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3anucKM Hay4JHBIX
cemunapos [ITOMUA
Tom 299, 2003 r.

B. A. 3aaranmep
KPATUAWIIUE JIJMHUU OCMOTPA C®EPDLI

§1. IIOCTAHOBKU 3AJAY

1.1. HauHeM c ILTaHMMETPUUECKUX BOIIPOCOB:

1) KakoBa Ha MI0CKOCTH UAYIAA BHE OTKPBITOTO €IMHUIHOTO KPY-
ra KpaTyaiiasd JUHAA, JBUTAACEH 110 KOTOPOM, MOMKHO 0CMOTPETH M3-
BHe BCe TOYKM T'DAHUYHOW OKpyskHoCTH S sToro kpyra? (Ecmm nyu
3pEeHus KacaeTcsa OKPYKHOCTH S, TO TOUKa KacaHWUA TOMKE CUMTAETCH
YBUWIEHHOA. )

2) Kakoli 6yaeT KpaTyaiilias TUHUA 0CMOTPA, €CITU AOTOTHATENh-
HO MoTpeboBaTh, YTOOLI M €6 HavaJo M ee KOHeIl JeXaan Ha S7

3) KakoBa KpaT4aiilliasg JUHAA OCMOTpa, €CiK Ha S 06A3aHO Je-
aTh TOJBKO €€ HaJaJjo?

OTBeTamMu Ha ®TU TPOCTHIE BONPOCH cayskaT jguam AF, n3obpa-
’KEHHbIE COOTBETCTBEHHO Ha, puc. 1,a,0,B.

Puc. 1.

1.2. Ecawu k nckomoit kpuBoit AF mobaButh HavadbHbIA paanyc OA,
TO JIUHUA pUC. |,B MOCHYHKUT TakKe OTBETOM Ha, CJIeyIOMUA BOPOC
Beaamana [1].

3a) Bbr HaxomuTech B Todke ( BHYTPM MOJYILIOCKOCTH, OTPaHM-
YeHHOUW mpAMO# p, Ha paccTodHuu | 0T TpaHUIBI, HO He 3HAeTe, Kak
1o OTHOIIEHWIO K BaM pacroiioskena rparutia p. JIBuraack mo kakoii
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88 B. A. BAJITAJIJIEP

HamboJsee KOPOTKON TpaekTopuu, BhI 3aBenoMo BEIAeTe HA T'PaHUILY
p7

Pemenne (puc. 1,8) ykazano McGensom [2], mokasaTelbcTBO TM0-
UTU OUEBUAHO, €I'0 MOKHO HaliTu B pabore [3], mocBsleHHOR ApyTro-
My Bompocy Besanmana.

1.3. Erme npoiie citeayorime BOIIPOCHI.

4) KakoBa KpaTJaiilliiad JUHUA OCMOTDPA, UAYIIAA “Ha TOCTOAHHON
BbIcOTE” HAJ OKPYMKHOCTBIO S7

5) Kak W3MeHUTCA »Ta JIMHWAA, €CIA K ee JJIMHe B Hadaje noba-
BJIATH “BEPTURAJBHBIA CHOyCck Ha S7

6) Kak uaMeHUTCA 9Ta JUHAA, eciy “MoAbeM” YIUTHIBATH, & CIIyCK
He YYUTHIBATDL?

OrBeramu Ha Bompockl 4)-5) cayxar nuann AF| m306paskeHHbIE
COOTBETCTBEHHO Ha puc. 2,a,6,B.

a 6 B
Puc. 2a. Puc. 26. Puc. 28.
am0.3432 am~0.25163 am0.2900
(a=m—ctga) (a=m4+1-ctga) (a=m+L—ctga)

1.4. Ienb mracToAmell paboThl — PEIMUTDL 3aa4l, ABIAIOIINECA TPO-
CTPaHCTBEHHBIMU aHaJoraMu Borpocos 1)-6).!

Samaua 1. Kakosa e R naubonee xopomras aunud, udyuad ane om-
KPBlMo20 eOUNUNNO20 WaAPQA, 02PanUuUtenn 020 cepotl S, ecau dsuzaics no
9mol AunuU MOdCHO yaudems ace mouku ceps S7

1He cnenyer mymaThb, uTo 3agaun 1-6 CBA3aHBI C OCMOTPOM 3eMJIM CO CIyT-
HUKa. 1'aM UTpaloT poJib WHEPIUMOHHOE JBUXKEHUE CIIy THUKA, BpalleHne 3eMIIu,
TpebyeMbIll yroa ob3opa.
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Samaua 2. Kaxoil 6ydem xpamuafiwiad aAUnug ocmMompa, ecarw Jonoanu-
meabvno mpebosams, ¥MoOBL U €€ HAYAA0 U ce KOHEY aeHcart na chepe

S7?

3amaua 3. Kaxoea kpamuafwas aunug ocmompa, ecau na S 0643410
AEHCAMY TOABKO €€ HAUAA0T

SBamaua 4. Kaxoea xkpamuafiwas uz aunull ocmompa, udywuzr na no-
cmoannol avtcome nad S7

Samaua 5. Kak uamenumesd wyu,as Ha nocmodsnnol avicome Hauboaee
KOPOMKAT AUNUT 0CMOMPA, €CAlU & €€ JAUNY BKANUAMD 8EePMUKAABH LY
nodseas om S & Hauase u eepmukaavnwuiil cnyck na S e konye?

Samaua 6. Kak uaMmenumcs ama AUHUA, €Call HAYAAbHBE nodseM yYuu-
Muleams, 4 Cnyck — He yuumseams?

1.5. Eciuu B 3agavye 3 K uckomoit auuuu AF no6aBuTh HadaabHBLIA
paanyc OA cpeprr S, To pemreHue 3aaaun 3 1acCT OTBET HA CIENYIO-
mmee o6obienune Bonpoca benamaHa.

Samaua 3a. Bwu narodumecs & mouxe O enympu noaynpocmpancmad,
ozpanuvennozo naockocmyio P, Ha paccmognuu 1 om epanuuyw, no ne
3naeme, Kax no omuowenuio x Bam pacnosoncena zpanuya P. Jeuzasgce
no xaxoll nauboaee xopomxoil mpaexmopuu, Bu saeedomo ewiideme na
epanuyy P7

[MoBogoM K HaANMCAHWIO HACTOAIIEN CTATHU MOCIHYMKHUIO KeJaHUe
OTBETUTHL Ha BoOIIpocC 3ajaum 3a, 3anaHbbii B. B. MakeeBbiM 1ipu
obcyskaennn paboTel [3].

§2. 3anmaun 1 u 2

2.1. Yrob6br npeacraBuTh cebe, B KakoM GoJjiee Y3KOM KJacce Kpu-
BBIX, 3aBUCAINEM 0T HeGOJIBIIOTO YUCIa TaPaMeTPOB, 1elleco0bpa3Ho
WCKaTh peIleHrne 3aa9r 1, MBI BOCIIOIB3YEMCA He BIIOJHE CTPOTUMUA
“IpaBa0I0 a0 6HBIMI’ COODPaKEHUAMMA.

2.2. HauneM co BCIIOMOTATEIBHOTO 3aMeYaHUs.

IMycrtb Touka P HaxoauTcs BHe Miapa, U IycTh u3 P Ha cpepe S BU-
JIEH Te0 Ae3ndeCKUi KPYT, Teoae3ndeckoro paanyca r. [Ipu sTom Tou-
ka P maxoaurca ot mentpa O chepbl Ha paccrosauu 1/ cosr. Eciu,
ocTaBasfch Ha TOH e BbicoTe 1/ cosr—1 Han S Touka P caBUHETCSA Ha
Majioe paccTosHue ds, TO KPyr BUAMMOCTH HA 5 COBEPIIHAT ITOBOPOT
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Ha yron dy = cosrds BOKPYD HEKOTODOW OCH, MPOXOJAIIEN Uepes
nenTp cpeprl. O6o3znaunM h = 2sinr IPOCTPAHCTBEHHBIA AMAMETP
cpeprUecKoil MIATIOYKN, KOTOPOM ABJIAETCA KPYTr BUAUMOCTU DajnAy-
ca r. [Ipu moBopoTe Ha dy MOMONTHUTENBHAA MIOIMAAbL d0, MOKPHIBaA-
emad Ha S Kpyramu BuUAMMOCTH, OymeT paBHa do = hdp = sin2rds.
IMostomy otHouenue do/ds yaer HauboIbIIMM TIpU 1 = 7 /4.
Orcroma MBI JeJaeM BBIBOJ, 9YTO MCKOMBIE JIMHUKA OCMOTPa MPOXO0-
JAT Ha He 04YeHb DOJIbINNUX M He OYeHb MaJIbIX BBICOTAX HaJ chepoit S.
[l perMyIecTBEHHO — Ha, BBICOTAX, [0 HOPAAKY CPABHAMEIX ¢ /2 — 1.

2.3. B kauecTBe CIAeAyIONIETo Mara yKaKeM T0BOIBHO KOPOTKRYIO JK-
HIIO 0CMOTpa, IPOXOANLYI0 MMEHHO Ha, MOCTOAHHOR BEICOTE /2 — 1.

Paccmorpum ky6 c mentpom O Takoro pas3mMepa, 4To ero pebpa
kacalorca chepnl S. OrcekaeMmble T'PpaHAMU 3TOT'0 Kyba IIATIOYKU —
reojesuyveckue Kpyru cdhepbl 6yayT uMeTh paanychl 7/4. SaHymepy-
eM ux 1eHTprl Ay, As, As, A4, A5, As Kak ykaszaHo Ha puc. 3.

Omuimnem BRIGUpaeMoe ABWKeHWe Kpyra BuammocTtu K. IlepBona-
4ajabHO ero 1meHTp A pasmectum B Toure Aj. 3aTeM KpyTr MOBOpa-

unBaeTcsa Ha chepe BHOJb moiyokpyskHocT A1 As. 3arem nentp A
kpyra K mepewmeriaeM 1o S “mpAmo”: BAONE GOIBIMON MOILYOKDPYH-
vHoctu Ay AzAy. Tlocie wero kpyr K moBopauuBaeTCs BOKPYT TOUKUA

Bus; ipu T0M ero 1eHTp A omMCHIBAET MONYOKPYRHOCTE A4 As. Bech
myTh IeHTpa A M306parkeH »KUPHOU NAWHWER Ha puc. 3.

HeTpyano mpociemuTh, 4To MpW TaKoM IBW:AKeHWU KpyT K 3adep-
uymBaeT BCIO cdepy.
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Ob6paTuMca K CTPOEHNIO COOTBETCTBYIONIEN JuHUN ocMoTpa. OHa
COCTOMT W3 ABYX PaBHBIX dYacTeid, maymmx Hala AiAsAs u Han

Az A4 As. PaceMoTpum TOBKO IEPBYIO U3 »TUX dacTeir. Touku suaMN
ocMoTpa, Jexkarme Hag A, 6ymeMm obosHauaTh P.

Koraa kpyr K moBopauuBajica BoKpyr Bis, orubaroreii npoxo -
MBIX TOJOXKeHUN Kpyra K cayur reonesmveckas ayra C' = BiyBas.
Omna mn3obparkeHa MyHKTUPOM Ha puc. 3. PaccMoTpum muauuap, Ka-
catomuiica cepsr S Buoab C. [lpu nwkenun A n3 A; B Ay coor-
BETCTBYIOIINA ydacTok P Py JWHUM 0CMOTpa PACIIOJOKEH Ha B3TOM
MUAWHAPE.

Paccmorpum erme komyc, kKacatomwuiica S 1Mo rpanHuile kpyra K ¢
nenTpom As. Ilpm mBmkenum meHTpa A Ha yuacTke A Az cooTBeT-
CTBYIOIUIT y4acTok PsPs NUHWM 0CMOTpa JIEKUT Ha DTOM KOHYCE.

Ha puc. 4 nzobpakeHnsl pa3BepTKa YIIOMAHY THIX [IUIJIMHIPA U KOHY-
ca. Ha pasBepTke yrazana aunua ocmotpa P P Ps. Ee nauna %L =

T+ 7/V/2. Obmas aauua guHun ocMmorpa L = (2 + \/5) ~ 10.726.

2.4. Jlasa BeIOpaHHOW IWMHUKW OCMOTpPa 006JaCTH, 3adYepUMBaeMble
apmkenreM K, yano6HO pas3fesuTh Ha CJHeAyIONMe JeThipe JacTHu.
“Bepxnsasa manka” — Tak Mbl Ha3bIBae€M HAYAJIbHBIA KPYT BUIMMOCTH.

“TToac” — obiacTh, 3avepunBaeMas KPyroM (BUAWMOCTH TIPU ABW-
weHnn A Bronb AsAzA4), KoTa OH KacaeTcA W BEPXHeH W HIKHER
mamnok. “Ilpmkka” — He MOKPBITaA MpeabLAYIIMMA YacTAMN 00J1aCTh

Ha S, 3aKIIOUeHHAd MEXIY Kpyramu C rneHrpamu Aj, Az, As, Aa.

Puc. 4.

2.5. Bribpannas B 1. 2.3 JUHWA 0CMOTPA KOHEUHO He ABIAETCA OTITH-
MadbHOW miA 3amaun 1. OTKA3aBIMUCH OT ABWKEHUA HA MMOCTOAHHOMN
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BbICOTE HAJ S, MUIMHY JUHAW OCMOTpPa MOMKHO YJIYUIUTh Ha CJIEmy-
IOTIEM Iy TH.

Bo-mniepBbIX, KOHIIBI JUHAK OCMOTPA MeiecoobpasHo TPUIo HATD
wag S. [lpu sToM paanychl BepXHell M HIDKHEN IMAIOK YBEJIWYATCH.
DTo MO3BOJUT MPOXOIUTH MOAC HA MEHBINX BHICOTAX.

Bo-BTOpBIX, XO0TA MO CUMMETPUM 3aJadl €CTEeCTBEHHO BHIOUPATH
paanyCchl BepXHeil U HKHEH Aok OMHAKOBBIMU, HET HEOOX 0 AMMO-
CTU pacrojiaraTh WX MeHTpsl A3 U Ay B araMeTpaibHO TPOTUBOTIO-
TOxHBIX ToukaX. (Bojee Toro, MOCKOIBKY MOAC CTAI Yike T/2 B CBA3M
¢ yBeJIMUYEeHWEM INarok, ecTecTBeHHO A; U Ay HECKOIBKO COIUBUTH,
UTO CAENAET MOAC CHOBA MIMPe, XOTA M HE MOCTOAHHBIM T10 IIAPUHE. )

B-tpeTbux, XoTA MO CUMMETPUM 3aaUl €CTECTBEHHO BHIOUDPATDH
MMOAC CUMMETPUYHBIM OTHOCUTEIBHO TimockocTu O Ay As, HeT npuyuH,
4yTob6BI Teoaesndeckana ayra AsAsA,, coyskamasa “mpawHoi” mosca,
Oblta 1edoi monyokpy#HocThIo. (CKOpee B ONTUMAJBLHOM Clydae
oHa ByMeT 3HAYNTENBHO KOpOUe.)

2.6. IlepBasd, moCTATOYHO ecTeCTBeHHAsA TUIIOTe3a, MPpUHUMAaEMasd B
Haieil paboTe; COCTOUT B TOM, UTO JJA KpaTJallieil TUHUN 0CMOTpa
COXpaHUTCA pa3bueHre TMOKPBITUA S KPyraMu BUAMMOCTHA HAa BepPX-
HIOIO MIAIIKY, HIKHIOIO IMAIKY, IMOAC W HPAKKY.

CrpoeHune Mociie THUX MOMKHO 3aaBaTh TPEM:A MapaMeTpaMu 7, u,
v, YKa3aHHBLIMU Ha pUC. H.

Puc. 5.

2.7. Ilpsasxka, Kak mpaBuilo, OyleT orpaHUdveHa MBYMA OOJIBITAMMU,
CPaBHUTENBHO OIM3KAMU KPYTaMu BUAAMOCTH C neHTpamu Aj, As u
MeHBIMMI KpyraMu ¢ teHTpamu Az, Ay (puc. 6). Iycts C14Css

obIasd kKacaTedbHad reofe3ndeckasd K KpyraM ¢ 1eatpamu A; u As.
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Puc. 6.

Bropas, Takke MoBONBLHO eCTeCTBEHHAA TAIIOTE3a, TPUHUMAA B Ha-
et paboTe, COCTOUT B TOM, YTO AJA y4yacTka PP, auAuMM ocMoTpa
KPYT BUAMMOCTH (IIEHTP KOTOPOTO IepeMemnaerca U3 Ay B As) us-
MeHsAeTCA TakK, YTO OH BCe BpeMs KacaeTCsd CHavaJjla Ieode3mdecKoit

C = (14055, a 3aTeMm — HmkHel manky Ha ydacTke ChsBss.

2.8. Ilycts r, u ¢urcuposanrl. IIpm sToM ¢urcuposano u 1T =
|C14C25]. O6cyaum, rie npu sToM 1elecoobpasHo pasMelaTh TOY-
Ky As. OTMeruMm BcmomoraTesibHYIO TOUKy ) — IeHTp Kpyra Ha S,
KacaloIlerocAd BEPXHEN W HIDKHEN IMAlOK, IpUYeM HUKHER — UMEHHO
B Touke Cos (puc. 6). ObosHaunM § Teoe3nUecKuil PaUyc 5TOrO
Kpyra.

PaccmoTpum mmnunap, xacawoimmiica cheprl S no gunum Cr4Ca5,

1 KOHYC ¢ BepimHo#i Ps, kacarommuiica S mo ydacTtry CosBss rpanu-
bl HUKHEeR manku. Bechb yuactor Py P nuHumM ocMoTpa ob6sa3aH je-
KaThb Ha ®TOM IUJWHApPE W BTOM KoHyce. X coBMecTHasa pa3sBepTKa
n3obpaxkeHa Ha puc. 7. [lpm sToM M3 cepudeckoro TpeyroiabHUKA

QA5Ca5 umeem

cos U
T = |C14C55] = 2arc cos ,
cos T

t
o= LEQA5Cs5 = arctg tg_r

gu’

|Ca5Bas| = (7 — ) sinr.
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/x_/\\kr,\_ —

(r-e)cest B,
%

[ 35

Puc. 7.

HMomoxenue Touer P, P5, P3 Ha pasBepTke ¢urcmpoBaHo. Ha
puc. 7 yepes p oGo3HAYEH PAINYC KPyra BUAMMOCTU C IeHTpoM Aj:

p=7—(u+r).

Ha puc. 7 oTmeueHa Tak&e Touka Hg, mexamas Hal (), ¥ ToUKa
Hp, nexaman nan D. [lynktupnas nunua na ydactke HoHp uger
HaJ IIeHTPaMM KPYyToB, KacalolMUXCcA BepXHell Mamk 1 KpaTJdaiiei
QCs5, a Ha yuactke HpPs — Hana IeHTpaMu KPYroB, KacaloIUXCs
BepXHel Y HUYKHEN IITalloK.

JIunusa ocmoTpa Ha ydacTtke PpPs Ha pa3BepTke H0/KHA OBITH
BO3MOKHO Kopode. Fe KpPyru BUIMMOCTH 3aBeIOMO OYIYT MOKPHI-
BaThb HYKHYIO YaCTh NPAKKN 1 MTOACA, €CAW HA Pa3BepTKe dTa JTUHUA
He OMyCTUTCA HUKe IMYHKTUPHOW JIMHUN HQHDP;),.2 ITosTomy auHMIO
oCMOTpa Ileflecoobpa3Ho COCTABUTL U3 KacaTedbHoUt PP, TipoBe-
JeHHol u3 P; k nyHkTupHoit suuun Hp Ps, 1 u3 ydactka PsPs a10it
MYHKTUPHON JTWMHWUA.

2.9. BrBenem ypaBHenuve nauauu HpP; B TONAPHBIX KOOPAAHATAX

’B 1. 2.14 MbI y6enumcsa, uTo TpeGoBaHMe NPOXOMKIECHUA JTUHUU OCMOTPa
Ha pa3BepTKE He HUyKe NpuJieraromero Kk Ps; yuactka gubaum Hp Py #e 6wlao
HANpPacHBIM, UYTOOHI KDY BUAUMMOCTHU MOKPHIBaJU cPepy S 6e3 NpocBeToB.
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(I, ), OTCUNTRIBAA TOJAPHBIA YToJl ¢ MO YaCOBOW CTpeske OT och
PsHp (puc. 8).
W3 tpeyroapumnka QAAs (puc. 9) nmeem

tgr
’y(go):oz—l—gp,g —a+ ¥ ’
sinr cos r
tgu = tg(r + z(p)) cos y(y),

dl 1
l(p) = tgr+tgz(p), T cos? (g

s yno6ersa Berumciaennii BBegem 0(yp) = v(¢) — 5. Toraa

T © dé 1
e = — — —_— =
(p) =« 2 + cosr’  do cosr’
cosy(yp) _ sind(p)

tg(r + 2(p) = 5) = —ctglr +2(¢)) =~ NE = =N

dz  sin®(r + z(p)) cos 0(p)
do tgu

bl

o sin 0(¢p)
z(yp) = 5 —r+ arctg tgu

Ldl  1dld:zdo sin?(r 4 z()) cos 0(p)

k(o) = = =
() lde ldzdfde 1(p)cos? z(p)tgucosr’
l(p) = tgr +tg2(p).
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€%
P |

s
Puc. 9.

2.10. Ilycts P — Touka ua suuuu Hp Ps u npavmasa My PMs nepren-
murynsapaa ocu Ps;0, a PN — racartenvHas ¥ HpPs (cm. puc. 8).
Torma

2tgr —l(p)cosp
=/ZPPM = t
) ! L= are g( T+ (p)sing

Ba(p) = LNPMy = ¢ — arctg k().
B Touke P A0OIAKHO BEIIOJIHATLCA PaBEHCTBO

Bi(p) = Ba2(ep).

IIpu pUKCUPOBAHHEIX 7, ¥ KOPEHb (3 3TOT0 ypaBHEHUA eIUHCTBEHEH,
neskuT B mHTepBase 0 < ¢y < ¢ = (7 — a)cosr. Ero uucieHHBIi
IOUCK JIETKO OCYIIECTBIIAETCH METOLOM AUXOTOMUM: IyCTh ¢ < @ <
— 1 — 1 —

?. Haxomm B1(5(p +9)) m B2(5(¢ +9)). Ecam 81 > B, 3amensem ¢
Ha %(g—i—@), a ecau 31 < 2, 3aMeHAEM P Ha %(ﬁ—l—@) U IOBTOPAEM
mporecc.

2.11. ITycTb KOpeHB > Halinen. Torma ana obmeidt anwubl L auanm
ocmorpa umeeM L = 2(Ly + La), rae

L1 = |P1Py| = \/(2tg7 — l(p2) cos 2)% + (T + I(2) sin ¢2)2,

e | () (2 oo~ o

P2 P2
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2.12. KommploTepHBIA aHaan3 ¢QyHKIMU L(r,u) ObLT NMpOBeleH BO
Beeil obmactn § < r < u < 5. 3Hauvenus uHrerpaga L, ompenens-
auck 1o Gpopmyie [Naycca ¢ 6 yznmamu. AHaan3 moKasal, YTo GyHKIUA
L(r,u) uMeer eAMHCTBEHHYIO TOYKY MUHUMYyMa: r = 4 & 1.1421. TIpn
pTOM 2 & 1.0871768, uemy cooTBeTcTByeT v & 2.65558. Munnmainb-

Hoe 3Havenue L a2 9.576778.

2.13. Takum ob6pazoMm, peleHMeM 3aAa9u | MBI CUNTAEM JTUHUIO
ocMoTpa, monoBuHa P Py Ps koTopoit m3obpaskena Ha puc. 10. Bro-
pas ee yactb P3P4P; cumMmerpuuHa m30b6paskeHHON OTHOCUTEBHO
mpamoit QO Ps.

2.14. 3ameuanue. Brina iu Heo6X0AMMOCTH B TOM, YTOOBI JUHUA
BUAMMOCTH Ha pa3BepTKe pHUC. 7 Iia He HMKe MYHKTUPHOW IWHWNA
HoHpP37 PaccMoTprM »TOT BOMPOC AMA KOHKPETHOTO Clydas BBHI-
O6paHHLIX 3HaveHuit r = u ~ 1.1421, ¢ = 1.0871768. B »sTom cayuae
pa3BepTka MMeeT Bua puc. 11. Yron

[(p2) sin 2

A=LPsP Py = t
bR = are thgr—l(goz)cosgoz

~ 0.78243.

MMycts I — maockocTh, KacaTedbHad K S B Touke () (puc. 12).
[Mpu mBwkenur Toukm P 1o BBIGpAaHHOW JTWUHWKM OCMOTPAa CKOPOCTH
V B mauvanbHO# Touke P; jexuT B maockoctu Il m HampaBieHa mon
yraom A k ay4ay P1@. llpu sTtom ckopocts W aBukenus Touku A 1o
cpepe S B HauanbHOM Touke A

Puc. 10.
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w |

Puc. 11.

Puc. 12.

obpasyer ¢ reojesmdeckuM paaumycom Ai() HeroTopwIiii yroa u. Haii-
meMm p. B Tpexrpantom yrie, obpasoBanaoM aydamu P1Q, PV, P1 A
ABYTDaHHBIA yroi mpu pebpe Py pasen m/2, upu pebpe P1A; paBen
p, a mirockne yrabl: ZQPV =X, ZQP1 A = § —r. Orcrona

tg A = sin(g —r)tg 1

UTO maeT \
t

@ = arctg LN 1.17473.
cosr
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[Mpu HAUYaATBLHOM ABMMKEHUM KPyTa BUAMUMOCTU €r0 IEHTD CABUTa-
ercsa u3 A; B HampaBienun W, a ero paamyc M3MeHAETCA TaK, UTO
OIHUM KpaeM KpyT BUAMMOCTH “Bblie3aeT’ W3 BepXHell Akl B TOY-
ke ). Torma apyroit kpaii Kpyra BUANMOCTH “Bhlile3aeT” M3 BepXHeit
manky B Touke ' Takoii, uro pammyc A1@Q) cuMmerpuden paamycy
A1Q otHOCHTenmpHO HampaBaenus W!. Ilpu sToM Touka (@' oTcToUT
oT () BIONIb TPAHUITEI BEPXHEN MIANKW Ha JUIUHY 2psin 7. Bece “BHern-

”

nue” TOUKM Kpas BepXHel Iamnku Ha ero ydacTtke Q' Biz ocrtalorcs
HeMOKPBITEIMU. [ToaToMy TIpu Bcex

2usinr
tgr

©>pg = ~ 0.9766

muauA ocMotrpa Py Py Ps Ha pasepTke puc. 11 pefictBurenbro o6s-
3aHa MATU He HMxe ydacTka HgP3 nynaxrupnoii nunun Hp Ps.

2.15. Ob6partuMca Temeph K 3amave 2.

[ycts nuaMa ocmorpa HaumHaerca B Touke A; Ha S. OueBua-
HO ®TO¥ JWHWM Meeco0bpa3Ho cpa3y TPaHCBEPCAIBHO 10 THUMATHCS
wax S. [Ipu aroMm Mambiii HavadbHBI yuacTor A P guaum Oymer je-
’aTh BHYTpPU KacaTelbHOTo K S KoHyca ¢ BepmmHoit P (puc. 13). Mo
TeX MOP, MOKa »TO OyMeT Tak, KPYyr BUAMMOCTU W3 TIOCJENHEN TOY-
KU TIOKPBIBAET C060I0 BCE KPYIM BUIMMOCTH M3 TIPEANIeCTBYIOMUX P
To4YeK JUHUU oCcMOoTpa. Paamyc e Kpyra BUANMOCTH W3 caMoil To4-
KU P 3aBUCHUT TOJBKO OT ee BLICOTHI HaZ S. [losTomy Ha HekoTOpOM
nmepBoHavYajbHOM y4dacTke A;P; kparuafiias auHuMA ocMoTpa 06s-
3aHa TPeACTABIATL CObO0l MPAMON BEPTUKAIBHBIA MTOAbEM M3 TOYKHA
Ay

Ho B Heroropoii Touke P mpumnercsa caenats moBopoT. [lpu atom
HAOCTATOYHO KPYTOW: CKOPOCTHL V) majbHelilero ABmwkeHus u3 Pj
(pmc. 13) Gymer HampabiieHa BHe M300paKeHHOIO NYHKTUPOM Ha
puc. 13 mpomomKeHUA KacaTeIbHOTO KOHYCA.

Mo aramornyHBIM COObpaskeHUAM 3aKaHYMBATHCA KpaTJdaiinasd Iu-
HUA OCMOTpPa B YCIOBHUAX 3aAadu 2 MOJBKHA TaKKe BePTUKAIbHBIM
crmyckom Ha S.

[MosTomMy mnsa perenusa 3amaum 2 MOXKHO I0JIB30BATHCA BCEMU
dopmymamu m. 11-16. Tonpko Ha 5TOoT pa3 NPeACTOUT MUHUMU3N-
poBaTh (QYHKIHUIO

L(r,u) =2(L1(r,y) + La(r,u) + . ! —1).

osTr
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3ﬂer 2<Cols7‘ — 1) — JIMHA YYaCTKOB BEPTUKAJBHOI'O ITIOA'bEMA U CITYyC-

Ka.

2.16. KoMmOpIoTepHBIA aHAM3 MoKasal, uYTo HoBad (GyHEmmA L(r, u)
Takke WMMeeT €IMHCTBEHHYIO TOUKy MuHMMyMa: 7 = (0.8804, u
1.4459. Ilpu »sToM ¢y ~ 0.280546. IlociesHeMy COOTBETCTIBYyeT® v
1.86083. MunumanbHoe 3Havenne L &2 11.477734.

o~
~
o~
~

[IpumepHBIZ BuL He caM6ii KpaTJaiineid JUHUN 0CMOTpa, a IMPOeK-
nunn A1 AsAs ee yuactra Py Py Ps na chepy S mzobpasken Ha puc. 14
skMpHOI auamMeit. 3aech r = A1 B) = AsBs, u = QA; = QAs, Touka
M= 014.

Puc. 8 npu nalinennnix r, u npuAUMaeT BUA puc. 15. Ha »1oi pas-
BepTKe MWJIMHIPA U KOHYCa XOPOIIO BUIAEH XapakTep ydacTra P Py Ps
HalaeHHOUN KpaTdaiiieit auaunu ocMmorpa A Py Po P3Py Ps As nis 3ama-
un 2.

2.17. 3ameuanue. [IpoBepum, anasoruyno 1. 2.14, HeoH6X0AMMOCTD
aasa auaua Py Ps Ha pa3BepTke puc. 15 orubaTh cBepXy MYHKTUPHYIO
maanio HpPs. Ha e1oT pas ponap Tourn () (puc. 12) 6ymer mrpath

33HaueHne ¥ HAXOMUTCA U3 IPAMOYLONBHOLO CHEPUUECKOrO TPEYroNbHUKA
A QAy co croponamu u, 7+ z(p2) & 1.60643.
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Touka M = (4,

T+ l(p2)sin ¢

tgd =

= ~ 8.22165
2tgr — () cos g ’

tg A
© = argtg C;g? ~ 1.49349,

t
o = arc cos -14 ~ 1.4182.
tgu

Amnasorom toukn Q' caysnr toura M’ (cm. puc. 14). Ha puc. 15
uepes Hpy oGo3HaUeHa TOUKa, JekKallad Hal EeHTPOM Kpyra, Kaca-
IOIErocA BepXHeil M HUKHeH IIalok, mpudeM BepxHeli B Touke M'.

IIpu BCex

2 — 2 1
o> o = gy = PET2OSNT G 0
tgr
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auHUA ocMoTpa P Py P3 Ha pasBepTke puc. 15 melicTBUTenbHO 065-
3aHa UATUA He HWKe ydacTka Hpp Ps nmyurtuproit nuauu Hp Ps.

§3. 3A0AYMN 3 U 3A

3.1. Jlunumio ocMmoTpa XapaKIepusyeM TpeMs HapaMeTpaMu: paiu-
YCOM 71 BepXHENR INalKU, PaduyCOM Py HIDKHER IAllKUM U YILJIIOM W,
KOTODBIA Ha cpepe S obmasa (BHYTpeHHAA) KacaTelbHAA BTUX IIAOK
obpasyer ¢ kKparyaiimeil Ay A, coeaAUHAIONEN IIEHTPELI 9TUX IIAIIOK
(puc. 16). BHauveHwUa r1, 1y, W MOIKHBL JEKATH B MPeaeax
iy iy
Z<7°1<7°2<w<§~

IIpn obo3Havyenuax, ACHLIX U3 puc. 16, nMeeM

. 1 . tg T2
Ty = arcsin , Iy = arcsin ,
tgw
. sinryg . nry
Uy = arcsin — , Uy = arcsin — ,
sin w sin w
. cosw . COSWw
p = arcsin ——, s = arcsin .
coS 71 COS T2

O6o3HauuMm

T=T1+Ts, u=u+us, ¢ =(m—ay)cosry,

T+ rotu
—
3HaueHne p — paAdUyC KPYTa, Kacaloleroca BepXHel v HUKHEN TITAToK
U UMEIOIEero MeHTp As Ha 3aMKHYToU reomeswdeckoit A Ay, Ha Toi
ee vacTH, KoTopad momoiHsAer ayry A1QAs (puc. 16).

g2 = (m — ag)cosry, p=T—
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3.2. Jlunusa ocmorpa Ha yuyacTke P P53 mosrkHa MATHA cHAaYasla HA -
auHape, KacaoleMmca cpepbl S mo guanm C14Ca5, a 3aTeM — Ha KO-
Hyce ¢ BepumHoii Pj, KacawoineMcsa cdepbl o ayre CazBss (puc. 16)
Kpas HIDKHEN MIanKu.

PaccMmoTprm Ha TOM ke KoHyce (cM. Hmbke Ha puc. 18 ero pas-
BEPTRY) JVHWIO, MAYIIYIO HA IEHTPaMi J TeX KPYToB, KOTODhIE Ka-
calTCA BEDXHEW UM HIWKHEN IMamnok. |'eomesmyecKkre paauychl 3THUX
KPYTroB oGo3HadeHE! z (puc. 17).

Puc. 17.

N3 rpeyronvamka A Z Ag jerko BLIpas3uTh tg 2z Kak QYyHKINIO yria
~1. Umeem

cos(ry + z) = cos(ra + z) cos u + sin(rq + z) sin v cos vy,

OTKY 12

riae

A1 = cosry — cOs g COS U — SIN T2 SIN U COS 71,
By =sinr; —sinrg cos u + cos rosin u cos Yy .
Ha coBMecTHOI pa3BepTke NMIAMHAPaA U KoHyca (puc. 18) maymasn

HaJ ToYykaMu 7 JuHUA (0oHa W3o6paskeHa Ha puc. 18 TMyHKTHUpOM) B
MOJAPHBIX KoopanHaTax ({,¢) 6yaeT UMeTh ypaBHEHME

Lp)=tgra+tgz(n), 7 =az+ st
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IIpu sTom

dAy . . dB . .
—— =tgrosinusiny;, —— = —slnusiny.

dp dp
Bemem ¢ynErmuio

1 dl Sin u sin 1
k = - = —
1(¢) Lo B

Ha puc. 18, amamormunom puc. 8, o6o3HaueHno 6 = tg %(u—rl—rz).
Ywuacrtok P Ps auHUM ocMOTpa AOJKEH Ha Pa3BepPTKE UATHU He HILKE
nyHkTUpHOU nuaumn H Ps. Yuactok Py Ps3 6yner nHauboliee KOPpOTKUM,
€Ccyii COCTOUT M3 MPAMONMHeWHoro ydacTtka P Ps, Kacamomerocs B
Touke Py nmuaum H Ps, v yuactra Py Ps camoii siuauu H Ps. [Ipu a1om
Touka P, COOTBETCTBYeT TAKOMY 3HAUEHUIO ¢z YIJa ¢, TPU 2TOM
(em. puc. 18)

Bi(p) = Balp),

riae

tgry +tgry — li(p) cosp
= arct -
Aile) & T+ lL(p)sing

Ba(p) = ¢ — arctg ki(p).

Ilycth 3HadeHUe @y KOpHA ypaBHeHMA B1(p) = B2(p), 0 < ¢ < ¢
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HaligeHo. TOFﬂa AJINMHBI YYaCTKOB

|PLPy| =/ (tgr1 + tgra — [i(2) cos 2)2 + (T + 11 (p2) sin ¢2)?,
q2

|P,Py) = / o)+ (ki(9)2dy.

Y2

3.3. CoBepIeHHO aHAJOTHUYHO JJIA BEIYUCIEHUA JJIWHBI yYacTKa JTH-
HUM ocMoTpa PsP; 6ygeM mMeTb GOPMY B

A
L(p) =tgr + B_z’ Yo = aq +

As = cosry — cOS 7y COSU — SIN 71 SIN U COS Y2,

)
cos 1y

By =sinrs — sin 7y cos u + cos 7 sin u cos ¥z,
Sin u sin s
feo(p) = m P2
2(¢) B
tgri +tgry — la(p)cosg
= arct -
Pa() & T+ l:(p)sing

Ba(p) = ¢ — arctg ka(p).

bl

MMocae naxoxaeHnA KOPHA ¢4 ypasHenua [3(p) = Balp), 0 < ¢ < q1
MoIydaeM TIOoMoKeHNe TOUKA Py 1 JAIWHE

|Ps Py = \/(tgr1 + tgrs — lo(pa) cos pa)? + (T + lo(ipa) sin ¢4)?,
g1

Py Py = / ()T + (ka(9)2dy.

Ya

3.4. IIporpamMa BHIUKMCJEHUAA Ha KOMIbIOTepe 3HAUECHWH (YyHKINN

L(ry,rq,w) = ( — 1) + |PLP2| + | P2 Ps| + | PsPa| + | PaPs|,

cos 1y

MUHWUMU3AI KoTopo# TpebyeT 3amava 3, Oblia cocTaBiIeHA
T. B. XaugarypoBoii. RKopau ¢, ¢4, kak u B n. 2.10, Haxommanch
auxoTomueir. MHTerpadibl Boluncisiuch o gopmyie l'aycca ¢ ie-
crbio yaanamu [4]. KoMmibooTepHBIA aHaau3 MoKa3ad, 4To oTa OyHKIMA
BO Bceil o6aactu

™
<r1<r2<w<§

IS
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JOCTUraeT MUHUMYMa B €JWHCTBEHHOI TO4YKe
r1 ~ 0.9376, ro= 1.360, w=1.740
(BepHOCTD ToCeaHero 3Haka +1). TIpn aTom
wa = 0.533935, @4 = 0.905008.

Haxkomern, Mmunumaabioe 3Havenne L a2 10.605428.

3.5. Ha puc. 19 cuemana monbiTka M306pasuTh IPUMePHbIA B (Ha
1 6omee NAMHHON BBUAY MPUCOEANHEHNA HadalbHOTO paanyca OA;)
MpOCTpaHCTBeHHON KpWBOH, ciayskallmeil pellleHueM 3amadm Ja. Ye-
pes P3yo u Py 0603HadeHbl MeCTa Mepexoa JUHUM ¢ HUAUHADPa Ha
KOHYCHI.

Puc. 19.

§4. 3aga4un 4, 5, 6

4.1. g 3anaum 4 TMoCTOAHHOE 3HAYEHWE 7 T'e0/Ie3UYECKOTO pPaJu-
yca Kpyra BUAMMOCTHU JOJRKHO JesKaTh B mnpegenax 7/4 < r < 7/3.
Tonbko ToTMAa IUHUA 0CMOTpa OyAeT UMeTh CTPOEHMe, OTBeYaIoIee
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Puc. 20.

npusATod B nyukre 2.6 runorese. Jlug KaskAOro M3 TaKUX 1 Oydem
nmeth (puc. 20)

S U

u=|QA1| = |QAs| = 7 —2r, T = |C14C55| = 2arccos © ,
cosT

tgr
o = arctg —.
tgu

[Mpu oTom mmHa WayIell Ha TOCTOAHHOW BBICOTE secT — 1 Ham S
JWHAA OCMOTpa OyneT

Ly(r) =2T 4+ 4(m — a)sinr.

4.2. KoMmbIoTepHbIH aHaJIU3 OKa3bIBaeT, uTo Ha yuacTke 7/4 < r <

7/3 pyrrmA Ly(r) DocTrraer MUHUMYMa B € IMHCTBEHHOM TOUKe r &S
0.9076. IIpu sToM MUHMMaJbHOE 3HaveHne L4 &2 10.642872.

4.3. Haa s3amau b u 6 cOOTBETCTBEHHO

Ls(r) = 2T 4+ 4(7 — o) sinr + 4( -1y,

—1).

CosTr

Le(r) = 2T+ 4(7 — o) sinr + (

cosTr

O6e o1 QpyHrumu BospacrarwT Ha yuactke 7/4 < r £ 7/3. Tosto-
My pemnieHreM 3ajad b u 6 okasbiBaeTca oTBevaloliag r = /4 yike
paccMaTpUBaBIIAsACA B MIyHKTE 2.3 JIUHUA OCMOTpPa C IPUCOeTUHEHN-
eM K Heli Ha4ajlbHOTO TI0beMa M KOHEYHOTO CIIycKa (3agaua b) uiam
TOJIBKO HadalbHOTO MoabeMa (3amada 6). [Ipu »ToM MUHUMAILHBIE
aumHbl L & 11.5545, Lo &~ 11.1403.
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4.4. 3ameuanume. MoskHO TToAyMaTh, YTO B 3ajaadax o u 6 mejeco-
06pa3HO 0TKA3aTHCA OT TUIoTe3 M. 2.0 W JOMyCTUTH MEHBLIIME 3Ha-
vennsa 7/5 < r < w/4. Ho nuHma nBweHns mo chepe S menrpa A
Kpyra BUAMMOCTH TaKOro paauyca r OyaeT BBIHYKIEHA nejaThb Ha
cpepe nunHUA “nonyBuTok” . JleficTBUTEIHLHO, DU TAKOM 7 JIMHUSA
ABWKeHUSA 1leHTpa A OyeT uMmeTh Ha cepe S cienyiollee CTpoeHNe.

Cravgaila — TOMyoKpyskHOCTE A1 As (reogesmdeckoro) paguyca r ¢
IMeHTPOM B HEKOTODOW TodKe Bis Ha T'paHWUIle HAYAIHLHOTO IMOJOMKe-

HUA Kpyra. 3aTeM — MOJYyOKpyRHOCTh AsAs pammyca 2r c meHTpoM
Ay. 3arem — moayokpyxkuocTh AzAs pammyca 3r cHOBa C IEHTPOM

Bis. U makonen — nmoayokpykuocTh AsAs pammyca 4r BHOBB C IeH-
Tpom Aj. Ilpu a1oM, Hapumep, AJA 3aaaun b, 6yaer

Ls(r) = Cozr(sinr—|—sin2r—|—sin3r—|—sin4r)—|—2( —1).

cosr
Ho ora ¢yurimsa ybbiBaer Ha 7/5 < 7 < 7/4, U Mbl BHOBb [IPUXO0AUM

K 3Hadenuio r = 7/4. (Tem Gornee oT0 BepHO 1A 3a0a4m 6).
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Zalgaller V. A. Shortest inspection curves for a sphere.

What is the form of the shortest curve C' going outside the unit sphere
S in R3 such that passing along C' we can see all points of S from outside?
How will the form of C' change if we require that C' have one of its (or
both) endpoints on S? A solution to the latter problem also answers the
following question. You are in a half-space at a unit distance from the
boundary plane P, but do not know where P is. What is the shortest
space curve C' such that going along C' you certainly will come to P? Ge-
ometric arguments are given suggesting that the required curves should
be looked for in certain classes depending on several parameters. A com-
puter analysis yields the best curves in the classes. Some other questions
are solved in a similar way.
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