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Changes ....




In 2001:

 we still used

telephone modems to 

connect to Harvard

(scripts needed to be

self programmed in linux)



1970 1980 1990 2000

Programmable
calculators

Pocket 
calculators

Graphing
calculators

Computer algebra systems

Reduce
Calculators 
with CAS

Cayley Magma
Mathematica,Maple,

   
Macyma

   Maxima
power point keynote

since 40ies: overhead projectors
since 60ies: PRS

since 30ies: slide projectors
DVDVHS

YouTube
java

word wide web
flash

Educational TV

Ipad
Alpha

flash
Computer Games

Twitter

Oculus
Zoom

Developments

2010 2020

HTML5
CMS

Metaverse

Shorts
TikTok

AI botssocial

iphone

Chatbot
SofiaELIZA ChatGPT

Midjourney
Google

Siri AlexaAI winter

Matlab Wolfram 
alpha desmos

3Dprint

FPV drones



It is personal ... .




Olivetti  P6040, 1977
16 character diode display! 
was our school computer at high school 

oliver

High school Schaffhausen

Olivetti P6040





Revolutions

calculator revolution

CAS, email, digital 
photography, 3D 
pringing, AI bots 

WWW revolution, DVD
games,apps

 Wikis, blogs, e-books,
video, social media, 

content management systems

oliver hacked
his TI 59

Senior Thesis written 
on this thing

Pascal programmed 
on these things



2020
2022
2022

1977  first programs on calculator
1984  first time email used 

1994  first course website made (calculus)

2017  first course taught with zoom

1988  first modem connection to school 

2010  first tablet: ipad

1981  first real computer owned
1978  first remote course taken (TV)

1987  first time  Mathematica used

2013 action cams in in classroom

1983  first  websurf  (telnet) 

1991  first gopher websurf  

2014  first hybrid taught at extension

2023 slides generated AI assisted

2003 built chatbot for classroom CAS 

2013  3D printing for classroom

1994 Computer algebra in classroom

2013 first Pecha Kucha talk
2018 first Computer Games in Classroom
2022 first Chat GPT assistance 

My own personal firsts

2006  first youtube created
2012 first twitter for courses

2023 first youtube short 

2001 run webwork at Harvard

1972  first time calculator used

1988  Latex for paper creation



Changes are fast ...




2020
2021



2020
2022
2022



Old Series




2004

Remember: The web as we know was at that time 
when the web was still young. We just transitioned 

from Modem connections to broad band. No 
iphones, social networks existed yet. Facebook 
went live just in this year. MQC was in Memorial 

Hall,  and we were all younger ...



https://legacy-www.math.harvard.edu/mwus/index.html
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Trig  Handout

Trigonometry Review Problems

1. The gravitational pull of the sun and moon on large bodies of water produces tides. Tides generally
rise and fall twice every 25 hours. The range between high and low tide varies greatly with location.
On the Pacific coast of America this range can be as much as 15 feet. The Bay of Fundy in New
Brunswick has an extremely dramatic range of 45 feet. Can we model the tide level as a function of
time?

2. (a) For what values of x is sinx = 0?
(b) For what values of x is cos x = 0?
(c) How can we simplify sin(x + 2⇡)?
(d) How can we simplify cos(x� 6⇡)?

3. (a) Suppose that an angle measuring ✓ radians subtends an arc of a circle of radius r units. What is
the length of that arc?

(b) Suppose that an angle measuring ↵ degrees subtends an arc of a circle of radius r units. What is
the length of that arc?

4. Use the symmetry of the unit circle to find the values of each of the following.

(a) sin
⇣
�⇡

4

⌘

(b) cos
✓

2⇡

3

◆

(c) tan
✓

11⇡

6

◆

(d) sin
✓

13⇡

4

◆

5. You’re interested in knowing the height of a tall tree. You position yourself so that your line of sight
to the top of the tree makes a 60� angle with the horizontal. You measure the distance from where
you stand to the base of the tree to be 45 feet. How tall is the tree? (Assume that your eyes are five
feet above the ground.)

6. A golfer, centered in a 30-yard-wide straight fairway, hits a ball 280 yards. Approximate the largest
angle the drive can have from the center of the fairway if the ball is to stay in the fairway.

7. Find each of the following.

(a) sin�1

 p
3

2

!

(b) cos�1

 
�
p

2
2

!

(c) tan�1 1
(d) tan�1(�1)

8. For each of the following equations, find all solutions that lie in the interval [0, 2⇡).

(a) 2 cos x + tanx = sec x

(b) sin x cos 2x + cos x sin 2x = 0

(c) sin
⇣
3x� ⇡

4

⌘
= 1



Warm-ups in college

An hour on complex numbers Harvard University, 9/23/04, O.Knill

”The shortest path between two truths in the real domain passes through the complex domain.”

Jacques Hadamard (1865-1963)

THE SYMBOL I. Introducing the symbol i =
√
−1 and extending

all usual calculation rules using i2 = −1 leads to the algebra of
complex numbers z = a+ib. For example, z = 17−12i is a complex
number. Real numbers like z = 3.2 are considered complex numbers
too. The mathematican Johann Carl Friedrich Gauss (1777-1855)
was one of the first to use complex numbers seriously in his research
even so in as late as 1825 still claimed that ”the true metaphysics
of the square root of -1 is elusive”.

EULER FORMULA. The identity

cos(θ) + i sin(θ) = eiθ

can be seen by staring at the power series cos(x) = 1−x2/2!+x4/4!−
.., sin(x) = x− x3/3! + x5/5!... and ex = 1+ x+ x2/2! + x3/3! + ....
If you should have defined sin(x) = (ex− e−x)/(2i), cos(x) = (ex+
e−x)/2, the proof of the Euler formula is obvious.

POLAR REPRESENTATION. Because complex num-
bers z = x + iy can be realized as vectors (x, y) in
the plane, we can represent them in polar coordinates
z = x + iy = r cos(θ) + ir sin(θ). Eulers formula gives
z = reiθ. The plane is also called the complex plane
or the Gauss plane.

x

y

z=x+i y

0

|z|

arg(z)

ADDITION. z = x + iy, w = u + iv z + w = (x + u) +
i(u+ v). Adding −w = u+ iv to z is called subtraction
and denoted by z−w. In the Gauss plane, addition can
be done by drawing the parallelogram spanned by the
vectors (x, y) and (u, v) to get the vector (x+u, y+ v).

Examples: (5 + 7i) + (3− 4i) = 8 + 3i.
(3 + i)− (2 + i) = 1. x

y

z=x+i y

w=u+i v

0

z+w

MULTIPLICATION. With z = x + iy and w = u + iv
define zw = (xu−yv)+ i(xv−uy). Because multiplying
z = reiθ and with w = seiφ gives zw = rsei(θ+φ), we see
that the length of the product |zw| is the product of the
lengths |z||w| of the z and w and that the polar angle
θ + φ of zw is the sum of the polar angles θ and φ of z
and w.

Examples: (3 + 2i)(1− i) = 5− i.
(1 + i)2 = 2i.

x

y

z=x+i y

w=u+i v

0

z w

DE MOIVRE MAGIC. With z = eiθ, we have zn = einθ and so

(cos(θ) + i sin(θ))n = einθ

Writing out the real and imaginary part leads to interesting
identities. For example, for n = 3, we get
cos(3θ) + i sin(3θ) = (cos(θ) + i sin(θ))3 =

cos3(θ)− 3 cos(θ) sin2(θ) + i (3 cos2(θ) sin(θ)− sin3(θ)) .
Comparing real and imaginary parts gives identities which would
be harder to derive without this magical stunt.

AN AMAZING FORMULA.

1 + eiπ = 0

combines the constants 0, 1, e, π in a wonderful way. It is consid-
ered one of the 5 most beautiful formulas in mathematics. Richard
Feynmann called it as a 15 year old

”the most remarkable formula in math”.

In the book of E. Kasner and J. Newman, ”Mathematics and the
Imagination”, Benjamin Peirce is quoted after proving this formula
here in front of a Harvard class:

Gentlemen, that is surely true, it is absolutely paradoxi-
cal; we cannot understand it, and we don’t know what it
means. But we have proved it, and therefore, we know it
is the truth.

We can only repeat that statement modifying the start of the sen-
tence to ”Ladies and Gentlemen” of course.

MANDELBAR SET. The same construction can be done by
replacing the quadratic map with the conjugate quadratic
map

fc : z !→ z2 + c .

The corresponding set is called the Mandelbar set.
People are interested in this set because its topological prop-
erties are different from the one believed to be true for the
Mandelbrot set. This is out of the scope but the last big open problem in complex

dynamics: one believes that the Mandelbrot set is locally connected meaning that every neighbor-

hood of a point contains a connected open neighborhood. The mandelbar set does not have this

property. There are points, where the set resembles the graph of the function f(x) = sin(1/x)

which is not locally connected at (0, 0).

JULIA AND FATOU SETS. The map fc
leaves a set Jc ⊂ C called Julia set and its
complement Fc the Fatou set invariant.
The Julia set is in general a fractal and

at in a complicated way mixed with the
Fatou set. It is ironic that Gaston Julia
(1893-1978) and Pierre Fatou (1879-1929)
were not very well spoken on each other.
They competed both for the 1918 ’grand
priz’ of the academie of sciences and pro-
duced similar results leading to a prior-
ity dispute. Julia was wounded in world
war I. He lost his nose and had to wear a
leather strap across his face for the rest of
his life. He carried on his mathematical
researches in hospital.

EXAMPLES OF JULIA SETS.

”The dragon” c=0.36+0.1 i ”The cauliflower” c=0.25
”The Douady rabbit”
c=-0.121 + 0.739 i

Julia sets are in general fractals meaning that their dimension is between 1 and 2. By the way,
one knows that the boundary of the Mandelbrot set has dimension 2. It is a very complicated
set.

PROBLEMS.

1) What is (1 + 3i)/(4 + i)?
2) What is i100002?
3) Find all the roots of x2 + 3x+ 3.
4) Find all the solutions of x2 + 9 = 0.
5) Verify that sin(ix) = i sinh(x), where sinh(x) = (ex − e−x)/2.
6) Find all the third roots of 3 + 4i.
7) Find log(1 +

√
3i).

8) Derive 2 sin(x) cos(x) = sin(2x), cos2(x)− sin2(x) = cos(2x) from de Moivre.
9) You iterate the map f(z) = z2 + i. What is f(f(f(f(z)))) for z = 1? 10) Find the
prime factorization of the Gaussian integer z = 5 + 7i.

APPENDIX: COMPLEX NUMBERS AND GRAPHICS CALCULATORS.

Pocket Calculators: While smaller pocket cal-
culators like the TI-30 give an error message when
trying to compute

√
−1, more advanced calcula-

tors like the TI-89 know the arithmetic of complex
numbers. The symbol i is accessible as

< 2nd >< catalog >

(you see the i symbol above the < catalog >
key). Note that graphics calculators should
be considered rather a toy. They are not very
appropriate on the college level. The graphic
abilities of calculators like TI-89 Titanium are
very limited. There are many reasons to learn a
real computer algebra system (CAS).

Advantages of graphics calculators: always
on and ready, cheap (50-150 dollars). Often
familiar to students from high school.

Disadvantages of graphics calculators: small
memory, poor graphics, complicated interface, dif-
ficult to connect with other programs or other com-
puters. Soon obsolete.

Example Handout




Warm-ups in college
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WARMUP 1992

I was participating at a warm-
up series at ETHZ in 1992 for 
incoming students. Here is my 
handout (review of distances). 
Students then came in with 
much higher preparation levels.



Vektoren

Rechtwinkliges
Koordinatensystem

mit Ursprung 0

Addition, Skalare Multiplikation

a + 6 =: (ai + 61 <*2 + 62 <*3 + 63)

a — b =: (ai -61 <*2 -62 a3 - M

Kommuta t i v i t a t

a + b = 6-fa
Assoziat ivi tat

(a-f 6) + c = a + (6 + c)
Nullvektor, Inverses

0 = (0,0,0)
a + (-a) = 0

Dis t r ibu t i v i ta t

A-(a + 6) = A-a + A-6
(A-f /z)-a = A-a-r / i -a

Geraden

Parameterdarstellung
t — a -f Au

far] fC1 A1 \
y = ao + A- u2

UJ Us J {U2J
Zweipunkteform

f = a P A(6 — a)

Punktnormalenform, Hesseform

(r - c) • n = 0
Vektorprodukt form

(F- a) x u = 0

Skalarprodukt

a - b = < a, 6 >= a^j -f CI262 4- 0363

Kommutat iv i ta t

a -b = b ■ a
Linear i tat

a • (6-i- c) = a • b + a • c

a-(A6) = Aa-6 I

Norm, Einheitsvektor
A

|a| = va-flH
Projektion auf Vektor 6

5 = — 60 6 6 - 6

Winke l

|a • 6| = |a| • |6|cos<?
Orthogonale Vektoren

a-6 = 0

Ebenen

i P a r a m e t e r d a r s t e l l u n g
• t = a - f A u - f / i v

i f_l ffll ] i Ui \ V\
! y = Co - f A - u2 + r l ' Vo

k z t I G3 J \u3 J \ vz)
| G l e i c h u n g

ax + by + CZ =--d

Normcle
n = (a,b,c)

Dreipunkteform
f = a + A(6- a) -f m(c - c)

Punktnormalenform

(r-c)-n = 0
Normale zu ax ~ by -f c- = ^

fl = (a, b, c)

Vektorprodukt

a x 6 = (0263 — a3^2? G361 — dibz, 0162 — 02^1)

Spatprodukt

[a,b,c] = (a x 6) -c = o>(ixc) =
Ci(a2&3 - ^3^2) + c2(a36i - ai63) + 03(^62 - a26i)

An t i kommuta t i v i t a t

a x 6 = —b x a
L inear i ta t

ax (6-f-c) = ax6-|-axc
a x (Afe) = Aa x 6

Parallelogrammflache

I a x 6| = |a| • |6| • sin(<p)
Parallele Vektoren

ax6 = 0

Kugeln

Vektorgleichung

(r — m).(r- 7n) = r2
Kugelmittelpunkt m = (m^m?,77^)

Radius r

Koordinatengleichung
(* - mj)2 -j- (y - m2)2 X (- - rn3)3 = r2

Einheitskugel
x2 -r r + Z2 = 1

Zyklische Symmetr ic

[a,6,c] = [6, c,a] = [c, a, 6 ]
[a,6,c] = -[6,a,c]

Linear i tat

A[a,6,c] = [a,6,Ac]

[a,6,c + <J] = a,b,c] + [a,b,d]

Volumen des Parallelepipeds
(Spats)

Koplanare Vektoren

[a,b,c] = 0

Abstandsformeln

■ V A
Punkt (P) - Ebene (E)

d= \(p-a)-n€ \

Gerade (g) - Gerade (h)

d = |(a - b) - (u x v)e\

Punkt (P) - Gerade (g)

d = \ u e x ( p - a ) \

I 34.A0.SZ Oliver Knil
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ADVENTURE ALGEBRA




2017










Ten Theorems 

in Planar Geometry

Oliver  Knill

Harvard 

Math E 320

Spring 2022



Top Ten  Polynomial 
Identities

Oliver  Knill   Math E 320  Spring 2022

n

∑
k=0

akxk = 0
n

∑
k=0

(n
k) xk

n

∑
k=1

k
n

∑
k=1

xk

(a + b)(c + d)
1

(x − a)(x − b)

−b ± b2 − 4ac
2

x3 + cx + d = 0 x4 + cx2 + dx + e = 0 x5 − x + 1 = 0



Ten Puzzles that

are also Groups

Oliver  Knill   Math E 320  Spring 2022



Ten Theorems 

in Number Theory

Oliver  Knill   Math E 320  Spring 2022

n =
m

∏
k=1

pk (n-1)!+1=0 
mod n

ap = a
mod p

π(n) ∼
n

log(n)

(p
q) (q

p) =

(−1)
p − 1

2
q − 1

2

p = a2 + b2

p=4k+1

n = 2p−1

(2p − 1)
n = a2 + b2

+c2 + d2
p = ak + b

 prime

x = a mod n

x = b mod m



Ten Calculus Results 
Oliver  Knill   Math E 320  Spring 2022

d
dx ∫

x

0
f(t) dt = f(x)

f(x + t) = f(x)+

f′￼(x)t +
f′￼′￼(x)

2
t2 + . . .

∞

∑
n1

n−2 =
π2

6
V =

4πr3

3

f(x)=0 1 +
1
2

+
1
3

+ ⋯

π =
3.1415926...

ζ(s) =

∑
k

bk sin(kx)

f(x) =

∑
k

ak cos(bkx)
∏

p

(1 −
1
ps

)−1



Computer Science
Oliver  Knill   Math E 320  Spring 2022

Experimental Math

Complexity Theory Data Structures

Inverse Problems Computer MuseumComputer Vision

Artificial Intelligence Limits of ComputingAlgorithms

Network Structures

(0,0) (13,0)

(13,5)

(0,0) (13,0)

(13,5)

3 7 4 2
1 2 3 1
4 1 3 7

NP

PNP

Hard

z

y

x

w

v

u



Crypto Systems
Oliver  Knill   Math E 320  Spring 2022

Polybius

Vigenaire Ottendorf

Enigma RSADES

Scytale TrithemiusCaesar

Diffie-Hellman

A B C

D E F

G H I

J K L

M N O

P Q R

S
T U
V

W
X Y
Z

X = ax

mod p
y = xa

mod n



PEMDAS WARS 2014-




What ! 6÷2(2+1)?
Ba"l# ab$t

ma%ematical Syntax
Oliver Kni&, Stem club, Ap'l 28, 2018





Why Warm-Ups?




Why Warm-Ups?




High school math teaching quality varies, 
even within schools. 

We have a more diverse student 
population today.

Students have a more diverse math 
background today







Education changed enormously in the last 
30 years. Dramatically in the last 5. 

New structures, new companies, new ways 
to learn have emerged. 

Information overflow has dramatically 
increased.  Quality of information varies.





Why is Algebra important








Arithmetic Geometry 

Algebra

Analysis

Number Theory

Dynamical systems

Probability Theory

Calculus

Computer Science

Topology

Set Theory

Numerics

counting and sorting spacing and distancing
positioning and locating

dividing and comparing

balancing and weighing

moving and hitting
operating and memorizing

optimizing and planning

slicing and stacking

guessing and judging

thinking and structuring

manipulating and solving

Algebra is Central in Math




Landscape of Students








Which Topics? 


Lets try to distill out the major 5 points



Topics




Variables

Rules

Separation

Manipulation

Powers

Algebra
Introduce x  for unknown

Order of operations

Move unknows to one side

Expand, factor and simplify

Power and multiplication rules







Two exploratory movies

Elementary algebra

------------------


 1) Variables

 2) Separation

 3) Order of operation

 4) Multiplying out

 5) Factor expressions

 6) Adding fractions

 7) Multiplying powers

 8) Powers of powers

 9) Linear equations

10) Quadratic equation

Intermediate algebra

--------------------


1)  Functions

2)  Drawing Graphs

3)  Inverting functions

4)  Finding roots

5)  Exponentials

6)  Logarithms

7)  Systems of equations

8)  Binomials

9)  Rational functions

10) Geometric sums




Training with short formats










for the last Math 21b class wednesday

https://www.youtube.com/watch?v=6INnhhZpph4


History

Elementary 

Algebra

Intermediate Advanced

Simple

College

Abstract

Universal

Algebraic Geometry

Linear Algebra

Geometric Algebra

Algebraic Combinatorics

level of 
difficulty

mixing
with other 
subjects

Commutative

Algebra Flavors



Triangles

Lines

Circles

Conics

Solids

Geometry
Special points, angles, similarity

Slope form, Ruler construction

Center Radius, Compass 

Ellipse, hyperbola, parabola

Sphere, cylinder, pyramid, cone





Unit Circle

Functions

Angles

Inverse trig

Identities

Trigonometry
right 45-45, 30-60 triangles

cos, sin, tan, cot

Degree-Radiant 0-360, 0-2pi

arcsin, arccos, arctan 

cos^2+sin^2, double angles





Linear

Quadratic

Trig

Complex

Numerics

Equations
ax+b = 0

ax^2+bx+c=0

cos(x)=0, sin(x)=0, tan(x)=0

e^ix = cos(x) + i sin(x) 

Numerical root finding





Definition

Slide rule idea

Log rules

Change base

Application

Logarithm
start with examples base 10

multiplication becomes addition

log(a b), log(a^b)

natural log, log 10, log base 2

integration, natural coordinates





Applications

Prototypes

Connections

Relevance 

Errors 

Modeling
Capturing quantitative change

Hooks law, Cooling law

Example: number theory

Simplicity versus accuracy

How good is the model?





Techniques

Library 

Diaries

Questions

Resilience

Work Tips
Prepare, Prelearn, Review

Organize knowledge

 Notes, Ideas, Fragments 

Stay curious

Know about bias or psychology





Possible additinoal Topics




Counting

Rule of sum

Rule of Product

Choosing

Averaging

Probability
counting with intersection

when do probabilities add 

when do  probabilities multiply

choose 2 from 10 

add up and divide by number





Natural

Integers

Fractions

Reals

Complex

Numbers
0, Primes, even odd

Negative numbers

Adding fractions

Pi, E, square roots

The imaginary i







Writing

CAS

Games

Media

AI 

Technology
From paper to tablets

Online or Programs

Developments 

Texts, Movies, Databases

Bots and Generators





Algebra

Geometry

Calculus

Diff equations

Probability

History
Roots in different places 

Planimetry 

Paradoxa 

Predictions

Gambling 





More About Algebra




ELEMENTARY ALGEBRA BOOKS
ELEMENTARY

Harold R.Jacobs

ALGEBRA 

AN ELEMENTARY TEXT-BOOK 
FOR THE 

HIGHER CLASSES OF SECONDARY SCHOOLS 
AND FOR COLLEGES 

BY 

G. Chrystal, M.A., LL.D. 
Honarary Fellow of Corpus Christi College, Cambridge; 
Professor of Mathematics in the University of Edinburgh 

PART II 
Seventh Edition 

Thomas J. Bata Library 
TRENT UNIVERSITY 

PETERBOROUGH, ONTARIO 

AMS CHELSEA PUBLISHING 
American Mathematical Society • Providence, Rhode Island 



INTERMEDIATE ALGEBRA BOOKS

INTERMEDIATE ALGEBRA

Ralph S. UndcrWOOd, Professor of Mathematics, Texas

Technological College

Thomas R. Nelson, Associate Professor of Mathematics,

Agricultural and Mechanical College of Texas

Samuel Selby, Head of the Department of Mathematics,

College of Engineering, University of Akron

THE MACMILLAN COMPANY NEW YORK 1947
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Companies




canvas edfinity gradescope

slack pollev youtube

overleaf zoom Wolfam

desmos dropbox snapchat

notability keynote jamboard

panopto youcanbookme doodle

Brave new world



Midjourney

New Kids in Town

Chat GPT
 Google Bard


Wolfram Alpha


Snapchat



Google Bard




Chat GPT

and AI ....



Chat GPT

and AI ....

Chat GPTThe Pythagorean Theorem states that in a right triangle, the square 
of the length of the hypotenuse (the side opposite the right angle) is 
equal to the sum of the squares of the lengths of the other two sides 
(the legs). More formally, if c is the length of the hypotenuse and a 
and b are the lengths of the legs, then the theorem can be stated as: 

c^2 = a^2 + b^2 

Proof: 

    Draw a right triangle with legs of length a and b and hypotenuse of 
    length c. 

    Draw a square of side length c around the triangle, as shown in 
    the figure. 

    Draw two squares of side lengths a and b inside the square of side 
    length c, as shown in the figure. 

    The area of the square of side length c is c^2, the area of the 
    square of side length a is a^2, and the area of the square of side 
    length b is b^2. 

    The area of the square of side length c is equal to the sum of the 
    areas of the squares of side lengths a and b, since the smaller 
    squares are completely contained inside the larger square. 

    So, c^2 = a^2 + b^2. 

This completes the proof of the Pythagorean theorem.  It is worth noting 
that the theorem is not limited to right triangles only, it holds for 
any triangle with the same sides and hypotenuse and legs, and it is 
called the law of cosines. 

You use the 

Theorem to prove it! 

In general,

the result is different 

and reads then as

c2 = a2 + b2 − 2ab cos(α)



Automatic Problem Generation

Math 1A: Introduction to functions and calculus Sofia Bot, 2014

Lecture 36: Worksheet
This worksheet as well as the solutions was generated by Sofia, a bot written in the academic year 2003/2004 using

grant from the Harvard Provost together with Harvard students Johnny Carlsson, Andrew Chi and Mark
Lezama. At that time, people have laughed at the chat bot idea. Now it is big business: Google, Siri, Cortana,

Wolfram alpha: these are all AI bots which constantly become more and more sophisticated.

1 Di↵erentiate the following functions:
a) f(x) = 2 sin(x)
b) f(x) = x� cos(x)
c) f(x) = 4

Solution:
a) f 0(x) = 2 cos(x)
b) f 0(x) = sin(x) + 1
c) f 0(x) = 0

2 Integrate the following functions:
a) f(x) = �4(x cot(x)� 1) csc(x)
b) f(x) = 0
c) f(x) = 1

Solution:
a)

R
f(x) = 4x csc(x) + C

b)
R
f(x) = 1 + C

c)
R
f(x) = x+ 3 + C

3 Di↵erentiate the following functions:

a) f(x) = 3
q
log(x)

b) f(x) = 3(x� 1) (x� ex)
c) f(x) = 1

x3

Solution:
a) f 0(x) = 3

2x
p

log(x)

b) f 0(x) = �3 (ex � 2) x� 3
c) f 0(x) = � 3

x4

1

4 Integrate the following functions:

a) f(x) =
2(5x5+x�1)

x

b) f(x) = � 2p
x

c) f(x) = 3(x+ex+(ex+1)x log(x))
x

Solution:
a)

R
f(x) = 2 (x5 + x� log(x)) + C

b)
R
f(x) = 4 (�

p
x� 1) + C

c)
R
f(x) = 3 (x+ ex) log(x) + C

5 Match the following functions with derivatives:

a)

-4 -2 2 4

-200

-100

100

200

300

400

b)

-4 -2 2 4

-25

-20

-15

-10

-5

c)

-4 -2 2 4

-60

-40

-20

20

40

60

d)

-4 -2 2 4

-250

-200

-150

-100

-50

50

1)

-4 -2 2 4

-200

-100

100

200

300

400

2)

-4 -2 2 4

-20

20

40

3)

-4 -2 2 4

-700

-600

-500

-400

-300

-200

-100

4)

-4 -2 2 4

-350

-300

-250

-200

-150

-100

-50

Solution:
a ! 1, b ! 2, c ! 3, d ! 4

6 Find the critical points of the following functions:
a) f(x) = (x� 9)2(x� 7)
b) f(x) = (x� 9)(x� 7)2

c) f(x) = (x� 6)(x� 3)

Solution:
a) f 0(x) =

nn
x ! 23

3

o
, {x ! 9}

o

b) f 0(x) =
n
{x ! 7},

n
x ! 25

3

oo

c) f 0(x) =
nn

x ! 9
2

oo

2

Mathematica code
March 27, 2004
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TOP   TEN     

September 24, 2022
Oliver Knill, Harvard University

          ARITHMETIC          SKILLS



1) NATURAL NUMBERS

Natural numbers go back many thousands 
of years.  Counting:  1,2,3,4,....

ℕ



Primes are natural numbers
that are only divisible by 1 or 

themselves

101 is a prime number



Negative numbers 
Zero

2) INTEGERS

ℤ



5x+1=9-3x

5x+3x = 9-1

x =1 
Simplify

Bring all x variables to the left



p/qWhen solving linear equations we are automatically
led to fractions. 

3) FRACTIONS

ℚ



Canvas Quizes



Thank you



Additional Formats




1.Interactive whiteboards


2.White and chalk boards


3.Overhead  projectors


4.Class video recordings


5.Document cameras


6.Calculators, CAS


7.Video Games, virtual


8.Youtube like Kahn, TED,  


9.AI agents, Siri, Alex


10.Geoalgebra, Desmos

1.Power point,keynote


2.Skype, Zoom,phone 


3.Books, Articles,web


4.TV, Movies,youtube


5.Clickers, Polls


6.Laboratory setup


7.Computer Games


8.Social Media, tweet


9.Email, texting,slack


10.Desmos,Wolfram

Media in the Classroom




Parameters

interactive lecture

applied pure math

case based systematic

rigorous informal

algorithmic conceptual

presentationbreakout

examples theory



Objectives
Visual
Geometric

Formal
Algebraic

Numerical
Algorithmic

Artistic
Entertaining

Application
Practical

Social
Collaborative

Challenge
Discovery

Inquiry
Exploratory

Historical
Cultural

Humor
Fun


