tfr satisfying Tf G L°°iX, 51(2, R)) is
defined the open set

S = {A G A | 3C G A, 3e > 0 [CiT)AC~l]ij > e} .

We have shown already that every A G S is conjugated to a diagonal cocycle: there
exists C G A, a < 1 with

CiT)AC-1 = Diag(7,7"1)
and 7(x) < a < 1. We proved also that S = V f) A.
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For complex cocycles AgA = L°°(X,5L(2,C)), we define
S = {A G A | 3C G A, a < 1 with C(X)AC~1 = Diag^'y-1) and |7(a:)| < a < 1 .
For complex cocycles A G M = L°°(J\T, M(2, C)), we define 5 to be the union of

5° = {A G A | 3C G A, 3a < 1, C^AC"1 = Diag^T1), |7(rr)| < a < 1}
5+ = {A G Af | 3C G A, 3a < 1, \\CiT)AC~lix)\\ < 7(x), |7(x)| < a < 1}
S~ = {A G At | 3C G A, 3a < 1, \\CiT)AC~x(s)|| > 7-1(a?) |7(s)| < a < 1}.

Lemma 10.1 5 = 2).
Proof. Every AGS has exponential dichotomy.
Less trivial is the converse direction, namely that exponential dichotomy implies
that A G S. The idea to the proof of this is essentially due to J.Mather [Mat 68]
who characterized Anosov diffeomorphisms.

If A has exponential dichotomy on L2iX,C2), then there exists a spHtting H =
H+ © H" which is invariant under the operator A and the spectral radius of A
restricted to H+ is smaller than 1. Also the spectral radius of A"1 restricted to H~
is smaller than 1. (Both H+ or H~ can also be trivial.)

Assume first that the splitting is not trivial. It follows, that the two Lyapunov
exponents are different. According to the multiplicative ergodic theorem, there
exists another invariant splitting H = V+ © V" into two measurable sub-bundles.
We show that V± = H±. Given v G H+ C L°°(X,C2). For each x G X (Anv)(x) is
approaching v+ix) where v+ G V+. This implies that v(x) = tt+(x) for all x and so
v G V+. We have shown that H+ C V+. In the same way, also H~ C V". From
H = H+®H~ C V+©V" = Hwe get ft* = V±. For tir* G W*, there 3r > 0, a < 1
such that for almost all x G X and all n G N

|A"n(a>+(:r)| < Tan\w+ix)\ ,
|An(:r>-(a;)| < ran|ttT(a;)| .

Let w±(x) be a unit vector in W^x). Define for x G X the matrix Bix) through

Bix)e+ = (f) \A-nix)w+ix)\a-^2)~1e+ix) ,
n=0

*(*)e" = (Z\An(x)w-{x)\a'^) ' le ' (x) .
n=0

Because |A"n(x)w;+(ar)| < anr and |An(x)ttT(:r)| < anr, both sums

(E \A-nix)w+ix)\a-n'2)-1
n=0

(E \Anix)w~ix)\a-^2)-1
n=0
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converge and the limit is positive. With C(x) = B(x)/ det(B(x)) we can do the
diagonalisation D(x) = C(T(x))'1A(x)C(x) = D(i(x),tKx)) = Diag^y1) and
get |A(rr)| = \D(x)e™\ = |B(X(x))-1A(x)B(a;)e(1)| < a1/2.

In the case when either H+ or H~ is the whole space fiber bundle, we proceed
similarly. Assume that H+ = L2(x, C2) (the other case is parallel). Define for x G X
the matrix B(x) through

B(x)e+ = (£ \A'~n(x)e+(x)\a-^2)-1e+(x)
n=0

B{x)e~ = {f^\A-n{x)e-(x)\a-nli)-'e-{x) .
n=0

Because |A"n(x)e±(a:)| < anr, both sums converge and the limit is positive. With
Cix) = Bix)/ det(£(z)) we have C(T(x))~lA(x)C(x) = 7>(x)7(ar) with \\D(x)\\ < 1
a n d | A ( x ) | < a 1 / 2 . D

A G W is called hyperbolic, if the spectrum of A as an operator on £2(J\T, C2) does
not intersect the circle

{z G C | |*| = 1}.

Corollary 10.2 AgW is hyperbolic as an operator on L2(X,C2) if and only if A
has exponential dichotomy.

The Sacker-Sell spectrum of a cocycle A G A is

(^Sacker-Sell = {z G C | zA $ V}.

This spectrum gives nothing new:

Proposition 10.3 The Sacker-Sell spectrum of A is modulo \z\ = 1 equal to the
spectrum of At as an operator on L2(X,C2).

Proof. We know that A G S if and only if z £ o(A) for all |*| = 1. This implies
t h a t z A G S = V i f a n d o n l y i f \ z \ i \ o ( A ) \ . D

11 Questions
Some questions.

• In the theory of discrete one-dimensional Jacobi-operators one deals with transfer
matrices

B = { A ( x ) € A , \ A = ( l - ^ . f t e L - p r ) } ,
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- ft J. In [Dei 83] is proved the following result in the

theory of Jacobi matrices: given an interval 7 = (Ex, E2) in R and AG B such that
fovEGl we have X(AE) = 0 then

| cos(p(£2) - cos(p(^)| > (E2 - Ex)/2 .
In this case there exists E G I such that X(AE) > 0.
This result suggests that also for general A G A, we can expect that a slow change
of the rotation number along the Herman circle AR(P) implies positive Lyapunov
exponents. More precicly we conjecture that if

\p(A(p2))-piA(M)\<\02-0i \ ,
there exists P G [/?i,/?2] such that

X(A(p))>0.
This is true if X is a finite set.

• What are the invariant sets for the mapping fa : U —▶ U if A is not in V? There
can be exactly two fixed points in the case A G V, (which are hyperbolic in the case
A G 5.) There can be exactly one fixed point (example: A(x) has diagonal elements
1 and Ai2 = 2), or uncountably many fixed points like for example A(x) = 1) or no
fixed point like for example

AgO = L°°(X,SO(2,R))
is not cohomologous to 1.) Every A G A such that fa : U -* U has 3 separated
fixed points is conjugated to 1. Can there exist other types of invariant sets?

t What are the cohomology classes of cocycles in 5? Because cocycles in S can be
conjugated to diagonal cocycles, the question is equivalent to find the cohomology
group Hl(T,R).

• We would like to know the various spectra of a cocycle. What spectral types can
occur? Cocycles are not normal in general. Does there exist an analogue of a density
of states, a measure dk with support on the individual spectrum of the cocycle?

• Is the Herman spectrum of a cocycle lying on the unit circle? An analogy with the
spectrum of a Jacobi operator would suggest that the rotation number P i-» p(P) on
the Herman circle is continuous.

• Is there a relation between the spectrum (or spectral type) of the cocycle At* and
the random Jacobi operator 7 = At* + (At*)* ?
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• Can one use the spectra of cocycles to distinguish different abstract dynamical
systems (X,Tum), (X,T2,m)7 The union of all spectra of cocycles in L°°(X,{a,b})
with a, b G R would be a possible invariant of a dynamical system.
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The language of dynamical systems has entered in different parts of mathematics
and physics. The reason is, that the widest definition of a dynamical system, an
action of a group or semi-group on a space is so wide, that it can appear everywhere.
Also it seems intuitively to be better to work with a group as time instead of dealing
with static objects (a little essay on this can be found in [Rue 82]). A change of
language allows also interesting generalizations of classical problems or give a new
view on old questions.

We list some examples, where dynamical systems appear naturally. Our choice of
examples should show that generalizations of mathematical structures were obtained
by just looking at a theory in a more "dynamic way". Some examples should also
indicate how dynamical systems enter naturally in other a priori unrelated domains
of mathematics. We restrict ourself to dynamical systems with time Z or Zd.

1 Stochastic Processes
A stochastic process is obtained by taking any abstract dynamical system (X, X, m),
a measurable function /:ihR and forming the sequence of random variables
fn = f(Tn). Independent identically distributed random variables fn on a probabil
ity space (7, v) are given in the language of dynamical systems by a Bernoulli shift
(X = 7Z,X, m = i/2) and a measurable function / : X -» R and /„ = /(X*).
Many results in probability have generalizations. For example, Birkhoff's ergodic
theorem generalizes the law of large numbers. This nowadays little step in review
ing stochastic processes clarified in past the "ergodic hypotheses" standing at the
beginning of statistical mechanics.

2 Random walks
A random walk on a d dimensional lattice is obtained by taking an abstract dynam
ical system (X,X, m), 2d translations At- = A^, i = 1... d on Rd and a partition
X = [MiYi. The map

A(x) = Ajr& x G re
defines the random walk

n k* Anix) = AiTn"1x)AiTn-2x)... A(x) C Rd

on the orbit of x. The classical random walk is obtained, when the partition (Yi)?=1
is a generator of the Bernoulli shift iX,T, m) with 2d symbols.

375



3 Percolation
Given any Zd dynamical system iX,Tx,... Td, m) and a measurable set Y CX. The
points on the orbit

0{x) = {Tx = X^X?2.. .T%dx \nGZd}
which belong to Y are called activated sites on the lattice O(x). Connected com
ponents of activated points are called clusters. Choosing a one-parameter family of
sets Yp with m(Yp) = p and Yp C Yq {p < q), one finds a critical point pc, above
which there is an infinite cluster and below which, there are only finite clusters.
See [Mee 90] for examples of this dependent percolation. Usually, percolation prob
lems deal with a lattice (for example Zd) and the rule that each site is activated
independently with probability p.

4 Thermodynamic formalism
Parts of the thermodynamic formalism for Statistical mechanics on a lattice Zd can
be extended to statistical mechanics of a Zd action on a compact metric space. This
theory has been developed by Bowen [Bow 75], Ruelle [Rue 78] and others. One can
see it as a step to push the mathematics of equilibrium statistical mechanics into
more deterministic domains.

5 Renormalization
A dynamical system in infinite dimensional spaces are often called a renormalisation
group. The infinite dimensional space is then a large space like a space of interval
maps [Lan 82], circle maps, a space of two dimensional twist maps [Mac 83], two
dimensional area preserving maps [Eck 84] or a space of quantum field theories
[Fer 92]. Universality phenomena can be explained by the existence (most of the
time only conjectured) of hyperbolic fixed points periodic orbits or hyperbolic in
variant sets.

6 Combinatorial number theory
The multiple Birkhoff recurrence theorem for a Zd action iX,Tx,... ,Td) on a com
pact metric space X states that there exists a point x G X and a sequence nt- —* oo
such that X^rr -* x for all i = 1,... d. Fiirstenberg [Fur 81] showed, how this result
can be used to prove Van der Waerdens theorem which tells that any partition of
N into two disjoint sets A U B has the property, that one of the two sets contains
arithmetic progressions of arbitrary length. He obtained also various generalizations
of this combinatorial result by ergodic theoretical tools or methods from topological
dynamics.
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7 Encryption
Iteration of a dynamical system with sensitive dependence on initial conditions can
be used to render clear text into encrypted code. The iteration of a dynamical system
works as a trap door. It is easy to mix up things by letting the time run forward. The
reconstruction, however is difficult to perform, if one does not know the dynamical
system (the key). In practice, one works with dynamical systems over finite fields.
Encryption schemes like DES (Data Encryption Standard) (see [Den 82]) base on
the fact, that iterating a simple dynamical system produce good codes. DES for
example consists (roughly speaking) of an iteration of a twist map over a finite field.

8 Discrete logarithm problem
The discrete logarithm problem for a dynamical system iX, X) is the problem to find
for a given pair of points x,y G X a, number n G Z such that

Xns = tt

or to tell that no such number exists. The classical discrete logarithm problem (used
for example for secrete key exchanges like the Diffie-Helleman scheme) is obtained
with the dynamical system iZ*N,T)

X : x h-> a • x mod N .

It is the question to find the number n in the equation

an = b mod N .

9 Pseudo random number generators
One problem in finding good pseudo random number generators is the problem of
find a finite dynamical system with large periodic orbits. Many attacks to encryption
systems base on the hope, that a relatively small number of iterations of the encryp
tion give the decryption. Pseudo random generators are also used in algorithms to
factor large numbers. Example: Pollard's rho method uses the discrete quadratic
map zt-* z2 + a over a finite field.
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